Some Consequences of the Markov Kernel
Perspective of Copulas

Wolfgang Trutschnig and Juan Fernandez Sanchez

Abstract The objective of this paper is twofold: After recalling the one-to-one
correspondence between two-dimensional copulas and Markov kernels having the
Lebesgue measure A on [0, 1] as fixed point, we first give a quick survey over some
consequences of this interrelation. In particular, we sketch how Markov kernels can
be used for the construction of strong metrics that strictly distinguish extreme kinds of
statistical dependence, and show how the translation of various well-known copula-
related concepts to the Markov kernel setting opens the door to some surprising
mathematical aspects of copulas. Secondly, we concentrate on the fact that iterates
of the star product of a copula A with itself are Cesaro convergent to an idempotent
copula A with respect to any of the strong metrics mentioned before and prove that
A must have a very simple form if the Markov operator 74 associated with A is
quasi-constrictive in the sense of Lasota.
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1 Introduction

In 1996, Olsen et al. (see [23]) proved the existence of an isomorphism between
the family & of two-dimensional copulas (endowed with the so-called star prod-
uct) and the family .# of all Markov operators (with the standard composition
as binary operation). Using disintegration (see [29]) allows to express the afore-
mentioned Markov operators in terms of Markov kernels, resulting in a one-to-one
correspondence of ¢ with the family %" of all Markov kernels having the Lebesgue
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measure A on [0, 1] as fixed point. Identifying every copula with its Markov kernel
allows to define new metrics D1, D2, D« Which, contrary to the uniform one, strictly
separate independence from complete dependence (full predictability). Additionally,
the ‘translation’ of various copula-related concepts from ¢ to .# and # has proved
useful in so far that it allowed both, for alternative simple proofs of already known
properties as well as for new and interesting results. Section 3 of this paper is a quick
incomplete survey over some useful consequences of this translation. In particular,
we mention the fact that for each copula A € €, the iterates of the star product of
A with itself are Cesdro converge to an idempotent copula A w.rt. each of the three
metrics mentioned before, i.e., we have

lim D (ssn(A), A) =0
n—oo

whereby s,,(A) = %Zl’-’:l A* for every n € N. Section4 contains some new

unpublished results and proves that the idempotent limit copula A must have a very
simple (ordinal-sum-like) form if the Markov operator T4 corresponding to A is
quasi-constrictive in the sense of Lasota ([1, 15, 18]).

2 Notation and Preliminaries

As already mentioned before, " will denote the family of all (two-dimensional)
copulas, d~, will denote the uniform metric on %’. For properties of copulas, we refer
to [8, 22, 26]. Forevery A € €, ua will denote the corresponding doubly stochastic
measure, P, the class of all these doubly stochastic measures. Since copulas are
the restriction of two-dimensional distribution functions with % (0, 1)-marginals
to [0, 1]?, the Lebesgue decomposition of every element in % has no discrete
component. The Lebesgue measure on [0, 1] and [0, 172 will be denoted by X and Ay,
respectively. For every metric space (£2, d), the Borel o-field on £2 will be denoted
by A(£2). A Markov kernel from R to Z(R) is a mapping K : R x Z(R) — [0, 1]
such that x — K (x, B) is measurable for every fixed B € Z(R) and B — K (x, B)
is a probability measure for every fixed x € R. Suppose that X, Y are real-valued
random variables on a probability space (§2, <7, &), then a Markov kernel K :
R x BR) — [0, 1] is called regular conditional distribution of Y given X if for
every B € Z(R)

K(X(w), B) =E(p o Y|X)(w) (1)

holds &7-a.s. Itis well known that for each pair (X, Y) of real-valued random variables
a regular conditional distribution K (-, -) of ¥ given X exists, that K (-, -) is unique
ZXas. (ie., unique for X almost all x € R) and that K (-, -) only depends on
2X®Y Hence, given A € ¢ we will denote (a version of) the regular conditional
distribution of ¥ given X by K4 (-, -) and refer to K (-, -) simply as regular condi-
tional distribution of A or as the Markov kernel of A. Note that for every A € €,
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its conditional regular distribution K 4 (-, -), and every Borel set G € Z([0, 11%) we
have

/ Kar, Gy) di(x) = 1a(G), ®)
[0,1]

whereby G, := {y € [0, 1] : (x,y) € G} for every x € [0, 1]. Hence, as special
case,

Ka(x, F)di(x) = MF) 3)
[0.1]

for every F € ([0, 1]). On the other hand, every Markov kernel K : [0, 1] x
([0, 1) — [0, 1] fulfilling (3) induces a unique element u € P»([0, 1]%) via
(2). For more details and properties of conditional expectation, regular conditional
distributions, and disintegration see [13, 14].

