Non-elliptic SPDEs and Ambit Fields:
Existence of Densities

Marta Sanz-Solé and André Sii3

Abstract Relying on the method developed in [11], we prove the existence of a
density for two different examples of random fields indexed by (¢, x) € (0, T] x RY.
The first example consists of SPDEs with Lipschitz continuous coefficients driven
by a Gaussian noise white in time and with a stationary spatial covariance, in the
setting of [9]. The density exists on the set where the nonlinearity o of the noise does
not vanish. This complements the results in [20] where o is assumed to be bounded
away from zero. The second example is an ambit field with a stochastic integral term
having as integrator a Lévy basis of pure-jump, stable-like type.

Keywords Stochastic partial differential equations + Stochastic wave equation -
Ambit fields - Densities

1 Introduction

Malliavin calculus has proved to be a powerful tool for the study of questions con-
cerning the probability laws of random vectors, ranging from its very existence to the
study of their properties and applications. Malliavin’s probabilistic proof of Hérman-

M. Sanz-Solé: Supported by the grant MTM 2012-31192 from the Direccion General de Inves-
tigacion Cientifica y Técnica, Ministerio de Economia y Competitividad, Spain.

A. Sii3: Supported by the 2014/2015 SEFE project at the Centre for Advanced Study at the
Norwegian Academy of Sciences and Letters.

M. Sanz-Solé ()

Facultat de Matematiques, University of Barcelona,

Gran Via de Les Corts Catalanes 585, 08007 Barcelona, Spain
e-mail: marta.sanz@ub.edu

url: http://www.ub.edu/plie/Sanz-Sole

A. Sif

Centre for Advanced Study at the Norwegian Academy of Sciences and Letters,
Drammensveien 78, 0271 Oslo, Norway

e-mail: suess.andre @web.de

© The Author(s) 2016 121
FE. Benth and G. Di Nunno (eds.), Stochastics of Environmental

and Financial Economics, Springer Proceedings in Mathematics and Statistics 138,

DOI 10.1007/978-3-319-23425-0_5


http://www.ub.edu/plie/Sanz-Sole

122 M. Sanz-Solé and A. Siifl

der’s hypoellipticity theorem for differential operators in quadratic form provided the
existence of an infinitely differentiable density with respect to the Lebesgue measure
on R™ for the law at a fixed time ¢t > 0 of the solution to a stochastic differential
equation (SDE) on R™ driven by a multi-dimension Brownian motion. The classical
Malliavin’s criterion for existence and regularity of densities (see, e.g. [13]) requires
strong regularity of the random vector X under consideration. In fact, X should be
in the space D°°, meaning that it belongs to Sobolev type spaces of any degree.
As a consequence, many interesting examples are out of the range of the theory, for
example, SDE with Holder continuous coefficients, and others that will be mentioned
throughout this introduction.

Recently, there have been several attempts to develop techniques to prove exis-
tence of density, under weaker regularity conditions than in the Malliavin’s theory,
but providing much less information on the properties of the density. The idea is to
avoid applying integration by parts, and use instead some approximation procedures.
A pioneer work in this direction is [12], where the random vector X is compared
with a good approximation X¢ whose law is known. The proposal of the random
vector X°¢ is inspired by Euler numerical approximations and the comparison is done
through their respective Fourier transforms. The method is illustrated with several
one-dimensional examples of stochastic equations, all of them having in common
that the diffusion coefficient is Holder continuous and the drift term is a measurable
function: SDEs, including cases of random coefficients, a stochastic heat equation
with Neumann boundary conditions, and a SDE driven by a Lévy process.

With a similar motivation, and relying also on the idea of approximation,
A. Debussche and M. Romito prove a useful criterion for the existence of den-
sity of random vectors, see [11]. In comparison with [12], the result is formulated in
an abstract form, it applies to multidimensional random vectors and provides addi-
tionally information on the space where the density lives. The precise statement is
givenin Lemma 1. As an illustration of the method, [11] considers finite dimensional
functionals of the solutions of the stochastic Navier-Stokes equations in dimension 3,
and in [10] SDEs driven by stable-like Lévy processes with Holder continuous coef-
ficients. A similar methodology has been applied in [1, 2, 4]. The more recent work
[3] applies interpolation arguments on Orlicz spaces to obtain absolute continuity
results of finite measures. Variants of the criteria provide different types of proper-
ties of the density. The results are illustrated by diffusion processes with log-Holder
coefficients and piecewise deterministic Markov processes.

Some of the methods developed in the references mentioned so far are also well-
suited to the analysis of stochastic partial differential equations (SPDEs) defined by
non-smooth differential operators. Indeed, consider a class of SPDEs defined by

Lu(t,x) =b(u(t,x)) + o(ul(t, x))F(t, x), (t,x) € (0, T] x Rd, (1)

with constant initial conditions, where L denotes a linear differential operator,
o,b:R — R, and F is a Gaussian noise, white in time with some spatial corre-
lation (see Sect.2 for the description of F). Under some set of assumptions, [20,
Theorem 2.1] establishes the existence of density for the random field solution of (1)
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at any point (¢, x) € (0, T] x R4, and also that the density belongs to some Besov
space. The theorem applies for example to the stochastic wave equation in any spatial
dimensions d > 1.

The purpose of this paper is to further illustrate the range of applications of
Lemma | with two more examples. The first one is presented in the next Sect.2 and
complements the results of [20]. In comparison with this reference, here we are able
to remove the strong ellipticity property on the function o, which is crucial in most of
the applications of Malliavin calculus to SPDEs (see [19]), but the class of differential
operators L is more restrictive. Nevertheless, Theorem 1 below applies for example
to the stochastic heat equation in any spatial dimension and to the stochastic wave
equation with d < 3. For the latter example, if o, b are smooth functions and o is
bounded away from zero, existence and regularity of the density of u(¢, x) has been
established in [16, 17].

