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Chapter 5

Boundary Triplets and Boundary
Pairs for Semibounded Relations

Semibounded relations in a Hilbert space automatically have equal defect numbers,
so that there are always self-adjoint extensions. In this chapter the semibounded
self-adjoint extensions of a semibounded relation will be investigated. Special at-
tention will be paid to the Friedrichs extension, which is introduced with the
help of closed semibounded forms. Section 5.1 provides a self-contained intro-
duction to closed semibounded forms and their representations via semibounded
self-adjoint relations. Closely related is the discussion of the ordering for closed
semibounded forms and for semibounded self-adjoint relations in Section 5.2; this
section also contains a general monotonicity principle about monotone sequences
of semibounded relations. The Friedrichs extension of a semibounded relation is
defined and its central properties are studied in Section 5.3. Particular attention is
paid to semibounded self-adjoint extensions which are transversal to the Friedrichs
extension. Section 5.4 is devoted to special semibounded extensions, namely the
Krein type extensions. In the nonnegative case these extensions include the well-
known Krein—von Neumann extension. The Friedrichs extension and the Krein
type extensions act as extremal elements to describe the semibounded self-adjoint
extensions with a given lower bound. In Section 5.5 there is a return to boundary
triplets and Weyl functions for symmetric relations which are semibounded. Of
special interest is the case where the self-adjoint extensions determined by the
boundary triplet are semibounded and one of them coincides with the Friedrichs
extension. In particular, this leads to a useful abstract version of the first Green
formula. The notion of a boundary pair for semibounded relations is developed in
Section 5.6. In conjunction with the above first Green formula, this notion serves
as a link between boundary triplet methods and form methods when semibounded
self-adjoint extensions are described; in a wider sense it establishes the connection
with the Birman—Krein—Vishik method.
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5.1 Closed semibounded forms and
their representations

A sesquilinear form t[-, -] in a Hilbert space $ with inner product (-, -) is a mapping
from ® x © to C, where D is a linear subspace of ), such that t[-, -] is linear in
the first entry and anti-linear in the second entry. The domain dom t is defined by
domt = ®. The form is said to be symmetricif t{p, 1] = t[1), ¢] for all p, 1) € dom t.
The corresponding quadratic form t[-] is defined by t[p] = t[p, ¢], ¢ € domt. The
polarization formula

i

(tho+ 9] —tlp = ¥]) +

(tle + 9] — tlp — iw)]) (5.1.1)

N

tp, 9] =

for ¢, € domt is easily checked. In the following the term sesquilinear will be
dropped; whenever a form t[-, -] is mentioned it is assumed to be sesquilinear and
it will be denoted by t. For instance, the inner product (-,-) is a form defined on
all of .

Definition 5.1.1. Let t; and t; be forms in §). Then the inclusion ty C t; means
that

domty C domty, tofp] =t1]p], ¢ € domts. (5.1.2)

If to C t1, then t5 is said to be a restriction of t; and t; is said to be an extension
of t5. The sum t; + t5 is defined by

(tl =+ 12)[907 w] = t1[§07 w} + t2[5071/}]7 9911/} S dom (tl + t2)7
where dom (t; 4 t2) = dom t; N dom t.
If « € C the sum t[-, -] + a(-,-) is given by
o, ] + alp,¥), ¢, € domt.

This sum will be denoted by t+ «. It is symmetric when t is symmetric and a € R.

Definition 5.1.2. A symmetric form t in ) is bounded from below if there exists a
constant ¢ € R such that

tle] > clloll®, ¢ € domt.

This inequality will be denoted by t > ¢. The lower bound m(t) is the largest of
such numbers ¢ € R:

m(t) = inf{ ||tg[osT|]2 :p €domt, ¢ # 0} .

If m(t) > 0, then t is called nonnegative.
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In the following the terminology semibounded form is used for a symmetric
form which is bounded from below. Note that t is a semibounded form if and
only if for some, and hence for all & € R the form t + « is semibounded. For a
semibounded form t the lower bound m(t) will often be denoted by ~. Note that
the form t — ~, v = m(t), is nonnegative with lower bound 0. Therefore, one has
the Cauchy—Schwarz inequality

[(t= e, ¥ < (t= D)2 (t—NW]Z, ¢,9 € domt, (5.1.3)

and, hence the triangle inequality

(t=p+ 9] < (t=)]e]? + (t—W]Z, ¢,¥ € domt. (5.1.4)

It follows from (5.1.4) that

[(t=Dp]? = t=NRI2| < E=Nlp—¥]>, @,v € domt. (5.1.5)

The following continuity property is a simple consequence of (5.1.5). For a sequence
(pn) in domt and ¢ € domt one has

t=Np—pal =0 = (t=7)es] = (t=)[p]. (5.1.6)

Let t be a semibounded form in $) with lower bound + and let a < 7. Equip
the space domt C § with the form

(907 z;b)tfa = t[QO, 1/’] - a‘(@a w)a 2 1/) € dom t. (517)

By rewriting this definition as

(@7¢)t—a = (t_ 7)[@7#’} + (’7 - a)(@ﬂ/’)» 3071/} € domt’ (518)

one sees that (-,-)(_, is the sum of the semidefinite inner product t — v and the
inner product (y — a)(+,-). Hence, (-,-)(—q is an inner product on domt and the
corresponding norm || - [|¢—, satisfies the inequality

lellf-a > (v =a)llel®, ¢ € domt. (5.1.9)

When dom t is equipped with the inner product (-, -){_q, the resulting inner prod-
uct space will be denoted by $¢_,. Note that if v > 0, then obviously a = 0 is a
natural choice in the above and the following arguments.

Lemma 5.1.3. Let t be a semibounded form in $ with lower bound v and let a < 7.
Let (pn) be a sequence in domt. Then (p,) is a Cauchy sequence in $_, if and
only if

tlon — om] =0 and |on — oml| — 0. (5.1.10)
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Proof. According to (5.1.8), (¢,,) is a Cauchy sequence in $);_, if and only if

(t_’y)[@n_@m]_)(] and H‘Pn_‘PmH2—>O' (5'1’11)

Now assume that (¢,,) is a Cauchy sequence in $¢_,. Then it follows from (5.1.11)
that (¢,) is a Cauchy sequence in $ and that
t[@n - @m] = (t_ ’Y)[‘pn - @’m] + ’YH(:DTL - @’m”2 — 0,

which shows (5.1.10). Conversely, if the sequence (ip,,) satisfies (5.1.10), then it
follows from (5.1.7) that (¢, ) is a Cauchy sequence in $¢_,. O

Let (¢,,) be a Cauchy sequence in $;_,. Since §) is a Hilbert space, it follows
from Lemma 5.1.3 that there is an element ¢ € § such that ¢,, — ¢ in 9.

Definition 5.1.4. Let t be a semibounded form in §). A sequence (¢,) in dom t is
said to be t-convergent to an element ¢ € §, not necessarily belonging to dom t, if

on — @ inH and tlp, — pm] =0, n,m— co.

This type of convergence will be denoted by ¢, —¢ .

The following result is a direct consequence of Lemma 5.1.3 and the com-
pleteness of §.

Corollary 5.1.5. Let t be a semibounded form in $ with lower bound ~ and let
a < 7. Then any Cauchy sequence in $¢_o is t-convergent. Conversely, any t-
convergent sequence in domt is a Cauchy sequence in $i_q.

If the sequence (p,) in domt is t-convergent, then by Definition 5.1.4

(t=MMen —om] =0 and |[[pn —@m| — 0.

Thus, one has the following result.

Corollary 5.1.6. Let t be a semibounded form in $ with lower bound v and let the
sequence (py,) in domt be t-convergent. Then the sequences ((t —)[¢n]), (Henl),
and (||¢nl|) converge and, consequently, they are bounded.

Proof. Since ~y is the lower bound of t, one has (t — v)[¢n — ¢m] — 0. Hence,
(5.1.5) shows that ((t — v)[¢n]) is a Cauchy sequence. Then the same is true for
the sequence (t[p,]) and it is also clear that (||¢,]|) is a Cauchy sequence. In
particular, the sequences ((t —)[¢n]), (t¢n]), and (||¢nl|) are bounded. 0

The t-convergence is preserved when one takes a sum of sequences. To see
this, let (¢,,) and (1),,) be sequences in dom t such that

on =i and Yy, =Y
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for some @, € $. Then clearly ¢,, + ¥, — ¢ + ¢ in $ and

(t=len + Y0 — (Pm + d)m)]%
< (t=Mlpn — ‘Pm]% + (=) [0 — ¢m]%a
by the triangle inequality in (5.1.4). Therefore,

on = and Yp Y = pp Y e+ (5.1.12)
As a consequence, one sees that

on =i and Y, = = lim t{p,,,] exists. (5.1.13)
n—oo
This last implication follows easily from Corollary 5.1.6 and (5.1.12) by the polar-
ization formula in (5.1.1).

Assume that ¢,, € dom t and that ¢,, — ¢ for some ¢ € $). Now the question
is when ¢ € domt and, if this is the case, when t[p, — ¢] — 07 This question
gives rise to the notions of closed form and closable form in Definition 5.1.7 and
Definition 5.1.11.

Definition 5.1.7. A semibounded form t in §) is said to be closed if
on =t = eedomt and t[p, —¢] — 0.

The statement in (5.1.13) can now be made more precise when the form is
closed.

Lemma 5.1.8. Let t be a closed semibounded form in $. Then
on =t = pedomt and tlp,] — ty], (5.1.14)

and, consequently,

On =@, Yo ¥ = p,pedomt and tlen, Yn] = tlp, ). (5.1.15)

Proof. Assume that t is a closed semibounded form and ¢,, —¢ ¢. Then ¢ € domt
and t[¢,, — ¢] — 0, and since ¢, — ¢ it follows that (t — v)[pn — ¢] — 0. Hence,
(t—7)[pn] = (t=)[¢] by (5.1.6), and therefore t[¢,,] — t[¢]. This shows (5.1.14).
Now polarization and (5.1.12) yield the assertion (5.1.15). O

Lemma 5.1.9. Let t be a semibounded form in $ with lower bound v and let a < ~.
Then the following statements are equivalent:

(1) $Hi—q is a Hilbert space;

(ii) t is closed.

In particular, t is closed if and only if t — x is closed for some, and hence for all
rzeR.
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Proof. (i) = (ii) Assume that £, is complete. To show that t is closed, assume
that ¢, —¢ @, so
on — @ and  tlp, — @] — 0.

In particular, this implies by Lemma 5.1.3 that ||¢, — @m|li—e — 0. Since H¢_,
is complete there is an element ¢y € $H¢_, = dom t such that ||¢, — vollt—a — 0.
Hence, by (5.1.9),

llen — ol = 0.
Thus ¢ = ¢¢ € domt. Therefore, ||¢, — ¢|li—a — 0 and by (5.1.7) one sees that
t{pn, — @] — 0. This proves that t is closed.

(ii) <= (i) Assume that t is closed. To show that $(_, is complete, let (¢,) be
a Cauchy sequence in $)¢_,. This implies that ¢, — ¢ for some ¢ € $; cf.
Corollary 5.1.5. The closedness of t gives that ¢ € domt = $H(_, and t[p, —p] — 0.
By (5.1.7) this leads to ||¢n — ¢|lt—a — 0, so that $_, is complete.

Since t — z is a semibounded form in $ with lower bound ~ — x, the last
statement follows from $¢_q = $¢_z_(a—s) and the equivalence of (i) and (ii). O

Let t be a semibounded form in §) with lower bound ~ and let ${_, be the
corresponding inner product space with @ < . In general t is not closed and hence
Hi¢_q is not complete; cf. Lemma 5.1.9. If t; is a semibounded form with lower
bound 77, which extends the semibounded form t with lower bound ~, then

7 <7

Note that for a < 7; one has that t; is closed if and only if $, _, is a Hilbert space.
The question is when such a closed extension t; exists and, if so, to determine the
smallest such extension of t. In order to construct an extension of t, note that
Lemma 5.1.8 suggests the following definition.

Definition 5.1.10. Let t be a semibounded form in $). The linear subspace dom t
is the set of all ¢ € $ for which there exists a sequence (¢,,) in domt such that

Pn —t P-

It is clear that dom't is an extension of domt. To establish the linearity of
dom t, recall the property (5.1.12). According to (5.1.13), it would now be natural
to define the form t on domt as an extension of t by

tho, o] = T tlpn, Pn] forany  n —ep, dn 29, (5.1.16)

as the limit on the right-hand side exists. However, in general the limit on the
right-hand side of (5.1.16) depends on the choice of the sequences (¢,,) and (¥,),
so that t may not be well defined as a form.

Definition 5.1.11. A semibounded form t in $) is said to be closable if for any
sequence (;,) in domt

on =10 = tlp,] — 0.
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It will be shown that the extension procedure in (5.1.16) defines a form
extension of t if t is closable. In fact, in this case the resulting form t is unique,
being the smallest closed extension, and will be called the closure of t.

