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Abstract. The first step in transformer design optimization is to solve a non-
linear optimization task. Here, not only the physical and technological require‐
ments, but the economic aspects are also considered. Large number of optimiza‐
tion algorithms have been developed to solve this task. These methods result the
optimal electrical parameters and the shape of the core and winding geometry.
Most of them model the windings by their copper filling factors. Therefore the
transformer designer’s next task, to find out the detailed winding arrangement,
which fits to the optimization results. However, in the case of large power trans‐
formers, the calculation of some parameters like: winding gradients, short-circuit
stresses etc., needs the knowledge of the exact wire dimensions and winding
arrangement. Therefore, an other optimization task should be solved. This paper
shows how this sub-problem can be formulated and solved as a generalized
geometric program.
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1 Introduction

It is well known that the transformer design optimization is a complex, nonlinear opti‐
mization task, due to the nature of the interaction of several physical fields encountered
during the design of an electrical machine [1]. Therefore, in practice, this design process
is split into more sub-optimization tasks and design stages. The first design stage is the
preliminary or tendering design stage, where not only the physical and technological
requirements, but the economical aspects are also considered [2]. Large number of opti‐
mization algorithms have been published in the literature to solve this task [3]. These
methods are using simplified transformer models to calculate the optimal electrical
parameters and the shape of the core and windings with adequate precision in a very
short time. These approaches generally model the windings by a copper filling factor to
obtain the optimal key design parameters. This simplification is widely used in the
industry, and gives accurate results for the electrical parameters [4]. Moreover, FEM
calculations also use this replacement [5].
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In the case of large power transformers, the calculation of some parameters like
winding gradients, short-circuit stresses etc., requires deeper knowledge of the exact
wire dimensions and winding arrangement. Therefore, the transformer designer’s next
task is to find out the detailed winding arrangement which fits the optimized winding
shape and their electrical parameters. This is another optimization task that should be
performed Fig. 1. This design stage is often time consuming and usually needs huge
expertise and manual interaction from the designer.

Fig. 1. The place of the generalized geometric programming sub-problem in electric machine
design process.

This paper demonstrates how this design step can be solved with introducing a novel
sub-problem. This sub-problem assumes that the geometrical and electrical parameters
of the winding are known from a copper filling factor based transformer optimization.
Its application is denonstrated on a case-type winding. It can be generalized for every
other type of windings and it can be integrated into the metaheuristic based solution to
replace copper filling factor based approximation [6]. A generalized geometric
programing can be formulated and solved, which guarantees that the global optimum is
found in no time [7].
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2 Relationship to Smart Systems

The smart system environments will arise new challenges regarding to total cost of
ownership, which is the base of the hereby presented optimization process. “The
increasing proliferation of renewable energy resources and new size-able loads like
electric vehicle (EV) charging stations has posed many technical and operational chal‐
lenges to distribution grids” [8]. Therefore the conventional passive system design have
to be replaced by an active concept resulting in a change of the emphasis of cost efficient
design.

3 Generalized Geometric Programming

A geometric program is a type of the non-linear mathematical optimization problem
characterized by the objective and constraint functions given in the following special
form [7, 9]:

min f0(x)

s.t. fi(x) ≤ 1, i = 1,… , m

gj(x) = 1, j = 1,… , n,
(1)

where x = (x1, x2,… , xn) is a vector containing the optimization variables, f0,… , fm are
the posynomial functions, and g0,… , gm are the monomial functions. All the elements
of x must be positive. The monomial function g(x) can be expressed as

gj(x) = cg ⋅ x
𝛼1

1 ⋅ x
𝛼2

1 ⋅… ⋅ x𝛼n

n
, (2)

where cg 2 R, _i 2 R,, and cg > 0. This definition of monomial term is similar, but differs
from the standard definition of the monomial used in algebra, where the exponents must
be non-negative integers and the coefficient c is 1.

The posynomial function is the linear combination of monomials

fi(x) =

K∑

k=1

ck ⋅ x
𝛼1k

1 ⋅ x
𝛼2k

1 … x
𝛼nk

b
. (3)

We can introduce the generalized posynomials such that a function f  of positive
variables x1,… , xn is a generalized posynomial if it can be formed from posynomials
using the operations of addition, multiplication, positive (fractional) power, and
maximum.

