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Abstract We propose new notions of regular solutions and viscosity solutions for
path-dependent second order partial differential equations. Making use of the martin-
gale problem approach to path-dependent diffusion processes, we explicitly construct
families of time-consistent dynamic risk measures on the set of cadlag paths /R” val-
ued endowed with the Skorokhod topology. These risk measures are shown to have
regularity properties. We prove then that these time-consistent dynamic risk mea-
sures provide viscosity supersolutions and viscosity subsolutions for path-dependent
semi-linear second order partial differential equations.
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1 Introduction

Diffusion processes are linked with parabolic second order Partial Differential
Equations via the “Feynman-Kac” formula. The field of path-dependent PDE:s first
started in 2010 when Peng asked in [19] whether a BSDE (Backward Stochastic
Differential Equation first introduced in [17]) could be considered as a solution to a
path-dependent PDE. In line with the recent literature on the topic, a solution to a
path-dependent second order PDE

H(Mv w, ¢(M, Cl)), au¢(ua Cl)), DX¢(us C()), D)%¢(Ms 60)) = O (1)

is searched as a progressive function ¢ («, w) (i.e. a path dependent function depend-
ing at time u on all the path up to time u).

J. Bion-Nadal (<)
CMAP (UMR CNRS 7641), Ecole Polytechnique, 91128 Palaiseau Cedex, France
e-mail: jocelyne.bion-nadal @cmap.polytechnique.fr

© The Author(s) 2016 147
EE. Benth and G. Di Nunno (eds.), Stochastics of Environmental

and Financial Economics, Springer Proceedings in Mathematics and Statistics 138,

DOI 10.1007/978-3-319-23425-0_6



148 J. Bion-Nadal

In contrast with the classical setting, the notion of regular solution for a path-
dependent PDE (1) needs to deal with cadlag paths. Indeed to give a meaning to
the partial derivatives D,¢ (u, ) and D)Z(qﬁ (u, w) at (ug, wp), one needs to assume
that ¢ (up, w) is defined for paths w admitting a jump at time ug. Peng has intro-
duced in [20] a notions of regular and viscosity solution for path-dependent second
order PDEs. In [20] a regular or a viscosity solution for a path-dependent PDE is a
progressive function ¢ (¢, w) defined on the space of cadlag paths endowed with the
uniform norm topology and the notion of continuity and partial derivatives are those
introduced by Dupire [12]. A comparison theorem is proved in this setting [20].
The motivation comes mainly from the theory of BSDE and examples of regular
solutions to path-dependent PDEs can be constructed from BSDEs [18]. The main
drawback for this approach based on [12] is that the uniform norm topology on the
set of cadlag paths is not separable, hence it is not a Polish space. Recently Ekren et
al. proposed a notion of viscosity solution for path-dependent PDEs in the setting of
continuous paths in [13, 14]. This work was motivated by the fact that a continuous
function defined on the set of continuous paths does not have a unique extension
into a continuous function on the set of cadlag paths. Therefore it is suitable that
the notion of viscosity solution for functions defined only on the set of continuous
paths does not require to extend the function to the set of cadlag paths. The approach
developed in [13, 14] is also based on BSDE.

In the present paper we introduce a new notion of regular and viscosity solution
for path-dependent second order PDEs (Sect.2). A solution to (1) is a progressive
function ¢ defined on IR} x §2 where 2 is the set of cadlag paths. In contrast with [20]
and many works on path-dependent problems, we consider the Skorokhod topology
on the set of cadlag paths. Thus §2 is a Polish space. This property is very important.
To define the continuity and regularity properties for a progressive function, we make
use of the one to one correspondence between progressive functions on IRy x £2
and strictly progressive functions on IR, x §2 x IR" established in [3]. A function
¢ defined on IR, x 2 is progressive if ¢ (s, w) = ¢ (s, @) as soon as w(u) = o' (u)
forall 0 < u < s. A function ¢ defined on IR, x £2 x IR" is strictly progressive
if p(s, w,x) = (s, w, x) as soon as w(u) = «'(u) for all 0 < u < s. The one to
one correspondence is given by ¢ (s, w, x) = ¢ (s, w %, x) where (o %, x) (1) = w (1)
forall 0 < u < s and (w *; x)(#) = x for all ¥ > 5. The continuity and regularity
properties that we want for a progressive function ¢ are derived from the usual
continuity and regularity properties for ¢ via the above one to one correspondence.
For example, D¢ (u, @) is defined as D¢ (u, ®) := Dy (u, 0, w (1)) where D¢ is
the usual partial derivative of ¢ with respect to the third variable. Notice that via the
above one to one correspondence, the regularity properties for a progressive function
¢ are defined in a very natural way. This is in contrast with the most commonly used
regularity definitions first introduced in [12].

The notion of viscosity solution that we introduce in the present paper is motivated
by our construction of a solution to semi-linear second order path-dependent PDEs
based on the martingale problem approach.

Our study for viscosity solutions of path-dependent PDEs allows then to introduce a
new definition of viscosity solution for path-dependent functions defined only on the



Dynamic Risk Measures and Path-Dependent ... 149

set of continuous paths. As in [13, 14], this does not require to extend the function

nor the coefficient functions appearing in the path-dependent PDE to the set of cadlag
paths. However our approach is very different from the one introduced in [13, 14].

In the present paper we construct then time consistent dynamic risk measures on the

set £2 of cadlag paths, to produce solutions for path-dependent semi-linear second

order PDEs.

[ 0v(u, w) + L, ) + f(t, w, Dyv(u, ®)) = 0on [0, 1] x £2

— 2

v(t, w) = h(w)

with Z%v(u, ) = %Tr[a(u, w)D)%v(u, w)].

These dynamic risk measures are constructed using probability measures solution
to a path-dependent martingale problem. This approach is motivated by the Feyn-
man Kac formula and more specifically by the link between solutions of a parabolic
second order PDE and probability measures solutions to a martingale problem. The
martingale problem has been first introduced and studied by Stroock and Varadhan
[10, 11] in the case of continuous diffusion processes. The martingale problem is
linked to stochastic differential equations. However the martingale problem formu-
lation is intrinsic and is very well suitable to construct risk measures. In [22] the
martingale problem has been extended and studied to the case of jump diffusions. In
[3], the study of the martingale problem is extended to the path-dependent case which
means that the functions a and b (and also the jump measure) are no more defined
on IR; x IR" buton IRy x £2. The question of existence and uniqueness of a solution
to a path-dependent martingale problem is addressed in [3] in a general setting of
diffusions with a path-dependent jump term. In the case where there is no jump term
and under Lipschitz conditions on the coefficients, the existence and uniqueness of a
solution has been already established in [8] from the stochastic differential equation
point of view.

In Sect. 3, we recall some results from [3] on the martingale problem for path-
dependent diffusion processes and study the support of a probability measure solution
to the path-dependent martingale problem for .£%?.

The theory of dynamic risk measures on a filtered probability space has been
developped in recent years. In the case of a Brownian filtration, dynamic risk mea-
sures coincide with g-expectations introduced by Peng [21]. An important property
for dynamic risk measures is time consistency. The time consistency property for
dynamic risk measures is the analogue of the Dynamic Programming Principle. For
sublinear dynamic risk measures time consistency has been characterized by Del-
baen [9]. For general convex dynamic risk measures two different characterizations
of time consistency have been given. One by Cheridito et al. [7], the other by Bion-
Nadal [5]. This last characterization of time consistency is very useful in order to
construct time consistent dynamic risk measures.

Following [5], one can construct a time consistent dynamic risk measure as soon
as one has a stable set of equivalent probability measures 2 and a penalty defined
on 2 satisfying some conditions. In Sect.4, we construct a stable set of probability
measures on the set §£2 of cadlag paths. In the whole paper a is a given bounded
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progressively continuous function defined on IR x £2 such that a(s, ) is invertible
for all (s, w). Forall r > O and w € 2 the set of probability measures 2, ,, is a stable
set generated by probability measures Qf:i’) solution to the martingale problem for
£%P starting from w at time r. The functions b are assumed to satisfy some uniform
BMO condition. In Sect. 5 we construct penalties on the stable set 2, ,, from a path-
dependent function g. Some growth conditions are assumed on the function g to
ensure integrability properties for the penalties. With such a stable set and penalties,
we construct in Sect. 6 time consistent convex dynamic risk measures. More precisely
for all r and  we construct a time consistent convex dynamic risk measure p;’;” on
the filtered probability space (§2, (%), Q5 ,,) where Q7 , means ijg and (%) is
the canonical filtration. '

We prove furthermore in Sect. 7 that these time consistent dynamic risk measures
satisfy the following Feller property: Let %; be the set of %8, measurable functions
h defined on £2 which can be written as h(w) = k(w, w(t)) for some continuous
function k on £2 x IR" such that k(w, x) = k(o', x) if w(u) = ' (u) for all u < t.
Then for all / in 6, there is a progressively lower semicontinuous function R(k) on
[0, 7] x 2 such that R(h)(t, w) = h(w),

pri(h) = R(W)(r, wo) VO < r <t
Furthermore, forall0 <r <s <7,
pii”(h)(@') = R(h)(s, ') QF ,, a.s.