Theorem 5.1.12. Let t be a semibounded form in $ with lower bound v and let
a < 7. Then t has a closed extension if and only if t is closable. In fact, if t is
closable, then

(i) the closure t in (5.1.16) is a well-defined form which extends t;

(ii) t has the same lower bound as t;

(iii) t is the smallest closed extension of t,
and the inner product space $Hi—, 1s dense in the Hilbert space $;_,. Moreover, t
is closable if and only t—x is closable for some, and hence for all x € R, in which

case
t—r=t—ux. (5.1.17)

Proof. (=) Let t; be a closed extension of t. In order to show that t is closable,
assume that ¢, —¢ 0. The form t; is an extension of t and this implies ¢,, —, 0.
Since t; is closed, it follows that

tpn] = ti[pn] = 0.
Hence, t is closable.

(<) Assume that t is closable. It will be shown that t in (5.1.16) is a well-defined
form on domt. It is clear from (5.1.13) that the limit on the right-hand side of
(5.1.16) exists. To verify that this limit depends only on the elements ¢, ¢ and
not on the particular sequences (¢,,), (), let (¢,), (1!,) be other sequences such
that ¢!, —¢ ¢ and ], — 1. Then

(p’n—gon—no and 1!’;1—1/% —¢ 0
cf. (5.1.12). In particular, this gives
¢ —n =0 and ¢y, — 1, =0,
while the closability of t implies that
tlol, —on] = 0 and tl, —,] — 0.

To see that the sequences t[],, ¥} and t[p,, 1] have the same limit, consider the
inequalities

= )@ Vi) = (6= ) on, ]|
= |( )[ <Pm1/) } (f*V)[tﬂm%*%H
<t =D = o Wl + [t = V) on, 0], — ]|
< (t=)eh — enl2 (t = VWLIE + (= )en] 2 (6= 7)), — ).



288 Chapter 5. Boundary Triplets and Boundary Pairs for Semibounded Relations

Clearly, due to the closability assumption, the terms

(t=lph, —wn] and  (t—7)[th;, — ¥y]

converge to 0 as n — oo, while the terms

(t=Mn] and  (t—7)[en]

are bounded since v/, —¢ ¥ and ¢, —¢ @, respectively; cf. Corollary 5.1.6. It
follows that t[g/,, 1] — t{¢n,¥n] — 0 and hence t in (5.1.16) is a well-defined
form. Moreover, it is clear that textends t: t C t.
The form t is semibounded. To see this, let ¢ € domt. Then there exists
a sequence (¢,) in domt such that ¢, —¢ ¢. In particular, ¢,, — ¢ and hence
lonll = |l According to (5.1.16),
tlel = lim tfpn],

where t[p,] > 7||¢n]|?. Therefore,

o] > 7)el?, ¢ € domt,

so that t is semibounded. Moreover, this argument shows that the lower bound of
the extension is at least . Hence, t and t have the same lower bound.
The argument to show that t is closed, is based on the observation that for
the extension t:
On =t = tp— ] = 0. (5.1.18)
To see this, let ¢, —¢ ¢, that is ¢, — ¢ and lim,, n—co t{n — @m] = 0. Now fix
n € N, then ¢,, —¢ ¢ implies that

Pm — Pn 7t P — Pn A8 M — 00,
so that, by definition,
I[QO - @n] = lim t[§‘7m - ‘Pn}'
m— o0

Now taking n — oo gives (5.1.18).
The following three steps will establish that t is closed or, equivalently, that
i g @ <7, is complete.

Step 1. $¢_q is dense in H;_,. Indeed, let ¢ € H;_, = domt. Then there is a
sequence (¢y,) in H;_, = dom t such that ¢,, — ¢. It follows from this assumption
and (5.1.18) that

on — @ and tlp — @] =0,
in other words,
HSD - @n”%_a :F{[SD - @n] - (J,Htp - ‘Pn”2 = 0.
This shows that $¢_, is dense in H;_,.
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Step 2. Every Cauchy sequence in $)(_, is convergent in $;_,. To see this, let (¢,,)
be a Cauchy sequence in $¢_,. Then clearly there exists an element ¢ € $ such
that ¢, — ¢; cf. Corollary 5.1.5. Again by (5.1.18) it follows that

”90 - (anI—a -0,
which now shows that the Cauchy sequence (¢,) in £, is convergent in 9;_,
to, in fact, ¢ € domt = $H;_,.

Step 3. $;_, is a Hilbert space. To see this, let (x,) be a Cauchy sequence in H;_,.
By Step 1, there is an element ¢,, € ${_, such that

1
IXn — ‘PnHEfa < -

3

Hence, the approximating sequence (y,,) is a Cauchy sequence in $¢_,. By Step 2,
(pn) converges in $;_,, which implies that the original sequence () converges
in ﬁifa'

Next it will be shown that f is the smallest closed extension of t. Assume that
t; is a closed extension of t: t C t;. Let ¢ € dom? then there exists a sequence (,,)
in domt with ¢, —¢ ¢. Then also ¢, =4 P and hence ¢ € domt;. Therefore,
domt C domt. For every ¢, € domt it follows via corresponding sequences
(¢n), (¥p) in dom t with ¢,, —¢ ¢ and v, — ¥ that

A{[(pa w] = nh_{%o t[@nv wn] = nh—glo t1 [Sanv ¢n] =t [501 1”’

where the first equality follows from (5.1.16), the second equality is valid as t;
extends t, and the third equality follows from (5.1.15). Therefore, t C t;, and t is
the smallest closed extension of t.

As to the last statement, observe that Definition 5.1.11 implies that t is
closable if and only t — x is closable for some, and hence for all x € R. Finally,
(5.1.17) follows from (5.1.16). O

Thus, a closed semibounded form t; which extends t contains the closure E
The next corollary is a simple but useful description of the gap between t; and t.

Corollary 5.1.13. Let the semibounded form t with lower bound ~ be closable and
let the closed form t with lower bound v, be an extension of t, so that v1 < 7.
Assume that a < 1, then

f)tlfa = {‘P S ﬁtlfa : (@71#){17@ = 0,¢ € fJI_a} Dt —a fJE_a'

Let t be a closed semibounded form in $). Let ® C dom t be a linear subspace
and consider the restriction to of t to D,

tolp, V] = t{o,¥], @, eD.
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Since tp is a restriction of a closed form, it is closable, see Theorem 5.1.12. Let to
be the closure of to. Then by definition dom tp is the set of all ¢ € £ for which
there exists a sequence (¢,) in © with ¢, —5 ¢, which means ¢, — ¢. Since t
is closed, one sees in particular that dom to C dom t. Moreover, one has

to [90’ w] = nh—>nolc to [5077,7 wn] = nh—{%o t[()ona wn] = t[@a 1/"]

for ¢, € dom to, where the first equality is by definition, and the third equality
follows from Lemma 5.1.8. Hence, the closure ‘to of tp is the restriction of t to
dom'tp. Since t is closed, it follows that p € domtgp if and only if there is a
sequence (p,,) in ® such that

on — @ and  tlp, — ] = 0.

Definition 5.1.14. Let t be a closed semibounded form in ). A linear subspace ©
of domt is said to be a core of t if the closure tp of the restriction tp of t to ®
coincides with t.

Therefore, ® C domt is a core of t if and only if for every ¢ € domt there is
a sequence (¢, ) in © such that

on — @ and  tlp, — ] = 0. (5.1.19)

This leads to the following corollary.

Corollary 5.1.15. Let t be a closed semibounded form in $ with lower bound ~, let
a <7y, and let ® C domt be a linear subspace. Then ® is a core of t if and only
if © is dense in the Hilbert space $¢_q.

Note that in the situation of Theorem 5.1.12 the original domain domt is a
core of the closure t of t (recall that the form tis closed). The following fact is useful:
If t and s are closed semibounded forms in $ which coincide on ® C dom tNdom s
and © is a core of both t and s, then t = s.

Recall the definition of the sum of two forms in Definition 5.1.1 and observe
that a sum of semibounded forms is also semibounded. The following result is
concerned with additive perturbations of forms: it provides a sufficient condition
so that the sum of a closed semibounded form and a symmetric form remains
closed and semibounded. Sometimes this result is referred to as KLMN theorem,
named after Kato, Lions, Lax, Milgram, and Nelson. For a typical application to
Sturm—Liouville operators, see, e.g., Lemma 6.8.3.

Theorem 5.1.16. Assume that t is a closed semibounded form in $ and let s be a
symmetric form in $ such that domt C doms and

lslell < allell® +btlg], ¢ € domt, (5.1.20)
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holds for some a > 0 and b € [0,1). Then the symmetric form
t+s, dom (t+s) = dom t,

is closed and semibounded in . Furthermore, if © is a core of t, then ® is also a
core of t+s.

Proof. Let v be the lower bound of t. Fix some o’ < v and assume o’ < 0. For all
¢ € domt, ¢ # 0, one obtains from (5.1.20) that

sle] > —alle|? - b, (5.1.21)
and hence

(t+9)le] = (1= b)tle] —alle|® > (1 = b)a’ = a)lle|* = lle]l*,

where ¢ = (1 — b)a’ — a < 0. This shows that t 4+ s is semibounded from below.
Furthermore, the estimate (5.1.21) also shows that

L=l e = (1 =b)tle] — (1 = b)a'll]?
= tlp] = btlp] — allel® = ((1 = b)a’ —a)ll¢]
< (t+8)[e] = (1= b)a’ —a) ol
= llelts—e-

Using (5.1.20) one obtains

H(puitﬁfc’ = t[@] +5[30] - C/“SOHQ
< (1 +b)tlp] - (¢ —a)|el
S blH@H%*{z’:

where b = max {(1 + b), (¢’ — a)/a’}. Therefore, the above estimates imply that
the norms || - |7_,, and [ - |, ,_, are equivalent on dom t = dom (s + t). Since t is
closed, $(_, is a Hilbert space and hence $;s_. is a Hilbert space, that is, the
form t+ s is closed; cf. Lemma 5.1.9. The assertion about the core ® is clear from
Corollary 5.1.15. O

Semibounded relations in a Hilbert space generate closable semibounded
forms as will be shown in the following lemma. Note that if a relation is semi-
bounded, then so is its closure, with the same lower bound; this follows directly
from Definition 1.4.5. Furthermore, the closure will generate the same form. The
particular situation of semibounded self-adjoint relations will be considered in
detail in Theorem 5.1.18 and Proposition 5.1.19.

Lemma 5.1.17. Let S be a semibounded relation in $) with lower bound m(S). Then
the form tg given by

tslp. ] = (¢',¢), {e.¢'L{v, ¢’} €5, (5.1.22)
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with domtg = dom S, is well defined, semibounded with the lower bound m(S),
and closable. The closure tg of ts is a semibounded closed form whose lower bound
is equal to m(S), and

domts C dom S. (5.1.23)

Moreover, dom S = dom tg is a core of tg. Furthermore, with the closure S of S
one has L
ts =tz (5.1.24)

Proof. As a semibounded relation S is automatically symmetric, it follows that
mul S C mul S* = (dom S)*, and hence

(@) = ("), {o, '} {w. ¢} {0} € S.

Thus, the form in (5.1.22) is well defined with domtg = dom S. By definition tg
is semibounded and its lower bound is clearly equal to v = m(5).
In order to show that tg is closable, let ¢,, =, 0. Then, equivalently,

on — 0 and (ts —7)[en — ©m] — 0.

It suffices to verify that (ts —7)[¢n] — 0. Note that there exists ¢!, € $ such that
{on, ¢} € 5. Then

(ts = V)lpn] = (ts = V)[Pn; Pn] = (ts = VPn, on — Pm] + (ts = V)Pn, oml,

and it follows with the help of the Cauchy—Schwarz inequality (5.1.3) for the
nonnegative form (tg — ) and (5.1.22) that

[(ts — Mlen]] < |(ts = V) [n, €n — eml| + [(ts = V) [@n, om]|
< (ts — 7)ln? (ts — 1)ln — @m? + (2l — VP> om)]-

By Corollary 5.1.6, the sequence ((ts —7)[@,]) is bounded by M? for some M > 0.
Moreover, for every € > 0 there exists N € N such that (ts —7)[pn — @m] < €2 for
n,m > N. Therefore,

|(ts = Nlenll < Me + (@), = vn, om)l,  n,m = N.

Fix n > N and let m — oo. From [(¢;, — v¢n, om)| < ¢}, — v@nllllom and
loml] — 0 it follows that |(ts — ¥)[¢n]| < Me for n > N. This shows that
(ts —7)[pn] — 0 as n — oo, and hence tg is closable.

By Theorem 5.1.12, it is clear that the closure tg of tg is a semibounded closed
form whose lower bound is equal to m(S). It also follows from the definition of t
that the inclusion (5.1.23) holds. Furthermore, dom S = dom tg is a core of ts.

It remains to show (5.1.24). The inclusion tg C A{g is clear. For the opposite
inclusion, let ¢ € domtg = dom S and ¢’ € $ such that {¢, ¢’} € S, in which
case

tslo, o] = (¢, ).
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Then there exists a sequence ({¢n,¢),}) in S with ¢, — ¢ and ¢}, — ¢', and
hence

ts [‘Pn - Som} = ((10’/!L - @;nv ©n — @m) = 0.
Therefore, ¢, —. ¢, so that ¢ € dom tg. Moreover,

tsle ol = (¢ ) = lim (¢, 0n) = lim tsfpn, on] = 5[0, ¢,

where in the last equality the definition of the closure in Theorem 5.1.12 was used.
This implies tg C ts and hence tg C tg. Therefore, tg = tg. O

In the next theorem it is shown that every closed semibounded form can be
represented by a semibounded self-adjoint relation.

