Spectral Element Discretization for the Vorticity,
the Velocity and the Pressure Formulation
of the Axisymmetric Navier-Stokes Problem

Chabhira Jerbi and Nahla Abdellatif

Abstract We deal with the Navier-Stokes equations set in a three-dimensional
axisymmetric bounded domain with non standard boundary conditions which
involve the normal component of the velocity and tangential component of
the vorticity. The axisymmetric property of the domain allows to reduce the
three-dimensional problem into a two-dimensional one. We write a variational
formulation with three independent unknowns: the vorticity, the velocity and the
pressure. For the discretization, we use the spectral element methods, which are
well-adapted here. We show the well-posedness of the obtained formulations and
we establish error estimates for the three unknowns which proves the convergence
of the method.

1 Introduction

We consider, in this paper, the Navier-Stokes problem set in a three-dimensional
axisymmetric bounded domain and provided with non standard boundary
conditions, which are given on the normal component of the velocity and tangential
component of the vorticity. This problem reads:
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—vAii+ (V)i + VP = f in 2,
divii = 0 in £2,

ui=0 on 3.(2, M
curli Afi = 0 on 082

where £2 is a bounded connected three-dimensional axisymmetric domain, the
generic point in §2 is given by cylindrical components (r, 6, z) € Ry x] — 7, 7] x R.
v is the viscosity of the fluid, # = (u,,uy,u;) the velocity, P the pressure and
f is the data, which represent the density of body forces. When the data is
axisymmetric, problem (1) is equivalent to two decoupled systems [9]. In the first
one, the unknowns are the components u, and u, of the velocity and pressure P,
we will focus on. The second is a Laplace problem where the unknown is the
velocity component ug.

At first, this problem was studied in [1] but in an unspecified bounded domain,
then it was taken again by Azaiez et al. [10] in a bounded domain included in R? or
R? in formulation (u, p), though the formulation that we consider here deals with
three unknowns: vorticity, velocity and pressure. The first numerical analysis relying
on this formulation has been realized in [13] and [8] for finite element methods and
it has been extended to the case of spectral methods in [3] and [10], using analogues
of Nédélec’s finite elements [6].

The discretization method which we use here is the spectral element methods,
which are well adapted in domain decomposition. The main tool for the analysis
of the nonlinear discrete problem is the theorem of Brezzi, Rappaz and Raviart [5].
We first prove the existence of a discrete solution. Then, by combining the results
in [5, 11] and [7], we establish error estimates between the continuous solution and
the discrete one, for the three unknowns.

The paper is organized as follows. In the next section, we introduce the varia-
tional formulation corresponding to the Navier-Stokes problem and we derive the
existence of a solution. In Sect. 3, we study the discrete problem and we prove the
well-posedness of this problem. We derive error estimates between the continuous
solution and the discrete one in Sect. 4.

2 The Vorticity, Velocity and Pressure Formulation

The domain 2 is obtained by rotating a two-dimensional domain §2 around the axis
{r = 0}. We note by I} the intersection of the boundary 92 with the axis r = 0,
I' = 02\ I} and by n the normal to I” in the plane (7, z). We introduce the vorticity
o as a new unknown: @ = curlu. The bidimensional problem resulting from (1)
reads:
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veurbw + w xu+ VP = f  in £2,
diviu =0 in £2,

o = curly in £, )
u-n=20 on I,
w=0 on .

The operators div,, curl and curl; are given by: for u = (u,, u,),
div,u = 0,u, +7r~'u, +0.u, and curlu = 9,u, —0.u,. And for any scalar function ¢,
we define curl,p = (8Z<p, —r719, (rfp)). We refer to [11], for details.

In order to write the variational formulation of problem (2), we define the
following weighted Sobolev spaces: For all s in Z and m in N:

L}(£2) ={v: 2 — R measurable // [v(r,2)|*r*drdz < oo
2

HM2)={veL}(2) / 0" veL}(2) VYO<I<m},
Hi(curl, 2) = {v € L}(2)* / curlve L}(2)},
H\(div,,2) = {v € L}(2)* / div,v € L](22)},
HY (div,, 2) = {v € H(div;,2)/ v-n=0 on I},
Hi(curl,, 2) ={p € L}(2) / curlp € L}(2)*},
VIR2)=H/(2)NL2(2) and V), (2)={veV!(2)/ v=0 on TI}.