We prove furthermore in Sect.8 that the lower semicontinuous function R(h) is
a viscosity supersolution for the path-dependent semi linear second order partial
differential equation (2). The function f : IRT x IR" x IR? — IR appearing in Eq. (2)
is linked to the choice of the penalty of the risk measure. It is convex in the last
variable.

We prove also that the upper semi-continuous envelope of R(%) is a viscosity subso-
lution for (2).

When the above function £ is defined only on the set of continuous paths, it is the same
for the function R(%). We prove then that R(4) provides a viscosity supersolution and
a viscosity subsolution for (2) on the set of continuous paths.

2 Solution of Path-dependent PDEs

In this section we introduce new notions for regular and viscosity solutions for second
order path-dependent PDEs on the set of cadlag paths. In contrast with [20] and all
the papers using the notions of continuity and derivative introduced by Dupire [12],
we work with the Skorohod topology on the set of cadlag paths. A solution to a
path-dependent PDE (1) is a progressive function ¢ (¢, ®) where ¢ belongs to IR and
 belongs to the set of cadlag paths.
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2.1 Topology and Regularity Properties

In the whole paper £2 denotes the set of cadlag paths with the Skorohod topology.
The set §2 is then a Polish space (i.e. is metrizable and separable). Polish spaces have
nice properties which are very important in the construction of solutions for path-
dependent PDEs. Among them are the existence of regular conditional probability
distributions, the equivalence between relative compactness and tightness for a set
of probability measures, to name a few.

To define the continuity and regularity properties for progressive functions, we use
the one to one correspondence between progressive functions on IR x §2 and strictly
progressive functions on R4 x §2 x IR" that we have established in [3].

A function ¢ defined on IR, x £2 is progressive if ¢ (s, ) = ¢ (s, »’) as soon as
() =o' (u) forall0 < u <s.

A function ¢ defined on IRy x £ x IR" is strictly progressive if ¢(s, ,x) =
@ (s, ', x) as soon as w (1) = o' (u) forall 0 < u < s.

The one to one correspondence ¢ — ¢ is given by ¢(s, @, x) = ¢ (s, @ *; x) where
wxxu) =) VO<u<s andw*;x(u) =xVu=>s. 3)
Notice that ¢ (s, w) = ¢(s, w, w(s)). Accordingly a progressive function ¢ (in 2

variables (s, w)) is said to be progressively continuous if the associated function ¢
(in 3 variables (s, w, x)) is continuous on IRy x §2 x IR".

2.2 Regular Solution

Making use of the one to one corrrespondence between progressive functions on
IR; x £2 and strictly progressive functions on IR x £2 x IR", we can then give the
following definition for a solution to a general path-dependent PDE.

Definition 1 Let v be a progressive function on IR; x £2 where §2 is the set of
cadlag paths with the Skorokhod topology. v is a regular solution to the following
path-dependent second order PDE

H(u, o, v(u, ©), 9,v(u, ®), Dyv(u, ), Dyv(u, ) = 0 (4)

if the function ¥ belongs to €' 1%2 (IR, x £2 x IR") and if the usual partial derivatives
of v satisfy the equation

H(u, %, x, 91, 0, x), 3,5, o, x), Dyv(u, 0, x), Dv(u, 0,x) =0 (5)

with V(u, o, x) = v(u, w *, X)



152 J. Bion-Nadal

(0%, x)(s) = w(s) Vs < u, and (w *, x)(s) = x Vs > u. The partial derivatives of v
are the usual ones, the continuity notion for v is the usual one.

2.3 Viscosity Solutions on the Set of Cadlag Paths

The following definitions are motivated by the construction of viscosity solutions for
path-dependent PDEs that we develop in the following sections. Our construction of
solutions is based on the martingale problem approach for path-dependent diffusions.
The support of every probability measure Q‘f"fl’)o solution to the martingale problem
for .£%? starting from wy at time r is contained in the set of paths which coincide with
o up to time r. This is a motivation for the following weak notion of continuity and
also for the weak notion of local minimizer (or local maximizer) that we introduce

in the definition of viscosity solution.

Definition 2 A progressively measurable function v defined on IR} x §2 is contin-
uous in viscosity sense at (r, wg) if

v(r, wg) = lin}){v(s, w), (s,w) € Dg(r, wy)} (6)

where

D.(r,wg) ={(s,w), r<s<r+e, wu) =wy(m), VO<u<r
wW) =w(s) Yu>s, and sup |low) —wo(r)|| <e} (7)

r<u<s

v is lower (resp. upper) semi continuous in viscosity sense if Eq.(6) is satisfied
replacing lim by lim inf (resp. lim sup).

Definition 3 Let v be a progressively measurable function on (IRy x £2, (%))
where §2 is the set of cadlag paths with the Skorokhod topology and (%;) the canon-
ical filtration.

1. v is a viscosity supersolution of (4) if v is lower semi-continuous in viscosity
sense, and if for all (¢tp, wg) € IR+ X 2,

e v is bounded from below on D¢ (g, wg) for some ¢ > 0.

e for all strictly progressive function ¢ € %;’O’z(er X £2 x IR™) such that
v(ty, wp) = ¢ (ty, wp), and (fo, wp) is a minimizer of v — ¢ on D, (fy, wg) for
some & > 0,

Hu, w*, x,¢(u, w, x), 0,¢(u, w, x), Dy¢(u, w, x), D%d)(u, w,x) >0 (8)

at point (fo, wo, wo()).
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2. visaviscosity subsolution of (4) if v is upper semi-continuous in viscosity sense,
and for all (79, wo),

e v is bounded from above on D, (ty, wg) for some £ > 0

e for all strictly progressive function ¢ € %bl’O’Z(IRJr x §£2 x IR™) such that
v(to, wo) = P (g, wg), and (fy, wp) is a maximizer of v — ¢ on D, (19, wq) for
some & > 0,

Hu, w*,x, ¢, w,x), 0,¢u, w, x), Dy¢(u, , x), D)%(;S(u, w,x) <0 9

at point (7, @o, wo(f0)).

3. v is a viscosity solution if v is both a viscosity supersolution and a viscosity
subsolution.

2.4 Viscosity Solution on the Set of Continuous Paths

Recently Ekren et al. [13, 14] introduced a notion of viscosity solution of a path-
dependent second order PDE for a function v defined on the set of continuous paths.
One motivation for this was to define the notion of viscosity solution without extend-
ing the function v to the set of cadlag paths.

We can notice that within our setting we can also define a notion of viscosity solution
for a function v defined only on the set of continuous paths without extending v. We
give the following definition which is very different from that of [13, 14] and much
simpler.

Definition 4 Let v be a progressively measurable function defined on IR X
@ (IR, IR") with the usual uniform norm topology. v is a viscosity supersolu-
tion of (4) if v is lower semi-continuous in viscosity sense and for all (¢y, wg) €
H?+ X %(m+, R”)

e v is bounded from below on D, (t0, wo) for some e >0,

e forall function strictly progressive ¢ € (5 (H?+ x §2 x IR"™) such that v(tg, wg) =
¢ (ty, wp), and (fy, wp) is a minimizer of v — ¢ on D, (1o, wp) for some & > 0,

H(u, %, x, p(u, 0, x), 3,0, 0, x), Dyp(u, w,x), D>p(u, w,x) =0 (10)

at point (ty, wo, wp(to)). y
Here £2 is the set of cadlag paths with the Skorokhod topology, D is the intersection
of D, with the set of continuous paths, and ¢ (4, ®) = ¢ (u, w, w(u)).

The lower semi-continuity property in viscosity sense at (¢p, wg) in Definition 4
means
v(to, wo) = lim{v(s, w), (s, @) € De(t0, wo)}
e—>
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We have a similar definition for a viscosity subsolution. Notice that the continuity
along the sets DS is also considered in [13, 14]. However the notion of viscosity
solution introduced in [13, 14] is fundamentally different from ours.

We will now construct time consistent dynamic risk measures making use of proba-
bility measures solution to a path-dependent martingale problem. We will then prove
that this leads to viscosity solutions to path-dependent PDEs (2).

3 Path-dependent Martingale Problem

In the classical setting, the Feynman Kac formula establishes a link between a solu-
tion of a parabolic second order PDE and probability measures solutions to a mar-
tingale problem. Assume that v is a solution of the PDE 9, v(z, x) +.% @by, x) =0,
v(T,.) = h with

Ly, x) = %Tr(a(t,x))D)%(v)(t,x) + b(t, x)*Dyv(t, x)

From the Feynman Kac formula, the value v(¢, x) can be expressed from the prob-
ability measure fo’f solution to the martingale problem associated to the operator
pab starting from x at time 7. v(¢, x) = EQa,b (h(XT)), where (X)) is the canonical
process. .