Theorem 5.1.18 (First representation theorem). Assume that t is a closed semi-
bounded form in $). Then there exists a semibounded self-adjoint relation H in £
such that the following statements hold:

(i) dom H C domt and
tlp,v] = (¢',¥) (5.1.25)
for every {p, ¢’} € H and ¢ € dom t;
(ii) dom H is a core of t;
(iil) if ¢ € domt, ¢’ € 9, and
tle, ] = (¢',¥) (5.1.26)
for every v in a core of t, then {p, ¢’} € H;
(iv) mul H = (dom t)* and
to, ¥ = (Hop ¢, ¥) (5.1.27)
for every ¢ € dom H and 1 € dom t.

The semibounded self-adjoint relation H is uniquely determined by (i). The closed
form t and the corresponding semibounded self-adjoint relation H have the same
lower bound: m(t) = m(H). Moreover, for each x € R the closed semibounded
form t — x corresponds to the semibounded self-adjoint relation H — x.

Proof. (i) Let m(t) = v and choose a < 7. Then the assumption that t is closed is
equivalent to the inner product space $;_, being complete, where $;_, = dom t is
equipped with the inner product of (-,-)¢—q as in (5.1.7)-(5.1.8); cf. Lemma 5.1.9.
For any fixed w € $ consider the linear functional

Y= ()
defined for all ¥ € H(_, = domt C $. It follows from (5.1.9) that

1
(6] < il < (2= ol ) Wollcar € e
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Hence, the mapping ¢ — (¥, w) from $H;_, to C is bounded with bound at most
lwll/v/7 — a. Therefore, by the Riesz representation theorem, there exists an ele-
ment @ in $H¢_, such that for all v € H;_,:

1
e
VY —a
Taking conjugates for convenience, it follows from the definition (5.1.7) of (-, -)i—q
that

(waw) = (U’@)t—a, H@H‘tfa S

(W, ¥) = (@,¢)t—a = @, Y] — a(@, ), (5.1.28)
or, in other words,
o, ¢] = (w+ad,v¥), ¥ E N (5.1.29)
Note that the linear mapping A from $) to ${_, defined by Aw = @& satisfies

1
VA=) < A0l € ol

where in the first inequality (5.1.9) was used. In other words, if A is interpreted
as a mapping from $) to $, then

1
[|[Aw] < EHWH-

By means of A define the linear relation H in § by
H = {{Aw,w + aAw} : w € H},
so that
A=(H—-a)™"

One sees that dom H = ran A C domt and mul H = ker A. Moreover, every
element {p, ¢’} € H can be written as {¢, ¢’} = {®,w + a®} for some w, so that
by the identity (5.1.29) one obtains

tlo, ] = (', %), {p,¢'} € H, Y € Hi—, = domt. (5.1.30)

It follows from (5.1.30) with ¢ = ¢ that H is a semibounded relation with lower
bound

m(H) = m(t) = . (5.1.31)
It is clear that H is symmetric. According to the definition of H one sees that
ran (H — a) = $, which, since a < =, implies that H is self-adjoint; cf. Proposi-
tion 1.5.6. Thus, (i) has been proved.

(ii) The statement that dom H is a core of t is equivalent to the statement that
dom H is dense in the Hilbert space ${_,. To verify denseness, assume that the
element 9 € $_, is orthogonal to dom H = ran A, i.e.,

0= (vaqvb)t—a = (aqub)l—a = (w,’l,b),

for all w € $; cf. (5.1.28). This leads to 1) = 0. Hence, dom H = ran A is dense in
the Hilbert space ${_,, and the assertion follows from Corollary 5.1.15.
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(iii) Let ¢ € domt and ¢’ € $ satisfy (5.1.26) for every ¢ in a core D of the form
t. Then (5.1.26) holds for all ) € domt. To see this, let ¢» € domt. Then there
exists a sequence (10,,) in © such that ¢,, —¢ ¢, which implies that t[,, — ] — 0.
Since v,, € ®, the assumption yields

tho, ] = lim tfp, ¢n] = lim (¢, 9n) = (¢',¥), ¢ € domt,

so that (5.1.26) holds for all ¢y € domt. Due to the symmetry of t this result may
also be written as

o, 0] = (¥,¢), ¢ €domt. (5.1.32)
Now let {¢,¢'} € H. Then ¢ € dom H C domt and, by (i),
v, o] = (¥, 9), (5.1.33)

because ¢ € dom t. Comparing (5.1.32) and (5.1.33) gives

W, @) = (W' p) forall {¢,¢'}eH,
which leads to {¢, ¢’} € H* = H. This proves (iii).

(iv) It follows from (i) that if {0,¢'} € H, then (¢’,1) = 0 for all ¢ € domt,
and hence mul H C (domt)*. Conversely, as dom H C domt by (i) and H is
self-adjoint, (dom t)* C (dom H)* = mul H. This shows that mul H = (dom t)*.

To see (5.1.27), let {¢,¢'} € H. Then ¢’ = Hypp + X, where x € mul H.
Hence, from (5.1.25) one obtains

tlo, ] = (¢',9) = (Hop o + X, ¥) = (Hop 0, 9),
which gives (5.1.27). This completes the proof of (iv).

To show uniqueness, assume that H’ is a semibounded self-adjoint relation
in § such that dom H’ C domt and

o, 9] = (¢, )

for every {¢,¢’'} € H' and ¢ € domt. Then, in particular, one concludes that
¢ € dom H' C domt and ¢’ € $, so that by (iii) it follows that {¢,¢'} € H.
Hence, H' C H and one obtains equality as H' and H are both self-adjoint.

Recall that it has been shown in the proof of (i) that m(H) > m(t); cf.
(5.1.31). The equality follows from the fact that dom H is a core of t; see (ii). In
fact, if ¢ € domt, then there exists a sequence (¢,,) in dom H such that ¢,, —¢ ¢.
Therefore, if ¢ # 0, then

t[] . ton) li (Hop ¢n; n) > m(H)

ol n=oe flenl — novoe lenll
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Since this inequality holds for every nontrivial ¢ € domt one concludes that

m(t) = inf{ thol . p € domt, ¢ # O} >m(H),

lell*

and so m(t) = m(H).
Finally, note that for z € R the form t — z is semibounded and closed, and
the relation H — z is semibounded and self-adjoint. For {¢, ¢’} € H,

(t=2)p.¥] = (¢, ¥) —2(p.¥) = (¢' — 2p,9) (5.1.34)

for all ¢ € domt = domt—z. Observe from (iii) that {¢, ¢’ —zp} € H—x belongs
to the semibounded self-adjoint relation corresponding to t — x. As H — x is self-
adjoint and contained in the semibounded self-adjoint relation corresponding to
t—x both coincide, i.e., H —x corresponds to the closed semibounded form t—z. [

The representation result in Theorem 5.1.18 gives assertions concerning the
semibounded self-adjoint relation associated with a given semibounded form. In
fact, every semibounded self-adjoint relation appears in such a context, as is shown
in the following proposition; cf. Lemma 5.1.17.

Proposition 5.1.19. Let A be a semibounded self-adjoint relation in $. Then the
semibounded, closable form defined by

talp, ¥ = (¢, 9), {o. @'} {9} € 4
has a closure whose corresponding semibounded self-adjoint relation is given by A.

Proof. Since A is semibounded and self-adjoint, Lemma 5.1.17 shows that the
form t4 is well defined, semibounded, and closable. Moreover, dom A is a core of
its closure t. Let H be the semibounded self-adjoint relation corresponding to t.
Since t is an extension of t, one has

o] =te, ¥l = (¢ 9), {p, @} {$ ¢} € A

Therefore, Theorem 5.1.18 (iii) implies that {¢,¢'} € H, since dom A is a core of
t. Consequently, A C H and since A and H are both self-adjoint, one concludes
A=H. d

The following observation, based on Theorem 5.1.18 and Proposition 5.1.19,
is included for completeness.

Corollary 5.1.20. There is a one-to-one correspondence between all closed semi-
bounded forms and all closed semibounded self-adjoint relations via the identity
(5.1.25) or, equivalently, via the identity (5.1.27) in the first representation theo-
rem.
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The correspondence between closed semibounded forms and semibounded
self-adjoint relations in Theorem 5.1.18 can be illuminated further in the context
of nonnegative forms and nonnegative self-adjoint relations. As a preparation,
observe that a typical way to define forms is via linear operators.

Lemma 5.1.21. Let T be a linear operator from a Hilbert space $) to a Hilbert space
R and define a nonnegative form t in § by

t[<p7 w] = (TQO7 T’l,l)), @, 7,[) S domt=domT.

Then

t is a closable form < T is a closable operator,

and in this case the closure of t is given by
tp,¥] = (T, TY), ¢, € domt=domT. (5.1.35)

Proof. (=) Assume that t is closable. Let (¢, ) be a sequence in dom T such that
wn — 0in H and Tp,, — ¢ in K. Then

ton — om] = IT(on — @m)‘|2 — 0,

which implies that ¢,, —¢ 0. Since t is closable, one obtains
HTYJnHQ = t{pn] = 0,

so that Ty, — 0. It follows that T is closable.

(<) Assume that 7T is closable. Let (¢y,) in dom t with ¢,, —¢ 0. Then ¢,, — 0 in
$ and (T'¢,) is a Cauchy sequence in K. Hence, T'p,, — 1 for some ¢ € K and
since T is closable one sees that 1) = 0. Therefore, t[¢,] = ||T¢,[*> — 0. It follows
that t is closable.

Finally, assume that t or, equivalently, T is closable. Then one has
domt = domT. (5.1.36)
Indeed, for the inclusion (C) in (5.1.36) consider ¢ € domt. Then there exists
a sequence (¢,) in domt with ¢, —¢ ¢; cf. Theorem 5.1.12. Hence, ¢, — ¢ in
$ and (T'p,) is a Cauchy sequence in R. Thus, there exists ¢’ € £ such that

Ty, — ¢'. Since T is closable it follows that ¢ € domT and ¢’ = T'p. Moreover,
by Theorem 5.1.12 and (5.1.16) it follows that

tlp, ¢l = lim tlpn, on] = lim (Tipn, Tpn) = (T, Tp),
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and polarization leads to the identity in (5.1.35). For the inclusion (D) in (5.1.36)
let o € domT. Then T = ¢ for some ¢’ € &, and there exists a sequence (¢p,,) in
dom T for which ¢,, — ¢ while T'p,, — ¢’. In particular, it follows that ¢, — ¢.
Therefore, ¢ € dom t; this proves (5.1.36). O

The following result specializes the first representation theorem to closed
nonnegative forms as in Lemma 5.1.21. For a class of closed nonnegative forms it
identifies the associated self-adjoint relations. Recall that for a closed operator R
a linear subspace ® C dom R is a core if the closure of the restriction R [o of R
to ® coincides with R; cf. Lemma 1.5.10.

Proposition 5.1.22. Let T be a closed relation from a Hilbert space $ to a Hilbert
space R and let T,,, = PT be the closed orthogonal operator part of T, where P is
the orthogonal projection in & onto (mulT)*; cf. Theorem 1.3.15. Then the rule

tlo, Y] = (Top . Top ), ¢@,¢ € domt=domT,, =domT, (5.1.37)

defines a closed monnegative form t in $. The nonnegative self-adjoint relation
corresponding to the form t is given by T*T. Moreover, a subset of domt = domT
is a core of the form t if and only if it is a core of the operator T,y .

Proof. Since the operator T, is closed, the nonnegative form tin (5.1.37) is closed,
with domt = dom 75, = dom7T’; cf. Lemma 5.1.21. Recall that 7*7" is a nonneg-
ative self-adjoint relation in 9; cf. Lemma 1.5.8. Assume that ¢ € domT*T and
1 € domT. Let ¢’ € $H be any element such that {¢,¢’} € T*T. This implies
that {¢,n} € T and {n, ¢’} € T* for some 7 € K. Clearly, n = To, ¢ + w for some
wemulT. Since {Top @ +w, ¢’} € T* and {¢, T,, 1} € T, one sees that

O = (¢/7¢) - (Top@ + w7Top ZZ’) = (90/711&) - (TOP ()07T0p 1/})’ 1/} € dOmT,

ie.,
tlo,v] = (¢, ¥), {p, ¢’} €eT*T, 1 €domT.

Let H be the nonnegative self-adjoint relation associated with t via Theorem 5.1.18.
According to (iii) of Theorem 5.1.18, the nonnegative self-adjoint relation 7*7" sat-
isfies T*T C H, which gives T*T = H.

Now let ® C domt = domT be a linear subset. Then ® is a core of t if and
only if for every ¢ € domt = dom T there is a sequence (¢,) in © such that

on — @ and  tlp, — ] = 0;
cf. (5.1.19). In view of the definition of t, this condition reads as
on — @ and  Topon — Top ¢,

in other words ® is a core of T, . O
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The so-called second representation theorem may be seen as a corollary of
Theorem 5.1.18 and Proposition 5.1.22.

