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Abstract. The Hilbert Uniqueness Method introduced by J.-L. Lions
in 1988 has great interest among scientists in the control theory, because
it is a basic tool to get controllability results for evolutive systems. Our
aim is to outline the Hilbert Uniqueness Method for first order coupled
systems in the presence of memory terms in general Hilbert spaces. At
the end of the paper we give some applications of our general results.
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1 Introduction

It is well known that heat equations with memory of the following type

Y = al\y + /0 K(t — s)Ay(s)ds, (1)

with o > 0, cannot be controlled to rest for large classes of memory kernels
and controls, see e.g. [3,4]. The motivation for that kind of results is due to the
smoothing effect of the solutions, because (1) is a parabolic equation when the
constant a before the Laplacian is positive.

On the other hand the class of the partial integro-differential equations
changes completely if in the Eq. (1) one takes o = 0. The physical model relies
on the Cattaneo’s paper [1]. Indeed, in [1] to overcome the fact that the solu-
tions of the heat equation propagate with infinite speed, Cattaneo proposed the
following equation

g = / K(t — s)Ay(s)ds, (2)

with K (t) = e~ 7%, v being a positive constant. The interest for equations of the
type (2) is in the property of the solutions to have finite propagation speed, the
same property of the solutions of wave equations.
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From a mathematical point of view, a natural question is to study integro-
differential equations of the type

¢
ug + / M(t — s)A%u(s)ds = 0,
0

where M (t) is a suitable kernel, locally integrable on (0, +00), and A2 denotes
the biharmonic operator, that is in the N-dimensional case

N N
NPu=Y"N"0%0%u.
i=1 j=1

The Hilbert Uniqueness Method has been introduced by Lions, see [7,8], to
study control problems for partial differential systems. That method has been
largely used in the literature, see e.g. [5].

Inspired by those problems, the goal of the present paper is to describe the
Hilbert Uniqueness Method, for coupled hyperbolic equations of the first order
with memory in a general Hilbert space, when the integral kernels involved are
general functions kq, ks € L'(0,7T) and integral terms also occur in the coupling:

t
U1 + / kl(t — S)Aul(s)ds + El(l * ’lLQ) =0
0
in (0,7),
t
Uot + / ko(t — 8) A%us(s)ds + Lo(1 % up) =0
0

In another context, in [2] the authors study the exact controllability of the
equation

Y = /t K(t — s)Ay(s)ds + uxw in (0,7) x £, (3)
0

where w is a given nonempty open subset of {2. The hyperbolic nature of (3)
allows to show its exact controllability under suitable conditions on the waiting
time T" and the controller w, thanks to observability inequalities for the solutions
of the dual system obtained by means of Carleman estimates.

For a different approach leading to solve control problems for hyperbolic
systems, we refer to [6,11].

2 The Hilbert Uniqueness Method

Let H be a real Hilbert space with scalar product (-, -} and norm || - ||.

We consider a linear operator A : D(A) C H — H with domain D(A),
ki,ko € LY(0,T) and L; (i = 1,2) linear operators on H with domain D(L;) D
D(A). We assume that Lo is self-adjoint and £; is self-adjoint on a subset of its
domain that will be precised later.

Moreover, let H; be another real Hilbert space with scalar product (-, -},
and norm || - ||z, and B € L(Hy; Hy), where Hy is a space such that D(A) C
Hy C H. In the applications B could be, for example, a trace operator.
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We take into consideration the following first order coupled system with
memory

t
Ui + / ki(t — s)Auq(s)ds + L1(1*xuz) =0
0
in (0,7),  (4)
t
Uzt + / ko(t — 8) A%ug(s)ds + La(1 % up) =0
0
with null initial conditions
u1(0) = u2(0) =0, (5)
and satisfying
B’U,l(t) =01 (t), BUQ(t) =0, B.AUQ(t) = gg(t), te (0, T) (6)
For a reachability problem we mean the following.

Definition 1. Given T > 0 and uyg,us € H, a reachability problem consists
in finding g; € L*(0,T; Hy), i = 1,2 such that the weak solution u of problem
(4)—(6) verifies the final conditions

(5% (T) = Uu10, 'LLQ(T) = U20- (7)

One can solve such reachability problems by means of the Hilbert Uniqueness
Method. To show that, we proceed as follows.
To begin with, we assume the following conditions.