One natural way to construct soliutions for path-dependent parabolic second order
partial differential equations is thus to start with probability measures solution to
the path-dependent martingale problem associated to the operator 2% for path-
dependent coefficients a and b. Let £2 be the set of cadlag paths and (%) be the
canonical filtration. Let a and b be progressively measurable functions on IRy x §2
(a takes values in non negative invertible matrices and b in IR"). Let .£%? be the
operator defined on ‘5}72 (IR™) by

L4l w) = Za,](t )5 —— +Zb (, a))— a1

Definition 5 Let r > 0, wy € £2. A probability measure Q defined on (£2, (%4;))
is a solution to the path-dependent martingale problem for £ starting from wy at
time r if

O({w € 2 o) =wo)V0 =u=r}) =1

and if for all f € €} > (R4 x R"), and all 1, (Z;)),<; given by

9
Z5) =£(t, X)) —f(th(w))—/ e + LY, 0) (), Xu(@))du (12)

is a (Q, (%)) martingale.
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In [3] we have studied the more general martingale problem associated with path-
dependent diffusions with jumps. We have shown that the good setting to prove
that the martingale problem is well posed is to deal with diffusions operators whose
coefficients a and b are progressively continuous.

Recall the following result from [3].

Theorem 1 1. Let a be a progressively continuous bounded function defined on
IR x $2 with values in the set of non negative matrices. Assume that a(s, o) is
invertible for all (s, ). Let b be a progressively measurable bounded function
defined on IRy x 2 with values in IR". For all (r, wy), the martingale problem
for L% starting from wy at time r is well posed i.e. admits a unique solution
O a0 @ on the set of cadlag paths.

2. Assume furthermore that b is progressively continuous bounded. Consider the
set of probability measures .#(82) equipped with the weak topology. Then the
map

(r,w,x) € Ry x 2 x R" — 0% < 41(£2)

r,w¥px

is continuous on {(r, w, x) | ® = w *, x}.

3.1 The Role of Continuous Paths

In all the following Q¢ o Means 049

We start with a result which proves that the probability measure Q
by paths which are continuous after time r.

7,00
a,ab
r,wo

is supported
Proposition 1 Every probability measure Q5 a solution to the martingale problem
for L% starting from wq at time r is supp0rted by paths which are continuous after
time r, i.e. continuous on [r, oo|.

More precisely

0% ((w, w(u) = wo(u) Yu < r, and O|[r,00[ € E([r, 00[, R")} =1

r,wQ

Proof The probability measure Q% ¢ is equivalent with Q¢ , . Thus we can assume

r,wo r,wo*
that b = 0.
The function a is progressively continuous. This means that the function E is contin-
uous. Let a, be the 1 - delayed function defined as a,(u, @, x) = a(u — =, w, x) for

allu > r + ; and an(u, w,x) =a(r,w,x)forall0 <u <r+ - n. The functlon a,
is also progressively continuous. Given n, let ;' be an increasing sequence such that
to=rand|ff , — | <1
On a Polish space for every subsigma algebra of the Borel sigma algebra there
exists a regular conditional probability distribution. It follows from [22] and the
uniqueness of the solution for .#*¥ starting from  at time t}, that for all 7,

o (&) = Egon, (1B (w) for 0" almost all w. Let ay (1, X) = Gn(u, w, x)

tn
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Let Ay = {o, wf’/'! [ € ([t ti,,D}. Given  the function ay,, is not path-

g2
dependent. It follows then from [11] that Qf,?’;”) is supported by paths continuous on
k>
[}, oo[. We remark that @, (u, @', x) = a@p,o(u,x) forall f§ < u < tr,, and all o
such that ' (#) = w(u) for all u < t;. It follows that Q?,."w(Ak) = 1 for all w. We
]( E}

deduce by induction that Q(rl,"wo (o', wf[r,oo[ e €([r, o0, R} = 1.

The a, being uniformly bounded, for given r and wy, the set of probabilty mea-
sures {Q;",,, n € N*} is weakly relatively compact. There is a subsequence weakly
converging to a probability measure Q. From the continuity assumption on a, it fol-
lows that Q solves the martingale problem for .24 starting from wy at time r. The
uniqueness of the solution to this martingale problem implies that Q = Qf ,, . The
set {o, a)"[r’oo[ € E([r,o0[,IR")} is a closed subset of £2. It follows from
the Portmanteau Theorem, see e.g. [2] Theorem 2.1, that 0% ({0’ ,a)"[r’oo[ IS

([, ool R")} = 1 e

Corollary 1 For all continuous path wo and all r, the support of the probability
measure Qf’;‘)z is contained in the set of continuous paths:

@b C(Ry. R") = 1
Remark 1 In the simpler case where the function a is only defined on the set of con-
tinuous paths, the continuity hypothesis is just the usual continuity hypothesis for a
function defined on IRy x € ([IR+, IR")) for the uniform norm topology. The asso-
ciated martingale problem: probability measure solution to the martingale problem
for .£*Y starting from wy at time r can only be stated for initial continuous paths w
(otherwise the path-dependent function a(u, ) should be defined for paths w which
can have jumps before time u).

4 Stable Set of Probability Measures Solution to a
Path-dependent Martingale Problem

In all the paper £2 denotes the set of cadlag paths endowed with the Skorokhod topol-
ogy. From now on, a(s, w) is a given progressively continuous function on IR x £2
with values in non negative matrices. We assume that a is bounded and that a(s, w)
is invertible for all (s, ). The explicit construction of dynamic risk measures devel-
oped here, making use of probability measures solutions to a martingale problem
was first initiated in the unpublished preprint [4] in the Markovian case. We have
introduced in [5] a general method to construct time consistent convex dynamic risk
measures. This construction makes use of two tools. The first one is a set 2 of equiv-
alent probability measures stable by composition and stable by bifurcation (cf. [5]
Definition 4.1). The second one consists in penalties o ;(Q), s < ¢ defined for every
probability measure Q in 2, satisfying the local condition and the cocycle condition.
The corresponding definitions are recalled in the Appendix.
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4.1 Multivalued Mapping and Continuous Selector

Definition 6 X denotes the quotient of IRy x 2 x IR" by the equivalence relation
~(tyw,x) ~ (', ,x)ift =1, x = x and w(u) = ' (u) Yu < t. The metric
topology on X is induced by the one to one map from X into a subset of IR x £2 X IR":
(t,w,x) = (t, w *; x, x),

where w *; x has been defined in Sect.2.2 Eq. (3).

The following observation is straightforward.

Remark 2 The set X is equipped with the metric topology defined above. Then every
progressively continuous map on /R4 x §2 defines a unique continuous map on X.
Furthermore every map continuous on the subset {(r, , x), @ = w *, x} of IRy X
£2 x IR" defines also a unique continuous map on X.

Recall now the definition of a multivalued mapping from X to Y. We use here the
terminology chosen in [9]. Notice that the terminology used in [1] for multivalued
mapping is correspondence.

Definition 7 A multivalued mapping A from X into IR" is a map A defined on X
such that for all (z, w, x) € X, A(t, w, x) is a subset of IR". It can have additional
properties:

1. Aisconvexif V(t, w,x) € X, A(t, , x) is a convex subset of IR".
2. Ais closed if for all (¢, w, x), A(t, w, x) is closed.

Recall the following definition of a continuous selector (Definition 16.57 of [1]).

Definition 8 A selector from a multivalued mapping A from X into R" is a function
s : X — IR" such that s(t, w,x) € A(t, w, x) for all (¢, w,x) € X. A continuous
selector is a selector which is continuous.

Recall the following definition from [1] (Definition 16.2 and Lemma 16.5):

Definition 9 A multivalued mapping A from X into IR" is lower hemicontinuous if
it satisfies the following equivalent conditions

e For every closed subset F of IR", A“(F) = {(t,w,x) € X : A(t,w,x) C F}is
closed

e For every open subset V of IR", AL(V) = {(t,w,x) € X : A(t,w,x) NV # @} is
open

Recall the following Michael Selection Theorem (cf. [1] Theorem 16.61)

Theorem 2 A lower hemicontinuous mapping from a paracompact space into a
Banach space with non empty closed convex values admits a continuous selector.

Recall also that every metrizable space is paracompact (Theorem 2.86 of [1]).
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4.2 Stable Set of Probability Measures Associated to a
Multivalued Mapping

In all the following, A is a closed convex lower hemicontinuous multivalued mapping
from X into IR". In the following (X;) denotes the canonical process on §2 : For all
cadlag path w, X;(w) = w(t). (%;) is the canonical filtration.