Theorem 5.1.23 (Second representation theorem). Assume that the closed semi-
bounded form t and the semibounded self-adjoint relation H are connected as in
Theorem 5.1.18, so that m(H) = m(t) =, and let x <. Then

domt = dom (H — x)%
and the form t is represented by
the, ] = ((Hop —2)* ¢, (Hop — 2)20) +2(p,0), .0 € domt.
Moreover, a subset of domt = dom (H — x)% is a core of the form t if and only if
it is a core of the operator (Hop — OED
Proof. For x < define the form s, by
solip¥] = (Hop — )2, (Hop —2)39), 9,9 € doms,

on the domain doms, = dom (H,, — x)"/? = dom (H — 2)*/2. By Proposi-
tion 5.1.22, the form s, is closed and nonnegative. The corresponding nonnegative
self-adjoint relation is given by

(H-2)2)"(H-2)? =H -z,
and hence s, [p, ¥] = (¢, 1) holds for all {p, ¢’} € H—x and ¢ € doms,. It follows
as in the proof of Theorem 5.1.18 (see (5.1.34)) that the closed semibounded form

(52 + 2)[p,¥] = (Hop — x)%ga, (Hop — x)%w) +2(p,1), @, € doms,,

is represented by the semibounded self-adjoint relation H. Furthermore,

(52 + 2)[p, Y] = (Hop — @), %) + 2(p,9) = (Hop ¢, ¥)

for all ¢, € dom H, and hence the restrictions of the form s, +z and of the form
t to dom H,,, coincide; cf. Theorem 5.1.18 (iv). According to Proposition 5.1.22
and Lemma 1.5.10, dom H,, is a core of s, and hence also of s, + 2. On the other
hand, by Theorem 5.1.18 (ii), dom H,,, = dom H is also a core of t. Hence, the
forms s, + = and t coincide on the common core dom H,y, . This implies that the
forms s, + x and t coincide. Therefore,

[N

domt = dom (s, + ) = dom (H — z)2, x <7,
and

o, ] = (Hop — )2, (Hop — 2)30) + 2(p,9), ¢, ¢ € domt.

Finally, Proposition 5.1.22 shows that a subset of domt is a core of t if and only
if it is a core of the operator (H,p, — ). This completes the proof. (|
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5.2 Ordering and monotonicity

In this section an ordering will be introduced for semibounded closed forms t;
and to, and for semibounded self-adjoint relations H; and Hsy in a Hilbert space
$. It will be shown that these orderings are compatible if t; and Hy, and t; and
Hj are related via the first representation theorem (Theorem 5.1.18), respectively.
An alternative formulation of the ordering of semibounded self-adjoint relations
will be given in terms of their resolvent operators. The last part of the section is
devoted to a general monotonicity principle in the context of semibounded self-
adjoint relations or, equivalently, of closed semibounded forms.

First an ordering will be defined for semibounded forms that are not neces-
sarily closed.

Definition 5.2.1. Let t; and t; be semibounded forms in ) that are not necessarily
closed. Then one writes t; < to, if
domty; C domty, ti[p] <tlp], ¢ € domts. (5.2.1)

Note that if t; < ty, then ty-convergence implies t;-convergence. Indeed, let
©n —t, @. By Definition 5.1.4, this means that

on €domts, @, =, and ta[p, — ©m] — 0.
Since t; < t, this implies that
on €domt; and  ti[en — @m] — 0,
which shows that ¢,, —, . Definition 5.2.1 generates a number of simple but
useful observations.

Lemma 5.2.2. Let t1, t5, and t3 be semibounded forms in $) that are not necessarily
closed. Then the following statements hold:
(i) o Cth = 4 <ty
(i) & <ty = m(ty) < m(ty);
(i) t1 <ty and t2 < t3 = t; < t3;
)t <ty andta <t =t =ty
(V) 1 <t2 = f, <'ta, when t; and ts are closable.

(iv

Proof. (i) This follows from the definition of t5 C t;; cf. (5.1.2).
(ii) It follows from (5.2.1) that

ti[o]
llel?

< inf{F[SHDi s € domty, ¢ # 0}.
14

|
Hence, Definition 5.1.2 implies that m(t;) < m(t2).

inf{tl[sﬁ] g edomty, ¢ # 0} < inf{

Pk 1@ € dom tg, @7&0}
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(iii) This is an immediate consequence of Definition 5.2.1.

(iv) If 41 < to and to < 44, then it follows from (5.2.1) that domt; = domt, and
that t[p] = ta[p] for all ¢ € domt; = domty. The conclusion now follows by
polarization; cf. (5.1.1).

(v) Assume that t; and to are closable forms. Let ¢ € domg; then, by Defi-
nition 5.1.10, there exists a sequence (y,) in domty such that ¢, —, ©. Re-
call that ty-convergence implies t;-convergence and thus ¢ € dom t;. This shows
dong C dom?l. Therefore, Theorem 5.1.12 implies that for ¢ € dom?z one has

I1[90] = lim t;[p,] < lim ta[py] :¥2[§0L
n— 00

n—oo

which shows (v). O

Next an ordering will be defined for semibounded self-adjoint relations. It
will be shown in Proposition 5.2.6 below that this ordering is in agreement with
the notation v < H for a semibounded self-adjoint relation H with lower bound
~; cf. Definition 1.4.5. Note that the following definition relies on Lemma 1.5.10.

Definition 5.2.3. Let H; and Hy be semibounded self-adjoint relations in $), with
lower bounds m(H;) and m(Hs), respectively. Then the relations H; and Hy are
said to be ordered, and one writes Hy < Ho, if

1

dom (Hs — x)% C dom (H; — )2,

(5.2.2)
1 1
[(Hiop —2)2 @] < [[(H2op —2)2¢ll, ¢ € dom (Hy — )2,

[N

is satisfied for some, and hence for all x < min {m(H;), m(Hz)}.

In the next theorem it is shown that the ordering for semibounded forms
in Definition 5.2.1 and the ordering for semibounded self-adjoint relations in
Definition 5.2.3 are compatible. Here the second representation theorem (The-
orem 5.1.23) plays an essential role.

Theorem 5.2.4. Let t; and to be closed semibounded forms in $ and let Hy and
Hy be the corresponding semibounded self-adjoint relations. Then

4t <t & H <H.
Proof. Assume first that t; < t5. Then, by Definition 5.2.1,
domty C domty, ti[p] <tafp], ¢ € domty,

and for all z < min{m(t;),m(tz)} it follows from Theorem 5.1.23 that (5.2.2)
holds. Hence, H; < Hy by Definition 5.2.3.

Conversely, assume that H; < Hs. Then, by Definition 5.2.3, (5.2.2) holds
for all 2 < min {m(Hy),m(Hz)} and hence Theorem 5.1.23 implies t; < t. O
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Lemma 5.2.5. Let Hy, Hy, and Hs be semibounded self-adjoint relations in $).
Then the following statements hold:
(i) Hy < Hy = mul H; C mul Hy;
(ii) Hw < Hy = m(Hy) < m(Hs);
(iii) Hy < Hy and Hy < H3 = Hy < Hj;
(iv) Hy < Hy and Hy < Hy = Hy, = Hy;
(v) HH < Hy & Hy — 2 < Hy — x for every x € R.

Proof. Let t; be the closed semibounded form corresponding to H;, i = 1,2,3.
For the proof of (i) it is sufficient to observe that

dom Hy; = domty C domt; = dom Hq,

where Theorem 5.2.4 and Theorem 5.1.18 (iv) were used. Taking orthogonal com-
plements then gives mul H; C mul Hy. For (ii) recall that

m(Hy) = m(t) <m(ty) = m(Hy),

as follows from Lemma 5.2.2 and Theorem 5.1.18. Statements (iii) and (iv) are
translations of similar statements in Lemma 5.2.2. The statement (v) is clear from
Theorem 5.2.4. 0

Assume that in Definition 5.2.3 the self-adjoint relation H; has a closed
domain dom H;. Then the operator part H o, of H; is a bounded operator which
implies that dom H; = dom (H; — x)%. Thus, in this case H; < Hs if and only if

dom (Hy — )% C dom Hy,

(5.2.3)
(Hiop — )9 90) < (Haop — )3, ¢ € dom (Hp —z)3.

[N

The following proposition gives an alternative version of this statement.

Proposition 5.2.6. Let Hy and Ho be semibounded self-adjoint relations in $ and
assume that dom Hy is closed. Then the following statements are equivalent:

(i) Hy < Hs;

(i) dom Hy C dom Hy, (Hi,op s ) < (Haop s ), ¢ € dom Hs.
Moreover, if Hy € B()), then these statements are equivalent to
(iii) (Hip,¢) < (Ha,op ¢, ¢), ¢ € dom Hy;

(iv) (Hip,9) < (¢',9), {p,¢'} € Ha;
and in the particular case that Hy = vy11g to

(V) 71‘|¢‘|2 S (HQ,OP 50750)} [("2RS dOHng,’
i) mllell? < (¢, ), {¢,¢'} € Ha.
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Proof. (i) = (ii) Let (i) be satisfied. Then dom Hy C dom (Hy — z)2 C dom H;
by (5.2.3), and for all ¢ € dom Hj the inequality in (5.2.3) takes the form

(Hiop — ), 0) < ((Hz,op — )05 0),
which implies (ii).

(ii) = (i) Let (ii) be satisfied and let ¢ € dom (Hy — z)2. Then there exists a
sequence (¢,) in dom Hs such that

ol

1
Pn — ® and (H2,0p - CE)QQ)D" — (H2,op - I) ©, n — 00,

since dom Hy is a core of (Ha — :v)%; see Lemma 1.5.10. Due to the assumption
one has ¢,, € dom H; and

(Hiop = 2)¢n,0n) < (Haop = 2)¢n, ) = | (Hzop — ) 7ull*
Since dom H; is closed it follows by taking the limit that
(Hiop = 2)0.0) < |(Haop —2)%0|*, o € dom (Hy — ).
Hence, (5.2.3) is satisfied or, equivalently, Hy < Ho.
If Hy; € B(9), then dom H; = §) and hence the rest of the statements is clear. [

In particular, the inequality in (v)—(vi) of Proposition 5.2.6 shows that the
ordering vIy < H is equivalent to H being semibounded with lower bound
as defined in Definition 1.4.5. Furthermore, if both H; and H; are self-adjoint
operators in B($)), then they are semibounded and Proposition 5.2.6 (iii) shows
that Hy < Hy in the sense of Definition 5.2.3 agrees with the usual definition
(Hip, ) < (Hap, p) for all p € 9.

The ordering for semibounded relations H; and Hy can also be expressed in
terms of their resolvent operators. The next proposition is an immediate conse-
quence of Proposition 1.5.11 (for the special case p = 1).

Proposition 5.2.7. Let Hy and Hs be semibounded self-adjoint relations in $). Then
the following statements are equivalent:

(i) Hi < Ha;

(i) for some, and hence for all x < min{m(H;), m(Hs)}

(H2 - .Z')71 S (H1 - 1,')71.

The next corollary slightly extends Proposition 5.2.7 and gives a further
interpretation of the inequality Hy < Hy when = < min{m(H;),m(Hz)}. The
equivalence in (5.2.4) below is an example of the antitonicity property.
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Corollary 5.2.8. Let Hy and Hy be semibounded self-adjoint relations in $). Then
Hy < Hy
if and only if for v < min {m(H;),m(Hz)} one has
(Hy—~)~' < (Hi =)~
In particular, if Hy and Hy are nonnegative self-adjoint relations, then
H <Hy, < Hy'<H™" (5.2.4)

Proof. Let H be a semibounded self-adjoint relation with v < m(H). Then H — v
is nonnegative and hence also (H — «)~! is a nonnegative self-adjoint relation.
Now write for = <

H—-—xz=H—-~v—(x—7),
and apply Corollary 1.1.12 (with H replaced by (H — )~ and X replaced by
(x —v)~1), obtaining

R e (AR )

z—y (z-—v r—7

Hence, for the pair of semibounded self-adjoint relations H; and Hs and with
~v < min{m(H,), m(Hs)} one obtains for each z < ~:

(Hy—z)"' = (Hy— )"

:ﬁ [((sz)‘l Iiy>l <(H1*”)_17 xi7>1}

Since z —~ < 0, a repeated application of Proposition 5.2.7 shows the equivalence.
In fact, H; < Hy if and only if (Hy — x)~! < (H; — x)~! by Proposition 5.2.7,
which by the above formula is equivalent to

>_1 < <(H2 —) = ! >_1. (5.2.5)

T =7

((Hl - - P

Another application of Proposition 5.2.7 shows that the inequality (5.2.5) is equiv-
alent to the inequality (Hs — 7)™ < (H; — )~ O

As a corollary to Proposition 5.2.7 it will be shown that in the case H; < Hy
the difference (H; —2)™! — (Hs — )™}, x < min {m(H;), m(Hs)}, can be used to
describe the gap between the corresponding form domains

dom (Hy — :r)% C dom (H; — x)%.
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Corollary 5.2.9. Let Hy and Hy be semibounded self-adjoint relations in $ and
assume that
H, < Hs.