7 will denote the family of all A-preserving transformations 4 : [0, 1] — [0, 1]
(see [34]), .7, the subset of all bijective 7 € .7. A copula A € € will be called
completely dependent if and only if there exists & € 7 such that K (x, E) := 1g(hx)
is a regular conditional distribution of A (see [17, 29] for equivalent definitions and
main properties). For every h € .7, the corresponding completely dependent copula
will be denoted by Cp, the class of all completely dependent copulas by 4.

A linear operator 7 on L' ([0, 1)) := L' ([0, 1], Z([0, 1]), A) is called Markov oper-
ator ([3, 23] if it fulfills the following three properties:

1. T is positive, i.e., T (f) > 0 whenever f > 0

2. T(Xo,11) = jo,1

3. JonyTH@AAR) = [ 1 f()dAx)

As mentioned in the introduction .# will denote the class of all Markov operators
on Ll([O, 1]). It is straightforward to see that the operator norm of 7 is one, i.e.,
T = sup{ITfll1 : Iflli < 1} = 1 holds. According to [23] there is a one-to-

one correspondence between € and .# —in fact, the mappings @ : € — .# and
¥ . # — €, defined by

d
PAYN) == (Taf)(x) = —= / Ap(x, 1) f(O)dA (1),
[0,1]

“4)

W(T)(x,y) : = Ap(x, y) = / (T, (VdA()
[0,x]

for every f € L([0, 1]) and (x, y) € [0, 12 (A > denoting the partial derivative of
Awrt. y), fulfil ¥ o ® =idy and @ o ¥ =id 4. Note that in case of f := 1jg,y;
we have (Talp,y)(x) = A 1(x,y) A-a.s. According to [29] the first equality in (4)
can be simplified to
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(TafH(x) =E(foY|X =x) = / FO)Ka(x,dy)  A-as. (3)
[0.1]

It is not difficult to show that the uniform metric do is a metrization of the weak
operator topology on .Z (see [23]).

3 Some Consequences of the Markov Kernel Approach

In this section, we give a quick survey showing the usefulness of the Markov kernel
perspective of two-dimensional copulas.

3.1 Strong Metrics on ¢

Expressing copulas in terms of their corresponding Markov kernels, the metrics
D1, Dy, Do on € can be defined as follows:

Di(A, B) = / / K. 10, y]) — Kp(r 0. yD|dA(r) dAG)  (6)
[0,1]10,1]

D3 (A, B) 1=/ /\KA(X’[OJ’])_KB(X»[O’y])|2d)\(X)d)\()’) )

[0,1710,1]

D (A, B) := SE)PH/ |KA(x,[0,y])—KB(x,[O,y])|2dk(X) ®)
yelo.
[0,1]

The following two theorems state the most important properties of the metrics D1, D;
and D.

Theorem 1 ([29]) Suppose that A, Ay, A, ... are copulas and let T, Ty, T5, . ..
denote the corresponding Markov operators. Then the following four conditions are
equivalent:

(@) 1limy—oo D1(Ay, A) =0
(b) 1im, 00 Doo(An, A) =0

(©) limy— o0 |7, f — Tfll1 = 0 for every f € L'([0, 1])
(d) lim, o0 D2(Ap, A) =0

As a consequence, each of the three metrics D1, Dy and Do is a metrization of the
strong operator topology on M .
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Theorem 2 ([29]) The metric space (¢, D1) is complete and separable. The same
holds for (¢, D2) and (¢, Doo). The topology induced on € by D is strictly finer
than the one induced by do.

Remark 3 The idea of constructing metrics via conditioning to the first coordinate
can be easily extended to the family 4" of all m-dimensional copulas for arbitrary
m > 3. For instance, the multivariate version of D; on €™ can be defined by

Di(A, B) = / / Ka(x, 10, y]) — K (x, [0, yDIdA()dn" (),
[0,11m=110,1]

whereby [0,y] = xf"zjl [0, y;] and K4(Kp) denotes the Markov kernel (regular
conditional distribution) of Y given X for (X,Y) ~ A(B). As shown in [11],
the resulting metric spaces (¢, D), (6™, D2), (6™, Do) are again complete and
separable.

3.2 Induced Dependence Measures

The main motivation for the consideration of conditioning-based metrics like D
was the need for a metric that, contrary to d, is capable of distinguishing extreme
types of statistical dependence, i.e., independence and complete dependence. For
the uniform metric deo, it is straightforward to construct sequences (Cp,)yeN Of
completely dependent copulas (in fact, even sequences of shuffles of M, see [9, 22])
fulfilling lim,,—, o doo(Cp,,, IT) = O—for Dy, however, the following result holds:

Theorem 4 ([29]) For every A € € we have D{(A, IT) < 1/3. Furthermore,
equality D1(A, IT) = 1/3 holds if and only if A € 6.