The second example, developed in Sect. 3, refers to ambit fields driven by a class
of Lévy bases (see 14). Originally introduced in [5] in the context of modeling
turbulence, ambit fields are stochastic processes indexed by time and space that are
becoming popular and useful for the applications in mathematical finance among
others. The expression (14) has some similarities with the mild formulation of (1)
(see 3) and can also be seen as an infinite dimensional extension of SDEs driven by
Lévy processes. We are not aware of previous results on densities of ambit fields.

We end this introduction by quoting the definition of the Besov spaces relevant
for this article as well as the existence of density criterion by [11].

The spaces B} ,s > 0, can be defined as follows. Let fRY — R.Forx, h € R?

set (Ahf)(x) f(x+h)— f(x). Then, foranyn € N, n > 2, let
(AR ) = (AR ) () = Z( "= ,( )f(X+Jh)

For any 0 < s < n, we define the norm

£ 0sy, = 1F e+ sup 1B 145 F .
’ =<

It can be proved that for two distinct 7, n’ > s the norms obtained using n or n’ are
equivalent. Then we define B} _ to be the set of L'-functions with || £ | B < 00
We refer the reader to [22] for more details.

In the following, we denote by 4 the set of bounded Holder continuous functions
of degree «. The next Lemma establishes the criterion on existence of densities that
we will apply in our examples.
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Lemma 1 Let « be a finite nonnegative measure. Assume that there exist 0 < o <
a < 1, n € Nand a constant C,, such that for all ¢ € €, and all h € R with
|l <1,

‘/Rﬂzqﬁ(y)K(dy) < Cull¢llge|hl”. 2

Then k has a density with respect to the Lebesgue measure, and this density belongs
to the Besov space Bi’;‘f (R).

2 Nonelliptic Diffusion Coefficients

In this section we deal with SPDEs without the classical ellipticity assumption on the
coefficient o, i.e. inf  cpa [0 (x)| > ¢ > 0. In the different context of SDEs driven
by a Lévy process, this situation was considered in [10, Theorem 1.1], assuming in
addition that o is bounded. Here, we will deal with SPDEs in the setting of [9] with
not necessarily bounded coefficients o. Therefore, the results will apply in particular
to Anderson’s type SPDEs (o (x) = Ax, A # 0).

We consider the class of SPDEs defined by (1), with constant initial conditions,
where L denotes a linear differential operator, and o, b:R — R. In the definition
above, F is a Gaussian noise, white in time with some spatial correlation.

Consider the space of Schwartz functions on R4, denoted by .& (Rd), endowed
with the following inner product

(¢»1/f>jf5=/ dy/ FAn$OY (G - x),
R4 R4

where I" is a nonnegative and nonnegative definite tempered measure. Using the
Fourier transform we can rewrite this inner product as

G V) = /]R W FHEOTIE),

where © is a nonnegative definite tempered measure with Fu = I'. Let J7: =
, (-, ~)%))("‘>%, and #7: = L*([0, T1; ). It can be proved that F is an iso-
normal Wiener process on J#7.

Let A denote the fundamental solution to Lu = 0 and assume that A is either a
function or a non-negative measure of the form A(z, dy)dt such that

sup A(r,RY) < Cr < 0.
1€[0,T]
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We consider
t
u(t,x):/ / At —s,x —y)o(u(s,y)M(ds, dy)
0 JRd
t
+ / / At — 5, x — )blu(s, y)dydy, 3)
0 JRd

as the integral formulation of (1), where M is the martingale measure generated by
F. In order for the stochastic integral in the previous equation to be well-defined, we
need to assume that

T
/ dS/ H(dE)F A(s)(E)P < +o0. “4)
0 R

According to [9, Theorem 13] (see also [23]), equation (3) has a unique random field
solution {u(z, x); (¢, x) € [0, T] x R?} which has a spatially stationary law (this is
a consequence of the S-property in [9]), and for all p > 2

sup E[lu(t,x)|p] < 00.
(1,x)€[0,T1xR4

We will prove the following result on the existence of a density.

Theorem 1 Fix T > 0. Assume that for all t € [0, T], A(t) is a function or a non-
negative distribution such that (4) holds and sup, (o 1 A(Z, R?) < oo. Assume fur-
thermore that o and b are Lipschitz continuous functions. Moreover, we assume that

t
ot < / ds / W6 F A EP < Ci,
0 R4
t
/ ds|F A(s)(0)* < Ct7,
0

for some y, y1, y2 > 0and positive constants ¢ and C. Suppose also that there exists
8 > 0 such that
E[lu(r, 0) — u(s, 0)’] < Clr —sI°, (5)

forany s,t € [0, T] and some constant C > 0, and that

__min{y;, 2} +9
yi=———>
Y

1.

Fix (t,x) € (0, T] x R%. Then, the probability law of u(t, x) has a density f on
the set {y € R; 0(y) # 0}. In addition, there exists n > 1 such that the function
y = loW|" f(y) belongs to the Besov space BP  with Be@©,y—1).

1,00’
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Proof The existence, uniqueness and stationarity of the solution u is guaranteed by
[9, Theorem 13]. We will apply Lemma 1 to the law of u(¢, x) at x = 0. Since
the solution u is stationary in space, this is enough for our purposes. Consider the
measure

k(@) = loI" (P out, 0)7") @y).