Given the progressively continuous matrix valued map a, given r > 0, and w € §2,
we want to associate to A a stable set 2, ,,(A) of probability measures on (£2, %)
all equivalent with the probability measure Q; , on %;. Furthermore we want to
construct a continuous function v on X. Therefore we start with continuous selectors
A from A.

Definition 10 Let a be progressively continuous bounded defined on IR; x §2 with
values in non negative matrices, such that a(¢, w) is invertible for all (¢, ). Let A be
a closed convex lower hemicontinuous multivalued mapping from X into IR".

e We define L(A) to be the set of continuous bounded selectors from the multivalued
mapping A.

e For given r > 0 and w € £2, the set QN,,(U(A) is the stable set of probability
measures generated by the probability measures Qj’;;‘f, X € L(A) with A(t, ') =
rt, o' X (@)

a,al
er,cu

T T
(m)%qxp[/r </\(t,w’),dxt>—;/r (A, &), a(t, "M, &))d1]

We give now a description of the set ,@Nryw(A).

Definition 11 We define L(A) to be the set of processes ¢ such that there is a finite
subdivision 0 = sg < -+ < §; < Siy] - - < S < o0o. There is a continuous selector
Xo,io in L(A). And for all 0 < i < k there is a finite partition (4; j);ej; of £2 into %,
measurable sets, and continuous selectors A; j in L(A) such that

Vsi <u <sit1, Yo' € 2, i(u, o', x) = in,j(u, o', x) 1, (@)
JEli
Vs <uVo' € 2, w(u, o, x) = Zxk,j(u, a)/,x)lAk,j(a)’)
JElk
Vu < 50, Vo' € 2, T, ', x) = hojp(u, @', x)  (13)
Remark 3 Every process 1t in L(A) is bounded strictly progressive and & x Z(IR")

measurable where & is the predictable sigma algebra. However there is no uniform
bound.
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Proposition 2 1. Let a be as above and @ € I:(A). Forallr > 0and all w € £2,
there is a unique solution to the martingale problem for L% starting from
w at time r with u(u, w) = wu, w, ww)). Furthermore for all r < s, the

map o — Qa af‘ is By measurable and is a regular conditional probability

distribution of Qr,w“ given B.

2. Given 0 < r, the set Qr w(A) is the set of all probability measures Or'al for
some process [ belonging to L(A).

Proof Let it € Z(A). There is a finite subdivision 0 = 59 < --- < §; < Siy] <
-- 8¢ < oo such that @ is described by Eq.(13). Let r and w. We prove first by

induction on k that there is a unique solution Q to the martingale problem for £**

starting from w at time r and that Q belongs to 2, ,,(A).

For k = 0 the result is true by hypothesis.

Inductive step: Assume that k > 1 and that the result is proved for k — 1. Let Q be a
solution to the martingale problem for .£*-“* starting from w at time r. Let Q, . bea
regular conditional probability distribution of Q given %y, . From [22] it follows that
for Q almost all @’ in Ay j, Qy, v is a solution to the martingale problem for L
starting from o' at time s;. The martingale problem for .#*%* is well posed. Let

Qa o */ be the unique solution to the martingale problem for 2%+, starting from

Sk,
onAy; O a.s. Thus for all £,

2
o’ at time s;. It follows that Qy, .y = ok

Sk u)

EQ(€14)(@) = 3 L, @)y 0 ®)
J€lk
Eg(§|%y) = D L E ooy (€15) (14)

JElk

On the other hand the restriction of Q to %, is a solution to the martingale problem for
L% where v € L(A) is associated to the subdivision (si)o<i<k—1 and v coincides
with u on %, . From the induction hypothesis it follows that the restriction of Q to
Ay, is uniquely determined, it coincides with Q%" and it belongs to Qr w(A).
The end of the proof of the inductive step follows then from Eq. (14), from the %;,
measurability of the map o’ — Q k’ (&) and from the definition of Qr o(A).

On the other hand it is easy to verlfy that the set {Q),, : It € L(A)} is stable. [

a,ap .

5 Construction of Penalties

In the preceding section we have constructed for all given (r, w) a stable set of
probability measures £2~,,w (A) associated to a multivalued mapping A. In this section
we construct penalties o (Q) forall ¥ < s <randall Q € ,@Nryw(A) making use of
a function g.



160 J. Bion-Nadal

Letg : IR x £2 xIR" — IRU{+400} be a progressively measurable function. Let A be
aclosed convex multivalued Borel mapping such that forall (¢, w, x) € IRt x 2 x IR",
{0} € A(t, w,x) C {y € IR"| g(t, w *; x, y) < oo}. Define f as follows:

VzeR! f(t,w,2)=  sup  (—z.y—g(t,®,y)) (15)
yeA(t,w,X;(w))

The following lemma is straightforward:

Lemma 1 For all (¢, w), f(t, w,.) is a closed convex function which is the dual
transform of the function g(t, o, .) where

gt,w,y) =gt,w,y) if y € At, w, X;(w))
= +00 else (16)

For every (t, w) dom(g(t, w, .)) = A(t, w, X;(w))

If g(t, w,0) =0 V(¢, w), f takes values in [0, oco].

If g takes values in [0, co] and satisfies V(t, ®), infye A(t,w.X, ()&, @, y) = 0 then
forall (t,w), f(t,w,0) = 0.

Notice that, since A is a closed convex multivalued mapping, replacing g by g, one
can always assume that for all (¢, w), dom(g(t, w,.) = {y € R4 lg(t, w,y) < oo} is
closed, convex and equal to A(¢, , X;(w)). We assume this in all the remainder.

Definition 12 1. g satisfies the following polynomial growth condition (GC1) if
there is K > 0, m € N* and ¢ > 0 such that

Vy € A, 0, Xy (@), |, @, y)| < K(1+sup [|Xs(@)|)" (1 +Iy[1>~) (17)

s<u
2. g satisfies the growth condition (GC2) if there is K > 0 such that
Vy € A, o, X (@), |g(u, 0. y)| < K(1+[]yl]») (18)

Recall the following definition of BMO processes.

Definition 13 Let C > 0. Let P be a probability measure. A progressively measur-
able process u belongs to BMO(P) and has a BMO norm less or equal to C if for all
stopping times T,

o0
Ep(/ sl Pds| ) < €
T

Recall also from [15] that the stochastic exponential & (u) of a BMO process i
is uniformly integrable, and that the BMO norms with respect to P and P(&(w).)
are equivalent. Also from [15], for all C > 0 there is 1 < py < oo such that for all



Dynamic Risk Measures and Path-Dependent ... 161

BMO(P) process p with ||it||puocp) < C, the stochastic exponential & () satisfies
the reverse Holder inequality:

[Ep(& (WP B)17 < Ke& (), (19)

Definition 14 Assume that g is non negative or satisfies one of the growth conditions
(GC1) or (GC2). Let 0 < r < T. For all BMO(Qf’w) process o A-valued, for all
r <s <t <T,define the penalty (xs,t(Qf,’Z)’L ) as follows

1
s (Qra) = Egran( / g(u, o, p(u, w))du| B) (20)

We need to verify that the penalties are well defined for all BMO processes and that
they satisfy the local property and the cocycle condition. (Definition introduced in
[5], Definition 4.3 and recalled in the Appendix).

Proposition 3 Assume that the process u belongs to BMO(Qy ). Let C such that
llllBmocoz,) < C.

el. Assume that g satisfies the growth condition (GCI). Then Eq.(20) defines a
random variable in Ly(Qy ) for all 1 < p < 0o, and for given p, the L,(Q7 ,
norms ofaSV,(ijZ)“) are uniformly bounded forr < s <t < T, for all u such
that ||llBmocz,) < C.
ozsy,(Q?f)M) belongs also to Ly (Qf;f,“) and the L, (ijf,ﬂ”) norms ofocs),(Q?:g)M)
are uniformly bounded for ||“||BM0(Q‘?,(D) <Candr<s<t<T.

2. Assume that g satisfies (GC2), then the random variables as,t(ijfJ“) belong to
Loo(Qy.,) and are uniformly bounded for ||u||pmoge ) < Candr <s <t <
T.

3. In case g is non negative, Eq.(20) defines a non negative %, random variable.

o Assume that g satisfies the growth condition (GCI) or (GC2). Then the penalty

defined in (20) satisfies the cocycle condition for every Qy.g/': Letr < s <t <u

as,u(Q?:ZM) = as,t(Qtrl:g)ﬂ) + EQf_’_'l‘f)“ (at,u(Q?:g)ﬂ)L@s) 21

e The penalty defined in (20) is local on gr,w(A)
o Ifg(t,w,0) = 0 Y(t,w) € IRT x 2, The probability measure Q7 , has zero
penalty.