Then for all v < min {m(H;), m(Hz)} the operator (H;—x) "' —(Hy—x)~* € B($)
is nonnegative and
dom (H; — x)% =ran ((Hy —2)"' — (Hs — x)_l)% + dom (Hs — x)%.
Proof. Since Hy < Hs, the operator R(z) € B($)), defined by
R(x) = (Hy —a)"' — (H —2)7",

is nonnegative for x < min {m(H;), m(Hz)}; cf. Proposition 5.2.7. Hence, one can
write
(Hy —x)' = R(z) + (Hy —z) "

R(z)2 (5.2.6)

@t -0 (1)

Now recall that if T'= (A B) is a row operator with A, B € B(£)), then it follows
from ran (TT*)2 = ran |T*| = ranT, cf. Corollary D.6, that

ran (AA™ + BB*)% =ran (A B) =ran A +ranB. (5.2.7)

Hence, taking square roots in the identity (5.2.6) and applying (5.2.7) shows that

ol

ran (Hy — m)_% = ranR(:z:)% +ran (Hy —z)” 2,
which yields the desired decomposition

dom (H; — m)% = ranR(m)% + dom (Hy — as)%
for x < min{m(H;), m(Hs)}. O

Now the ordering for semibounded self-adjoint relations and for semibounded
closed forms will be used to reinterpret and extend the monotonicity result in
Proposition 1.9.9

For the proof of the following theorem it is useful to have available an auxiliary
result concerning the interchange of limits. Let (f,) be a nondecreasing sequence of real
nondecreasing functions defined on an open interval (a,b). Thus, for all z € (a,b) one
has

fm(z) < fu(z), m<mn, (5.2.8)
and for all n € N
fr(@) < fuly), a<z<y<b. (5.2.9)

In view of (5.2.8) the pointwise limit

foo(z) = nh_}rrolo fu(z), x € (a,b), (5.2.10)
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gives a function foo : (a,b) = R U {oo} that is nondecreasing, thanks to (5.2.9). This
is clear when all fo(x) are finite, in which case lim,_ foo(x) is proper or improper.
However, if foo(zo) = oo for some zg € (a,b), then (5.2.9) shows that foo(z) = oo for
all zo < x < b. In this case the function fs is also called nondecreasing (in the sense of
R U {oo}) and one defines limg 4 foo (z) = 00. In view of (5.2.9) the limit

fa(b) = lim fu(z), n€EN, (5.2.11)

gives a sequence with values in R U {oo} that is nondecreasing, thanks to (5.2.8). This
is again clear when all limits f,(b) are finite in which case lim, o fn(b) is proper or
improper. However, if there exists some m € N for which f,,(b) = oo, then for all n > m
one has f,,(b) = co. In this case one defines lim,, .« f»(b) = oco.

Lemma 5.2.10. Let (f,) be a nondecreasing sequence of nondecreasing functions defined
on some open interval (a,b). Let foo be the nondecreasing limit function in (5.2.10) and
let (fn(b)) be the nondecreasing sequence of limits in (5.2.11). Then

lim foo(z) = lim f, (D). (5.2.12)
x—b n— 0o
In particular, both limits in (5.2.12) are finite or infinite simultaneously.

Proof. Consider the case that all values of fo are real. Since fn(z) < foo(z) for all
z € (a,b), it follows that for any n € N

Jub) = limy fu(z) < lim fo (@),

This implies
lim fn(b) < lim foo(x), (5.2.13)
n— oo r—b
where the limits may be infinite. Assume that there is strict inequality in (5.2.13). First
consider the case limg_,p foo (z) < 00. Then clearly there exists some 6 > 0 for which

5+ lim fu(b) < lim foo(a). (5.2.14)

Next consider the case limg_p foo () = 00. Then lim,— o fn(b) < 0o (otherwise there
would be equality in (5.2.13)) and (5.2.14) holds for any 6 > 0. In each case, there exists
some z € (a,b) such that

5+nler;0 (b)) < fool(x).

From this one concludes
O+ foo(z) =6+ lim fu(z) <0+ lim fu(b) < fool@);

a contradiction. Hence, there is equality in (5.2.13). It remains to consider the situation
where fo(z0) = oo for some a < xo < b. In this case foo(z) = 00 for all zg < z < b and
limg—p foo () = 0co. Assume that

L= lim f,(b) < occ.

n—00

For any 29 < x < b one has

fal(x) < fn(b) < L,
which implies that lim, o fn(z) < L; a contradiction. Again, there is equality in
(5.2.13). |
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Theorem 5.2.11 (Monotonicity principle). Let (H,,) be a nondecreasing sequence
of semibounded self-adjoint relations in $ and let v < m(Hy). Then there exists a
semibounded self-adjoint relation Hy, with v < m(Hy) and H,, < H, such that
H, — H, in the strong resolvent sense, i.e.,

(Hy, =N "'o = (How — N Yo, p€$H, AeC\ [y,00). (5.2.15)
Furthermore, Hs satisfies

dom (Hoo — 7)%

x N ) 1 (5.2.16)
= {so € () dom (Hy )% : lim |[(Hoop —7)7¢] < OO}
n=1
and for all ¢ € dom (Hy — ’y)% it holds that
1 . 1
[(Hooop =)l = lim (oo — )6 (5217

Proof. The assumption H, < H,, for n < m and Proposition 5.2.7 lead to
OS(Hm_x)_l S(Hn_x)_l’ $<'77

where v < m(H;). Hence, by Proposition 1.9.14, there exists a semibounded self-
adjoint relation Hy, with v < m(Hs) such that

0<(Hoo —2) ' <(H, —2)7", z<7, (5.2.18)

and H, converges to Hy, in the strong resolvent sense on C \ [y,00), that is,
(5.2.15) holds.

It remains to prove (5.2.16) and (5.2.17). It follows from Corollary 1.1.12
with H replaced by H,, — v and H., — 7, respectively, that for < 0 one has

(Ho =) =2) 0,0) = (Hoo =) —2) 00 90)

S [(((Hoo —) - i)_lw,w> - <(<Hn — - D—IWD)] '

Since v + 1/ < 7, the right-hand side tends to zero monotonically from below
for n — oo, as follows from (5.2.15) and (5.2.18); but then also the left-hand side
tends to zero monotonically from below.

To complete the proof, consider the functions, defined for ¢ € $ and x < 0 by

fal@) = (Ha =) = 2) 9,0)

and

fool@) = (Hoo =)t = 2) 0,0).
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The above argument shows that the sequence f,, is nondecreasing with f., as
pointwise limit. It follows from Lemma 1.5.12 (with H replaced by H,, — v and
H., — 7, respectively), that both functions f,, and f. are nondecreasing on the
interval (—o0,0) and that

fn(o) = i}% (((Hn - '7)71 - x)ilgpv SD)
_ (Haep =30l o € dom (H, — )3, (5.2.19)
o0, otherwise,
while
foo(o) = il,rr% (((Hoo - '7)71 - m)*lg& SD)
_{ (Hooop = )30l%, o € dom (Hao — )3, (5.2:20)
T oo, otherwise.
Hence, by Lemma 5.2.10,
lim f(0) = fo (0), (5.2.21)

n—oo
where the limits in (5.2.21) are finite or infinite simultaneously.
Assume that ¢ € dom (Ha, —7)2. Then, by (5.2.20), fao(0) < 0o, which, in
view of (5.2.21), implies that all f,,(0) < co. Hence, ¢ € (7>, dom (H,, —~)? by
(5.2.19), and (5.2.21) reads

dim |[(Hnop =)0l = [(Hooop —7)7 ] (5.2.22)
Thus, ¢ belongs to the right-hand side of (5.2.16). This shows the inclusion (C)
in (5.2.16), and (5.2.22) gives (5.2.17).
Conversely, assume that ¢ belongs to the right-hand side of (5.2.16), that is,
¢ € N>, dom (H, —~)? and

Jim [|(Hnop =) 2]l < oo.
By (5.2.19) one sees that f,,(0) < oo and that lim,, o f,(0) < co. It follows from
(5.2.21) that f»(0) < co. Now apply (5.2.20) to conclude that ¢ € dom (Hao—7)2.
This shows the inclusion (D) in (5.2.16). O

Corollary 5.2.12. Let (H,,) be a nondecreasing sequence of semibounded self-adjoint
relations and let Hy, be the strong resolvent limit as in Theorem 5.2.11. Then the
following statements hold:

(i) If K is a semibounded self-adjoint relation such that H, < K for alln € N,
then also Hoo < K.

(ii) If S is a symmetric relation such that S C H, for all n € N, then also
S C Hy.
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Proof. (i) Assume that H, < K. Then for all z <y <m(H;)

0< (K —2)"to,0) < (Ho —2)lo,0), 9 €N

By (5.2.15), (H, — 2) "t — (Ho — )L for ¢ € $ and one concludes that
0<((K-2)"'p,0) < (Hoo — ) '0,9), 9 €.

Hence, by Proposition 5.2.7 it follows that Ho, < K.

(ii) Assume that {¢, ¢’} € S. Then {¢, ¢’} € H, by assumption and hence for all
n € N one has

(Hn =N)7H¢ = Xp) =, A€C\[y,00).
By (5.2.15), (H, — 2) "' — (Ho — x) 149 for ¢ € $ and one concludes that

(Hoo = N)7H(¢' = Ap) = lim (H, = 2) 7' (9" = Ap) =,
which gives {¢, ¢’} € Hy. Hence, S C Huo. O

Now consider the special case of a nondecreasing sequence of self-adjoint
operators (H,) in B($)). Then it is clear that H., is a semibounded self-adjoint
relation which is an operator in B($)) if and only if the sequence (H,,) is uniformly
bounded; cf. Corollary 1.9.10 and the beginning of Section 1.9. The following
corollary shows that the domain of the square root of Hoo — v, v < m(Hy), is
given by those ¢ € § for which (H,¢, ¢) has a finite limit as n — oco.

Corollary 5.2.13. Let (H,) be a nondecreasing sequence of self-adjoint operators
in B(9) with v < m(Hy) and define

6:{@6573: li_>m (anp,cp)<oo}.
Let Ho, be the semibounded self-adjoint limit of the sequence H,,. Then
¢ =dom (Hu — fy)%.

In particular, one has

(i) €=9H < Hy € B(H);

(i) € is closed < Heoop is a bounded operator;

(iii) clos€ =$ < H., is an operator;

(iv) € ={0} & Hy = {0} x $.

A useful variant of Corollary 5.2.13 is concerned with a nondecreasing func-

tion M : (a,b) — B($)), whose values are self-adjoint operators; cf. Corollary 2.3.8.
Then there exists a self-adjoint limit at the right endpoint b, which can be re-
trieved via sequences converging to b. For the existence of the self-adjoint limit

at the left endpoint a consider the function z — —M (z), which is nondecreasing
when z € (a,b) tends to a.
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Corollary 5.2.14. Let M : (a,b) — B(9) be a nondecreasing function, whose values
are self-adjoint operators. Then there exist self-adjoint relations M (a) and M (b)
in $ such that M(x) — M(b) in the strong resolvent sense when x — b and
M(z) — M (a) in the strong resolvent sense when x — a. Furthermore,

M(z) < M(b) and — M(xz) < —M(a), x € (a,b).
Define
& = {gpéﬁ: 11%(M(m)w7g0) <oo}
and
¢, = {@Eﬁ: liin(M(;r)Lp,cp) > foo}.
Then for ¢ =a or ¢ =1b one has

(i) €. =9 < M(c) € B(9);

(ii) €. is closed < M(c)op is a bounded operator;
(iii) clos€. =9 < M(c) is an operator;
(iv) €. ={0} & M(c)={0} x 9.

Let (t,,) be a nondecreasing sequence of closed semibounded forms in $) which
satisfy v < m(t;). By Theorem 5.1.18, there exist unique semibounded self-adjoint
relations H,, bounded from below by ~, which correspond to t,. According to
Theorem 5.2.4, the sequence (H,,) is nondecreasing. By the monotonicity principle
in Theorem 5.2.11 the strong resolvent limit of the sequence (H,) exists as a
semibounded self-adjoint relation H., with lower bound ~ such that H,, < H.,. Let
too be the form corresponding to H., by Proposition 5.1.19. Then t., is bounded
below by v and t, < t,, by Theorem 5.2.4. Therefore, the following theorem
concerning a nondecreasing sequence of forms may be seen as a direct consequence
of Theorem 5.2.11.

Theorem 5.2.15 (Monotonicity principle). Let (t,) be a nondecreasing sequence
of closed semibounded forms in $ and let v < m(ty). Then there exists a closed
semibounded form to, with v < m(ts) such that t, < ts and

domt., = {cp € Ol domt,, : nh_)rrgo tolp] < oo} (5.2.23)
and
toclp] = Tim to[p], ¢ € domte. (5.2.24)
n—oo

Moreover, the relations H,, corresponding to the forms t, converge in the strong
resolvent sense to the relation Ho, corresponding to the form to.

Proof. Tt is clear from Theorem 5.1.23 and the formulas (5.2.16) and (5.2.17) in
Theorem 5.2.11 that the limit form t., satisfies (5.2.23) and (5.2.24). d
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5.3 Friedrichs extensions of semibounded relations

A semibounded, not necessarily closed, relation S in a Hilbert space $) has equal
defect numbers, and hence admits self-adjoint extensions in . It will be shown that
such a relation S has a distinguished semibounded self-adjoint extension Sy, the
so-called Friedrichs extension of S, with m(Sr) = m(S). The construction of this
extension involves a closed semibounded form associated with S. The characteristic
properties of this extension will be investigated in detail.