As a straightforward consequence, we may define 7| : 4 — [0, 1] by
t1(A) :==3D1(A, II). ©)

This dependence measure 71 exhibits the seemingly natural properties that (i) exactly
members of the family % (describing complete dependence) are assigned maximum
dependence (equal to one) and (ii) /7 is the only copula with minimum dependence
(equal to zero). Note that (i) means that 71 (A) is maximal if and only if A describes
the situation of full predictability, i.e., asset Y is a deterministic function of asset X.
In particular, all shuffles of M have maximum dependence. Dependence measures
based on the metric Dy may be constructed analogously.

Example 5 For the Farlie-Gumbel-Morgenstern family (Gg) € [—1, 1] of copulas
(see [22]), given by

Go(x,y) =xy +0xy(l —x)(1 —y), (10)
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it is straightforward to show that 71(Gg) = 'f% holds for every 8 € [—1, 1] (for
details see [29]).

Example 6 For the Marshall-Olkin family (M, B)a. B)el0, 112 of copulas (see [22]),
given by
X7y ifx* > P

xy! =P ifx* < P, an

M(M,,B(xv y) =

it can be shown that

M )_3a(1_a)z+gl—(l—a)Z_gl—(l—a)zH 12
{l o,B) = ,3 Z ,3 T+ 1

holds, whereby z = % + % — 1 (for details again see [29]).

Remark 7 The dependence measure 71 is nonmutual, i.e., we do not necessarily have
71(A) = 11 (A"), whereby A’ denotes the transpose of A (i.e., A'(x, y) = A(y, x)).
This reflects the fact that the dependence structure of random variables might be
strongly asymmetric, see [29] for examples as well as [27] for a measure of mutual
dependence.

Remark 8 Since most properties of D; in dimension two also hold in the general
m-dimensional setting it might seem natural to simply consider t1 (A) := a D1 (A, IT)
as dependence measure on ¢ (a being a normalizing constant). It is, however,
straightforward to see that this yields no reasonable notion of a dependence quan-
tification in so far that we would also have t;(A) > O for copulas A describing
independence of X and Y = (Y1, ..., Y;;—1). For a possible way to overcome this
problem and assign copulas describing the situation in which each component of a
portfolio (Yy, ..., Y,_1) is a deterministic function of another asset X maximum
dependence we refer to [11].

Remark 9 1Tt is straightforward to verify that for samples (X1, Y1), ..., (X, Yn)
from A € ¢ the empirical copula En (see [22, 28]) cannot converge to A w.r.t. D
unless we have A € ;. Using Bernstein or checkerboard aggregations (smoothing
the empirical copula) might make it possible to construct D;-consistent estimators
of t1(A). Convergence rates of these aggregations and other related questions are
future work.

3.3 The IFS Construction of (Very) Singular Copulas

Using Iterated Function Systems, one can construct copulas exhibiting surprisingly
irregular analytic behavior. The aim of this section is to sketch the construction and
then state two main results. For general background on Iterated Function Systems
with Probabilities (IFSP, for short), we refer to [16]. The IFSP construction of two-
dimensional copulas with fractal support goes back to [12] (also see [2]), for the
generalization to the multivariate setting we refer to [30].
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Definition 10 ([12]) A n x m-matrix T = (t;;)i=1,...n, j=1,...,m 1S called transfor-
mation matrix if it fulfills the following four conditions: (i) max(n, m) > 2, (ii) all
entries are non-negative, (iii) > ijlij = 1, and (iv) no row or column has all entries 0.
< will denote the family of all transformations matrices.

Given T € ¥ define the vectors (a j)’;l:os (bi)?_ of cumulative column and row

sums by agp = bg = 0 and

aj=> Dtjy jell.....m}.  bi=> >ty iefl.....n}. (13)

Jo<ji=1 io<i j=1

Since 7 is a transformation matrix both (a; )'j’?:o and (b; )?:0 are strictly increasing and
Rji:=laj_1,a;] x[bi—1,b;]isa compact rectangle with nonempty interior for all
Jje{l,...,m}andi € {1,...,n}.Set I :={(i, j) : t;j > 0} and consider the IFSP
{10, 10, (fj1) i jyeT> (tij) . jyeT)> Whereby the affine contraction fj; : [0, 1]* — Rji
is given by

fiix,y) = (aj—1 +x(@j —aj_1), bi—1 + y(bj — bi_1)). (14)