Proof 1. Assume that the function g satisfies the growth condition (GC1). Without
loss of generality one can assume that m > 2. Choose p; > 1 such that (2 —
g)p1 = 2. Let g be the conjugate exponent of pj.
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It follows from the conditional Holder inequality and the equivalence of the
BMO norms with respect to Q5 , and Ore that

t

Egean( [ (14 sup [1X; (@) || (@) | >~ du| By)

s

L 1 1
< KiCP [Egaan( sup (1+ [|1Xg|)™)|Bs]4 (1 — 5)4 (22)

s<s'<u

Let po be such that Eq. (19) is satisfied for P = Qf . Let go be the conjugate
exponent of pg. It follows from conditional Holder inequality and (19) that

1
Egaan(sup(1 + [|Xy D)™ %5)) < KcEgs,( sup (1 +[|Xy[[)"990| 2;) 0

s’ <u s<s'<t

, 1
< KcEgg,,(sup (14 [[Xy|)"V9|HB;) 0 (23)

s<s'<t

for all j > 1. The first assertion of 1 of the proposition follows then from the
Egs. (22) and (23) and the inequality Ega  (Supy<,<,(1 + [|Xi DK)) < oo for all
k > 2 ([16], Chap.2 Sect.5). ' o
The second asssertion of 1. of the proposition follows from Eq.(22) and then
from Eq. (23) applied with %, equal to the trivial sigma algebra.

2. Assume that g satisfies the the growth condition (GC2). Thus

T,

t
lors: (0776 ) | < KE paan (/(1 + (@) |1*)du| Bs)
N

The result follows then from the BMO condition.
3. The case g non negative is trivial.

e The cocycle condition (21) follows easily from the definition (20) and the above
integrability. ~

e We prove now that the penalty « is local on 2, ,(A). Let &,V € Z(A). The
probability measures Oy, and Q%" are equivalent to Q¢ . Let r < 5 < ¢

and A be HA,-measurable. Assume that for all X in L*>°(%,), E pa.an X|%B)1s =
Ege.av (X|%s)14. 1t follows from the equality ;figg;j;: I = ggz:;i 14 and the & x
Z(IR") measurability of fx and v that 1) ;(1lap = 1yjs.1av Of , a.s. From (20)

we get as,t(Qf:Z)”)lA = o5 1(Q% ") 14. Thus the penalty « is local on Q@,,w(A).

r,w

e The last point follows easily from the definition of the penalty. (]
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6 Time Consistent Dynamic Risk Measures Associated
to Path-dependent Martingale Problems

We change the sign in the classical definition of risk measures in order to avoid the
minus sign which appears in the time consistency property for usual dynamic risk
measures. In fact pgi (—X) are “usual” dynamic risk measures.

6.1 Normalized Time-Consistent Convex Dynamic Risk
Measures

Proposition 4 Let Qr,w(A) be the stable set of probability measures defined in
Definition 10. Assume that g is non negative, and that for all (u, @"), g(u, @', 0) = 0.
Letr <s < t. The formula

Pl () = esssupguan 5 Bgpan (Y1) = as o Q) 24)

where a5 (Qr'e)) is given by Eq.(20) defines a normalized time consistent convex
dynamic risk measure on L*°(§2, A8, Q;” w)-

For given0 < r < tandY in L>(22", %], Q% ), the process (051" () r<s<: admits
a cadlag version.

Proof Notice that for all bounded Y,
—1¥lloo < Egz, (YI) < pii’(¥) < esssupgaan 5o (Bgpan (YI5) < 1Y Ioo

Thus forall r < s < t, ||p5"(Y)llosc < ||Y|loo- The first statement follows then
from Definition 10, from Propositions 2 and 3 and from Theorem 4.4 of [5].

The proof of the regularity of paths which was given in [6] Theorem 3 for normalized
convex dynamic risk measures time consistent for stopping times can be extended
to normalized convex dynamic risk measures time consistent for deterministic
times. (]

We have the following extension of the dynamic risk measure to random variables
essentially bounded from below:

Corollary 2 The definition of psr,w (Y) can be extended to random variables Y (%;)-
measurable which are only essentially bounded from below.

ps(Y) = limy—o0 pg;"(Y A n). For every Y essentially bounded from below, the
process (,osr,’,w (Y)) is optional.

Proof Let Y be %;-measurable and Q5 ,-essentially bounded from below, Y is the
increasing limit of Y;, = Y An as n tends to co. Define ,osr;” (Y) as the increasing limit
of p;’” (Yy). As we already know that for given s and 7, p;’/”(Y) defined on bounded
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random variables by formula (24) is continuous from below, the extended definition
coincides with the previous one on Qf  -essentially bounded random variables.

From Proposition 4 for every n one can choose a cadlag version of the process
pgi"(Yy). Thus the map (s, w) — pg"(Y) = lim pg”(Y,) is measurable for the
optional sigma algebra. (]

6.2 General Time-Consistent Convex Dynamic Risk Measures

In this section the function g (and thus the penalty) is not assumed to be non negative.

Definition 15 Let Q be a probability measure on (£2, (%;):er. ). The multivalued
mapping A is BMO(Q) if there is a map ¢ € BMO(Q) such that

V(u, w), sup{llyll, y € A(u, )} < ¢(u, w)

In the following, pg is chosen such that the reverse Holder inequality (19) is satisfied
for ag.

Theorem 3 Let (r, ). Assume that the multivalued set A is BMO(Qy ). Let

Qr’w(A) be the stable set of probability measures defined in Definition 10.
Letr <s <t. Let

Pt (Y) = esssupuan 5 o (Bquan (Y| %) — o, (Qrg)) (25)

where as,t(Qf”f)“ ) is given by Eq.(20)

e Assume that g satisfies the growth condition (GCI). The above Eq.(25) defines a
dynamic risk measure (,osr”,w) on Ly(Q; ,, (%)) forall o < p < oo, (where qq is
the conjugate exponent of pg chosen as above). These dynamic risk measures are
time consistent for stopping times taking a finite number of values.

e Assume that g satisfies the growth condition (GC2). The above Eq.(25) defines
a dynamic risk measure (,0‘;’;“ ) on Loo(Q5 . (%)) , and also on every L,(0y
(%)) for q9 < p < oo. These dynamic risk measures are time consistent for
stopping times taking a finite number of values.

Proof ThereisaconstantC > Osuch thatforall 0°s" € 2, ,(A), |laj||Bmocos ) <

I,

C. Itfollows from the reverse Holder inequality (19), that for all non negative measur-
1
able Y, EQH:Z’M (Y|%s) < Kc(EQg‘w(HYHqOL%S) 9 , Thus ¥ — EQ‘}_’Z" (Y| %) defines

a linear corrltinuous map on Lp(Q‘r” ») With values Lp(Qf, ») forall go < p < oo, and
that for given p, the norms of these linear maps are uniformly bounded for A valued.
From Proposition 3, it follows then that Eq. (25) defines a dynamic risk measure
(pg") on Ly(Q¢ . (%)) forall gp < p < oo in case (GCI). Under assumption
(GC2), equation (25) defines a dynamic risk measure (,osr”t‘“ ) on L,(Q (%)) for

all L,, go < p < o0.

a
r,w’
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The time consistency for stopping times taking a finite number of values follows
from the stability property of the set of probability measures as well as the cocycle
and local property of the penalties (cf. [5] in Ly, case). The proof is the same in L,
case.

7 Strong Feller Property

7.1 Feller Property for Continuous Parameters

We assume that the progressively measurable function g is a Caratheodory function
on R4 x £2 x IR", that is for all u, (w, x) — g(u, w, x) is continuous. The support
of Q‘,‘jﬁ is contained in the paths @’ continuous on [r, oo[ (Proposition 1) and which
coincide with w on [0, r]. It follows that for every function A progressively continuous
bounded, and all u > r, the function o' — g(u, ', A(u, ")) is continuous on the
support of Q%% We prove then the following Feller property for the penalty.

r,w

Proposition 5 Let a be progressively continuous bounded such that a(s, w) is invert-
ible for all (s, w). Let A be progressively continuous bounded. Assume that g is a real
valued Caratheodory function satisfying the growth condition (GC1) or (GC2).

1. Thereis a strictly progressive real valued map L(g) on [0, t] x §2 X IR" continuous
on {(s, w, x), w = w *s x} such that

t
E aa. / glu, ', AMu, @)du) = L(g)(s, w,x) Vs <t wandx (26)
N

O wksx

2. Forall0 <r <s <t and w € $2, thereis a Q‘rl:é)-null set N such that for all
w] € Nc,

t
Epiar (/ g, @', h(u, ®))du| Bs)(w1) = L(g)(s, w1, Xs(w1)) 27)

Proof We only need to prove 1.

Step 1: Assume that the function g is bounded. Then f;g(u, o', AMu, w))du is a
continuous bounded function of ' on the support of Q?”;’f‘. The map A being pro-
gressively continuous bounded, the continuity property for L(g) follows easily from
Theorem 1.

