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Abstract In this paper, we introduce a curve evolution approach to im

age magnification based on a generalization of the Mumford Shah func

tional This work is a natural extension of the curve evolution implemen

tation of the Mumford Shah functional presented by the authors in previ

ous work In particular, by considering the image magnification problem
as a structured case of the missing data problem, we generalize the data
fidelity term of the original Mumford Shah energy functional by incor

porating a spatially varying penalty to accommodate those pixels with
missing measurements This generalization leads us to a PDE based ap

proach for simultaneous image magnification, segmentation, and smooth

ing, thereby extending the traditional applications of the Mumford Shah
functional which only considers simultaneous segmentation and smooth

ing This novel approach for image magnification is more global and
much less susceptible to blurring or blockiness artifacts as compared to
other more traditional magnification techniques, and has the additional
attractive denoising capability

1 Introduction

Image magnification is often required to aid in the display, manipulation, and
analysis of medical images It also plays a critical role in computer aided diagno
sis and computer assisted surgery Image magnification involves enlarging a small
image to several times its size and often requires some sort of an interpolation
scheme The most straightforward approach for image enlargement is to use a
zero order interpolation technique, commonly known as replication, which may
cause the resulting image to appear blocky [2] Classical enlargement techniques
such as bilinear or bicubic interpolation schemes tend to cause blurring across
the edges when applied indiscriminantly to the image [2] More sophisticated
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schemes may locate the edges first with local filters prior to interpolation so as
to avoid the blurring artifacts [1,6] Three important shortcomings are evident
in these types of algorithms One, the interpolation schemes used for magnifica
tion are local since they only utilize data values from neighboring pixels These
types of interpolation scheme become problematic when the observed image is
noisy Two, edge detection schemes employed prior to interpolation often only
make use of local information (which are very susceptible to noise artifacts)
and cannot guarantee continuous closed edge contours Three, it is unclear in
what order the three operations (smoothing, edge detection, and interpolation)
should be performed for image magnification since they are not commutative
Our approach for image magnification addresses the first deficiency by using
a PDE based model for interpolating the data which incorporates the use of
all data values within each homogeneous region, not just neighboring pixels, to
determine the interpolant As a result, this interpolation scheme is much more
robust to noise The second deficiency is addressed by the use of our active con
tour model for boundary detection which is more global in nature than local
filters (and therefore not as sensitive to noise) and is curve based (hence provid
ing a continuous closed edge contour) The third deficiency is addressed by our
use of the Mumford Shah model which provides, in a single framework, a tight
coupling for simultaneous image segmentation, denoising, and magnification In
this manner, the ordering of the different operations is no longer an issue

Our approach to image magnification is based on the Mumford Shah active
contour model presented earlier by the authors in [8] In that work, we ap
proached the classic Mumford Shah problem from a curve evolution perspective
In particular, by viewing an active contour as the set of discontinuities in the
Mumford Shah problem, we used the corresponding functional to determine gra
dient descent evolution equations to deform the active contour Each gradient
step involved solving an optimal estimation problem for the data within each
region The resulting active contour model offered a tractable implementation
of the original Mumford Shah model to simultaneously segment and smoothly
reconstruct the data within a given image in a coupled manner In this paper,
we extend the application of this Mumford Shah active contour model to one
that also handles image magnification By considering the image magnification
problem as a structured case of the missing data problem, we generalize the data
fidelity term of the original Mumford Shah functional by substituting a spatially
varying penalty for the traditional constant one (to accommodate those pixels
with missing measurements) This generalization leads to a novel approach for
simultaneous image magnification, segmentation, and smoothing, thereby pro
viding a new application of the Mumford Shah functional

This paper is organized as follows Section 2 describes the curve evolution im
plementation of the Mumford Shah functional proposed in [8] for simultaneous
image segmentation and smoothing In Section 3, we describe the generaliza
tion of the Mumford Shah active contour model for image magnification Then
Section 4 provides some experimental results to illustrate this magnification
technique Finally, we conclude this paper in Section 5 with a summary
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2 The Mumford Shah formulation as a curve evolution
problem