Let S be a semibounded relation in ). Recall from Lemma 5.1.17 that the
form tg given by

ts[f.gl = (f',9), {f.f'} 9.9’} €S, (5.3.1)

is well defined and that it is semibounded with the lower bound m(S). Moreover,
it has been shown that tg is closable and that the closure tg of tg is a semibounded
closed form whose lower bound is equal to m(S). Also, domts = dom S is a core
of Is.

Lemma 5.3.1. Let S be a semibounded relation in $ with lower bound m(S). Let ts
be the closure of the form tg in (5.3.1). Then the unique relation Sg corresponding
to tg via Theorem 5.1.18 is a semibounded self-adjoint extension of S with the lower
bound m(Sg) = m(S). In fact, S is a self-adjoint extension of the semibounded
relation S F ‘)ATOO(S*), so that

SCSF No(S) CSp, where Noo(S*) = {0} x mul §*. (5.3.2)

Moreover,

Sk = (S)F. (5.3.3)
Proof. By Theorem 5.1.18, the closed form tg induces a unique semibounded self-
adjoint relation Sg in § such that

IS[fvg]:(fl,g)a {fafl}GSF, g€dom¥s.

To show that Sp is an extension of S, let {f, f'} € S. As f € dom g, it follows
that for all g € domtg ~
tS[f’-g] = tS[fvg} = (f/vg)

Since domts = dom S is a core of tg, one obtains {f,f'} € Sp from The-
orem 5.1.18 (iii). Hence, Sg is a self-adjoint extension of S with lower bound
m(Sr) = m(9).

In order to verify (5.3.2) it now suffices to see that {0} x mul S* C Sg. Let
¢ € mul §* and let g € dom S, then clearly £5[0,g] = 0 and (g, g) = 0. Therefore,

t5[0,9] = (p,g9) forall gedoms§.

Since dom S is a core of tg, it follows that {0, ¢} € Sp.
To see that (5.3.3) holds, it suffices to recall from Lemma 5.1.17 that tg = tg
holds for the closures of tg and tg. O
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Definition 5.3.2. Let S be a semibounded relation in $. The semibounded self-
adjoint relation Sg associated with the closure of the form tg in (5.3.1) is called
the Friedrichs extension of S. The closure tg of the form tg will be denoted by
tsp, so that tg, :A{S~

Let S be a semibounded relation in $ and let a < m(S). Then S —a is a
nonnegative relation and it is a consequence of (5.3.1) that tg_, = tg — a. The
translation invariance of the closures, cf. (5.1.17), leads to

—~

t(Sfa)F = t;:a =tg *CL:IS —a=tg, —a.

The nonnegative self-adjoint relation (S — a)r corresponding to the form on the
left-hand side is equal to the nonnegative self-adjoint relation corresponding to
the form on the right-hand side. Thus, one obtains

(S—a)p=5r—a, a<m(9). (5.3.4)
In other words, the Friedrichs extension is translation invariant.

By Lemma 5.3.1, the Friedrichs extension Sy is a semibounded self-adjoint
extension of S. As a restriction of S* the Friedrichs extensions can be characterized
as follows.

Theorem 5.3.3. Let S be a semibounded relation in $. The Friedrichs extension
Sy of S admits the representation

Se={{f.f'} €S5*: f €domtg,} (5.3.5)

with mul Sp = mul S*. Furthermore, if H is a self-adjoint extension of S, that is
not necessarily semibounded, then

domH C domts, = H = 5p.

Proof. In order to show that Sp is contained in the right-hand side of (5.3.5), let
{f, f'} € Sp. Clearly, S C Sr and since S is self-adjoint this implies Sy C S*, so
that {f, f'} € S*. Note also that f € dom Sr C domts,. Hence, Sr is contained
in the right-hand side of (5.3.5).

To show the opposite inclusion, let {f, f'} € S* be such that f € domtg,.
Then there exists a sequence (f,,) in domtg = dom S with

fn %ESF f

Let {fn, f/,} be corresponding elements in S and let {g, g’} € S be arbitrary. Then
ts C tg, and S C S* imply that

tsp [fnr 9] = ts[fns gl = (f1,9) = (fa, 9)-
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Since tg,, is a closed form, it follows that

tse[f, 9] = (f.9).
As {f,f'} € S* and {g,¢'} € S, one obtains (f,g¢") = (f’,g), so that

tse[f, 9] = (f', 9).

This identity holds for an arbitrary element g € dom S. Since dom S = dom tg is
a core of the form tg, it follows from Theorem 5.1.18 (iii) that {f, f’} € Sr.
Now let H be any self-adjoint extension of S with dom H C dom tg,. Hence,
it {f,f'} € H, then {f, f'} € S* and f € dom H C domtg,. By (5.3.5), one has
{f,f'} € Sp. This shows H C Sp, and since both H and Sr are self-adjoint, it
follows that H = Sf. O

According to Theorem 5.3.3, the inclusion dom H C domtg, for any self-
adjoint extension H of S implies H = Sp. Note that in general a self-adjoint
extension of a semibounded relation is not necessarily semibounded. The situation
is different when S has finite defect numbers; cf. Proposition 5.5.8.

The construction of Sg in (5.3.5) results in a description of Sg by means of
approximating elements from the graph of S.

Corollary 5.3.4. Let S be a semibounded relation in $). Then Sy is the set of all
elements {f, '} € S* for which there exists a sequence ({fn, f1}) in S such that

fo= f and  (fo. fa) = (f', ).

Proof. By Theorem 5.3.3, Sp is the set of all elements {f, f'} € S* for which
f € domtg,. Hence, there exists a sequence ({fy,, f/.}) in S such that

fn _>tsF f

In particular, f,, — f in $ and, moreover,
(f/7 f) = tSF [fa f} = nh_{gO tSF [fna fn] = nh—{%o tS[fna fn} = nh_{Iolc(frlu fn)
Hence, Sp is contained in the relation

{5, 7Y €8« fu— fand (fy, fu) = (', f) for some {f,, f} € S}.

Observe that this relation is symmetric since (f), fn,) € R implies (f/, f) € R.
Thus, the self-adjoint relation Sy is contained in the symmetric relation above,
and therefore they coincide. |

Since S C Sp C §* and dom S C dom S by Corollary 5.3.4 one has that
dom S C dom Sy C (domSﬁdomS*).

The next corollary shows when these inclusions are identities.



314 Chapter 5. Boundary Triplets and Boundary Pairs for Semibounded Relations

Corollary 5.3.5. Let S be a semibounded relation in $. Then
S F Neo(S*) = Sk, Noo(S*) = {0} x mul §*, (5.3.6)

if and only if
dom S = dom S Ndom S™.

In particular, if dom S is closed, then Sy has the form (5.3.6).

Proof. Recall from (5.3.2) that S F ‘JATOO(S*) C Sr. Note that there is equal-
ity if and only if S F Muo(S*) is self-adjoint. Hence, the assertion follows from
Lemma 1.5.7. ]

The construction of the Friedrichs extension S of a semibounded relation S
via the form tg in (5.3.1) leads to an important characteristic property. First of
all, recall that

tself, 91 = (f'.9), {f.f'} €Sp, g€ domts,

with lower bound m(Sr) = m(S). Now assume that H is another semibounded
self-adjoint extension of S. Then clearly m(H) < m(S), and according to Propo-
sition 5.1.19, the relation H generates a closed semibounded form ty on $ with

tulf,9)=(f",9), {f.f}€H, g¢&domty.
By specializing {f, f'} € S and g € dom S, it follows that
tulf, 9] = (f',9) = tsf. g]

and hence tg C ty. By construction, tg C t= ts, and hence tg, is the smallest
closed form extension of tg; cf. Theorem 5.1.12. Therefore,

ts Ctg, Cty. (5.3.7)

This leads to the extremality property of Sg stated in the next result.

Proposition 5.3.6. Let S be a semibounded relation in $ and let H be a semibounded
self-adjoint extension of S. Then m(ty) = m(H) < m(Sg) = m(S) and

tg <ts. or H < Sp;
or, equivalently, for some, and hence for all a < m(H),
(Sp—a) ™' < (H—a)™ "

Proof. 1t is a consequence of (5.3.7) and Lemma 5.2.2 (i) that tg < tg,. The rest
of the statements follow from Theorem 5.2.4 and Proposition 5.2.7. ]
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According to Proposition 5.3.6, the Friedrichs extension Sp is the largest
semibounded self-adjoint extension of S in the sense of the ordering for forms or
relations, and so it has the smallest form domain. Recall that for any semibounded
self-adjoint extension H of S one has for a < m(H) < m(Sg) that

dom (H — a)? = ran R(a)? + dom (Sg — a)?, (5.3.8)
where the nonnegative operator R(a) is defined by
R(a) = (H —a)™' — (Sp —a)™' € B(9); (5.3.9)

cf. Corollary 5.2.9. The identity (5.3.8) will now be put in a geometric context.
Recall that for a < m(H) the closed nonnegative form ty — a on $ defines the
following inner product on dom tg

(F:9)tn—a = tulfrg) —a(f,9), f,g€domty =dom(H —a)z,  (5.3.10)

which makes the space $,, o =domty :dom(Hfa)% complete; cf. Lemma 5.1.8.
Similarly, the closed nonnegative form ts, — a on £ defines the following inner
product on dom tg,:

(fvg)tsta :tSF[f7g} _a(fvg)7 fngdomtSF :dom(SF_a)%a (5311)

which makes the space ¢, —, = domtg, = dom (Sf — a)% complete. Thus, in
terms of inner product spaces one obtains

@tsta C ﬁt[—[*d?

and by (5.3.7) the restriction of the inner product in (5.3.10) to ¢, —q coincides
with the inner product in (5.3.11). Therefore,

ﬁtH—a - (f.)tH—a @tH—a YJtSF—a) EBEH—a ﬁtSF—av (5312)

see Corollary 5.1.13. In terms of the spaces ¢, —, and Nigp—a the sum decompo-
sition in (5.3.8) may be rewritten as

Dig—a = ranR(a)% + Nisp—a- (5.3.13)

The connection between the decompositions in (5.3.12) and (5.3.13) is discussed
in the next proposition.

Proposition 5.3.7. Let S be a semibounded relation in 9, let Sy be its Friedrichs
extension, and let H be a semibounded self-adjoint extension of S with lower bound
m(H). Furthermore, let a < m(H) and let R(a) be the nonnegative operator in
(5.3.9). Then

Nty—a Otyr—a Nig,—a = ker (S — a) N Hy,—q = ran R(a)?, (5.3.14)
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and, consequently, the Hilbert space ¢, —, has the orthogonal decomposition

Diyg—a = (ker (S* - (L) N thHfa) Dty—a thSFfa

N (5.3.15)
=ranR(a)? @, —q Nts,—a-

In particular, the sum decomposition in (5.3.8) is direct for every a < m(H).

Proof. First the identity
fth—a @tH—a ﬁtsp—a = ker (S* - a) N ﬁtH —a (5316)

in (5.3.14) will be shown. Recall from Lemma 5.1.17 and Theorem 5.1.12 that
$Hts—q is a dense subspace of Nts,—a and hence it suffices to verify that

thHfa @tH,a thS*a = ker (S* - a) ﬂﬁm,a. (5317)

Assume first that g belongs to the left-hand side of (5.3.17). Then (f,¢)t;—a =0
for all f € domS. Hence,

0= (f?g)tH—CL :tH[fmg] 70’(.]079) = (flvg) 70‘(.}(7‘9) = (flfafvg)

forall {f, f'} € S C H, where in the third equality the first representation theorem
was used. This implies g € (ran (S — a))t N Hi, o = ker (S* — a) N Hi, _a
Conversely, assume that g € ker (S* — a) N ¢, —q. Then the same reasoning as
above shows that g belongs to the left-hand side of (5.3.17).

In order to prove the second equality in (5.3.14), one first shows that
ran R(a)? C ker (S* — a). (5.3.18)

To see this, let {f, f'} € S. Then {f, f'} € HNSg and hence (H—a)~!(f'—af) = f
and (Sp — a)~'(f' — af) = f, which implies that for h € $

(f' —af, Rla)h) = (H —a)""(f' —af) = (Se —a) ' (f —af),h) = 0.

Therefore,
ran R(a) C (ran (S — a))* = ker (S* — a)

and hence also tan R(a) C ker (S* — a). Moreover, since R(a) is a nonnegative
self-adjoint operator it follows from Corollary D.7 that

ran R(a) C ran R(a)% C mR(a)% =Ttan R(a) C ker (S* — a), (5.3.19)
which shows (5.3.18). By (5.3.8), one has ran R(a)? C dom (H — a)? = $,_q.

Together with (5.3.19) one concludes that ran R(a)2 C ker (S* —a)N$H¢,—q. From
(5.3.16) it is clear that

ran R(a)? C 9y —a Oty—a Nis—a-
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Comparing (5.3.8) with (5.3.12), one then concludes that

1
ran R(a)? = Ny 0 Oty —a Dts—a-

Together with (5.3.16) the identities in (5.3.14) follow. Furthermore, the above
reasoning shows that the sum decomposition in (5.3.8) is direct. O

The semibounded self-adjoint extensions H of S for which the subspace
ker (S* — a) N H,;—q is not a proper subset of ker (S* — a) are of special interest.
In fact, they coincide with the semibounded self-adjoint extensions H for which
H and Sy are transversal.