We define the following approximation of u(z, 0). Letfor0 < ¢ < ¢

t
uf(t,0) = Us(t,())-f-a(u(t—e,()))/ / At —s,—y)M(ds, dy), (6)
t—e JRE
where
t—e
Ut(t,0) :/ / At — s, —y)o(u(s, y))M(ds, dy)
0 R4
t—e¢
+ /0 / AU =5, ~)blats, y)dyds
t
+ b(u(t — ¢, O))/ / At —s, —y)dyds.
t—e JRI

Applying the triangular inequality, we have

‘/R Z(Ib(y)K(dy)‘ = |E[lo (u(z, 0)[" Ajp (u(z, 0))]|

< |E[(lo (u(t, 0)[" = |o (u(t — &, 0))|") Ajp (u(t, 0)]|
+ |E[lo u(t — &, O)[" (A (u(t, 0)) — Ay (u® (2, 0)))]|
+ |E[lo (u(r — &, 0)[" AL (u® (2, 0))]]. @)

Remember that ||AZ¢||(,,¢; < Cn”(f)”cg’ft. Consequently,
AR () = 1A} p(x) = A p(x + B)| < Cuillpllege |,

Using this fact, the first term on the right-hand side of the inequality in (7) can be
bounded as follows:

|E[(lo (u(t, 0)[" — |o(u(t — &, 0)[")Ar (u(t, 0))]|
< Cullpllge [RI“E[|lo (u(t, )" — |o (u(t — &, 0)["[]. (8)

Apply the equality x” — y* = (x — y)(x* ' +x" 2y + - +xy" 2+ y"" 1) along
with the Lipschitz continuity of o and Holder’s inequality, to obtain
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E[|lo (u(t, )" — |0 u(t — &, 00)[" ]

n—1

= E[|a(u(t, 0)) — o (u(t —,0))| Z o (u(t, )|/ o (ut, O))ln—l—j]
j=0
172 n—1 ' . ) %
=< C(EHM(Z, 0) - u(l — &, 0)} ]) (]E|:( Z |g(u([’ O))|/ |O'(Lt(l, 0))|n— —]) ])
Jj=0
< Co(E[Jut, 0) — u(r - g,o)ﬁ])”z
=Gt ©)

where we have used that o has linear growth, also that u (¢, 0) has finite moments of
any order and (5). Thus,

[E[(lo (u(r, )" — o (u(t — &, 0)|") App (u(t, 0)]| < Cpllpllige|h|“e®>. (10)
With similar arguments,

B[l (u(t — £, 0)[" (Afp u(r. 0) — Afp(u® (. 0)))]|
< CullplligeElJo (u(t — &, 0)I"|u(r. 0) — u (£, 0)[*]
< Callgllgz (E[Ju(r. 0) — u* (1, 0)P))** (E[lo (u(t — &, 0) /=)

< Callgllgze®(g1(e) + g2(2))*"”, (11)

1-a/2

where in the last inequality we have used the upper bound stated in [20, Lemma 2.5].
It is very easy to adapt the proof of this lemma to the context of this section. Note
that the constant C,, in the previous equation does not depend on « because

1-a/2 1—a/2

(E[lo (u(t — &,0))*"/]) < (E[(jou(t — &, 00| v D*])

< E[lou(t — e, 0)*" v 1].
Now we focus on the third term on the right-hand side of the inequality in (7). Let

pe denote the density of the zero mean Gaussian random variable ff_ . fRd At —
s, —y)M(ds, dy), which is independent of the o-field .%;_, and has variance

g(s):=/ ds/ W(dE)F A(s)(E))? = Ce.
0 R4

In the decomposition (6), the random variable U®(z, 0) is .%,_.-measurable. Then,
by conditioning with respect to .%;_, and using a change of variables, we obtain
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|E [lo(u(r — &, 0)|" App(u® (2, 0))]|
= [E[E[Lio@(—-e.0n0) o (w(t — &, )" Afp (u® (1, 0)|.F—¢]]|

= ‘El:l{a(u(t—s,o));ﬁo}/R|U(u(t —&,0)|" AL (U +o(u(t —e, 0)))’)178()’)dy”
= ‘E[l{o(u(ze,O));éO}/RIG(M(t —&,0)"

x ¢Uf +o(u(—e, 0))y)A'l(,(L,(,_8,0))1hps(y)dy”
< ||¢||00E|:1{a(u(t—8,0))7é0}|U(u(l —é, 0))|"/R|A'ig(u(,_&o))1hps(y)|dy}

On the set {o(u(t — &,0)) # 0}, the integral in the last term can be bounded
as follows,

/R A" ar—e.o-1nPeD|dy < Calo (@ — &, )" 1" 1Pl 1 )
< Calo @t —&,00)| 7" |h|"g(e) ™",

where we have used the property || A} £l ®) < Culh|" | £ |1 (r). and also that

1P 1L, = (g(e)~"2 < Cpe=7/2 (see e.g. [20, Lemma 2.3]).
Substituting this into the previous inequality yields

[E[lo u(t — &, 0)I" App u* (1, 0))]| < Culipllgelh|"e™ 72, 12)

because [|@lloo < ll¢ll%2-
With (7), (10)—(12), we have

'/RAM(y)K(dy)'

< Callllgy (101652 + £ (g1(6) + £20) + 1h1"e™7/2)
< Cplld g (|h|a86/2 4 sBtre/2 | a2 |h|n8_,,y/2)
- b

< Callgliy (10176 + 779/ 4 s 12) (13)

Lete = %t|h|p, with p = 2n/(yn + y ya). With this choice, the last term in (13)
is equal to

o - nja
Cn||¢||<€l‘j (|h| ytye) |h|”+7/0¢).
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Since y; < y, by the definition of y, we obtain

min{y;,
{r1, v2} n

} 8 8
7—1= Zo1< .
Y y Y

Fix ¢ € (0, y — 1). We can choose n € N sufficiently large and « sufficiently close
to 1, such that

né
>{¢+a and

4+ — — > 4+ «.
y(n+ya) n+yo ¢

This finishes the proof of the theorem.