The point of reference for this paper is the Mumford Shah functional

E(£,0) 6//(f g) dA+a//|Vf|2dA+77{ds (1)

e\,

in which C denotes the smooth, closed segmenting curve, g denotes the observed
data, f dengtes the piecewise smooth approximation to g with discontinuities
only along C, and {2 denotes the image domain [4] The parameters «, 3, and
~ are positive real scalars which control the competition between the various
terms above and determine the “scale” of the segmentation and smoothing The
Mumford Shah problem is to minimize E(f, 6_”) over admissible £ and ¢ In our
approach, we constrain the set of discontinuities in the Mumford Shah problem
to correspond to evolving sets of curves, enabling us to tackle the problem via a
curve evolution based approach

21 Optimal image estimation

Any arbitrary closed curve ¢ partitions the domain (2 of the image into two
regions R and R°, corresponding to the interior and exterior of curve C respec
tively If we fix this partitioning, minimizing (1) corresponds to minimizing

Es(fr, fre) :/B//(fR g)2dA+0<//|VfR|2dA
+6// (fe dA+a//|VfRf

The estimates fr and fr. that minimize (2) satisfy (decoupled) PDE’s which
can be obtained using standard variational methods [4] This method gives the
following damped Poisson equation with Neumann boundary condition for fg:

dA 2)

fr g Vi =g on R (3a)
f =
0 i = on C (3b)
ON
In a similar fashion, fr. is given as the solution to
fge Z Vg =g on R° (4a)
fre -
0 i = on C (4b)
ON

Conjugate gradient (CG) method is used to solve the above estimation PDE’s
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2 2 Gradient flows that minimize the Mumford Shah functional

With the ability to cal_gulate fr and fg. for any given o} , we now wish to derive
a curve evolution for C that minimizes (1) That is, as a function of C, we wish
to find C; that minimizes

By s (0) = ﬂ// 2 g4 + a//|VfR|2
+B// (fre ) dA+ a//|Vch|2cL4+fy ds 5)

é

The curve evolution that minimizes (5) is given by (see [8] for a derivation)

(0% 7 < —, —
= (e VL) T+ D (@ 807 & 820wl @
This Mumford Shah flow is implemented via the level set method [5,7] which
offers a natural and numerically reliable implementation of these solutions within
a context that handles topological changes in the interface without any additional
effort

2 3 Implementation of the Mumford Shah active contour model

The algorithm described above requires solving two PDE’s (equations (3) and
(4)) at every evolution step of the curve making it computationally expensive and
impractical We propose an approximate gradient descent approach to calculate
fr, fg-, and C to alleviate some of the computational burdens This approach
consists of alternating between these two steps:

Fix fr and fg., and take several gradient descent curve evolution steps to
move the curve C

Fix (:", and perform just a few iterations of the conjugate gradients method
without taking it to convergence to obtain a rough estimate of fg and fg

Only a rough estimate of fr and fre is required to direct the curve to move
in the descent direction The idea is to make the algorithm faster by reducing
the number of times fg and fgr. are calculated and also the amount of time
required to calculate each of them CG method is carried to convergence in the
last iteration to obtain an accurate estimate of fz and fg-

Next, we propose an implementation of our active contour model, building on
the preceding modification, to enable our model to handle images with multiple
junctions without resorting to more sophisticated level set techniques [3] Given
an image, we apply our Mumford Shah active contour model for segmentation
and smoothing After segmentation, if any of the resulting subregions require ad
ditional segmentation, apply our algorithm again, but this time, restricting the
algorithm to operate only in that particular subregion This approach has the
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Fig 1 Diagram showing the locations of missing data in relation to the measurements
in our image magnification technique

natural notion of starting with a crude segmentation and refining the segmenta
tion by telescoping down to the different subregions in order to capture finer and
finer details in the image The attractive feature associated with this hierarchical
implementation is that it allows us to handle images with multiple junctions by
employing multiple curves to represent such junctions This implementation also
affords us better control as to what details we desire and what objects we would
like to capture, in the segmentation and smoothing of our image