The spaces V,' (£2), H;(div,, §2) and H (curl,, £2) are respectively provided with:
2 2 2 i
o) = (g + 1001220 + V22 )

1
2 . 2 2
VI iy i, 20 = (VI 200y + I1dIVeVIT2 00 )
1( ) 1( )

1

2 2 2
”(p”Hl(curl,,Q) = (”w”L%(Q) + ”Curll‘(p”L%(Q)Z) .

We note that the two norms |[.|| , curi, ) and ||.||V11 () are equivalent on V! (£2).

The variational problem reads:
Find (w, u, p) € Vllo([?) x HY (div;, £2) x L%,O(Q) such that:

a(w,u;v) + K(w,u;v) +b(v, p) = (f,v), Vv € HX(div,, §2),
bu.q) =0, Vg€ L), 3)
c(w,u, ) =0, Yo € VL(£2).
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where (., .) is the duality pairing between H (div, §2) and its dual space. The forms
a(.,.;.),b(.,.)andc(.,.;.) are defined by:

a(w,u,0) = v/ (0.curlw)(r, z)rdrdz, b(v,q) = —/ (divyv)q (r, 7)rdrdz,
2 2

c(w,u, ) :/ w(r, z)go(r,z)rdrdz—/ (u.curlp)(r, z)rdrdz.
2 2

and K is the trilinear form given by: K(w, u;v) = / (w x u) v(r, z)rdrdz.

2
Using density results, we first prove that problems (2) and (3) are equivalent. To
prove the existence and the uniqueness of the solution of problem (3), we define the
two following kernels V' and W:

V={ve H (div.. 2), VqeLi(2) / b.q) =0},
W={@v)eV(@)xV | VoeVi(), c(¥,v;p) =0},
and the reduced problem:  Find (w, u) in W such that:
YveV, a(w,u;v)+ K(w,u;v) = (f,v). @
By using standard arguments and properties on the linear forms, proven in [3]

and [11], we can prove the existence and uniqueness of a solution for problem (4).
So for any function f in H, (div,, §2)" such that

cov™? I/ N ap @ivey <1 Q)]

Problem (3) admits a unique solution (, u; p) in Vll<> (£2) x HY (divy, £2) x L%,o (£2),
such that

||w||vll(9) + ”u”Hl(divr,Q) +v7! ||P||L§(Q)

<cv! I/ a2 (@ive.2y (1 +v7? ||f||H;>(div,,9y)- (6)

3 Discrete Navier-Stokes Problem

From now on, we assume that £2 is the rectangle |0, 1[x]—1, 1] and admits a partition
without overlap into a finite number of subdomains:

K
§:U9k and 2,N2w =0 , 1<k <k’ <K, such that:
k=1
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1. Each £2; , 1 <k < K is arectangle. o o
2. The intersection between two subdomains 2, and 24,1 <k <k’ < K, if not
empty, is either a vertex or a whole edge of both £2; and £2;-.

The discrete spaces Dy, Cy and My which approximate, respectively,
HP (divy, £2), Vll<> (£2) and L%,O(.Q) are defined from local discrete ones, for an
integer N > 2and 1 < k < K, by:

Dy = {VN € Hf(divr,.Q); VN|Qk € PN,N—](Q/() X PN—I,N(Qk)’ 1<k< K},

Cy = {on € VL(R2): onle, € Pv(2c), 1 <k < K} and
My = {gy € L7 (£2): qnlo, € Px1(24). 1 <k < K}.