Theorem 5.3.8. Let S be a semibounded relation in $ and let H be a semibounded
self-adjoint extension of S. Then the following statements are equivalent:

(i) H and Sy are transversal, i.e., S* = H + Sp;
(i) ker (S* —a) C dom (H — a)? for some, and hence for all a < m(H);
(iii) dom (H — a)? = ker (S* — a) + dom (Sp — a)2 for some, and hence for all
a < m(H);
(iv) dom S* C dom (H — a)? for some, and hence for all a < m(H).

Proof. (i) < (ii) In general, the self-adjoint extensions H and Sp are transversal
if and only if for some, and hence for all a < m(H)

ran R(a) = ker (S* — a),

where R(a) = (H —a)™! — (Sp — a)~!, which follows from Theorem 1.7.8. Since
R(a) is a nonnegative self-adjoint operator and since ker (S* —a) is closed, the last
statement is equivalent to

ran R(a)? = ker (§* — a);
cf. Corollary D.7. It follows from Proposition 5.3.7 that this condition is the same
- ker(S*—a)ﬂdom(H—a)% = ker (5" —a).
(i) = (iii) This follows immediately from the direct sum decomposition
dom (H — a)% = (ker (S* — a) Ndom (H — a)%) + dom (Sp — a)%;
cf. (5.3.8) and Proposition 5.3.7.
(iii) = (ii) This implication is trivial.
(i) = (iv) The identity S* = Sp + H shows that
dom S* = dom S + dom H,
and note that dom H and dom Sg are subsets of dom (H — a)?.
(iv) = (ii) This is clear. O
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The following result is a consequence of Theorem 5.3.8; it describes the be-
havior of any semibounded self-adjoint extension H’ of S in the presence of a
semibounded self-adjoint extension H such that H and Sg are transversal.

Corollary 5.3.9. Let S be a semibounded relation in $) and let H be a semibounded
self-adjoint extension of S such that H and Sy are transversal. Then every semi-
bounded self-adjoint extension H' of S satisfies

dom (H' — a)? C dom (H —a)?, a < min{m(H),m(H")}, (5.3.20)
in which case there exists C' > 0 such that
1 1
[(Hop — a)2epll < Cl((Hop —a)2 ¢ (5.3.21)

for all ¢ € dom (H' — a)%. Moreover, there is equality in (5.3.20) if and only if
H' and Sy are transversal, in which case there exist ¢ > 0 and C > 0 such that

cl((H )op — a)2¢| < [|(Hop — )|l < CII(H')op — a)2 ¢ (5.3.22)
for all p € dom (H' — a)z = dom (H — a)2.

Proof. By Theorem 5.3.8, the semibounded self-adjoint extension H of S satisfies
all of the equivalent conditions (i)—(iv) in Theorem 5.3.8. Let H’ be another semi-
bounded self-adjoint extension of S. Applying Proposition 5.3.7 to H' one sees
that for a < m(H')

dom (H' — a)? = (ker (S* — a) N H,,,—a) + dom (Sp —a):.

Choosing a < min {m(H),m(H')} it follows from Theorem 5.3.8 (iii) for H that
the inclusion (5.3.20) holds. The inequality (5.3.21) is a direct consequence of
Proposition 1.5.11.

Assume that there is equality in (5.3.20). Then Theorem 5.3.8 (iii) implies
that H’ and Sg are transversal. Conversely, if H' and Sp are transversal, then
it follows from Theorem 5.3.8 (iii) that there is equality in (5.3.20). If there is
equality in (5.3.20), then (5.3.21) also holds for some ¢ > 0 when H and H' are
interchanged. Thus, the inequalities in (5.3.22) hold. O

The extreme case of equality of H and Sg is described in the following im-
mediate corollary of Proposition 5.3.7 and (5.3.8).

Corollary 5.3.10. Let S be a semibounded relation in $) and let H be a semibounded
self-adjoint extension of S. Then H = Sy if and only if

ker (S* —a) Ndom (H — a)% = {0}
for some, and hence for all a < m(H).

In the next corollary the form corresponding to a semibounded self-adjoint
extension H which is transversal to S is specified.
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Corollary 5.3.11. Let S be a semibounded relation in $), let H be a semibounded
self-adjoint extension of S such that H and Sy are transversal, and let ts, and ti
be the corresponding closed semibounded forms in $. Then

domty = ker (S* — a) By, —q dom tg,., a < m(H), (5.3.23)

and the restriction of ty to M,(S*) = ker (S* — a) is a closed form in N, (S*)
which is bounded from below by m(H) and represented by a bounded self-adjoint
operator L, € B(MN,(S*)). Furthermore, one has

tu(f.g] —a(f.g) = ((La - a’)fa7ga) + tsp[fr, gr] — a(fr, gr) (5.3.24)

forall f = fo+ fr,9 = 9o + gr € domty, where fu, 9, € ker (S* — a) and
fr,gr € domtSF.

Proof. The orthogonal decomposition (5.3.23) of dom ty follows from (5.3.15) in
Proposition 5.3.7 and Theorem 5.3.8 (iii). Since the restriction of the form ty
to 9,(S*) is a closed form which is bounded from below by m(H), it follows
from Theorem 5.1.18 that there exists a semibounded self-adjoint relation L, in
M, (S*) which represents this form. Moreover, it follows from Theorem 5.1.23 that
Mo (S*) = dom (L, — x)2, & < m(H), and hence (L, — x)2 and L, are bounded
self-adjoint operators defined on 91,(S™*).
For f,g € domty decomposed, with respect to (5.3.23), in

f=Jfa+fr and g=g4+gr,

where fo,gq € ker (S* —a) and fr,gr € domts,, one has (fa,gr)t;—a = 0 and
(fFs 9a)ty—a = 0, and hence

tH[fvg} - a(fvg) = (fag)tH—a = (fayga)tH—a + (nygF)tH—a
= tH[faaga] - a(fmga) + tSF [fFagF] - a(fFng)-

Now (5.3.24) follows from tg[fa, 9a) = (LafasYa)- O

5.4 Semibounded self-adjoint extensions and
their lower bounds

Let S be a, not necessarily closed, semibounded relation in a Hilbert space $)
with lower bound m(S). The Friedrichs extension Sp is a self-adjoint extension
of S whose lower bound m(Sr) is equal to the lower bound m(S) of S. If H
is a semibounded self-adjoint extension of S, then necessarily m(H) < m(S).
In this section the so-called Krein type extensions Sk . of S will be introduced.
They can be viewed as generalizations of the Krein—von Neumann extension of a
nonnegative symmetric operator or relation. The Krein type extension Sk , can



320 Chapter 5. Boundary Triplets and Boundary Pairs for Semibounded Relations

be used to describe all semibounded self-adjoint extensions H of S whose lower
bound satisfies m(H) € [z, m(S)] when z < m/(S).

Let S be a semibounded relation in §) with lower bound v = m(S). It is clear
that © < ~ implies that S — z > 0. Hence, for x < 7 the relation (S — )71 is
nonnegative and one can define the Friedrichs extension ((S—z)~!)g of (S—z)71,
which is nonnegative; cf. Definition 5.3.2.

Lemma 5.4.1. Let S be a semibounded relation in $ with lower bound . For x <~
the relation Sk . defined by

Sk = ((S—2))p) " +2 (5.4.1)

)

is a semibounded self-adjoint extension of S with lower bound m(Sk,z) = x. More-
over, Sk, = (S)k,z for x <~ and

SCSFNAS)CEF N(S) C Skwy 7 <7, (5.4.2)

while, in particular, A
S+ N (S) = Skwy x<7. (5.4.3)

Proof. Since for x < v the Friedrichs extension ((S — z)~!)g of the nonnegative
relation (S — )71 is nonnegative, it follows that

(8 =) "r)

is a nonnegative self-adjoint extension of S — z. Hence, Sk, defined by (5.4.1) is
a self-adjoint extension of S and, clearly,

-1

m(Skz) >z, x<n. (5.4.4)

Since the closure of (S —x)~! is given by (S — )~ !, it follows from Lemma 5.3.1,
with S replaced by (S — z)~1, that

(S =2)"Hr =((S—2) "),

which leads to Sk, = (S)k,» for x <.

Let < v and note that the first and second inclusion in (5.4.2) are clear.
It is also clear that S C S C Sk ; thus, to show the third inclusion in (5.4.2) it
suffices to check that ‘ftm(S*) C Sk Set T = (S—z)71, so that T is nonnegative
and mul 7% = 91, (5*). By Lemma 5.3.1, {0} x mulT* C T¥ or, equivalently,

{0} x 9M(S*) € ((S—2) N or M(8*) x {0} € ((S—2) H)p) L.

Thus, ‘ﬁx(S*) C Sk, which completes the argument.

For z < # it follows from Proposition 1.4.6 and Lemma 1.2.2 that ran (S — )
is closed. Hence, the relation S + ‘ﬁx(S*) is self-adjoint, cf. Lemma 1.5.7, and thus
the equality (5.4.3) prevails.
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It remains to show that m(Sk ) = . When o < 7 one concludes this from
(5.4.3). When x =~y observe that S C Sk, implies m(Sk ) < m(S) =+. On the
other hand, from (5.4.4) it follows that m(Sk ) > 7. O

Definition 5.4.2. Let S be a semibounded relation in $) with lower bound ~ and let
x < 7. The semibounded self-adjoint extensions Sk , in (5.4.1) are called Krein
type extensions of S. In the case v > 0 the nonnegative self-adjoint extension Sk o
is called the Krein-von Neumann extension of S.

The definition of the Krein type extensions Sk , in (5.4.1) incorporates the
lower bound m(S) = v of S. Note that m(S — x) = v — z for any « € R, so that
(S — 2)k y—q is well defined, and

(= 2)kye= (=2 —(vr=2))p)  +7-2, z€R,

which leads to
(S —2)ky—2=5kKy—z, z€ER. (5.4.5)

The identity (5.4.5) is the analog for the Krein type extension Sk - of the shift
invariance property (5.3.4) of Sp. There are some more useful identities involving
Krein type extensions of S. First note the simple equality

(S FM(5)) " =9 TN u(57), xeR\{0} (5.4.6)

If S > 0 or, equivalently, S~' > 0, then it follows from (5.4.6) and Lemma 5.4.1
that
(Ske) " = (9 Vk1/ey <0, (5.4.7)

since 0 < min {m(S), m(S™1)}. In particular, one sees from (5.4.7) that
(5 —ke) " = ((S- N Dicajer <0 (5.4.8)
Returning to the general case where S has lower bound ~, note the simple equality
(S F Mora(S) —a=(S—a) T NS —a)), a,zeR.
For a + x <+ this implies
SK.atz — a0 = (S — @)k a, (5.4.9)
and taking a = v in (5.4.9) gives an analog of (5.4.5):
Skyte =7 =5 —V)ke x<O0. (5.4.10)

By Lemma 5.4.1, the Krein type extensions Sk, , * < 7, are semibounded
self-adjoint extensions of S. As restrictions of S* the Krein type extensions can be
characterized in a similar way as the Friedrichs extension Sg; cf. Theorem 5.3.3.
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Theorem 5.4.3. Let S be a semibounded relation in $) with lower bound ~y. Then
for each x <~ the Krein type extension Sk, of S has the representation

SK,z = {{f, f/} e s f/ —xf € domt((s_l.)—l)F} (5.4.11)

with ker (Sk,o — ) = ker (S* — x). Furthermore, if H is a self-adjoint extension
of S, which is not necessarily semibounded, then

ran (H —z) C domt((s_z)-l)K = H=>5k,.

Proof. Let x < . Then by definition one has (S, — 2)™* = ((S — 2)~!)r and
{f, f'} € Sk if and only if {f' —af, f} € (Sk,x — )~ *. Similatly, {f, '} € S*
if and only if {f' — af, f} € (S* — 2)~!. Hence, the description (5.4.11) follows
from the representation of ((S — z)~!)r in Theorem 5.3.3 (with S now replaced
by (S — z)71). Likewise,

ker (Sk» — ) = mul ((S — )™ )p = mul ($* — x) " = ker (S* — ).
The last item also follows from Theorem 5.3.3. O

There is also an approximation of Sk , by elements in S as in Corollary 5.3.4;
in particular, this gives a useful description of mul Sk .

Corollary 5.4.4. Let S be a semibounded relation in $ with lower bound ~v. Then
SK .z, T < 7, is the set of all elements {f, f'} € S* for which there exists a sequence
{fn, fL}) in S such that

fo—afu—= ' —af and (fu,fr—afa) = (f,f —2f).

In particular, mul Sk . s the set of all elements f € mul S* for which there exists
a sequence ({fn, f1}) in S such that

fl—afa—=f and (fo,fl, —xfn) —0.

As in the case of the Friedrichs extension, the Krein type extension Sk ~
can sometimes be explicitly given in terms of S and an eigenspace of S*; cf.
Lemma 1.5.7. The following result is the analog of Corollary 5.3.5. The special
case where ran (S — ) is closed is particularly useful.

Corollary 5.4.5. Let S be a semibounded relation with lower bound ~y. Then
Sk =S F N, (5%) (5.4.12)

if and only if
ran (S —~) =tan (S —v) Nran (S* — 7).

In particular, if ran (S — ) is closed, then Sk~ has the form (5.4.12).
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The semibounded self-adjoint extensions Sk , with z < v become extremal
extensions of S when a lower bound = <  for semibounded self-adjoint extensions
of S is prescribed.

