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Abstract. Bspline curves and surfaces are the most common and most
important geometric entities in many fields, such as computer design and
manufacturing (CAD/CAM) and computer graphics. However, up to our
knowledge no computer algebra package includes especialized symbolic
routines for dealing with Bsplines so far. In this paper, we describe a
new Mathematica program to compute the Bspline basis functions sym-
bolically. The performance of the code along with the description of the
main commands are discussed by using some illustrative examples.

1 Introduction

Bspline curves and surfaces are the most common and most important geometric
entities in many fields, such as computer design and manufacturing (CAD/CAM)
and computer graphics. In fact, they become the standard for computer repre-
sentation, design and data exchange of geometric information in the automotive,
aerospace and ship-building industries [I]. In addition, they are very intuitive,
easy to modify and manipulate - thus allowing the designers to modify the shape
interactively. Moreover, the algorithms involved are quite fast and numerically
stable and, therefore, well suited for real-time applications in a variety of fields,
such as CAD/CAM [II7], computer graphics and animation, geometric process-
ing [5], artificial intelligence [2/3] and many others.

Although there is a wealth of powerful algorithms for Bsplines (see, for in-
stance, [6]), they usually perform in a numerical way. Surpringly, although there
is a large collection of very powerful general-purpose computer algebra systems,
none of them includes specific commands or specialized routines for dealing with
Bsplines symbolically. The present work is aimed at bridging this gap. This paper
describes a new Mathematica program for computing Bspline basis functions in
a fully symbolic way. Because these basis functions are at the core of almost any
algorithm for Bspline curves and surfaces, their efficient manipulation is a critical
step we have accomplished in this paper. The program is also able to deal with
Bspline curves and surfaces. However, this paper focuses on the computation of
Bspline basis functions because of limitations of space. The program has been
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implemented in Mathematica v4.2 [§] although later releases are also supported.
The program provides the user with a highly intuitive, mathematical-looking
output consistent with Mathematica’s notation and syntax [4].

The structure of this paper is as follows: Section ] provides some mathemat-
ical background on Bspline basis functions. Then, Section [ introduces the new
Mathematica program for computing them and describes the main commands
implemented within. The performance of the code is also discussed in this section
by using some illustrative examples.

2 Mathematical Preliminaries

Let 7 = {ug, u1,uz,...,ur—1,u,} be a nondecreasing sequence of real numbers
called knots. T is called the knot vector. The ith Bspline basis function N x(t)
of order k (or equivalently, degree k — 1) is defined by the recurrence relations

1ifu; <t< Uj41

0 otherwise ) 1=0,1,2,...,r—1 (1)

Nia(t) = {

and

t—u; Ujpp — ¢

Nix(t) = Nigx—1(t) +

Niy1p-1(t 2
Uith—1 — Wi Uitk — Uit1 -1 () @)
for k > 1. Note that i-th Bspline basis function of order 1, N; 1(¢), is a piecewise
constant function with value 1 on the interval [u;,u;11), called the support of
N;.1(t), and zero elsewhere. This support can be either an interval or reduce to

a point, as knots u; and wu;41 must not necessarily be different. If necessary, the

convention _ = 0 in eq. (@) is applied. The number of times a knot appears in

the knot vector is called the multiplicity of the knot and has an important effect
on the shape and properties of the associated basis functions. Any basis function
of order k > 1, N; (1), is a linear combination of two consecutive functions of
order k — 1, where the coefficients are linear polinomials in ¢, such that its order
(and hence its degree) increases by 1. Simultaneously, its support is the union of
the (partially overlapping) supports of the former basis functions of order k — 1
and, consequently, it usually enlarges.

3 Symbolic Computation of Bspline Basis Functions

This section describes the Mathematica program we developed to compute the
Bspline basis functions in a fully symbolic way. For the sake of clarity, the pro-
gram will be explained through some illustrative examples.