where P, ,,, (£2;) is the space of restrictions to £2; of polynomials with degree < n
with respect to r and < m with respect to z, for any nonnegative integers n and m.
To calculate the integrals involved in the discrete forms, we define (&;,p;),
0 < i < N the nodes and weights of the Gauss-Lobatto quadrature formula on
[—1, 1] for the measure d{ and ({;,w;), 1 < j < N + 1 their analogues for the
measure (1 + ¢)d ¢, see [9] for a more explicit definition, we need two different
quadrature formulas. The quadrature formula on [—1, 1] is given by:

1 N
voePa(-11). [ 9@dE= Y sEn. )

i=0
and by setting r = %(1 +¢), we define the quadrature formula with the measure rdr:

N+1

|
V¢ € Pov—1([0,1]), /0 @ (r)rdr = i Z d(rj)w;. ®)
=1

We denote by (§2x)i1<k<k, the rectangles such that 02, N Iy # @ and by
(£21) ky+1<k <k those such that 02, NI =@. Denoting by Fj the affine mapping
that sends 0, 1[x] — 1, 1[ onto £, | < k < K, and sends | — 1, 1[> onto £2;,
Ko+ 1 < k < K. We define the discrete scalar product: For all functions u and v
such that uy = u|g, and vx = v|, are continuous on 21,1 <k <K,by:

Ko N N+1

2
((M,V))N = Z W Z Z uo Fk(rj,&').v o Fk(rj,g,-)pia)j.

k=1 i=0 j=1

K mes(§2x) VY
+ Z 4 ZZ’”Fk@jvéf‘)-voFk(Ejfi)Pipj.

k=Ko+1 i=0j=0

We denote by 7 1]\‘,, 1 <k < K, the Lagrange interpolation operators associated with
the nodes Fi (rj,&)i<j<n+10<i<y for 1 < k < Ko and with Fi(§;,&)o<ji<n
for Ko + 1 < k < K, with values in Py(£2%), 1 < k < K. For each
function ¢ continuous on §2, Iy¢ denotes the function such that 1 NOlo, =1 ]]\‘,QS,
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1 < k < K. Using the Galerkin method with numerical integration, we build from
the continuous problem (3) the following discrete problem:

Find (wy,uy; py) in Cy x Dy x My such that

an(on,uy,vn) + Ky(oy, un,vw),
+by (v, pn) = ((five))y » Yoy € Dy,

)
by(un,gn) =0, VYgn € My,
cn(on,uy,on) =0, Yoy € Cy.
where the bilinear forms ay (., .;.), by (.,.) and cy (., .; .) are defined by:
an(wn,uy;vy) =v((curboy,vy))n, byv(n.gn) = —((divivy, gn))w,
cy(n,un,on) = ((wy,on))y — ((uy,curlpy))n, while the trilinear form

Kn(.,.;.) is given by: Ky(wn,un;vy) = ((wny X uy,vy))y. In order to prove
the well-posedness of the discrete problem, we need to introduce the kernels:

Vv ={vy €Dy/Vgy e My , by(VN,qn) =0},
Wy = {(O)N,MN) € (CN X VN/VQN (S (CN,CN(O)N,MN,QN) = 0}.

We observe that, for any solution (wy, uy, py) of problem (9), the pair (wy, uy) is
a solution of the reduced problem: Find (wy, ux) € Wy such that:

VVN S VN N aN(a)N,uN;vN) + KN((UN,MN;VN) = ((f, VN))N . (10)

We recall from [4] and [7] that the bilinear form ay (., .;.) satisfies, on the discrete
spaces, a positivity property and an inf — sup condition with constants independent
of N. We also refer to [4], for a discrete inf — sup condition on the form by (., .).
Using the fixed point theorem of Brower, we can prove the wellposedness of
problem (10) and then derive the:

Theorem 1. For any data f continuous on $2, the discrete problem (9) admits a
solution (wy,un; py) in Cy x Dy x Mly. Moreover,(wy , uy) satisfies:

-1
o ||Lf(9) + ||”N||L%(Q)2 =cv ||1Nf||Lf(Q)2' (11)

4 Error Estimates

We now intend to prove an error estimate between the solutions of problems (3)
and (9). Since the error analysis of the discrete problem relies on the theory of
Brezzi, Rappaz and Raviart [5], we express both problems (4) and (10) in a different
form and we set X = VIIQ(Q) x (V' N Hy(curl, £2)). We denote by S the linear
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operator of Stokes which for any f in the dual space of H(div;, £2), associates the
solution (w, u) of the following reduced problem:

Find (w,u) € W suchthat VveV, a(w,u;v) = (f,v).