Assumptions (H1)
1. There exists a self-adjoint positive linear operator A on H with dense domain
D(A) satistying
D(A) c D(A), Az = Az VYze D(4), D(VA)=Ker(B).
2. Ly is self-adjoint and £, is self-adjoint on D(A) N Ker(B), that is

(L19,€) = (9, L1€), Vi, & € D(A) N Ker(B). (8)
3. There exists D,, € L(Hy; Hy) such that the following identity holds
(Ap, &) = (¢, AS) — (Bo, Du&)m,, Vo € D(A), & € D(A). 9)

Now, we consider the adjoint system of (4), that is, the following coupled
system

T T
21t — / ki(s —t)Az1(s)ds — / Loza(s)ds =0
t t
in (0,7, (10)
T T
Zot — / ko(s —t)A?2o(s)ds — / Lizi1(s)ds =0
t t
with given final data

Z1 (T) = Z217T, ZQ(T) = ZoT. (11)

We assume that for final data sufficiently regular an existence and regularity
result for the solution of (10)—(11) holds. Precisely:
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Theorem 1. For any z17 € D(A) and zor € D(A?) there exists a unique solu-
tion (z1,22) of (10)—(11) such that z; € C*([0,T],H) N C([0,T], D(A)) and
z2 € Cl([ov T]v H) N C([(), T]7 D(Az))

That type of result will be true in the applications, taking into account that
backward problems are equivalent to forward problems by means of a change of
the variable ¢ into ¢t — 7.

If Theorem 1 holds true, then the regularity of the solution (z1,z2) of (10)-
(11) and assumption (H1)-3 allow to obtain the following properties: the func-
tions D, z;, i = 1,2, belong to C(0,T; Hy), because D(A) C D(A) C Hy. So, we
can consider the nonhomogeneous problem

‘(1 +/ k(= ). Ay (s)ds + L1 (1% o) =
Ot

¢5(t) + / o(t — 8)A%pa(s)ds + La(1 % ¢1) =0

T
B (t / k1(s — t)Dyz1(s)ds,
t
T

Boo(t) =0, BApa(t) = / ka(s —t)Dy,z2(s)ds

$1(0) = ¢2(0) =0

If (¢1, ¢2) denotes the solution of problem (12), then we can introduce the fol-
lowing linear operator on H x H:

V(z1r, 22r) = (91(T), 92(T)), (217, z21) € D(A) x D(A?).
We will prove the next result.

Theorem 2. If (&1,&2) is the solution of the system

&(t) - /T ki(s —t) A& (s ds—/ L26>(s)ds = 0,
n (0,7)

/ ko(s — t)A%Ey(s ds—/ L1&1(s

§(T) =&ir, &(T) = &or,
where (&17,&1) € D(A) x D(A?), then the identity
(W (217, 227), (617, 27))
T T
= [ B0, [ k=D& () s, )
T

+/0 <B.A<bg(t),/75 ka(s —t)D,&a(s) ds)p, dt,

holds true.
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Proof. We multiply the first equation in (12) by &;(¢) and integrate on [0, 7], so
we have

T T t
/0<¢'1,a> dt +/O </O Fa(t— ) A (s) ds, €1) dt

T
+/0 (L1(1% ¢2),&1) dt = 0. (14)

In the second term of the above identity we change the order of integration and,
since &1 (t) € D(A), we can use (9) to get

/OT (/Otkl(t—s)Aqﬁl(s) ds, &1 (8))dt :/OT /STk1(t—s)<A¢1(s),£1(t)) dt ds
:/OT <¢1(s),/f b (t — 8) A€ (£) dt) ds
_/0T<3¢1(5),/8T ke (t—s)Dyr(t) i), ds.

Note that, in virtue of assumption (H1)-1, one has D(A) C D(A) N Ker(B); so,
changing again the order of integration and applying (8), we obtain

T T T
/0<£1(1*¢2),51> dt:/o <¢2(s),/s La6a(t) dt) ds.

If we integrate by parts the first term in (14) and take into account the previous
two identities, then, in view also of ¢1(0) = 0, we get

T T T
(61(T), &1(T)) — / (G1(1), £1(1)) dt + / (1), / Fa(s — )AG(s) ds) dt
T T
- / (B (1), / ku(s — )Dyéa(s) ds)a, dt
0 t

T T
+/0 <¢2(t)a/t L1&:1(s) ds) dt = 0.

As a consequence of the former equation and

T T
€1(t) - / Fi(s — 1) A6y (s)ds = / Lata(s)ds,

we obtain
T T
(61(T), E17) / (B (1), / Fu(s — D1 (s) ds)p, dt
T T ’ ! T T (15)
+/0 <¢2(t)7/t L1&1(s) ds) dt—/o (¢1(t),/t Lo&o(s)ds) dt = 0.

In a similar way, we multiply the second equation in (12) by &(t) and inte-
grate on [0,T7]: if we integrate by parts the first term, take into account that
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#2(0) = 0 and change the order of integration in the other two terms, then we
have

T
(62(T), o) / (6a(t), E4(1)) dt
//kzt—8)<«4¢2()£2()>dtd8 (16)

/ / (La1(s),&2(t)) dt ds = 0.