The main command, N; ;, [knots,var], returns the i-th Bspline basis function
of order k in the variable var associated with an arbitrary knot vector knots,
as defined by egs. (I)-([@). For instance, eq. () can be obtained as:

In[1] :=N0’1 [{ul ,117;+1} ,t]
Out[l] := Which[t < u;,0,u; <t < ujp1,1,t > uitq,0]



196 A. Iglesias, R. Ipanaqué, and R.T. Urbina

where the output consists of several couples (condition,value) that reproduce the
structure of the right-hand side of eq. (Il). The command Which evaluates those
conditions and returns the value associated with the first condition yielding True.
Our command PiecewiseForm displays the same output with a more similar
appearance to eq. ([):

In[2] :=PiecewiseForm[%]

0 t < u;
Out2] :==¢ 1 up <t < uigq
0 t Z Ui+1

This output shows the good performance of these commands to handle fully
symbolic input. Let us now consider a symbolic knot vector of length 4 such as:

In[3] :=Array[x,4]
Out[3] :=={z(1),x(2),2(3),z(4)}

Now, we compute the basis functions up to order 3 for this knot vector as
follows:
In[4] :Table[Table([N; ;[%,t] // PiecewiseForm,{i,0,3-k}],{k,1,3}]
Outl4] :=

0 t < z(1) 0 t<x(1) 0 t < z(1)

1 z(1) <t<=z(2) 0 =(1) <t<z(2) 0 z(1)<t<uz(2)

0 z2)<t<z3) p,c 1 z(2)<t<z(3) p,c 0 z(2)<t<z(3) ,
0 z(3)<t<x(4) 0 z(3) <t<z(4) 1 z(3) <t<z(4)

0 t>x(4) 0 t>ax(4) 0 t>x(4)

0 t < z(l) 0 t<z(l)
i w(1) <t <a(2) t_gm z(1) <t <x(2)
sy T2 St<a(E) (1) w1 w2 st<a(@) 0.

2(3) <t < 2(4) ooy 73 St <)
0 t>x(4) 0 t>x(4)
0 t<x(l)
(t—2(1))?
(tma@) (oaty  E (tratay = tee
—z —x —z —t+x
(=)= (2(2)2(2) (*))(;c@)fr(s» o)y T2 St<z()
t—x(4
(—2(2)+a(4)) (~(3)+2(4)) 2(3) <t <z(4)
0 t > x(4)

Note that, according to eq. (2, the i-th basis function of order k is obtained
from the i-th and (i + 1)-th basis functions of order & — 1. This means that
the number of basis functions decreases as the order increases and conversely.
Therefore, for the set of basis functions up to order 3 we compute the N; 5, with
t=0,...,3—k for k =1,2,3. The whole set exhibits a triangular structure of
embedded lists in Out[4] for each hierarchical level (i.e. for each order value).

The knot vectors can be classified into three groups. The first one is the
uniform knot vector; in it, each knot appears only once and the distance between
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Fig.1. (top-bottom, left-right) Bspline basis functions for the uniform knot vector
{1,2,3,4,5} and orders 1, 2, 3 and 4 respectively

consecutive knots is always the same. As a consequence, each basis function is
similar to the previous one but shifted to the right according to such a distance.
To illustrate this idea, let us proceed with a numerical knot vector so that the
corresponding basis functions can be displayed graphically. We compute the basis
functions of order 1 for the uniform knot vector {1,2,3,4,5}:

In[5] :=Table[N,[{1,2,3,4,5},t] //PiecewiseForm,{i,0,3}]

Out[5] :=
0 t<1 0 t<1 0 t<1 0 t<1
1 1<t<?2 0 1<t<?2 0 1<t<?2 0 1<t<?2
0 2<t<3 1 2<t<3 0 2<t<3 0 2<t<3
0 3<t<4 ()0 3<t<4((’)1 3<t<4(’)0 3<t<4
0 4<t<5 0 4<t<5 0 4<t<5b 1 4<t<5
0 t>5 0 t>5 0 t>5 0 t>5

From (2)) we can see that the basis functions of order 2 are linear combinations
of these step functions of order 1 (shown in Figure [i(top-left)). The coefficients
of such a linear combination are linear polynomials as well, so the resulting basis
functions are actually piecewise linear functions (see Fig. [[ltop-right)):

In[6] :=Table[N;2[{1,2,3,4,5},t] //PiecewiseForm,{i,0,2}]