We introduce the mapping G defined from X into the dual space of H (div, §2) by:
V(w,u) € X, Vve HS(div,, $2), (G(w,u),v) = K(w,u;v) — (fv).

Then, problem (4) can be equivalently written as: Find (w, u) € X such that

(w,u) + SG(w,u) =0. (12)

Similarly, we define the discrete space Xy = Cy x (Vy N Hi(curl, £2)). We thus
define the discrete Stokes operator Sy: for any f in the dual space of H . (div,, £2),
Sy f denotes the solution (wy, uy) of problem: Find (wy, uy) € Wy such that

Vvy € Vv, an(wy,un;vy) = (fivn). (13)

The well-posedness of problem (13) is proven in [4], for a slightly different right-
hand side. Finally, we consider the mapping G defined from X in the dual space
OfDN by V(C()N,MN) (S] XN, VVN EDN

(Gn(wn,un),vn) = Ky(on, uy:vy) = ((f,vv)n- (14)
Problem (10) can equivalently be written as: Find (wy, uy) € Xy such that
(wn,un) + SyGy (wn,uy) = 0. (15)

Using analogous arguments to those in [4], we easily derive that the operator
Sy satisfies a stability property, with a constant independent of N and that, the
following error estimate holds for all f in Hf‘H(.Q) x H(£2)%, s > 1,

”(S - SN)f”X <cN™* ”Sf”HlSJFl(_Q)leS(_Q)Z : (16)

We are led to make the following assumptions. Here, D is the differential operator.

Assumption 1. The triplet (w, u, p) is a solution of the problem (3) such that the
operator Id + SDG(w, u) is an isomorphism of X .

This assumption can equivalently be written as: For any data g in H,” (div,, £2)/, the
linearized problem
Find (3, w,r) in V/,,(£2) x (Hf(divr, £2) N Hy(curl, .Q)) X L%,O(.Q) such that:

a(@,w,v) + K(w,w,v)+ KO, u;v)
+b(v,r) = (g,v), Vv e HS(div;, 2) N H;(curl, £2),
b(w.q) =0, Vg € L}(£2),
c(@w,p) =0, Vo € Vo (2).

a7
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has a unique solution with norm bounded by a constant times || g|| HE (div.2)- 1 yields
the local uniqueness of the solution (w, u, p) but is much less restrictive than the
global uniqueness condition. We need to prove a few technical results in order to
derive the error estimate. For this, we make the:

Assumption 2. The solution (w,u, p) of problem (3) satisfying Assumption 1,
belongs to H;T1(2) x H!(2)* x H{ (22),s > 1.

Then, we prove:

Lemma 1. Forany (wy,uy;vy) in Cy x Dy x Dy,

|K(on,un:vn)| = aiN oy o) lun 2@y vyl 22y » (18)

|Kn (0w, un:vn)| < N [lon Iy o) lunll 2y Vi ll 22 - 19)

the constants ¢; and c, are independent of N .

Proof. According to the Cauchy-Schwarz inequality we have:
|K(wy,uy;vy)| = ‘/Q(wN X uy).vyrdrdz| < ||CUN||L‘1‘(Q) ||“N||L‘l‘(9)2 ||VN||Lf(Q)2-

Using the inclusion of V}!(£2) in L{(£2) and inequality:
Viy € Pn(82).  lanllpse) = eN vl 2o - 20)

see [2], we have the first previous result. For the second one, we have with obvious
notation,