Step 2: general case. Notice that A is bounded.

Thus under assumption (GC2), g(u, @', A(u, @’) is uniformly bounded and the con-

tinuity property of L(g) follows from step 1.
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Under assumption (GC1), let (s,, @p, Xz), @y = wp *4, X, With limit (s, o, x), ® =
 *; x. By definition the sequence wj, *, x, has limit w *, x. It follows from [3] that
the set of probability measures 2 = {Q%, . . n € N}U{Q%,, .} is weakly
relatively compact and thus tight. Thus for all nn> 0, there is a compact set JZ" such
that Q(#¢) < n for all Q € 2. From the growth condition (GC1), the existence
of a uniform bound for EQ[f;(l + supy<,, [1Xul "™)dul* for Q € 2 and the Holder
inequality, it follows that there is a progressively continuous bounded function g

such that for all Q in 2,

t
EQ/ (1g(u, , (ar)(u, w) — g1 (u, w)[]))du < €. (28)

The result follows then from step 1. O

We introduce now a class of %, measurable functions on £2 satisfying a continuity
condition derived from the progressive continuity condition that we have introduced
for progressive functions and from the continuity property proved in Theorem 1.

Definition 16 Let ¢ > 0. The function / defined on 2 belongs to ¢ if there is a
function 4 on £2 x IR" such that

o h(®) = h(@ % X,(@), Xi(@))

o hiw,x) =h(@,x)if o) =o' (u) Yu<t

and such that / is continuous bounded on {(w,x), w=w=*x} C 2 xIR"
Corollary 3 Assume that a is progressively continuous bounded and that a(s, ®)
is invertible for all (s, w). Let A be progressively continuous bounded. Let h € €.
Asssume that the penalty oy ; is given by Eq.(20) for some Caratheodory function g
on IRy x §2 x IR" satifying the growth condition (GC1) or (GC2). There is a strictly

progressive map L%*(h) continuous on {(u, ® %, x,x), 0 < u < t} such that for all
O<rn=<r=<ig

L“*(h)(t, w, x) = h(w, x)
LY ()(r, 0,%) = Egua () = o (O, )

r,w¥,Xx

= (Egar (1)) = ar Q)@ % ) O as. (29)

Proof The result follows from Theorem 1 and from Proposition 5. (]

7.2 Feller Property for the Dynamic Risk Measure

Proposition 6 Let i in I:(A) (Definition11). Lett > 0 and h € 6;. Asssume that the
penalty oy ; is given by Eq. (20) for some Caratheodory function g on IR} x 2 x IR"
satifying the growth condition (GCI) or (GC2). There is a strictly progressive map
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D, (h) continuous on {(u, w,x), w = w*, x, u < t} such that @, (h)(t, w, x) =
h(w, x) for all ®, and such that for all r < s < t, there is a process Vs in f,(A) such
that

Dy (h)(s, @, x) = Egaars (h) — o, (O (30)

WkgX

Egaavs (M%) (@) = a5, (QF ) (@) = Pu(h) (s, &, X(@)) OF ,, as.  (31)
and

Eguan (185) = s, (Orelt) < Egans () — et (Q8:) O 4 @ (32)
Proof The proof is done in two steps. The first step is the construction of @, (h)
given . The second step is the construction of vy given  and s. 11 belongs to L(A).
From Definition 11,1et 0 = 5o < -+ < §; < Siy] -+ < Sk < Sk+1 = 00 be a finite
partition such that Eq. (13) is satisfied.

o First step: construction of @, (k). We construct @, (h) recursively on [s;, sit1[.
Let s, be such that s, < ¢ < s,41. From Corollary 3, for all j € I, there is a
strictly progressive map L%* (h) continuous on {(u, w,x), ® = w %, x, u < t}
satisfying Eq. (29). Let

@, (h)(s, @, x) = sup L“*" (h) (s, 0, x) Vs € [sy, 1] (33)

JEl
Let h,(w) = @,(h)(sy, w, X,, (). The function h, belongs to %, and
hy(w, x) = @ (h)(sp, , x). Then we can proceed on [s,—1, s,[ with h,. We con-
structrecursively the strictly progressive map @, (k) continuous on {(, ®, x), w =

w *, x, u < t}. Notice that for all s € [s;, si+1], there are %, measurable sets
(Cs,j)jer;» such that

Bu)(s, %) = 3 1y, (@)L (i), 0, %) (34)
JEl;

e Second step: Given s € [r, t], construction of the process vy.
There is a unique k such that s €]sg, sx+1]. Fori > k for all u €]s;, s;+1], define

Vs, @) = D le, (@) j(u, ) (35)

JEIi

And for u €]s, sg41], define

v (U, w) = Z lcw. (W) Ak j(u, w) (36)

JElk
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and vy (i, w) = u(u, ) for all 0 < u < s. It follows from the construction of vy
that the process vg belongs to L(A). It follows also recursively that for all i > k
and w € $2,

Egpass (h) — ts, ((Q50%) = @, () (s, ©, X, () (37)

and for all w € 2,
Egaas (h) — at5,1(0775") = Pu(h) (s, 0, Xs(w)) (38)
By construction the following inequality is satisfied:
Egan (h) — 3,1 (Q%3) < @, (h)(s, 0, X,()) (39)
It follows then from Proposition 2 that
Egua(h| %) — 5,1 (Qran) < Equans (h|Fs) — 5. (O ) OF 1y @-5-
and

[Egaars (1%5) — a5, (Qf 5)(@) = Du(h)(s, o, () OF @5 [

Theorem 4 Assume that the hypothesis of Theorem3 are satisfied and that g
is Caratheodary function. The time consistent dynamic risk measure (p:”tw )r<s<t
defined on L>°(2, 4, Q5 ,,) by Eq.(25) satisfies the following Feller property: For
every functionh € %;, there is a progressive map R(h) on IR+ x 2, R(h) (t, w) = h(w),
such that R(h) is lower semi continuous on {(u,w,x), u<t, o= ws*,x}and such
that the following equation is satisfied

Vs e [r 1], Yo' € 2, pi¢ (h) = R(h)(s, ) (40)
VO<r<s<t, ,osrﬁ’tw(h)(a)/) = E(h)(s, o', &' (s)) Q‘rzﬁw a.s. “41

(R(h) denotes the strictly progressive map on IRy x 2 x IR" associated to R(h) in
the one to one corrrespondence introduced in Sect. 2).

Proof For all u € L(A), let @, (h) be the strictly progressive map, con_tinuous
on {(u,w,x), ® = w %, x, u_=< t} constructed in Proposition 6. Let R(h) =
SUP, i (a) @, (h). The function R(h) is then lower semi continuous on {(#, w, x), @ =
w#,x, u <t}. Let R(h)(u, w) = R(h)(u, ®, X, (w)). Equations (40) and (41) follow
easily from Proposition 6.
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8 Existence of Viscosity Solutions for Path-dependent PDEs

8.1 Existence of Viscosity Supersolutions

Recall that A is a closed convex lower hemicontinuous multivalued mapping from
X into IR" (Sect.4.2). Let f be the convex conjugate of g defined as

fu, w,2) = sup (Zy —gu, w,y)) (42)
yeA(u,w)

We prove now that for all 4 € %; the map R(h) of Theorem4 leads to viscosity
solutions for the following semi-linear second order PDE.

—0,v(u, w) — Lv(u, w) — f(u, w, a(u, w)Dyv(u, ®)) =0
v(t, w) = f(w) (43)
Lv(u, ®) = 3Tr(a(u, 0)D2v) (1, )

Theorem S Fix (fo, wo). Assume that the mutivalued set A is BUO(Qy ) (Def-
inition 15). Assume that the function g satisfies the preceding hypothesis (g is
a Caratheodory function and satisfies the growth condition (GCI) or (GC2)).
Assume furthermore that g is upper semicontinuous on {(s, w,y), (s,w) € X, y €
A(s, w, w(s)}. For all r and w, let (p;’f’) be the dynamic risk measure given by
Eq. (24) where the penalty satisfies Eq. (20).

Let h € 6. The function R(h) is progressive and R(h) is lower semi continuous on
{(u, w,x), ® =w*,x, u<t}(Theorem4). R(h) is a viscosity supersolution of the
path-dependent second order partial differential equation (43) at each point (ty, wo)
such that f (ty, wo, a(ty, wo)z) is finite for all z.