3 Generalization of the Mumford Shah active contour
model for image magnification

Image magnification capability is weaved into the Mumford Shah active contour
model by considering the image magnification problem as a structured case of
the missing data problem Specifically, consider a new grid with three times as
many pixels in each direction and assign the value of the original image to the
“center” pixel in each 3x3 block on the grid and treat the remaining pixels as
missing data points (see Figure 1) From an estimation theoretic standpoint, we
can view these “center” pixels as sparse measurements on a much larger image
domain We then employ the generalized Mumford Shah curve evolution proce
dure (described below) to interpolate to this finer grid, using the curve evolution
portion of this procedure to partition the domain of the magnified image into
different homogeneous subregions so as to provide smooth interpolations where
appropriate without blurring across regions of high contrast

The Mumford Shah model handles image magnification through the param
eter 3 In the standard Mumford Shah formulation (1), 3 is a constant scalar
parameter reflecting our confidence in the measurements For image magnifica
tion in which there are pixels with missing measurements, we replace the con
stant parameter 3 by a spatially varying function 3 whose value at each pixel
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is inversely proportional to the variance of the measured noise at that pixel For
example, in the situation where the data at pixel (z,,y,) is missing, we con
sider the variance of the data at that pixel as being infinite and accordingly set
B(z,,y,) =0 By introducing this spatially varying 3, equation (1) becomes:

B(£, ) ://ﬁ(f g)? dA + a//|Vf|2 A + wfds (1)
Q foX\e} é

The gradient flow that minimizes the generalized Mumford Shah functional,
shown in (7), is given by

—, —,

étz‘;‘(wfmﬁ |VfR|2)JV +§((g fre)? (g fR)Q)N kN (8)

where the optimal estimates fr and fre of (8) satisfy

Bfr o Vfgr = (g on R
8f}j =0 on C
ON
and
Bfre  a Vfg. = Bg on R°
af}z =0 on ¢
ON

Over each region of missing data D, the estimation equation reduces to the
Laplace equation with the same Neumann boundary condition:

V2fp =0 on D
£ .
31:_;=0 on C
ON

As solutions to the Laplace equation, the estimates obtained over any such miss
ing data regions not containing part of C take the form of harmonic functions
As such, we can infer much about the smooth nature of these interpolated es
timates as they are subject to both a maximum (and minimum) principle as
well as the mean value property However if the curve C intersects D, no such
smoothing occurs across this boundary, allowing interpolation to be guided by
the segmentation defined by c

4 Examples

We illustrate our magnification technique by applying it to a noisy microscopic
image of red blood cells (Figure 2(a)) The initializing curve is shown in Fig
ure 2(a) Figure 2(b) shows an intermediate step of the Mumford Shah model
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Fig 2 Three fold magnification of a noisy 100x100 microscopic image of blood cells
(a) Original image with location of initializing curve (b) An intermediate step in
the magnification and segmentation process (c¢) Magnified image with the segmenting
curve (d) Magnified image based on zero order interpolation (e) Magnified image
based on bilinear interpolation (f) Magnified image based on the Mumford Shah model

Notice the curve automatically proceeds in the outward direction without the
aid of any inflationary forces to direct this movement This is one of the many
attractive properties associated with the Mumford Shah flow (see [8] for more
details) The final segmenting curve and the smooth enlarged reconstruction of
the image is shown in Figure 2(c) For comparison, in Figure 2(d), we show
the blocky and noisy magnification of the original image based on zero order
interpolation In Figure 2(e), we show a slightly smoother but blurrier magni
fication of the original image based on bilinear interpolation In Figure 2(f),
we again show the magnified image based on our Mumford Shah approach but
without the segmenting curve The smooth boundaries of the magnified image
are the direct result of the minimum length prior placed on the segmenting curve
while the smooth spatially varying structures within each homogeneous regions
of the observed image are successfully captured by our PDE based model for
interpolation Tt is evident that our magnification approach is better than other
conventional image magnification techniques by avoiding many of the processing
artifacts such as blockiness and blurring while at the same time, denoising the
image Also, notice in this figure that the starting contour automatically splits
into many contours in order to segment this image This provides a compelling