Ky(wn,un;vy) = (onunr, vN))n — ((OnUnz, VNr))N

= (Un(onuny), va)n — (Un(onunz), var))N-

By combining the Cauchy-Schwarz inequalities with inequality (3.7) in [7],
we obtain

|Kn (@, univn)| < v (@vun)ll2@p vy ll2e) -

Then, we use the following result which can be derived from its one-dimensional
analogue [7],

M
Vou € Pu(20). | Ion] 30, = U+ ) lomliza,
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with m(N) = E((1 + §)N) and § a real number between 0 and 1. We conclude,
by using the inequalities (20) and ||wy uy ||L%(Q)2 < ||lox ||Lzlt(9) ||t ”L?(-Q)Z’ together

with the continuous inclusion of V,!(§2) in L(£2), that

||(0NMN||L§(_Q)2 <cN ||CUN||V11(9) ||’4N||Lf(:2)2-

Remark 1. Similar arguments lead to estimate (18), if at most two of the three
functions wy, uy and vy are replaced by their analogues » in VL (£2), u and v
in D(£2).

Remark 2. Under Assumption 2 and taking N=E (26N —1), we can find (wy, Uy)
in Cy x Vi such that:

[(w—dn,u—iy)|]y <cN* ”(w’u)”HfH(Q)XHi"(Q)Z s8> 1. (21)

Note that estimate (21) makes sense only when N > 2.

Lemma 2. [If Assumptions 1 and 2 hold, there exists an integer Ny such that, for all
N > Ny, the operator Id + Sy DGy (&y , itn) is an isomorphism of X 5. Moreover,
the norm of its inverse operator is bounded independently of N .

Proof. We can write that:

Id + SNDGN(CZ)N, lth) =1d+ SDG(CL), u) - (S - SN)DG(Q), u)
= Sy(DG(w,u) — DG(dy, ity)) — SN (DG(@n, ity) — DGy (O, itn)).  (22)

It follows from the definition of G and Gy that, for all (6y,wy) in Xy and vy
in Vy:

(DG(@y,un).(On,wy),vn) = K(@n,wn;vn) + K(Oy, ity; vy ), and

(DGy (o, un).(On. W), vn) = Kn(@n, wyivw) + Ky Oy, ity vy).

Thanks to the choice of (@y,uy), the term Sy (DG(wn,uy) — DGy (On,liy))
vanishes. Then, using the stability of Sy, we can derive that:

Sy (DG(w, u) — DG(&y .i1)).(On . wn ) ||

K(w — &y, wy,vy) + KOy, u—iiy,vy)

=<c sup
VNEVN vy ||Lf(g)2

By Lemma 1, we have:
| Sy (DG(w,u) — DG(@y .iun)).(On, wn) |l x

< eV (0 = @ llyy o) Wl 2ar + 108 @ It = vl ae) - @3)
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Estimate (21) leads to

Nli)l}rloo |Sn(DG(w, u) — DG(on -un))| 1 (xy) = O- (24)

Finally, it follows from Assumption 2 that, when (6, w) runs through the unit ball
of X, DG(w, u)(#, w) belongs to a compact subset of L3(£2)2. So, the next property
is derived from the stability of Sy and from inequality (16) by standard arguments:

Jim (S = S%) DG(@. )] v, = 0. 25)

Thanks to Assumption 1, for y = H (Id + SDG(w, u))™" HL(X), and by choosing N
large enough so that the quantities in (24) and (25) are smaller than %, we obtain

the desired property with H (Id + SyDGy (&, ity)) ™" HL(X ) < 2y.
N

Lemma 3. The following Lipschitz property holds: ¥ (w3, uy) € Xy,

” SN (DGN(CDN, uy) — DGN(C()X,, M}k\,)) ”L(XN) <cN ” (CZ)N - a);\}, Uy — "‘7\/) HX .
(26)

Proof. We just note that

((DGN (&N, in) — DGy (@), uy)) - (On. wy) . vN)

= Kn(On — oy, wyivy) + Ky Oy, ity — uyivy).
Lemma 1 leads to the desired property.
Lemma 4. Assume that the data f € H (2)% o > % Under Assumption 2,
[(@n,in) + SNGN (DN, un) |l x
< c@.10) (N 1@ 01 e ian + N1 lapcar)

for a constant ¢(w, u) only depending on the solution (w, u).