Proof Let xo = wo(to). From Theorem4, the function R(h) is progressive and R(h)
is lower semi continuous on {(u, w, x), v = w*,x, u < t}. We prove first that R(h)
is bounded from below on some D, (ty, wg). R(h) (u, w) > Ega (h) — aw(Qy ,,)- For
all given k > 2, Ega (Supg<,<,(1 + ||Xt||)k)) is uniformly bounded for (u, w) €
D, (1o, wo). The result follows then from either the (GC1) condition or the (GC2).
Let ¢ progressive, ¢ in ‘Kbl’o’z(ﬂh_ x £2 x IR"™) such that ¢ (9, wg) = R(h)(ty, wo)
and (g, wo) is a local minimizer of R(h) — ¢ on Dy (ty, wp) for some n > 0.

e Step 1: Continuity properties B
By hypothesis f (ty, wo, a(ty, wo) D@ (ty, wo, x0)) < oco. Thus for all & > 0, there
is Ag € A(tg, wo) such that

Dy (ty, wo, x0) alty, wo)ro — &(t0. w0, Ao) > £ (to, wo, alty, wo)Dxd(ty, wo, Xp)) — &
(44)

The multivalued set A is assumed to be lower hemicontinuous. It follows that
for all K > 0, Ak is also lower hemicontinuous, where Ag(u, w,x) = {z €
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A(u, w, x), ||z]| < K}.Choose K > ||Ag||. From Theorem 2, there is thus a contin-
uous bounded selector A (i, w, x) of Ag defined on X such that A(zg, wg, X0) = Ao.
From the upper semi-continuity condition satisfied by g, and the continuity of the
map 2, it follows that for all ¢ > 0, there is n > 0,suchthatforty <u <r <
to + 11, d(w, wo) < n1 and || () — xol| < 11,

g(taw5x(tvwvw(t))) _g(tO,CUO»)\O) <¢€ (45)

From the continuity of the function A, the hypothesis ¢ € ‘5;’0’2 and the progres-
sive continuity of a, there is np such thatforfg < u <t <t9+ ., ||x —xol| < 12
and d(w *, x, wg) < N2,

18, (u, @, x) + %Trace(D%a(u, @, %)) + (Dxd' @), , x)—
— 1 ). —I_
Qe (to, wo, x0) + ETrace(Dma)(to, w, x0)) + Dx¢ a(ty, g, x0)rol < & (46)

The maps a and A are bounded. It follows from [22] that there is 0 < o <
inf (17, M, n2) such that

QL% (A) < & with A= {w| sup [l (u) = woto)]| = inf (1. m.7m2) )
to<u=<tp+a
(47)

Let C = {w, o) = wo(u) YO < u < to, SUPy<y<fy1a ll@W) — wo(t0)|| <
inf (n, 1, n2)}

e Step 2: Time consistency
Forall 0 < B8 < «, let § be the stopping time § = B1¢. The stopping time § takes
only 2 different values. By definition of the probability measure Q?d,aa?o’ it follows

from (47) that Q% (C) > (1 — &).
The dynamic risk measure (,of,‘f’vwo)ofufv, is time consistent for stopping times
taking a finite number of values, thus

P () = 0y (P 5 () (48)

From Theorem 4, the lower semi continuous function R(k) satisfies: (pttgfgot

()(@) = R(h)(t0 + 8, ®, Xjg15(@)) Q% as., and p(* (h) = R(h)(to, wo).
Let A be the continuous function defined in step 1. By hypothesis R(h) > ¢ on
D (tp, wp). Forall w € Cand u < B, (u, w %, w(u)) € Dy(ty, wp). Since the
functions R(h) and ¢ are progressive it follows that R(h) > ¢ on [y, fo + B] x C.
It follows then from the equality ¢ (7o, wg) = R(h)(ty, wo) and from the definition
of pttgtao’ % s that

_ to+4
¢(t07 CUO) Z EQ?()“&) [¢(t0 + 87 , X[()-‘r(s (a))) - / g(u’ , )\,(M, , Xu(w)))du]

o
(49)
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e Step 3: Martingale problem
The probability measure Q%’i})‘o is solutiog to the martingale problem for %%
starting from wy at time #y. The function ¢ is strictly progressive and belongs to
‘gbl ’0’2(m+ X §2 x IR"™). It follows from the martingale property proved in [3] that

to+4
0= Eyu [ 00X, ) + %Trace((Diaa)w, ©, Xu(©))))du]
10,00 1
' fo+36 — _
+Egea [ (Dx¢p ar)(u, w, Xy(@)) — gu, @, A(u, ®, Xy (w)))du] (50)
19w fo

e Step 4: Conclusion
Divide (50) by § and let 8 tend to 0. It follows from the definitions of C and § and

the Eqs. (44)—(46) proved in step 1 and Qfg’flﬁo(C) > 1 — ¢ that

—0ud (19, w0y, x0) — LP (19, wo, x0) — f (1o, wp, o (ty, wo) Dxd(ty, wo, x0)) > —2&(1—¢)

This gives the result. U

8.2 Existence of Viscosity Subsolutions

In this section we will assume that the set A has some uniform BMO property.

Definition 17 The multivalued mapping A is uniformly BMO with respect to a if
there is a non negative progressively measurable map ¢ and C > 0 such that for all
0<sy,

sup{[A], A € A(s, w)} = (s, w) (S

and such that for all (s, '), the unique solution to the martingale problem .Z*
starting from o' at time s’ satisfies:

QY ( / " s, w)ds) < (52)

Of course the above condition is satisfied if sup,, fooo @(s, w)2ds < 0.
The name “uniform BMO” property is justifed by the following result.

Lemma 2 Assume that the multivalued mapping A is uniformly BMO with respect
to a. Then for all (r, w) and all process u A valued such that 1t is & x Z(UR")
measurable, ju belongs to BMO(Qy ) and ||it|lsmocge ) < C

rw

Proof Let r, w and a stopping time 7 > r. It follows from [22] and from uniqueness
of the solution to the martingale problem for .#*? starting from o’ at time 7 (') that
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for Qf , almost all ',

oo oo
Egy,( / 0, 0)2dulB) (@) = Egs, ( / )’y <C O
T (o), r(w/)

Leth € €. The function R(h) is lower semi continuous in viscosity sense but it is not
necessarily upper semi continuous. Therefore we need to introduce the upper semi
continuous envelope of R(#) in the viscosity sense according to Sect.2.3. Denote it
R(h)*.

R(h)*(s, w) = limsup{R(h) (s, '), (s', ®") € Dy(s, w)}
n—0

Theorem 6 Let (tg, wo) be given. Assume that the mutivalued set A is uniformly
BMO with respect to a. Assume that the function g is a Caratheodory function sat-
isfying the growth condition (GC1) or (GC2) and that the Fenchel transform f of g
is progressively continuous.

Let h € 6;. The map R(h)* is progressive, R(h)* is upper semicontinuous in viscosity
sense. R(h)* is a viscosity subsolution of the path-dependent second order partial
differential equation (43).

Proof Let x9 = wo(ty). The progressivity of R(h)* follows from the equality
D, (s,w) = Dy(s,w *3 w(s)). The upper semicontinuity property follows from
the definition of R(h)*. We prove first that R(k) is bounded on some D (g, wp).
R(h)(u, w) = sup,, (Egean (h) — a1 (Qie')). For given k > 2, Ega  (sup,,-,(1 +
[|1X:|)¥)) is uniformly bounded for (1, w) € D;. The result follows then from either
the (GC1) condition or the (GC2), and from the uniform BMO hypothesis with
similar arguments as in the 0proof of Proposition 3.

Let ¢ progressive, 5 € ‘Khl ’2(R+ x §£2 x IR™) such that ¢ (9, wg) = R(h)*(ty, wp)
and such that (79, wp) is a maximizer of R(h)* — ¢ on Dy (ty, wo).

e Step 1: Making use of the progressive continuity property of a, f and of the
regularity of ¢, for all n € N*, there is 5, > 0, tp + n, < t such that for
fo < u =<ty + np, d(we, w) < Ny and ||xo — w@|| < Ny,

—_ — 1
fu, o, @Dx¢)(u, 0, »w))) < f(to, wo, (@Dx¢)(t0, wo, x0)) + . (53)

18,0 (u, w, w(u)) + %Tmce(l)ﬁaa) (u, w, wW)))—

_ 1 — 1
39 (10, wo, x0) + 5Tmce<D,%¢>a)(to, w0, %0))| < (54)

Without loss of generality one can assume 7, < 7.
The matrix valued process a being bounded, it follows from [22] that there is A,
such that forall 7o < s < 79 +n and w € D, (to, wop),
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0, (e, sup ||w’<u)—w(s>||>%})<e (55)

S<u<s+hy,

Without loss of generality one can assume that 4, < '77"
For all n > 0 choose (t,, w,) € D"zi (to, wo) such that lim,,_, o R(h)(t,, w,) =
R(h)*(ty, wo) and

¢ (tn, @) < R(h)(tn, 0n) + % (56)

Let C, = {w,a SUPy, <u<t,+hy, ||a)/(u) —wp(tp)|] < %a &' (V) = wa(v), Vv < In}.
It follows from Eq. (55) that O, (Cp,) > 1 —¢ for all n. From Lemma 2 there is a
constant C’ > 0 such that ||au| lsmos. ) < C' forall u € L(A) and all n. From
[15] it follows that there is pg such that the reverse Holder inequality (19) is satlsﬁed

for all & (ap) and thus that for all . € L(A), and all n, Q"% (CS) < Kc(e) m
where g is the conjugate exponent of pg. The constants g and K, depend neither
on u nor on n. Thus ¢ can be chosen such that Qu A ,(Cn) > 1 for all n and all
w € L(A).