Remark 1 (i) Assume that o is bounded from above but not necessary bounded
away from zero. Following the lines of the proof of Theorem 1 we can also
show the existence of a density without assuming the existence of moments
of u(¢, x) of order higher than 2. This applies in particular to SPDEs whose
fundamental solutions are general distributions as treated in [8], extending the
result on absolute continuity given in [20, Theorem 2.1].

(i) Unlike [20, Theorem 2.1], the conclusion on the space to which the density
belongs is less precise. We do not know whether the order y — 1 is optimal.

3 Ambit Random Fields

In this section we prove the absolute continuity of the law of a random variable
generated by an ambit field at a fixed point (¢, x) € [0, T] x R?. The methodology
we use is very much inspired by [10]. Ambit fields where introduced in [5] with
the aim of studying turbulence flows, see also the survey papers [6, 15]. They are
stochastic processes indexed by (7, x) € [0, T x RY of the form

X(t,x) = xq +// g(t,s;x,y)o(s,y)L(ds,dy) +// h(t,s; x,y)b(s, y)dyds,
J A (x) J By (x)

(14)
where xop € R, g, h are deterministic functions subject to some integrability and
regularity conditions, o, b are stochastic processes, A;(x), B;(x) < [0, ] x R?
are measurable sets, which are called ambit sets. The stochastic process L is a Lévy
basis on the Borel sets Z([0, T'] x R?). More precisely, for any B € Z([0, T] x RY)
the random variable L(B) has an infinitely divisible distribution; given By, ..., Bi
disjoint sets of B € A([0, T] x R?), the random variables L(By), ..., L(By) are
independent; and for any sequence of disjoint sets (A ;) jey C %([0, T] x RY),

o
L(U?ilAj) = Z L(Aj), P-almost surely.
j=1
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Throughout the section, we will consider the natural filtration generated by L, i.e.
forallt € [0, T,

F: =0 (L(A); A €]0,1] x RY, A(A) < 00).

For deterministic integrands, the stochastic integral in (14) is defined as in [18].
In the more general setting of (14), one can use the theory developed in [7]. We refer
the reader to these references for the specific required hypotheses on g and o.

The class of Lévy bases considered in this section are described by infinite divisible
distributions of pure-jump, stable-like type. More explicitly, as in [18, Proposition
2.4], we assume that for any B € Z([0, T] x Rd),

logE[ exp(i§L(B))] = /[0 . r(ds, dy)/RpS,y(dz)(exp(iéz —1—iézlj_1,11(2)),

T1xR

where 2 is termed the control measure on the state space and (ps,y) (s, y)e[0,7]xR¢ 18
a family of Lévy measures satisfying

/ min{1, z%}ps.,(dz) = 1, A — as.
R

Throughout this section, we will consider the following set of assumptions on
(ps,y)(s,y)e[O,T] xRd and on A.

Assumptions 1 Fix (¢,x) € [0, T] x R4 and a € (0, 2), and for any a > 0 let
O4: = (—a, a). Then,

(i) forall B € [0, o) there exists a nonnegative function Cg € L' (%) such that for
alla > 0,

/ 121P ps.y(dz) < Cp(s, y)aP™, r —as;
(Oa)*
(ii) there exists a non-negative function C € L' (%) such that for all ¢ > 0,
/ |Z|2px,y(dz) =< é(S, y)a2_°‘, A —as.;
ﬁ{l

(iii) there exists a nonnegative function ¢ € L'(%) and r > 0 such that for all £ € R
with [§] > r,

/R (1 — cos(£2)) ps,y(dz) > c(s, y)IE]*, A —as.
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Example 1 Let
psy(dz) = c1(s, M0z~ dz + c1(s, ) z<oylz] ™ dz,

with (s,y) € [0, T] x R4, and assume that ¢;,c_; € L! (1). This corresponds to
stable distributions gsee [18, Lemma 3.7]). One can check that Assumptions 1 are
satisfied with C = C =c¢y Vc_i,andc =c1 Ac_1.

Assumptions 2 (H1) We assume that the deterministic functions g, 4:{0 < s <t <
T} x R? x R? — R and the stochastic processes (o (s, ¥); (s,y) € [0, T] x RY),
(b(s, y); (s,y) €0, T]de) are such that the integrals on the right-hand side of (14)
are well-defined (see the conditions in [18, Theorem 2.7] and [7, Theorem 4.1]). We
also suppose thatforany y € R, p € [2, 00) we have SUPse[0.7] Ello (s, y)|P] < oo.
(H2) Let « be as in Assumptions 1. There exist §;, 5> > 0 such that for some
y € (o,2] and, ifa > 1,forall B € [1,),orfor B = 1,if o < 1,

Ello(t,x) — o (s, "] < Cy (1t = 5”7 + |x — y[?7), (15)

E[1b(t, x) = b(s, nI’] < Cplt — s + |x — y|?P), (16)
for every (z, x), (s, y) € [0, T] x R?, and some Cy,Cp>0.