253 Andy Tsai, Anthony Yezzi Jr., and Alan S. Willsky

Fig 83 Three fold magnification of a noisy 110x110 angiogram (a) Original image
with location of initializing curve (b) An intermediate step in the magnification and
segmentation process (c) Magnified image with the segmenting curve (d) Magnified
image obtained by isotropic smoothing then replication (e) Magnified image obtained
by replication then isotropic smoothing (f) Magnified image based on the Mumford
Shah model

demonstration of the topological transitions allowed by the Mumford Shah ac
tive contour model’s level set implementation [5,7]

We next illustrate our magnification technique by applying it to a noisy
angiogram (Figure 3(a)) The initializing curve is shown in Figure 3(a) Figure
2(b) shows an intermediate step of the Mumford Shah model Notice the bi
directional flow of the curve as it automatically proceeds toward the boundaries
of the image The final segmenting curve and smooth enlarged reconstruction
of the image is shown in Figure 3(¢) For comparison, in Figure 3(d), we show
a magnified angiogram obtained by first applying isotropic smoothing (i e the
same smoothing used in the Mumford Shah framework but applied over the
image as one single region) then replication This image is blurry because the
edges of the image were destroyed during the initial smoothing step In Figure
3(e), we show a magnified angiogram obtained by first replicating the image then
applying isotropic smoothing Notice the magnified image is still noisy because
the noise components within the original image have been exaggerated by the
zero order interpolation scheme In Figure 3(f), we again show the magnified
image based on our Mumford Shah model but displayed without the segmenting
curve
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Fig 4 Three fold magnification of a noisy 225x225 axial brain pathology section (a)
Original image with the initializing contour for the first curve (b) An intermediate
step in the magnification and segmentation of the image based on the first curve
(c) Magnified image using one segmenting curve which is also displayed (d) Original
image with the segmentation result of the first curve and the initializing contour for
the second curve (e) An intermediate step in the magnification and segmentation of
the image based on the second curve The segmentation result of the first curve is
also displayed (f) Magnified image with the segmentation results from both curves
(g) Magnified image obtained by isotropic smoothing then replication (h) Magnified
image obtained by replication then isotropic smoothing (i) Magnified image based on
the Mumford Shah model
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We use the noisy brain pathology image shown in Figure 4(a) to demonstrate
the hierarchical implementation of our active contour model for image magni
fication The segmentation and enlarged reconstruction of the image, shown in
Figure 4(c), is obtained using a single curve (which is initialized as shown in
Figure 4(a)) and based on the approximate gradient descent approach described
earlier The blurring across the boundary of the white and the gray matter shown
in the reconstruction is due to the erroneous implication of this coarse segmen
tation, namely that the inside of the brain is one region over which smoothing
is performed To provide better details within the brain, we again applied our
technique to the interior region of the brain A second curve, initialized as shown
in Figure 4(d), is used in conjunction with the first curve to obtain the segmenta
tion and enlarged reconstruction of the image shown in Figure 4(f) For compar
ison, in Figure 4(g), we show the magnified image obtained by first isotropically
smoothing the original noisy image then magnifying it using zero order hold We
show in Figure 4(h) the magnified image obtained by first magnifying the orig
inal noisy image using zero order hold then smoothing it isotropically Finally,
in Figure 4(i), we show the magnification results based on our approach without
the segmenting curve

5 Conclusion

The magnification technique we introduced in this paper constitutes a more
global approach to interpolating magnified data than traditional bilinear or bicu
bic interpolation schemes, while still maintaining sharp transitions along region
boundaries The technique is also much less susceptible to blurring artifacts as
compared to other more traditional techniques, and has the additional attractive
denoising capability In addition, the curve length penalty in our Mumford Shah
based flow tends to prevent the blocky appearance of object boundaries which
is a symptom of replication based schemes
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