Zy e J(|0, 171%) will denote the attractor of the IFSP (see [16]). The induced
operator %; on ([0, 11%) is defined by

Ve (n) == Zzlij ulit = Z tij wlit (15)

j=li=l1 (. jyel

It is straightforward to see that ¥; maps P into itself so we may view ¥; also
as operator on €. According to [12] there is exactly one copula A € ¢, to which
we will refer to as invariant copula, such that #7(uar) = war holds. The IFSP
construction also converges w.r.t. Dj—the following result holds:

Theorem 11 ([29]) Let T € X be a transformation matrix. Then V; is a contraction
on the metric space (6, Dy) and there exists a unique copula A% such that V. A5 =
A% and for every B € € we have lim,_, o D1(V]'B, A}) = 0.

Example 12 Figure 1 depicts the density of #;*(IT) for n € {1, 2, 3, 5}, whereby
is given by

_
I

A= O A=

S wi— O

A= O A=

Moreover (again see [12]) the support Supp (i1 ax) of pax fulfills Az (Supp(ax)) =
0if T contains at least one zero. Hence, in this case, u A is singular w.r.t. the Lebesgue
measure Ay, we write u4s L Ap. On the other hand, if T contains no zeros we may
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Step 1 Step 2
) . .
In(dens) In(dens)
2/3 - 1.0 2/3 - :.:- -:.:
0.8
B . . IO.S N :.:. .:.:
0 -
0 1/3 2/3 1 1/3 2/3
Step 3 Step 5
1- " % %
In(dens) In(dens)
2/3 - [ 32 s
| u

4
3

et
-4
1/3 4 :-:-
=

0 -

o -

1/3 2/3 1

Fig. 1 Image plot of the density of " (IT) for n € {1, 2, 3, 5} and t according to Example 12

still have ar LA although in this case At has full support [0, 1]2. In fact, an even

stronger and quite surprising singularity result holds—Iletting T denote the family of
all transformation matrices t (i) containing no zeros, (ii) fulfilling that the row sums
and column sums through every #; are identical, and (iii) nax 7# A we have the
following striking result:

Theorem 13 ([33]) Suppose that T € <. Then the corresponding invariant copula
A% is singular w.r.t. Ay and has full support [0, 112. Moreover; for A-almost every

.. Lo . . Az .
x € [0, 1] the conditional distribution function y +— Fy"(y) = Kax(x, [0, y]) is
continuous, strictly increasing and has derivative zero A-almost everywhere.

3.4 The Star Product of Copulas
Given A, B € € the star product A x B € € is defined by (see [3, 23])

(AxB)(x,y) = / A (x, 1)B 1 (1, y)dA (1) (16)
[0.1]
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and fulfills Tyxp = Paxp = P(A) o @(B) = T4 o Tp, so the mapping @ in
equation (4) actually is an isomorphism. A copula A € ¥ is called idempotent if
A x A = A holds, the family of all idempotent copulas will be denoted by €”. For
a complete characterization of idempotent copulas we refer to [4] (also see [26]).
The star product can easily be translated to the Markov kernel setting—the following
result holds:

Lemma 14 ([30]) Suppose that A, B € € and let K 4, Kp denote Markov kernels
of A and B. Then the Markov kernel K 4 o K g, defined by

(Koo Kp)(x, F) = / Kp(y, F)K4(x,dy), a7)
[0.1]

is a Markov kernel of A  B. Furthermore €'? is closed in (€, D).

Remark 15 Let A € € be arbitrary. If (X,),en is a stationary Markov process
on [0, 1] with (stationary) transition probability K4 (-, -) and X; ~ % (0, 1) then
(Xn, Xn41) ~ Aforevery n € N and Lemma 14 implies that (X1, X,+1) ~ A% A*
--+x A =: A i.e., the n-step transition probability of the process is given by the
Markov kernel of A*",

Remark 16 In case the copulas A, B are absolutely continuous with densities k4
and kp it is straightforward to verify that A x B is absolutely continuous with density
kaxp given by

kA*B(xa)’):/kA(va)kB(Zvy)d)\(Z)- (18)
[0,1]

Since the star product of copulas is a natural generalization of the multiplication
of doubly stochastic matrices and doubly stochastic idempotent matrices are fully
characterizable (see [10, 25]) the following result underlines how much more com-
plex the family of idempotent copulas is (also see [12] for the original result without
idempotence).