Now, we observe that from (9) it follows for any ¢ € D(A?) and £ € D(A?)
<A2(P7€> = <<,07A2€> - <BSD7DVA§>H1 - <BV4<;07DV£>H1

Putting the above equation into (16) and taking into account that the operator
Lo is self-adjoint yield

(62(T), o) — / (6a(1), E4(1)) dt

T T

+ / (6a(s), / kalt — ) A%E5(1) dt) ds

—/ (BA(bQ(s),/ ka(t — s)D,&a (1) dt}H1 ds
0

T T °
+ / (61(s), / Labo(t) dt) ds =
T T
—/ k’2(3—t)142€2(8)d3=/ L1&1(s)ds

T T
(62(T), Exr) — /O (BAGs(s), / ks (t — 8)Dya(t) db) . ds

In virtue of

we get

T T T T (17)
+ [ oo, [ e dt— [ o, [ s a0,
If we sum Egs. (15) and (17), then we have
(W (21, z2r), (Gar, &or)) = (D1(T), &1r) + (D2(T), Eor)
T T
=/, (Bou(t), /t ki(s —t)Dy&(s) ds)y, dt as)

+/0 <BA¢2(t),/t kz(s —t)Dl,fg(S) d8>H1 dt,

that is, (13) holds true. O
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If we take (&17,&71) = (217, 227) in (13), then we have

<W(Z1T7 ZQT), (ZlT, ZzT)>

- /OT <‘ /tT ka5 — Dy 21(s) d ;) dt.

Consequently, we can introduce a semi-norm on the space D(A) x D(A?%). Pre-
cisely, if we consider, for any (217, zo7) € D(A) x D(A?), the solution (z1, z2) of
the system (10)—(11), then we define

9 T
+ ‘ / ka(s — t)Dyza(s) ds
H, ‘

H(2’1T722T)||% =

/T /Tk( AD.n(s) d 2 dt(19)
o ; 1S v21(S S H, .

We observe that || - ||r is a norm if and only if the following uniqueness theorem
holds.

9 T
+ ‘/ ka(s — t)Dy2a0(s) ds
H, ¢

Theorem 3. If (21, 22) is the solution of problem (10)—(11) such that

/ k1(s —t)D,z1(s) ds = / ki(s —t)D,z2(s) ds =0, on [0,T],

then
z1=20=0 in [0,T].

The validity of Theorem 3 is the starting point for the application of the Hilbert
Uniqueness Method. Indeed, if we assume that Theorem 3 holds true, then we
can define the Hilbert space F' as the completion of D(A) x D(A?) for the norm
|l - ||7. Thanks to (13) and (19) we have

(U (217, 22m), (&11, C21)) = (211, 227), (ams o)) P

) (20)
V(zir, 227), (617, §21) € D(A) x D(A%),

where (-, -) p denotes the scalar product associated with the norm || - || 7.
Consequently,

(@ (217, 221), (&7, &or))| < [|(2ar, 220) | 7 167, Eon) | P
Y(z11, 221), (617, &21) € D(A) x D(A?).

Thanks to the above inequality, the operator ¥ can be extended uniquely to a
linear continuous operator, denoted again by ¥, from F into its dual space F”.
By (20) it follows that

(Y (211, 221), (&a1, &or)) = (2175 227), (§a1, €21)) P
V(zi7, 2o1), (&1, §21) € F,
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and, as a consequence, we have that the operator ¥ : F — F” is an isomorphism.
Moreover, the key point to characterize the space F' is to establish observ-
ability estimates of the following type

/OT <‘ /tT ki(s —t)Dyz1(s) ds’; + ’ /tT ka(s — t)Dyza(s) ds‘;> dt o)

= |za1irllz, + lz2r s,

for suitable spaces Fi , F5. In that case, the uniqueness result stated by Theorem 3
holds true, so the operator ¥ : F' — F” is an isomorphism, and in virtue of (19)
and (21) we get

F:F1XF2

with the equivalence of the respective norms. Finally, we are able to solve the
reachability problem (4)—(7) for (u1g,u20) € F{ X Fy.

3 Applications

Ezample 1. Let H = L*(0,7) be endowed with the usual scalar product and

norm. In [9] we take A = % with null Dirichlet boundary conditions, k;(t) =

%e*”t +1-— g, ko = 1. We examine the case in which £; = a1, with a; € R,
i = 1,2 and I the identity operator on H.

By writing the solutions as Fourier series, we are able to prove Theorems 1
and 3, thanks also to some properties of the solutions of integral equations. In
particular, by showing suitable Ingham type estimates, we prove observability
estimates of the type (21) where F' = H}(0,7) x HZ(0, 7). Therefore, we can
deduce reachability results by means of the Hilbert Uniqueness Method.

Example 2. We consider H = L?(0,7) endowed with the usual scalar product
and norm. In [9] we take A = d% with null Dirichlet boundary conditions,
k’l(t) = ;efnt +1-— %, ko = 1, L= a1% and Lo = aol with a; € ]R, 1=1,2.

Ezample 3. Let H = L?({2) be endowed with the usual scalar product and
norm. In [10] we take A = A with null Dirichlet boundary conditions, k1 (t) =
%e‘"t +1- %, ke =1, L1 = a1/ and L5 = as]l with a; € R, i =1,2.
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