0 t<1 0 t<1 0 t<1
1+t 1<t<2 0 1<t<?2 0 1<t<?2
Out[6] = 3—t 2<t<3 —24t 2<t<3 0 2<t<3
0 3<t<4(’ 4—t 3<t<4(’) -3+t 3<t<4
0 4<t<b 0 4<t<5H 5—t 4<t<5b
0 t>5 0 t>5 0 t>5

Similarly, the basis functions of order 3 are linear combinations of the basis
functions of order 2 in Out/6] according to (2):
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In[7]:=Table[N, 3[{1,2,3,4,5},t] //PiecewiseForm,{i,0,1}]

0 t<1 0 t<1
(=1+1) 1<t<? 0 1<t<?
U4 2<t<3 207 9<ic3
Out[7] == ey gcpca (1) - 4TI 3<t<Ad
0 4<t<5 (5=t 4<t<5b
0 t>5 0 t>5

Note that we obtain two piecewise polynomial functions of degree 2 (i.e. or-
der 3), displayed in Fig. [(bottom-left), both having a similar shape but shifted
by length 1 with respect to each other. Finally, there is only one basis function of
order 4 for the given knot vector (the piecewise polynomial function of degree 3
in Fig. M(bottom-right)):

In[8]:=N; 4[{1,2,3,4,5},t] //PiecewiseForm

( 1(103 t<1
31745t+621 R ; i z z ?)’
Out[8] := —131+117t6—33t2+3t3 3 ; t< 4
6 =
~(=3+1) 4<t<s
0 t>5

One of the most exciting features of modern computer algebra packages is
their ability to integrate symbolic, numerical and graphical capabilities within
a unified framework. For example, we can easily display the basis functions of
Out[5]-Out[8] on the interval (1,5):

In[9] :=Plot[Table[N; »[{1,2,3,4,5},t],{i,0,4-#}]
//Evaluate,{t,1,5},PlotStyle->Table[Hue[(i+1)/(5-#)],
{i,0,4-#}],DisplayFunction->Identityl& /@ Rangel[4];

In[10] :=Show[GraphicsArray[Partition[%,2],

DisplayFunction->$DisplayFunction]]

Out[10] := See Figurelll

A qualitatively different behavior is obtained when any of the knots appears
more than once (this case is usually referred to as non-uniform knot vector).
An example is given by the knot vector {0,0,1,1,2,2,2}. In this case, the basis
functions of order 1 are given by:
In[11]:=Table[N,;[{0,0,1,1,2,2,2},t] // PiecewiseForm,{i,0,5}]

0 t<0 0 t<0 0 t<0
0 0<t<l1 1 0<t<l 0 0<t<l1
0 1<t<2(' 0 1<t<2(')0 1<t<2

t>9 £>9 £>9

Out(11] := % 1 <0 % t<0 % 1 <0
0 0<t<l1 0 0<t<l 0 0<t<l1
1 1<t<2(')0 1<t<? 0 1<t<?

0 t>2 0 t>2 0 t>2
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Note that the knot spans involving the same knot (t = 0, ¢t =1 or ¢t = 2)
at both ends reduce to a single point. This causes some basis functions (Noq,
Na1, N4y and N5y in Out[11]) to be zero. This behavior continues until the order
reaches the multiplicity value of the multiple knot minus 2. For instance, there
is an identically null basis function of order 2, namely Nys:

In[12] :=Table[N,[{0,0,1,1,2,2,2},t] // PiecewiseForm,{i,0,4}]

0 t<0 0 t<o0 0 t<0
1—t 0<t<l1 t0<t<1 0 0<t<1
0 1<t<2('10 1<t<2('Y2-t 1<t<2(’
0 £>9 0 t>2 0 t>9
Out[12] := 0 t<0 Y (0 t<0 -
0 o0<t<1 0 0<t<l
14t 1<t<2(')0 1<t<2
0 t>9 0 t>2

The basis functions of order 3 become:

In[13]:=Table[N;3[{0,0,1,1,2,2,2},t] // PiecewiseForm,{i,0,3}]

0 t<0 0 t<0
2t —2t2 0<t<1 2 0<t<1
0 1<t<2 () (=24t 1<t<2(’
0 t>2 0 t>2
Out[13] := 0 Ti<0 0 Ti<0
0 0<t<l1 0 0<t<l1
—44+6t—2t2 1<t<2(’) (-1+t)? 1<t<2
0 t>2 0 t>2