Theorem 17 ([30]) For every s € (1, 2) there exists a transformation matrix Ty € T
such that:

1. The invariant copula A%_is idempotent.
2. The Hausdorff dimension of the support of A7 is s.

Example 18 For the transformation matrix t from Example 12 the invariant copula
AZ is idempotent and its support has Hausdorff dimension In5/In 3. Hence, set-
ting A := A} and considering the Markov process outlined in Remark 15 we have
(X, Xizn) ~ A forall i,n € N. The same holds if we take A := ¥/ (IT) for
arbitrary j € N since this A is idempotent too.
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We conclude this section with a general result that will be used later on and which,
essentially, follows from Von Neumanns mean ergodic theorem for Hilbert spaces
(see [24]) since Markov operators have operator norm one. For every copula A € ¢
and every n € N as in the Introduction we set

I ai
sen(A) = — > A, (19)
i=l

Theorem 19 ([32]) For every copula A there exists a copula A such that

lim D (s4n(A), A) = 0. (20)
n—oQ

This copula Ais idempotent, symmetric, and fulfills AxA=AxA=A.

As nice by-product, Theorem 19 also offers a very simple proof of the fact that
idempotent copulas are necessarily symmetric (originally proved in [4]).

4 Copulas Whose Corresponding Markov Operator Is
Quasi-constrictive

Studying asymptotic properties of Markov operators quasi-constrictiveness is a very
important concept. To the best of the authors’ knowledge, there is no natural/simple
characterization of copulas whose Markov operator is quasi-constrictive. The objec-
tive of this section, however, is to show that the D1 -limit Aof s4n (A) has a very simple
form if T4 is quasi-constrictive. We start with a definition of quasi-constrictiveness
in the general setting. In general, T is a Markov operator on L!(£2, <7, u) if the
conditions (M1)-(M3) from Sect. 2 with [0, 1] replaced by §2, ([0, 1]) replaced by
o/, and A replaced by p hold.

Definition 20 ([1, 15, 18]) Suppose that (§2, <7, 1) is a finite measure space and let
2(82, o/, ) denote the family of all probability densities w.r.t. ;. Then a Markov
operator T : L'(82, o/, 1) — L'(82, 7, ) is called quasi-constrictive if there exist
constants § > 0 and ¥ < 1 such that for every probability density f € 2(£2, </, i)
the following inequality is fulfilled:

lim sup/ T" f(x)du(x) <k forevery E € o with u(E) <48 21
n—oo
E

Komornik and Lasota (see [15]) have shown in 1987 that quasi-constrictivity is
equivalent to asymptotic periodicity—in particular they proved the following spec-
tral decomposition theorem: For every quasi-constrictive Markov operator T there
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exist an integer r > 1, densities gy, ..., g € Z(82, o, u) with pairwise disjoint
support, essentially bounded non-negative functions hy, ..., h, € L®(2, o/, n)
and a permutation o of {1, ..., r} such that for every f € L(£2, o/, i)

170 = 2 ([ Fhidie)gorr) + Ruf ) with fim 1R, f11 =0 (22

i=1 5

holds. Furthermore (see again [1, 15, 18]), in case of u(£2) = 1 there exists a
measurable partition (E;)!_, of £2 in sets with positive measure such that g; and o
in (22) fulfill

8=y tE wd wED = wE) 23)

forevery j € {l,...,r}and every n € N.

Example 21 For every absolutely continuous copula A with density k4 fulfilling
ko < M the corresponding Markov operator is quasi-constrictive. This directly
follows from the fact that

Taf(x) = / FOMKalx,dy) = / FOWka(x, y)dy <M

[0,1] [0,1]

holds for every f € 2([0, 1]) := 2([0, 1], ([0, 1]), 1).

Example 22 There are absolutely continuous copulas A whose corresponding
Markov operator is not quasi-constrictive—one example is the idempotent ordinal-
sum-like copula O with unbounded density ko defined by

oo
ko(x.y) =D 2"y _g1-n 1 _p-n)(x. y)

n=1
for all x, y € [0, 1] (straightforward to verify).

Before returning to the copula setting we prove a first proposition to the spec-
tral decomposition that holds for general Markov operators on L' (£2, <7, ) with
(£2, o7, u) being a probability space.