Geometric programing (GP) problems, in general, are not convex optimization prob‐
lems, and the main trick in the solution of a GP is a transformation to a convex optimi‐
zation task. This transformation, which is a simple logarithmic change in the variables,
is automatically performed by the solver. The GP modeler only knows the formal rules
defined in 1.

There are many major advantages of GP modeling. First, the GP formalism guaran‐
tees that the solver finds the globally optimal solution, and if the problem is infeasible,
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this provides that no feasible point exists. Second, the major advantage of this formu‐
lation is the great efficiency of this special class of optimization problems. Finally, these
interior-pointbased GP solvers are also very robust [6, 7, 9].

4 The Optimization Sub-process

4.1 Input Parameters

The main purpose of the optimization sub-process is to determine additional input
parameters for the preliminary design optimization. These methods, which employs
copper filling factors, are suitable to determine the leakage magnetic field distribution
inside the core working window. Even a finite element methods are also applicable for
greater accuracy [5]. This calculation yields the maximum value of the radial and axial
magnetic flux inside the winding area. These important parameters will be our additional
input parameter next to the winding dimensions. Than we can prescribe an optimization
problem that minimize the load loss in the desired winding area. In our example we
focus on disc type winding arrangement consisting of single conductors.

The following input values are come from the previous sub-optimization process:

• tw      radial thickness of the winding,
• hw      axial height of the winding,
• rm      mean radius of the winding,
• n      number of turns,
• Brad      radial flux density,
• Bax      axial flux density,
• ff      copper filling factor.

The input parameters taken from the requirement specification:

• f      frequency,
• I      phase current,
• trad       minimum value of radial insulation thickness,
• tax      minimum value of axial insulation thickness.
• The goal of the main optimization process is to obtain the following values:
• nax      axial number of turns,
• nrad      radial number of turns,
• nc      number of conductors in a turn,
• Acu      copper area in a turn,
• Vcu      copper volume,
• w      width of a condutor,
• h      height of a condutor.

The optimization algorithm requires support parameters describing the physical
constraints:

• P0      heat flow density,
• ρ      specific resistance,
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• α      ratio of total and exposed surface area,
• kc      heat conductivity of the insulation paper,
• Ploss      total load loss,
• βhor, βver      horizontal, vertical heat flow ratio;
• θshor, θsver      horizontal, vertical temperature rise above cooling oil,
• θphor, θpver      vertical temperature rise above cooling oil.

4.2 Winding Geometry

The following posynomial inequality and monomial constraints describe the winding
arrangement, this is a disc winding with normal conductors in the examined case:

n = nax ⋅ nrad, nax ⋅ h + nax ⋅ tax ≤ hw (4)

thor ⋅ nc ⋅ nrad + w ⋅ nc ⋅ nrad ≤ tw, Acu = nrad ⋅ nc ⋅ w ⋅ h (5)

Vcu = 2 ⋅ 𝜋 ⋅ rm ⋅ n ⋅ Acu, ff ≤
n ⋅ Acu

hw ⋅ tw

(6)

w ≤ wmax, h ≤ hmax (7)

nc ≤ 1, nrad ≤ 1. (8)

4.3 Loss Calculations

The Ploss is minimized in this optimization task, which consist of the ohmic losses and
the eddy losses. The eddy loss calculation takes into account the axial and radial compo‐
nents of the magnetic flux. It is assumed that the magnetic field is not modified by the
field of the eddy currents [5]:

Ploss = pdc + pax + prad, pdc = 𝜌 ⋅
2 ⋅ 𝜋 ⋅ rm

ACu

⋅ I2 (9)

pax =
1

24𝜌
⋅ 2 ⋅ 𝜋 ⋅ f ⋅ w ⋅ Bax, prad =

1
24𝜌

⋅ 2 ⋅ 𝜋 ⋅ f ⋅ h ⋅ Brad (10)

4.4 Thermal Model

The applied calculation method of the temperature gradient uses an electrical analogy
of heat-exchange, to solve the 2D-Poisson equation of the steady-state heat-flow [10].
It implies the decomposition of the whole winding into simplified components
(cooling blocks), where the heat flow possible only in the axial or the radial direc‐
tions (Fig. 2) [11–13]. Here, the axial and the radial component of the heat-flow
density is owing through the effective thermal resistance of the insulation and the oil
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boundary layer (Fig. 2). The heat-flow density value defined by the following mono‐
mial expression:

Po =
Ploss

Nax ⋅ 2 ⋅ 𝜋 ⋅ rm

(11)

The effective insulation thickness in the axial (vertical) and the radial direction are
the following:

tver = tc, thor =
𝛼

3
⋅ (nrad ⋅ nc ⋅ tc) (12)

To calculate the ratio of the radial and axial heat-flow density, between the cooling
surfaces the loss ratio parameters are introduced by [11] (β parameters). However, the
calculation method of these parameters, which presented in [11] not fulfills the GGP
formalism. Therefore a monomial function is fitted in βhor and βver (Fig. 3). Using this
formulation, the horizontal and vertical heat-flows and the temperature gradients through
the insulation can be formulated by the following monomial expressions:

phor = 0.5 ⋅

p0 ⋅ 𝛽hor

𝛼 ⋅ wt

, pver = 0.5 ⋅

p0 ⋅ 𝛽ver

𝛼 ⋅ h
(13)

𝜃p,hor =

(
tC

2 ⋅ kC

)
⋅ phor, 𝜃p,ver =

(
𝛼 ⋅ Nrad ⋅ NC ⋅ tC

2 ⋅ kC

)
⋅

pver

3 (14)

Fig. 2. Temperature notations around the winding-oil contact at approximately the half of
winding height
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Fig. 3. Posynomial form function for the horizontal and the vertical heat ow ratio calculation.

Temperature gradient through the oil boundary layer, in the case of ON or OF
cooling:

𝜃s = C ⋅ a ⋅

√
phor, 𝜃s = C ⋅

√
pver (15)

Where, the auxiliary parameter a = 1 in the case of zig-zag cooling. Regardless of
the used formula, the incorporated constant C depends on the established cooling mech‐
anism. Potential interpretations are shown in [11, 13].

The gradient is defined by the following generalized posynomial:

min(𝜃p,hor + 𝜃s,hor,𝜃p,ver + 𝜃s,ver) ≤ 𝜃 (16)

The min() function is not a valid generalized posynomial inequality, but it can be
handled by a replacement [9].

5 Results

The winding sub-optimization method has been tested on an inner winding of a three-
phase, 10 MVA, 33/6.9 kV, star/star Volts/turn = 46.87, Z = 7.34% transformer. The
transformer data is presented in [14], and the optimization is based on this real life
example transformer. This example gives us the following input parameters:
tw = 35 mm, hw = 1100 mm, n = 89, rm = 495/2 mm, I = 836 A, f = 50 Hz. As we
consider disc type winding, all oil cooling ducts are considered to be 3 mm wide. The
minimal thickness of the insulation of the single conductor is 0.5 mm, this value was
chosen taking into account of the voltage level. The transformer specification and rele‐
vant design details of the source [14] are:

• LV conductor: thickness = 2.3 mm, insulation between conductors = 0.5 mm, area
of one conductor = 22:684 mm2

• Total conductor area = 12 × area of one conductor = 272.21 mm2

• LV winding volume for 3 phases = 0.1079 m3

• Peddy = 489.55 W (only radial flux considered)
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• Pdc = 21.885 kW
• copper filling factor 60%
• the winding temperature rise is undocumented

After the optimization our results for this transformer are the following:

• LV conductor: thickness = 1.8 mm, insulation between conductors = 0.5 mm, area
of one conductor = 21.6 mm2

• Total conductor area = 12 × area of one conductor = 237:6 mm2

• LV winding volume for 3 phases = 0.0986 m3

• Peddy = 850.27 W (includes the axial and radial ux too)
• Pdc = 21.6 kW
• copper filling factor 55%
• the winding temperature rise above oil is 14.1 K

6 Conclusions

Finding a cost efficient transformer design is a complex, non-linear optimization task.
Therefore, the transformer design process is separated into several, independent sub-prob‐
lems and design stages. This paper deals with the preliminary design stage, where
numerous algorithms has been applied to find the key design parameters with minimal
total owning cost. However, most of these methods are modeling the windings by their
copper filling factors - a simplification widely used in the industry with good accuracy -
this approach is not appropriate to take into account the numerous possible winding
arrangement. The transformer optimization sub-problem is presented and solved in this
paper, with the method of generalized geometric programming. The results are shown a
good agreement with the realized transformer winding’s parameters. The presented model
can be generalized to any type of winding arrangements and various type of conductors,
for example case of continuously transposed cables.
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