Multiple knots do influence the shape and properties of basis functions; for

instance, each time a knot is repeated, the continuity of the basis functions whose
support includes this multiple knot decreases. In particular, the continuity of
N; k at an interior knot is C*~™~1 [G], m being the multiplicity of the knot. To
illustrate this fact, we compute the unique basis function of order 6:

In[14]:=(£6=Ny[{0,0,1,1,2,2,2},t]) // PiecewiseForm

0 t<0
1@0—%ﬁ4 0<t<1
Out[14] := ;8
—SQ—QP(%#—3%+1® 1<t<?
0 t>2

As we can see, m = 2 for the knot ¢t = 1 and hence Ny is C3-continuous at
this point. This implies that its third derivative, given by:

In[15] :=(£63=D[£6,{t,3}])//Simplify //PiecewiseForm
15
(4-"Tt)
Out[15] := 15 2
—, (287 - 68t +48) 1<t <2

0<t<1
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Fig. 2. (left) 6th-order basis function; (right) its third derivative
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Fig. 3. Bspline curve and its control polygon (the set of segments connecting the control
points) for: (left) a non-periodic knot vector; (right) a uniform knot vector

is still continuous but no longer smooth (the continuity of tangent vectors is lost
at this point). Figure [2 displays both the basis function of order 6 (on the left)
and its third derivative (on the right):

In[16]:=Plot[#,{t,0,2},PlotStyle->{RGBColor[1,0,01},
PlotRange->A11]% /@ {£6,£63}

Out[16] := See Figure[2

The most common case of non-uniform knot vectors consists of repeating the
end knots as many times as the order while interior knots appear only once
(such a knot vector is called non-periodic knot vector). In general, a Bspline
curve does not interpolate any of the control points; interpolation only occurs
for non-periodic knot vectors (the Bspline curve does interpolate the end control
points) [6l7]. To illustrate this property, we consider the BSplineCurve command
(whose input consists of the list of control points pts, the order k, the knot vector
knots and the variable var), defined as:

In[17] :=BSplineCurve[pts List,k ,knots List,var ]:=
Module[{bs,n=Length[pts]},bs=Table[N; ;[knots,var],{i,0,n-1}1;
bs.pts // Simplifyl;

For instance, let us consider a set of 2D control points and two different knot
vectors (a non-periodic vector kvl and a uniform knot vector kv2) and compute
the Bspline curve of order 3:
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In[18]:=cp={{0,0},{2,-1},{4,9},{6,10},{8,5}};

In[19] :={kv1,kv2}={{0,0,0,1,2,3,3,3},{1,2,3,4,5,6,7,8}};

In[20]:=BSplineCurvelcp,3,#,t1& /@ {kvl,kv2};

In[21] :=MapThread [Show [Graphics [{RGBColor[1,0,0],Line[pts]}],
ParametricPlot[#1 //Evaluate,#2,PlotRange->All,
PlotStyle->RGBColor[0,0,1] ,DisplayFunction->Identity],
PlotRange->All,Frame->True,
DisplayFunction->$DisplayFunctionl&,{%,{{t,0,3},{t,3,6}}}]1;

In[22] :=Show [GraphicsArray [%]]

Out[22] := See Figurel

The curve interpolates the end control points in the first case, while no control
points are interpolated in the second case at all. For graphical purposes the

support of the Bspline curves restrict to the points such that Z N;. k( ) = 1.
The next input computes the graphical support for the curves 1n Flg

4
In[23]:=j£: N;3[#,t1& /@ {kv1l,kv2} // PiecewiseForm
1=0
0 t<1
Lt —1)? 1<t<?2
?02?21 LR aet-7) 2<t<3
- <
Out[23 =41 1<t<2}, ! d3=i<d
1 4<t<5
1 2<t<3
0 13 1 5<t<6
= —%+6r—n 6<t<T
,(t—8)? 7T<t<8

This result makes evident that the Bspline curves in Fig. Bl must be displayed
on the intervals (0,3) and (3,6) respectively (see the last line of In[21]).
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