Lemma 23 Suppose that (2, <, i) is a probability space andthat T : L' (2, o, 1)
— L! (82, 7, ) is a quasi-constrictive Markov operator. Then there exists r > 1,
a measurable partition (E;);_, of 2 in sets with positive measure, densities
hy,....h, € L2, 9, n)ND(82, &, ) and a permutation o of {1, ..., r} such
that we have i _; (W(Ej)h = 1 as well as

1700 = ([ £hidia) Ly 060 + Raf ) with fim 1R, £l =0 (24)

i=1 5
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forevery f € LY(2, o/, ) and every n € N.
Proof Using (22) and (23) it follows that

14l

By Yoo @)

Rylg(x) =1-T"g(x) = Z 1, (x) — Z

= ; (1- ”}(IE”‘))lEan(,)( )

for every x € §2, which implies

17 1l1
(Ei)

Al
n(E)

n(E;).

u( U'(l))_zl

0= lim |Rylel; = lim 2’1—
i=1

Since w(E;) > 0 for every i € {l,...,r} this shows that A} := % €

L®(2,9,u) N D(82,, ) for every i € {1,...,r}. Furthermore we have
lim,,_, o | R,A |1 = O for every fixed i, from which

1= / T hj(x)dp(x) = lim / Z ([ #i@m) @dn@) 16,0, dno)
2

Z ( / W () ) u(E))

follows. Multiplying both sides with @ (E;), summing over i € {1, ..., r} yields

/ Zh (Z)M(E)Zh’ @u(E)) dp()

o i=1

=g(2)

sog € 9(82, </, u) and at the same time g2 € 9(82, </, n). Using Cauchy Schwarz
inequality it follows that g(x) = 1 for u-almost every x € £2. m|

Lemma 24 Suppose that A is a copula whose corresponding Markov operator Ty
is quasi-constrictive. Then there exists v > 1, a measurable partition (E;)i_, of
[0, 1] in sets with positive measure, and pairwise different densities hy, ..., h, €
L>°([0, 17) N 2([0, 1]) such that the limit copula A of s4n (A) is absolutely contin-
uous with density k ;, defined by

ki y) =D hi()1E; (x) (25)

i=1
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forall x,y € [0, 1].

Proof Fix an arbitrary f € Lo, 1]). Then, using Lemma 23, we have

_erf()_ ZZ/ B,y d g () + ~ Z;ij(x)
=

j=li= 1[01]

1 n , 1 n
= ZlE O FICED YWACICELS e
i=l [0.1] j=1 j=1

=g} (z)
for every x € [0, 1] and every n € N. Since o is a permutation j — h(7 ; 1)(Z) is
periodic for every z and every i, so, for every i € {1, ..., r}, there exists a function

h; such that
1 n
. , o
i, 2 i) @) = hi2)
j=

forevery z € [0, 1]and every i € {1, ..., r}. Obviously h; € L*°([0, 1]) and, using
Lebesgue’s theorem on dominated convergence, h; is also a density, so we have
hi, ..., h, € L0, 1]) N 2([0, 1]). Finally, using Theorem 19 and the fact that
lim,, o0 | Ry fll1 = O for every f € L'([0, 1]), it follows immediately that

Tif@ = [ F0) X hOE @A),

[0,1] i=1

This completes the proof since mutually different densities can easily be achieved
by building unions from elements in the partition (E;);_, if necessary. O

Using the fact that Ais idempotent we get the following stronger result:

Lemma 25 The density k ; of A in Lemma24 has the form
r
kai(x,y)= Z mi, jlg,xE; (x, y),
i,j=1
i.e., it is constant on all rectangles E; x E ;.

Proof According to Theorem 19 the copula A s idempotent so A is symmetric.
Consequently the set

A= {(x,y) € [0, 117 1 ki(x,y) = k;(v.x)} € ([0, 11)
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has full measure A>(A) = 1. Using Lemma 24 we have

D hiWLE () = D hi(O) 1, ()

i=1 i=1

for every (x, y) € A. Fix arbitrary i, j € {1, ..., r}. Then we can find x € E; such
that L(A,) = 1 holds, whereby A, = {y € [0, 1] : (x, y) € A}. For such x we have
hi(y) = hj(x) for A-almost every y € E, which firstly implies that 4 is, up to a set
of measure zero, constant on E ;j and, secondly, that k i isconstanton E; x E | outside
a set of Ap-measure zero. Since we may modify the density on a set of A-measure
zero we can assume that k ; is of the desired form

.
ki(x.y) = > mijlg g (x.y),
i, j=1

with M = (m; )} =1 being a non-negative, symmetric matrix fulfilling

@ 20—y mi A (EDME)) = 1

(b) Z;-zl mj jA(Ej) = 1foreveryi € {1,...,r}

(¢) X ymijA(E;) =1forevery j €{l,...,r}

(d) >/, Imi j —mj| > 0 whenever j # [. O

Before proceeding with the final result it is convenient to take a look at the matrix
H = (H,-,j){’j:1 defined by

H; j:=m; ;MEj) = /hi(Z)d)»(Z) (26)
Ej
foralli, j e {l,...,r}. Accorc}ing to (a) in the proof of Lemma?25 H is stochastic.