(H3) |o (¢, x)_| > 0, w-a.s.
(H4) Let a, C, Cg and c as in Assumptions 1 and 0 < & < t. We suppose that

t
/ /RdlA,(x)(s,y)E(s, lg, s, x, y)|*r(ds,dy) < oo,  (17)
r—e
t
ce? < / / La oo (52 W)e(s. Mgty 5. %, WI“Ads, dy) < oo, (18)
t—e JRA

where in (17), c(s, y) = Cs, y) V Co(s, y), and (18) holds for some yy > 0.
Moreover, there exist constants C, y1, 2 > 0 and y > « such that

t
/ / La, 00 (5, Cp(s, Mg, s, x, VI |t — & — 5|7 A(ds, dy) < Ce?,
t—e JRE
(19)

t
| 1 0 Cats mlgto, sl ix =1 ids. dy) < e
r—¢
0)

We also assume that there exist constants C, y3, y4 > 0 such that for all 8 € [1, «),
ifa > 1,orforg=1,ifa <1,
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t
/ / 1,0y (5, (e 5.5, IPLE — & — sPPdyds < CeP, (1)
t—e JRA

t
|| it i s vl = yitdyds < cet, )
t—e

where Cp is defined as in Lemma 3.
(HS) The set A;(x) “reaches t”, i.e. there is no ¢ > 0 satisfying A;(x) C [0, ¢ —
e] x R4,

Remark 2 (i) By the conditions in (H4), the stochastic integral in (14) with respect

(i)

(iii)

(iv)

to the Lévy basis is well-defined as a random variable in L#(£2) for any 8 €
(0, @) (see Lemma 3).
One can easily derive some sufficient conditions for the assumptions in (H4).
Indeed, suppose that

t —
| 1 0 Cats nlsto, s pladds,dy) < e,
1—e

then (19) holds with y; = y; + §;. If in addition, A,;(x) consists of points
(s,y) € [0, 1] x R such that |x — y| < |t — s|¢, for any s € [t — ¢, t], and
for some ¢ > 0, then (20) holds with y» = y; + §>¢. Similarly, one can derive
sufficient conditions for (21), (22).

The assumption (HS) is used in the proof of Theorem 2, where the law of
X (¢, x) is compared with that of an approximation X* (¢, x), which is infinitely
divisible. This distribution is well-defined only if A;(x) is non-empty in the
region [t — &, 1] X R4,

Possibly, for particular examples of ambit sets A, (x), functions g, /, and sto-
chastic processes o, b, the Assumptions 2 can be relaxed. However, we prefer
to keep this formulation.

‘We can now state the main theorem of this section.

Theorem 2 We suppose that the Assumptions 1 and 2 are satisfied and that

min{y], Y2, V3, 7/4} . l

” o (23)

Fix (t,x) € (0,T] x RY. Then the law of the random variable X (t, x) defined by
(14) is absolutely continuous with respect to the Lebesgue measure.

3.1

Two Auxiliary Results

In this subsection we derive two auxiliary lemmas. They play a similar role as those
in [10, Sects. 5.1 and 5.2], but our formulation is more general.
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Lemma 2 Let p = (ps,y) (s, y)e[0,71xRe be a family of Lévy measures and let 1 be a

control measure. Suppose that Assumption 1(ii) holds. Then for all y € («, 2) and
all a € (0, 00)

/ |2I” ps,y(dz) < Cy o C(s, y)a?¥ ™, A —a.s.,
|z|<a

22—a
v—a_1

T
/// 21" ps,y(d2)\(ds, dy) < Ca¥™*.
0 R4 J|z|<a

Proof The result is obtained by the following computations:

Hence

where Cy o = 27712

o0
/ |17 ps.y(dz) = D 1217 ps.y(d2)
lzl<a n—o V (a27""1<|z|<a27m}
o
<D a2y ? / |21% s,y (d2)
=0 {lzl<a2—")

< Cls,y) D @y @2y«
n=0

< Cy_oC(s, y)a’~*. O

The next lemma provides important bounds on the moments of the stochastic
integrals. It plays the role of [10, Lemma 5.2] in the setting of this article.

Lemma 3 Assume that L is a Lévy basis with characteristic exponent satisfying
Assumptions 1 for some a € (0, 2). Let H = (H(t, X)) y)e[0.1]xRd be a predictable
process. Then forall0 < B <o <y <2andforall0 <s <t <s+1,
t B
E[ | [ it s i dy)‘ }
N
=< Cot,ﬂ,ylt - S|I3/Ot_1

t A Bly
X (/ /]Rd La, 0y (r Y)Cp(r, gt rox, IYE[|H (u, y)|” |Adr, dy)) ’
(24

where C’/g (r, ¥) is the maximum ofC_’(r, y), and (Cg + C1)(r, y) (see Assumptions 1
for the definitions).
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Proof There exists a Poisson random measure N such that for all A € Z(R?),

t t
L([s,t] x A) =/ / / z]\7(dr, dy, dz) +/ / / zN(dr,dy, dz)
s JAJ|z|<1 s JAJ|z|>1

(seee.g. [ ~14, Theorem 4.6]), where N stands for the compensated Poisson random
measure N(ds, dy,dz) = N(ds,dy, dz) — ps,y(dz)A(ds, dy). Then we can write

' B
EH/ /Rd“f(x)(”’ Vg, r,x, Y H(r, y)L(dr, dy)‘ ]5 Cplg, + 13, +15,).
N
(25)

]
S )

13,1 =E / / La,0)(r y) zg(t,r,x, YH(r, y)N(dr,dy, dz)
Ll Js JR4 (t—s)V/<|z]<1

]