Let §,, be the stopping time taking only two values 4, and O defined by 8, = h,1¢,.

e Step 2: Time consistency

Making use of the time consistency of the risk measure (,o,t;f’vw”), and of the fol-
lowing equations deduced from Theorem 4,

R(h)(ty, wp) = ,0 a),l (h)

Pt () = ROty +8,.) €, a5

it follows that
R() (1, 0p) = ;" 5. (R(1) (tn + 8, )

In,wn

It follows from the definition of the risk measure (ptn oS

), that for all n there is
a process [, in i(A) such that

hy
R(A) (i, @) = Eguain (RCD) (tn + 80, ) = @4, (050 + = (57

Forall " € Cp, (ty + hn, @ 54,4, @' (t, + hy)) € Dy(t0, wo). The functions R(h)
and ¢ are progressive and satisfy R(h) < R(h)* < ¢ on Dy (1, wp). It follows that

R(h)(ty + 8y, @) < ¢ty + 8y, @) Yo' € Cy (58)

From Egs. (56)—(58), it follows that

ty+6n h
¢ (ty, wp) < EQ;‘-"“” [¢ @y + 6, .) — / 8(u, o, (1t a)/))du] + 27n (59
n.on ¢

n
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e Step 3: Martingale problem
Given (f, @), the probability measure Q7" is solution to the martingale prob-
lem %% starting from w), at time #,. The strictly progressive function ¢ belongs
to ‘5[}’0’2. It follows from [3] and from Eq. (59) that

tll+6)l
0< EQimu,, [/ Bup(u, &', (' (W))) + %Trace(Dfaﬁ)(u, o', o (1))du]
n.wn In

Z/X+5ﬂ
+ EQ;/ﬂlln [/ (Dxat(u, o, o' W)au, Y, (u, o) — glu, o, w,(u, »)))dul + 2};—”
n.wn In
(60)

By definition of f it follows that
tn+8n _ 1 2—
0 < Egoam | / @up(u, ', ' W) + S Trace((D$@) (u, &', ' (W))du]
sn Iy
th+5n _ hn
+ Ega.aun [/ fu, o, @D (u, o, o w)))dul +2—= (61)
In,wn tn n

e Step 4: Conclusion
Divide equation (61) by A, and let n tend to co. The result follows from step 1,
the inequality Q)" (Cy,) > % for all n and 8, = hy1c,. O

1,Wn

8.3 Existence of Viscosity Solutions on the Set
of Continuous Paths

On the set of continuous paths € (IR x IR™) we consider the uniform norm topology.
In this section we assume that the function a is only defined on IR+ x € (IR+ x IR")
and that it is continuous. For every continuous function / on the space of continuous
paths € (IR+ x IR") such that h(w) = h(o') if @) = & (u) for all u < 1, the
corresponding function R(%) is constructed as above. In this case the function R (k) is
defined only on the set of continuous paths (more precisely on [0, 1] x € (IR X IR™)).
We make use of the definition of viscosity solution on the set of continuous paths
introduced in Sect. 2.4 (Definition 4). To prove that R(%) is a viscosity supersolution,
to define R(h)* and prove that it is a viscosity subsolution, we do not need to extend
the functions @ nor R(h). Indeed as the support of the probability measure O , is
contained in the set of continuous paths, we just need to use the restrictions of the
function ¢ and of its partial derivatives to the set IRy x € (IRy x IR") x IR". The
proofs given for Theorems 5 and 6 can be easily adapted to prove the analog result
in the setting of continuous paths.

Thus the setting of continuous paths can be considered as a “particular case” of the
setting of cadlag paths.



Dynamic Risk Measures and Path-Dependent ... 175

9 Conclusion and Perspectives

‘We have introduced new notions of regular solutions and viscosity solutions for path-
dependent second order PDEs, Eq. (1), in the setting of cadlag paths. In line with the
recent literature on the topic, a solution of (1) must be searched among progressive
functions, that is path-dependent functions depending at time ¢ on all the path up to
time ¢. However, the notions of solutions introduced in the present paper differ from
previous notions introduced in the literature on two major points:

e In contrast with other papers, we consider on the set £2 of cadlag paths the Sko-
rokhod topology. §2 is thus a Polish space. This property is fundamental for the
construction of solutions for path-dependent PDE that we give in the present paper.

e The notions of partial derivative for progressive functions that we introduce are
defined in a very natural way by considering a progressive function of two variables
as a function of three variables.

In addition we introduce also a notion of viscosity solution on the set of continuous
paths.

Making use of the martingale problem approach to path-dependent diffusion
processes, we then construct time consistent dynamic risk measures p;,;”. The stable
set of probability measures used for the construction of py;” is a set generated by
probability measures solution to the path-dependent martingale problem for Z%#
starting form w at time r. The path-dependent progressively continuous bounded
function a is given and takes values in the set of invertible non negative matrices.
The path-dependent functions p are progressively continuous and vary accordingly
to a multivalued mapping A. This construction is done in a very general setting. In
particular the coefficients p are not uniformly bounded. We just assume that they
satisfy some uniform BMO condition. To construct the penalties, we make use of a
path-dependent function g satisfying some polynomial growth condition with respect
to the path and some L, condition with respect to the process u related to the BMO
condition. In contrast with the usual setting of BSDE, in all this construction no Lip-
schitz hypothesis are assumed. Notice however that the Lipschitz setting can also be
studied within our approach: instead of starting with progressively continuous maps
a and p, one could start from a subfamily of maps which, for example, satisfy some
uniform continuity condition (as K Lipschitz maps).

We show that these risk measures provide explicit solutions for semi-linear path-
dependent PDEs (2). First, we prove that the risk measures p;;“ satisfy the following
Feller property. For every function 4 %; measurable having some continuity property,
there is a progressively lower semi-continuous function R(%) such that p,;“ (h(X;)) =
R(h)(r, w) and R(h)(t, w) = h(t, w). Next, the function R(h) is proved to be a
viscosity supersolution for a semi-linear path-dependent PDE (2), where the function
f itself is associated to g by duality on the multivalued mapping A. We prove also
that the upper semi continuous envelope of R(#) is a viscosity subsolution for the
path-dependent semi linear second order PDE (2).

Here we have proved the progressive lower semi continuity for R(k). To prove the
progressive continuity property, additional hypothesis should be added, e.g. Lipschitz
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conditions. Another way of proving the continuity is to apply a comparison Theorem.
The study of comparison theorems and of continuity properties in this setting, as well
as the study of solutions to fully non linear path-dependent PDE will be the subject
of future work.
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Appendix

An important way of constructing time consistent dynamic risk measures is to con-
struct a stable set of equivalent probability measures and to define on this set a penalty
which is local and satisfies the cocycle condition [5]. Recall the following definitions

Definition 18 A set 2 of equivalent probability measures on a filtered probability
space (§2, B, (%)) is stable if it satisfies the two following properties:

1. Stability by composition
For all s > 0 for all Q and R in 2, there is a probability measure S in 2 such
that for all X bounded #-measurable,

Es(X) = Eg(ER(X|%))

2. Stability by bifurcation
Forall s > 0, forall Q and R in 2, for all A € A, there is a probability measure
S in £ such that for all X bounded Z-measurable,

Es(X|.F) = 14aEQ(X|.Fs) + 1acEr(X|.F)

Definition 19 A penalty function « defined on a stable set 2 of probability measures
all equivalent is a family of maps (os;), s < ¢, defined on 2 with values in the set
of Ag-measurable maps such that

(i) «islocal:
For all Q,R in 2, for all s, for all A in %, the assertion 14Eg(X|%;) =
14ER(X|%;) for all X bounded %; measurable implies that lsa,(Q) =
1Aas,t(R)-
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(i1) « satisfies the cocycle condition: For all r < s < ¢, for all Q in 2,

a,(Q) = o, 5(0) + EQ(as,t(Q)L?\r)

Recall the following result from [5].

Proposition 7 Given a stable set 2 of probability measures and a penalty (o, ;)
defined on 2 satisfying the local property and the cocycle condition,

pst(X) = esssupge 9 (EQ(X[-Fs) — ast(Q))

defines a time consistent dynamic risk measure on Loo (2, B, (%)) or on L, (82, 4,
(%)) if the corresponding integrability conditions are satisfied.
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