Proof. From (12), we derive

[(@n,iin) + SyGn (@n,un)|lx < (@ —dn,u—in)|x + (S —Sy) G (0, u)] x
+ 1SN (G (0, u) = G (@n,un)|ly + ISy (G (@n,in) — Gy (&N, iun)) |y

The bound for the first term in the right-hand side obviously follows from (21).
From estimate (16) with Assumption 2, we also derive

”(S - SN) G (a)s u)”X = cN”’ |I(a)7 M)”Hf_‘_l(Q)XHi"(Q)z .
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On the other hand,

K(w,u;vy) — K(@y,un;vy) = K(w — oy, u;vy) + Ko, u —ity; vy)

— K(w—on,u—iy;vy).

So, we have from the stability property on Sy

K(w,u; — K(dn,uin;vN),
ISy (G (@.u) — G @n.ix)lx <c sup (K(w,u;vy) (&N, UN;VN), VN)
v EVN ||VN ”L%(Q)z

)

From (21), Remarks 1 and 2, we have
”SN (G (Cl), “) -G (d)Nv ﬁN»”X = C(Cl), M)N_S ”(a)’ M)HHISJFI(Q)XHIS(_Q)Z .

We note that Yvy € Dy, the quantities K(@y,uy;vy) and Ky (On,un;vn)
coincide. Then, if ITy_; denotes the orthogonal projection operator from L3(£2)
onto the space of functions such that their restrictions to all £2;, 1 < k < K, belong
to Py_1(£2x), and by adding and subtracting the quantity ITy_; f in

ISy (G (&N, iiy) — Gy (On, un))| x. We can prove that

15w (G @.iin) =Gy @iy = e (If =Av-1flizap + 1S

—INf”Lf(Q)Z) :
Finally, the standard approximation properties of the operators [1y_; and Iy,
lead to

Sy (G (@n,un) — Gy (@n, un))lx < N7 fllpo@)y -

The desired bound is then derived by combining the previous estimates.
We are now in a position to prove the error estimate.

Theorem 2. We assume that the data f is in H? (2)?, o > %, and that the
solution (w, u, p), of problem (3) satisfies Assumptions 1 and 2.

Then, there exists an integer No, and a constant c,, such that for any N > N, the
problem (9) has a unique solution (wn,un, py) satisfying the following estimate:

o —wn ||v11(9) + lu—unll g, @iv,.2) T 1P — PN||Lf(9)

< c@.w)|[ N (Nl o g, + Il + 12l ) + N7 1f lazer |
27)

Proof. Combining Lemmas 2—4 with the Brezzi-Rappaz-Raviart theorem [5], yields
that, for N sufficiently large, problem (10) has a unique solution (wy,uy).
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Moreover, thanks to the discrete inf-sup condition of by (., .), there exists a unique
pny in My such that

Vvy € Dy, byn(vn.pn) = ((fivy))v —an(on,uy:vy) — Ky (on, un;vy).
Hence, the existence and local uniqueness result follows. Moreover,

Vgn in My, by(vy.py —qn) = b(n, p —qn) — (fovn) + (five)N
+a(w —wy,u—uy;vy) + (@ —ay)(oy,uy;vy) (28)

+ K(w,u;vy) — Ky (on, un;vy).

so that the estimate for ||p — py|| 29 follows from the discrete inf-sup condition
of by (., .), a triangle inequality and the same arguments as in the proof of Lemma 4.

To conclude, the vorticity-velocity and pressure formulation allows to decouple
the calculus of the velocity and the pressure, to handle easily non standard boundary
conditions and leads to a more accurate approximation of the pressure. The
axisymmetric property of domain allows to move from a three-dimensional problem
to a two-dimensional one, which reduces the cost of the resolution. In addition, the
tensorization properties of the polynomial spaces, which characterize the spectral
methods, enable to inverse the obtained system matrix with a raisonable cost.
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