Furthermore, idempotence of A and Remark 16 imply & ; * k; = k;, hence

D R E (x) = ky(x, y) =k xkj;(x, y)
i=1
= [ Eh1em X b0 @ dre
[0.1] i=1 j=1

i,j=1 i,j=1

= > 15 0h;() / hi(@dn(z) = D g, ()hj() Hy j-
Ej

From this is follows immediately that /; (y) = Z;:l H; jh;(y) is fulfilled for every
y € [0,1]and i € {1,...,r}, so, integrating both sides over E;, we have H;; =
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Z;‘=1 H; jHj;, which shows that H is idempotent. Having this, the proof of the
following main result of this section will be straightforward.

Theorem 26 Suppose that A is a copula whose corresponding Markov operator Ty
is quasi-constrictive. Then there exist r > 1 and a measurable partition (E;);_,

of [0, 1] in sets with positive measure, such that the limit copula A of sn(A) is
absolutely continuous with density k ; given by

r

1
ki(x,y) = Zmlmww 27)
i=1 !

forallx,y € [0, 1]. In other words, the limit copula A has an ordinal-sum-of-I1-like
structure.

Proof Since H is an idempotent stochastic matrix and since H can not have any
column consisting purely of zeros, up to a permutation, H must have the form (see
[5, 21]).

01 0...0

0 O... 0
T (28)

0 0 ...0;
whereby each Q; is a strictly positive r; x r;-matrix with identical rows and s is
the range of H. We will show that r; = 1 foreveryi € {1, ..., s}. Suppose, on the
contrary, that r; > 2 for some /. Then there would be indices I; := {iy, ..., iy} C

{1,...,r}anday,...,a, € (0, 1)’ with Zflzl a; = 1 such that Q; would have the
form

aya ... ay Hiyiy Hiiy - Hiy iy,
ai ax ... ay Hi, iy Hiyiy - Hipi,

o=\|... .|= ; . ) . (29)
ayaz ... ay Hiq,il H,'r]’,-2 ... H,‘q,,’r]

It follows immediately that

Hi i, = miy iy M(Ei)) = Hiy i, = mjy i, A\(Ej,) = -+ = H;, i, = mj, i, M(Ej,),

ryste

S0 my; i, = Mmj i, for every j € {l,...,r;} and arbitrary v € {1, ..., r;}. Having
this symmetry of M implies that all entries of Q; are identical, which contradicts the
fact that the conditional densities are not identical, i.e., the fact that

.
Dolmji —mjinl =D lmjiy —mj,| >0

Jjeh j=1
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whenever ij # iy. Consequently r; = 1 for every i € {1,...,s} and k; has the
desired form. m|

Remark 27 Consider again the transformation matrix 7 from Example 12. Then
”f/tl 1), ”I/rz (IT), ... are examples of the ordinal-sum-of-I7-like copulas mentioned
in the last theorem.

Acknowledgments The second author acknowledges the support of the Ministerio de Ciencia e
Innovacién (Spain) under research project MTM2011-22394.

Open Access This chapter is distributed under the terms of the Creative Commons Attribution
Noncommercial License, which permits any noncommercial use, distribution, and reproduction in
any medium, provided the original author(s) and source are credited.

References

1. Bartoszek, W.: The work of professor Andrzej Lasota on asymptotic stability and recent
progress. Opusc. Math. 28(4), 395413 (2008)

2. Cuculescu, I., Theodorescu, R.: Copulas: diagonals, tracks. Rev. Roum. Math Pure A. 46,
731-742 (2001)

3. Darsow, W.F.,, Nguyen, B., Olsen, E.T.: Copulas and Markov processes. Ill. J. Math. 36(4),
600-642 (1992)

4. Darsow, W.F, Olsen, E.T.: Characterization of idempotent 2-copulas. Note Mat. 30(1), 147—
177 (2010)

5. Doob, J.: Topics in the theory of Markov chains. Trans. Am. Math. Soc. 52, 37-64 (1942)

6. Durante, F., Klement, E.P., Quesada-Molina, J., Sarkoci, J.: Remarks on two product-like
constructions for copulas. Kybernetika 43(2), 235-244 (2007)

7. Durante, F., Sarkoci, P., Sempi, C.: Shuffles of copulas. J. Math. Anal. Appl. 352, 914-921
(2009)

8. Durante, F., Sempi, C.: Copula theory: an introduction. In: Jaworski, P., Durante, F., Hardle, W.,
Rychlik, T. (eds.) Copula Theory and Its Applications. Lecture Notes in Statistics-Proceedings,
vol. 198, pp. 1-31. Springer, Berlin (2010)

9. Durante, F.,, Fernidez-Sédnchez, J.: Multivariate shuffles and approximation of copulas. Stat.
Probab. Lett. 80, 1827-1834 (2010)