To give an upper bound for the first term, we apply first Burkholder’s inequality, then

the subadditivity of the function x + x?/? (since the integral is actually a sum),
Jensen’s inequality, the isometry of Poisson random measures and Lemma 2. We

obtain,

t
I}, < CﬁEH/ / La, 0 (r y)
s JRA |z|<(t—s)1/e

x |z1g(t, r, x, )| H(r, y)*N(dr, dy, dz)

t
// La, 0 (r, y)
s Jrd Izl <(t—s)!/e

x |z|” g, r.x, MIY[H(r, y)I" N(dr,dy, dz)

t
SCﬁ(E[// 1,00 (r, )
s JRA |z|<(t—s)1/e

Blv
x |z|¥ g, r,x, I |H(r, y)IVN(dr,dy,dz)])

t
ZCﬂ(E[// 1A,<x)(r»y)(/ |Z|ypr,y(d2))
s JR? lzl<(t—s)!/«

with

t
1, =E / / Lay oy (e ) 29t v, x, H(r, )N (dr, dy, d2)
Ll Js JRrd |z|<(t—s)1/e

|

B t
:=E / / La, 0 (r, y) zg(t,r,x, y)H(r, y)N(dr,dy, dz)
’ Ll Js JRd |z]>1

ﬂ/2:|
ﬂ/yj|

< CﬁE|:
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Bly
x |g(t, r,x, WIY|H(r, y)|” Adr, dy)])

< Cﬁ(cy,a(t _ S)(y—a)/a)ﬁ/)’

t = Bly
X (/ /Rd 1A,(x)(V,Y)C(I’,)’)|g(1,r,x,y)|VE[|H(u7y)|V])L(dr’dy)) '

Notice that the exponent (y — o)/« is positive.
With similar arguments but applying now Assumption 1(i), the second term in

(25) is bounded by
! 2
/ / La, oy (r, y) |z|
s JRA (t—s)e<|z]<1

ﬂ/2i|

t
SCﬁE[// La, 0 (r, ) |z|P
s JRd (t—s)lVe<|z]<1

x |g(t,r,x, WPIH, y)IPN(@dr, dy,dz)}

t
=CﬁE[// 1A,(x>(r»y)(/ Izlﬂpr,y(dz))
s JRd (t—s)l/e<|z]<1

x |g(t,r,x, WPIHr, y)Prr, dy)}

IS2J < C'BEI:

x |g(t,r, x, y)*|H(r, y)|*N(dr,dy, dz)

t
< Cp(t — s)(ﬂa)/aE[/ / 14,00 Y)Cp (T, y)
s Rd
x |g(t, r,x, WIE[IH T, y)IPrr, dy)]
t
< Cpoy(t = s)“’“)/“( / /R A 9)Cp(r )
S
Bly
x Ig(t,r,x,y)l”]E[lH(r,y)l”]k(dr,dy)) :

where in the last step we have used Holder’s inequality with respect to the finite
measure Cg(r, y)A(dr, dy).

Finally, we bound the third term in (25). Suppose first that § < 1. Using the
subadditivity of x — x# and Lemma 2(i) yields

t
IStSCﬂE[/ /Rd“f(x)(”) ’ 1|z|ﬂ|g(r,r,x,y>|ﬁ|H(r,y>|ﬁN(dr,dy,dz>}
K zZ|>

t
SCﬁE[/ /RdlA,m(n y)(/|| 1|z|*9pr.,y<dz))
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x |g(t,r,x, NIPIH(r, y)Prdr, dy)}
t
= CﬁE[ / /]R @ NCpo g rx, NIPIH ()P, dy)}
5

t Bly
<co( [ [ 100Gyl rx I E[IHC Y ataran)

where in the last step we have used Holder’s inequality with respect to the finite
measure Cg(r, y)A(dr, dy).
Suppose now that 8 > 1 (whichimplies that > 1). We apply Holder’s inequality
with respect to the finite measure C1(r, y)A(dr, dy) and Assumption 1(i)
]

t
13,52*"—11EH// L@ [ 28 rx WH(r y)Nr. dy, d2)
s JRd |z]>1

t
/ / u,m(r,y)(/ |z|pr,y<dz))
s JRd lz|>1

B
x g(t,r,x, y)H(r, y)A(dr, dy)’ }

t
/ / Lnwry) [ 2Plgrx P
s JR4 |z|>1

ﬂ/Z}

t B
+ C,s]EH/ /Rd La,o0)(r, Y)C1(r, )Ng (@, 1, x, y)|H(r, y)l/\(dr,dy)' ]

+ ZﬂlE[

< CﬂE|:

x |H(r, y)I*N(dr, dy, dz)

t
SCﬁE[/ /RdlA,(x)(h 2y gt rx DI IH y>|ﬁN(dr,dy,dz>}
t B—1
+C,3(// Cl(r,y)k(dr,dy))
s R4
t
« / /R a6 )CI6 I8 rx PG, )P dr, dy)
t
<] [ [ i@ + oo
x |g(t,r,x, Y)IPIHu, y)|P rar, dy)}
t
< Cﬁ( / /]R aw @ (€10 y) + Cpr )

Blv
X Ig(t,r,x,y)lylE[IH(u,y)ly]k(dhdy)) ,
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where in the last step we have used Holder’s inequality with respect to the finite
measure (Ci(r,y) + Cg(r, y))A(dr,dy). We are assuming 0 < r —s < 1, and
0 < B < «. Hence, the estimates on the terms [} ,,i = 1,2, 3 imply (24)

5,10
3.2 Existence of Density

With the help of the two lemmas in the previous subsection, we can now give the
proof of Theorem 2. Fix (¢, x) € (0, T] x RY and let 0 < & < t to be determined
later. We define an approximation of the ambit field X (z, x) by

t
XE(t,x) = U (¢, x) 4o (—e, x) / / a5 0805 VLS, dy), (26)
t—e JR
where
1—&
Ué(t, x) = xg +/0 /Rd La, (s, »)g(t,s;x,y)o(s, y)L(ds, dy)
t—e
+ / / 1,005, A(E. 53 . )b(s, y)dyds
0 R4
t—e
+ b(t — &, x)/ / 1B,x)(s, y)h(t, s; x, y)dyds
0 R4

Note that U*(t, x) is .%;_.-measurable.