10. Farahat, H.K.: The semigroup of doubly-stochastic matrices. Proc. Glasg. Math. Ass. 7, 178—
183 (1966)

11. Fernandez-Séanchez,J., Trutschnig, W.: Conditioning based metrics on the space of multivariate
copulas, their interrelation with uniform and levelwise convergence and Iterated Function
Systems. to appear in J. Theor. Probab. doi:10.1007/s10959-014-0541-4

12. Fredricks, G.A., Nelsen, R.B., Rodriguez-Lallena, J.A.: Copulas with fractal supports. Insur.
Math. Econ. 37, 42-48 (2005)

13. Kallenberg, O.: Foundations of Modern Probability. Springer, New York (1997)

14. Klenke, A.: Probability Theory—A Comprehensive Course. Springer, Berlin (2007)

15. Komornik, J., Lasota, A.: Asymptotic decomposition of Markov operators. Bull. Pol. Acad.
Sci. Math. 35, 321327 (1987)

16. Kunze, H., La Torre, D., Mendivil, F.,, Vrscay, E.R.: Fractal Based Methods in Analysis.
Springer, New York (2012)

17. Lancaster, H.O.: Correlation and complete dependence of random variables. Ann. Math. Stat.
34, 1315-1321 (1963)


http://dx.doi.org/10.1007/s10959-014-0541-4

Some Consequences of the Markov Kernel Perspective of Copulas 409

18.

19.

20.
21.

22.
23.
24.
25.

26.

217.

28.

29.

30.

31.

32.

33.

34.

Lasota, A., Mackey, M.C.: Chaos, Fractals and Noise—Stochastic Aspects of Dynamics.
Springer, New York (1994)

Li, X., Mikusinski, P., Taylor, M.D.: Strong approximation of copulas. J. Math. Anal. Appl.
255, 608-623 (1998)

Mikusinski, P., Sherwood, H., Taylor, M.D.: Shuffles of min. Stochastica 13, 61-74 (1992)
Mukherjea, A.: Completely simple semigroups of matrices. Semigroup Forum 33, 405429
(1986)

Nelsen, R.B.: An Introduction to Copulas. Springer, New York (2006)

Olsen, E.T., Darsow, W.F., Nguyen, B.: Copulas and Markov operators. In: Proceedings of the
Conference on Distributions with Fixed Marginals and Related Topics. IMS Lecture Notes.
Monograph Series, vol. 28, pp. 244-259 (1996)

Parry, W.: Topics in Ergodic Theory. Cambridge University Press, Cambridge (1981)
Schwarz, S.: A note on the structure of the semigroup of doubly-stochastic matrices. Math.
Slovaca 17(4), 308-316 (1967)

Sempi, C.: Conditional expectations and idempotent copulae. In: Cuadras, C.M., et al. (eds.)
Distributions with given Marginals and Statistical Modelling, pp. 223-228. Kluwer, Nether-
lands (2002)

Siburg, K.F., Stoimenov, P.A.: A measure of mutual complete dependence. Metrika 71, 239—
251 (2010)

Swanepoel, J., Allison, J.: Some new results on the empirical copula estimator with applica-
tions. Stat. Probab. Lett. 83, 1731-1739 (2013)

Trutschnig, W.: On a strong metric on the space of copulas and its induced dependence measure.
J. Math. Anal. Appl. 384, 690-705 (2011)

Trutschnig, W., Fernandez-Sanchez, J.: Idempotent and multivariate copulas with fractal sup-
port. J. Stat. Plan. Inference 142, 3086-3096 (2012)

Trutschnig, W., Fernandez-Sanchez, J.: Some results on shuffies of two-dimensional copulas.
J. Stat. Plan. Inference 143, 251-260 (2013)

Trutschnig, W.: On Cesdro convergence of iterates of the star product of copulas. Stat. Probab.
Lett. 83, 357-365 (2013)

Trutschnig, W., Ferndndez-Sanchez, J.: Copulas with continuous, strictly increasing singular
conditional distribution functions. J. Math. Anal. Appl. 410, 1014-1027 (2014)

Walters, P.: An Introduction to Ergodic Theory. Springer, New York (2000)



	Some Consequences of the Markov Kernel Perspective of Copulas
	1 Introduction
	2 Notation and Preliminaries
	3 Some Consequences of the Markov Kernel Approach
	3.1 Strong Metrics on mathcalC
	3.2 Induced Dependence Measures
	3.3 The IFS Construction of (Very) Singular Copulas
	3.4 The Star Product of Copulas

	4 Copulas Whose Corresponding Markov Operator Is Quasi-constrictive
	References