The stochastic integral in (26) is well defined in the sense of [18] and is a random
variable having an infinitely divisible distribution. Moreover, the real part of its
characteristic exponent is given by

NR(logE[ exp(i&X)]) = /R (1 = cos(£2))pr(dz),

where
pr(B) = / / Los 0168701 95,y (DA, ).
[0,7] xRd JR

In the setting of this section, the next lemma plays a similar role as [20, Lemma
2.3]. It generalizes [10, Lemma 3.3] to the case of Lévy bases as integrators.

Lemma 4 The Assumptions 1, along with (17) and (18) hold. Then, the random
variable

t
X:= / / Layco (5, )86, 5, x, ) L(ds, dy)
t—e JRA

has a €*°-density p; x ¢, and for all n € N there exists a finite constant C, > 0 such
that | p{") ¢ 11 gy < Crrx (6 A DT,
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Proof We follow the proof of [10, Lemma 3.3], which builds on the methods of [21].
First we show that for |&| sufficiently large, and every ¢ € (0, T],

crxel€l” < NPx(§) < ClEI". 27)

Indeed, let r be as in Assumption 1(iii). Then, for |£| > r, we have

Ry (&) :/R(l —cos(sz))pf(dz)
t
=/ / /\(ds,dy)/ (1 —cos(Ezla,(x) (s, ¥)g(t, 5, x,¥)))ps,y(d2)
t—e JRE R

t
> IEI“/ /Rd La,on (s, )18, s, x, )|*c(s, y)Ads, dy)
1—¢

= Cl,s,xgyo 1%

(28)

This proves the lower bound in (27) for |§| > r.
In order to prove the upper bound in (27), we set

aS,t,s,x,y: = |%-|1A,(x)(sv Y)|g(t» 5, X, )’)|

and use the inequality (1 — cos(x)) < 2(x2 A 1) to obtain
t
R (&) =/ /de(ds,dy)/R(l — cos(zE1 4,00 (s, Y)g(t, s, x, ))) ps.y(d2)
t—e¢
t
< 2/ / Ads, dy)/ (1P o 5. I (@ 5.5, ) A 1) pgy (d)
t—e JRY R

t
—2 / / A(ds, dy) 12PIEP 14,0 (5, I s, x, )P,y (d2)
t—e JRA |Z‘Sa§7_11,s,x.y

t
+2/ /A(ds,dy) sy (@2)
—e JR |Z|2agizlvs.x.y

Then, using Assumption 1(ii), the first integral in the right-hand side of the last
equality in (29) can be bounded as follows:

t
/ / A(ds, d2)IE1* 14,000 (s, )18 (t, 5, x, V)| / |21 ps.y (d2)
t—e JRE \zlsa;}_s,x.y

t
< g / /R a1 s, 5 MIUCG, Vs, dy)
t—e&

= ClgI%,

(29)

where in the last inequality, we have used (17).
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Consider now the last integral in (29). By applying Assumption 1(i) with 8 = 0
and (17)

t
/ / Ads, dy) (/ ,Os,y(dz))
t—e JRY H{EY .

t
< Iél“/ /Rd La, ) (s, )Co(s, y)lg(t, s, x, y)|*A(ds, dy)
1—&

< CI&|".
Hence, we have established that
Ny (&) < Cl&I%,

for |&] sufficiently large.

To complete the proof, we can follow the same arguments as in [10, Lemma 3.3]
which rely on the result in [21, Proposition 2.3]. Note that the exponent y on the
right-hand side of the gradient estimate accounts for the lower bound of the growth
of the term in (18), which in the case of SDEs is equal to 1.

The next lemma shows that the error in the approximation X®(t, x) in (26) and
the ambit field X (¢, x) is bounded by a power of ¢.

Lemma 5 Assume that Assumptions 1 hold for some o € (0, 2) and that o, b are
Lipschitz continuous functions. Then, for any B € (0, «a), and ¢ € (0,1 A 1),

1.5\
E[1X(t,x) — X*(t,x)|F] < Cﬂsf’(a”) '

where y: = min{y1, y2, V3, Y4}
Proof Clearly,

E[IX(t,x) — X*(t,)|]

t B
< cﬂu«:H/ /]R Lty (5 V)8 (1. 553, 3) (0 5. y) = 0t = £,x)) L(ds, dy)‘ }
t—¢

]
Fix y € (@, 2] and apply Lemma 3 to the stochastic process H(s, y): = o (s, y) —
o (t — ¢, x), where the arguments ¢, ¢, x are fixed. We obtain

+ CﬁE[

t
/ /R (5, YRG5 5, 3G, ) bt — e, X)dyds
t—e¢
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|

t
< Capre N [ [ 1060 Ch6 o lettsx
t—e

t B
/ /Rl La, (s, Y)g(t, s; x, y)(o (s, y) —G(I—E,x))L(ds,dy)' ]
t—e a

Bly
x E[lo(s, y) —o(t — &,x)" s, dy))

Owing to hypothesis (H2) this last expression is bounded (up to the constant
Ca,ﬁ,ygﬁ/ail) by

t
(/ /1A,<x>(s,y)cﬂ(s,ynA,(xng(r,s,x,y>|y
t—s JRA
Bly
x (It —e =527 + |x — y2)r(ds, dy))

The inequality (19) implies

t ~ Bly
sﬁ/a—l(/ /Rd La,0) (s, WCp(s, Y)Igt, s, x, IVt —e — Slalyk(a’s, dy))

t—¢&

< Cgﬁ(al-‘r)/l)—l’
and (20) yields
(/[ A 5 Bly
gBle— (/ /Rd 14,0 (s, MCa(s, Wg(t, s, x, M| |x — y|® A(ds, dy))
1—¢&
< Cgﬂ(é+}’2)fl.

Thus,

t B
/ /R Loy oy (2 Vg (0. 53 %, ¥) (0 (5, ¥) — o(t,x»L(ds,dy)' ]
t—e

]

Assume that 8 > 1 (and therefore o > 1). Holder’s inequality with respect to the
finite measure h(t, s; x, y)dyds, (H2), (21), (22), imply
]

t
= Cﬁ/ /]Rd Lg,x)(s, ¥)Ih(t,s, x, y)lﬂE[lb(s, y) — b(t — ¢, x)|5]dyds
r—&

< Cgﬂ($+[}/l/\)/2])*1' (30)

t
EH/ /Rd 130 (5, DA, 552, y)(b(s, y) = bt — &, x))dyds
t—e
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! 8
<G [ [ tnw G pihts )Pl = e = s dys
t—e JRA
! 8
+Co [ U IG5 x )b =y dyds
t—e

< CePr3nve)

Suppose now that 8 < 1, we use Jensen’s inequality and once more, (H2), (21),
(22), to obtain
]

gl
t B

< (E[/ /Rd 13,0y (5 WV 53 %, W1BGs, ¥) — bt —e,x>|dydsD
t—e

t B
= (/ /Rd 18,¢0) (s, WA, s:x, YIE[|b(s, y) — b(t — 8,x)|]dyds)
1—e&

t
/ /IR (s R85 5 DB, ) — bl — 6, x)dyds
t—e

IA

t B
([ [, tmeots.ihesiro i = s+ 1x = 1% avas)
t—e
C

gBr3nya)

IA

This finishes the proof.
We are now in a position to prove Theorem 2.

Proof (Proof of Theorem2) We consider the inequality

[Ello (1, )" Ap (X (t, x)]| < |E[(lo (2. )" — ot — &, x)[") App(X (2, x))]|
+ |E[lo — &, )" (AR (X (1, x)) — App(X° (1, x)))]|
+ |E[lo(t — &, x)[" AL p (X (2, x))]|. (31)

Fix n € (0, A 1). As in (8) we have

[E[(lo @, 0)I" = |o(t =&, )|") Ajp(X (1, x))]|
< CnllsbllcgbﬂlhI”EHIG(l,X)I" —lot =& 0)"|]]

Now we proceed as in (9) using the finiteness of the moments of o (¢, x) stated in
Hypothesis (H1), and (H2). Then for all y € (¢, 2] we have

E[|lo(t, )" = lo(t — &, x)["|]

n—1
= E[‘G(I,x) —o(t— 8,X)| z lo(t, )| |o(t — e, x)|"lj]

j=0
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< C(Ellot.x) — ot~ e0]'])

n—1 ) A\ Y/(r=D 1-1/y
x (E[(th,xmo(r—s,x))|”]1) D

J=0

< Cneal.
Therefore
E[(jo (¢, 01" = lo (¢t = &, )I") A (X (1, ))]| < Cull@logylhl”e™ . (32)

Consider the inequality ||AZ¢||(gI;x < Cn||¢||<g];1, and apply Holder’s inequality
with some 8 € (1, o) to obtain

[Eflo(t — &, 0)" (A} (X (1, %)) — Ay (X* (1, 0)]|
< Cn||¢||<£JE[|O-(t — &, 0)|"1X (1, %) — X°(1, 0)|"]

< Cullgllgr (B[1X (1, ) = X5, )P ]) P (B0 e — e, 0"/ E=]) =077
< cn,g||¢||<ghne”(5”)‘%, (33)

where y: = min{y, y2, ¥3, v4}, and we have applied Lemma 5.
Conditionally to .%;_, the random variable

t
/ / La,0)(s, )g(t,s;x, y)L(ds, dy)
t—e JRY

has an infinitely divisible law and a ¥"*°-density p; . for which a gradient estimate
holds (see Lemma 4). Then, by a discrete integration by parts, and owing to (H3),

|E[lo(t — &, )" App(X* (2, x))]]|

= 'E[/R lo(t —e, )" App(Uf +o(t —e, x)y)pr,x,s(y)dy]'
= 'E[/R lo(t —e,0)"pU; +o(t —e, x)y)A'i(,(,_“)lhpz,x,a(y)dy”
< ||¢||OOE[|o(t —& )" /]R |A"U(,g,x)_lhpt,x,g(yndy].

From Lemma 4 it follows that

/R A% e Oy = Gl = 01 P 16 ey

< Cylo(t — &, x)|7"|h|" e/,
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which yields
[E[lo(t — &, 0)" Ao (X* (2, x))]| < Cn @l || e~ 0l (34)

because [[@lloo < [Pl
The estimates (31)—(34) imply

Ello (. 0l 89X (1. 0| = Crpl$lgr (176 + &) 7F 4 ppre=mie)

Sete = £|h|?, with || < 1 and

pe( af a(n—n))
B+aBy —a’  np '

aln=n) _

Notice that, since lim,,_, oo 70 %, for B close to o and yy as in the hypothesis,
this interval is nonempty. Then, easy computations show that with the choices of ¢

and p, one has

1 —
et 1 ") F el < 3y,

with ¢ > 1. Hence, with Lemma 1 we finish the proof of the theorem.

Remark 3 (i) If o is bounded away from zero, then one does not need to assume
the existence of moments of sufficiently high order. In this case one can follow

the strategy in [20].
(i) The methodology used in this section is not restricted to pure-jump stable-like
noises. One can also adapt it to the case of Gaussian space-time white noises.
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