Theorem 5.4.6. Let S be a semibounded relation in $ with lower bound ~y. Let
x < 7 be fired and let H be a semibounded self-adjoint relation in $). Then the
following equivalence holds:

SCH and x<m(H) < Sk.<H<Sp. (5.4.13)

In particular, the class of semibounded self-adjoint extensions of S preserving the
lower bound of S is characterized by

SCH and y=m(H) <& Sk, <H<Sp. (5.4.14)
In fact, Sk o < H < Sp, © <, implies that S C (Sp N Sk,») C H.

Proof. (=) Assume that H is a semibounded self-adjoint extension of S with lower
bound m(H) > z. Then clearly S—z C H —xz and here both sides are nonnegative
relations. But then also (S —z)~! C (H —x)~!, where both sides are nonnegative
relations. Applying Proposition 5.3.6 to the relation (S — 2)~! one obtains

(H—2)7" < ((S—2) .

Since these relations are nonnegative, the antitonicity property of the inverse in
Corollary 5.2.8 gives the inequality

(S=a2) M) ' <H-=2
or, equivalently, Sk, < H. The inequality H < Sy holds by Proposition 5.3.6.

(<) Let H be a semibounded self-adjoint relation such that Sk, < H < Sp.
Then m(Sk ) < m(H) < m(Sg) by Lemma 5.2.5 (ii) and, since m(Sk ) = = and
m(Sr) = 7, one concludes that H is semibounded with @ < m(H) < ~.

It remains to show that H is an extension of S. With a < = the assumption
on H is equivalent to

((Se —a)"'h,h) < ((H—a)"'h,h) < ((Sk,o —a)"'h,h), heH; (5.4.15)

cf. Proposition 5.2.7. For R(a) = (H —a)~! — (Sp — a)~! € B($) it follows from
(5.4.15) that

0 < (R(a)h,h) < ((Sk,e —a) "h,h) — ((Sp —a)"'h,h), heH.  (5.4.16)

Now, let {f, f'} € S and define h = f" — af. Then h € ran(S — a) and
{h, f} € (S —a)~1, and hence

{h,f} e (Se—a)""N(Ske—a)™,

so that (Sp —a)"th = (Sk» —a) " th. Tt follows from (5.4.16) that (R(a)h,h) = 0,
and since R(a) > 0, one concludes that R(a)h =0 for all h € ran (S — a).
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In other words,

(H—a) ' (f' —af) = (Se —a) (' —af) = f, {ff}€S,

and it follows that {f, f’} € H. This proves the claim S C H and completes the
proof of (5.4.13). The inclusion Sy N Sk, C H follows similarly. O

If S is nonnegative, then Theorem 5.4.6 shows that the Krein—von Neumann
extension

_ -1
Sk = ((5")r) (5.4.17)
in Definition 5.4.2 is the smallest nonnegative self-adjoint extension.

Corollary 5.4.7. Let S be a nonnegative relation in $ and let H be a semibounded
self-adjoint relation in §. Then the following equivalence holds:

SCH and m(H)z() =4 SK70§H§SF.
In fact, Sk o < H < S, implies that S C (Sp N Sk,0) C H.

For completeness it is observed that the inequalities Sk, < H < Sp in
(5.4.13) can also be expressed by inequalities for the corresponding forms:

tSK,I S tH S tSpv

thanks to Theorem 5.2.4. Recall from (5.3.7) that the inequality ty < tg, is in
fact equivalent to the inclusion tg, C tg.

It is clear from Lemma 5.3.1 or Theorem 5.3.3 that the Friedrichs extension
St is an operator if and only if S is densely defined, in which case all self-adjoint ex-
tensions of S are operators. If S is not densely defined, then .S may not be closable
as an operator, in which case all self-adjoint extensions of S are multivalued. The
following result shows when semibounded self-adjoint operator extensions exist.

Corollary 5.4.8. Let S be a semibounded operator in § with lower bound ~. Then
the following statements are equivalent:
(i) S has a semibounded self-adjoint operator extension;
(i) for some x <~ the self-adjoint extension Sk , is an operator;
(iii) there exists x < v such that for any sequence ({fn, f1}) in S with the prop-
erties fl — xfn — f" and (fon, fl — xfn) — 0 one has f' = 0.

If any of these statements hold, then S is a closable operator. Furthermore, the
following statements are equivalent:
(i") S has a bounded self-adjoint operator extension;
(ii") for some x <~y the self-adjoint extension Sk . belongs to B(9);
(iii’) there exist x < v and M > 0 such that ||f' — xf||> < M(f, f' — zf) for all
{f.f'res.

If any of these statements hold, then S is a bounded operator.
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Proof. (i) = (ii) Let H be a semibounded self-adjoint operator extension of S.
Then H is densely defined and mul H = {0}. If z = m(H), then Theorem 5.4.6
shows that Sk, < H. Hence, mul Sk , C mul H = {0} by Lemma 5.2.5 (i), and
therefore Sk ., is an operator extension of S.

(ii) = (i) This is clear.
(ii) « (iii) This follows from Corollary 5.4.4.

The inclusion S C H for a self-adjoint operator H shows that S is a closable
operator; this holds when one of the equivalent conditions (i)—(iii) is satisfied.

(i) = (iii’) Let H be a bounded self-adjoint operator which extends S and let
m(H) = x. Then H € B($)) and an application of the Cauchy—Schwarz inequality
for the inner product ((H — z)-,-) yields

I(H = 2)fII* < | H =] (f,(H - 2)f), [
In particular, for f € dom S one obtains (iii’) with f/ = Sf and M = |H — x|

(iii") = (it") Assume that (iii’) holds for some x. To show (ii’) let {f, f'} € Sk -
Then according to Corollary 5.4.4 there exists a sequence ({f,, f,}) in S such
that f, —af, — f' —af and (fo, fl — xfn) — (f, [ — «f). By assumption
lf2 = xful? < M(fn, f, — xf,) and taking limits gives

If = fl> < M(f, f' —af) < MIfIIf —=2f]-

Thus, if {f, f'} € Sk, then ||f" — zf| < M| f]|, which gives mul Sk , = {0}.
In addition, one now sees that Sk , — « is a bounded operator, and since Sk 5 is
self-adjoint, it follows that Sk , € B(9).

(ii") = (i) This is clear.
The last statement follows from any of the statements (i’), (ii’), and (iii"). O

Let S be a semibounded relation in $) with lower bound m(S) = v. By
means of Theorem 5.4.6 it will be shown that the mapping = +— Sk 5, * < v, is
nondecreasing.

Corollary 5.4.9. Let S be a semibounded relation in $ with lower bound ~y. Let
x <y <7, then
Sk,z < Sky < Sky < Sk

Proof. By construction, Sk , and Sk, are semibounded self-adjoint extensions of
S with lower bounds m(Sk ) = « and m(Sk,,) = y. Hence, m(Sk ) < m(Sk.y)
and an application of (5.4.13) in Theorem 5.4.6 gives Sk, < Sk,. Similarly,
m(Sk,y) < m(Sk,) = v leads to Sk, < Sk.. The inequality Sk, < Sg also
follows from Theorem 5.4.6. (|
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The Friedrichs extension Sg and the Krein type extensions Sk , can be ap-
proximated in the strong resolvent sense by the semibounded self-adjoint relations
Skt with ¢ € (—o0,7); cf. Theorem 5.2.11.

Theorem 5.4.10. Let S be a semibounded relation in $ with lower bound . Then
the Friedrichs extension Sy is given by the strong resolvent limit

(Sp —A)"th= t}n} (Skt—N)"th, hes$, (5.4.18)

where A € C\ [y,00), and for each x < v the Krein type extension Sk, is given
by the strong resolvent limit

(S —A)"th= mi (Skt—N)"th, hes$, (5.4.19)

where A € C\ [z,00).

Proof. First the result in (5.4.19) will be shown. Let = <+, let € > 0 be arbitrary,
and note that by Corollary 5.4.9

SKa—e < Skt < SKey T—e<t<u

In particular, for ¢ € [x —e, z) the relations Sk ; are bounded from below by = —e.
By the monotonicity of Sk + and Theorem 5.2.11, the strong resolvent limit of Sk
as t T x exists for A € C\ [x —&,00) and it is a semibounded self-adjoint relation
S with # —e <t < Sk, < 5. It will now be shown that

S = Sk 4. (5.4.20)

In fact, since Sk + < Sk,o, there is a common upper bound and hence one has
S" < Sk z; see Corollary 5.2.12 (i). As S C Sk, for all ¢ < x, this implies that
S C 8 by Corollary 5.2.12 (ii). Thus, S’ is a semibounded self-adjoint extension
of S. Since m(Sk ) < m(S’) for all ¢t < z, it follows that < m(S’) and, hence
Sk,z < S’ by Theorem 5.4.6. Combining 5" < Sk , and Sk , < 5, it follows from
Lemma 5.2.5 (iv) that (5.4.20) holds. This establishes (5.4.19) for A € C\[z—¢, c0).
Since € > 0 is arbitrary, one obtains (5.4.19).

Next, (5.4.18) will be shown. Apply the previous result (5.4.19) to the Krein—

von Neumann extension ((S — )~ 1)k o of the nonnegative relation (S — )~

(S=1)Nko—A)""h= PTI% (=) Nki—=A)"'h, heH, (54.21)
where A € C\ [0,00). Then it follows from (5.4.1) (with = 0 and S replaced

by (S —7)7!) and the translation invariance property (5.3.4) of the Friedrichs
extension that

(S =) Dro=((S=7r) ' =(Se =) " (5.4.22)
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Likewise, using (5.4.8) and (5.4.10) one obtains for ¢ < 0 that

(S =MDkt = (S =Mr1/0) ™" = Sk re =17 (5.4.23)
Substitute (5.4.22) and (5.4.23) into (5.4.21) and replace A by 1/A:

1\ ! , o, 1\ !
(o= =5) n=tim (Gieonp-0=5) h hes Ga

Now recall that for any relation H one has the identity
(H =1/t =- 2= 2 (H -\ A#0,
see Corollary 1.1.12. Therefore, (5.4.24) yields

(S =7 =27k = g (Siconye =7 =37

where A € C\ [0, 00), which is equivalent to (5.4.18). O

The next lemma and Proposition 5.4.12 below show that the convergence
in (5.4.18) in Theorem 5.4.10 is uniform if the limit is a compact operator. First
the case where the Krein-von Neumann extension Sk o is compact is treated.
There is in general no analog of Lemma 5.4.11 for the other Krein type extensions
Sk .z, * # 0, since the eigenspace ker (Sk , — x) = ker (S* — z) for the eigenvalue
z € 0p(Sk ) is infinite-dimensional whenever the defect numbers of S are infinite.
Hence, Sk, cannot be compact for z # 0.

Lemma 5.4.11. Let S be a bounded nonnegative operator in § and assume that the
Krein—von Neumann extension Sk o is a compact operator. Then Sk € B(9) for
t <0 and

lim HSK,t - SK70|| =0.

t10

Proof. Since Sk, is compact one has, in particular, Sk € B($)) and hence
Skt € B($) for t < 0; cf. Corollary 5.4.9 and Definition 5.2.3. By Theorem 5.4.10,
the resolvents of Sk ; converge in the strong sense to the resolvent of Sk ¢ and
since all operators belong to B($)) it follows that Sk ; converges strongly to Sk o.
In fact, strong resolvent convergence is equivalent to strong graph convergence by
Corollary 1.9.6, and for operators in B($)) this implies strong convergence. Now it
will be shown that this convergence is uniform. Since Sk ¢ is compact by assump-
tion, for € > 0 one can choose an orthogonal projection P. such that ||Sk oF:| < €
and I — P. is a finite-rank operator. Then it follows that the finite-rank operators

(SK,t — SK,O)(I - PE) and (I - Pa)(SK,t — SK,O)PE (5425)

tend to zero uniformly as ¢ 7 0. For ¢ < 0 one has 0 < Sk —t < Sk —t by
Corollary 5.4.9, and hence

0 < P.(Sky —t)P. < P-(Sk,0 — t)P..
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This implies
[ Pe(Sk.t = Sk.0) Pell < [[Pe(Sk.e — t) Pl + [ Pe(t — Sk.0) Fe|

< 2HPE(SK,O - t)Pz-:H
< 2e + 2|t

and now the assertion follows together with (5.4.25) and the estimate

(St — Sx.0)ll < [[(Sk.t — Sx,0)(I — P2l
+ |1P-(Skt — Sk,0) Pl + [|(I — P-)(Sk.t — Sx,0) Pz]|-

This completes the proof. a

The counterpart of Lemma 5.4.11 for the case where the Friedrichs extension
Sg has a compact resolvent is provided next.

Proposition 5.4.12. Let S be a semibounded relation in $ with lower bound v and
assume that the resolvent (Sg —\)~! of the Friedrichs extension Sy is compact for
some, and hence for all A € C\ [y,00). Then

Jim [(Sice =27 = (S0 = 07! = 0.

Proof. 1t follows from the resolvent identity (see Theorem 1.2.6) that the resolvent
of Sg is compact for all A € C\ [y,00) if it is compact for some A € C\ [y, c0).
Now let 29 <« and note that (S — zo)~! is a bounded nonnegative operator. By
(5.4.17) and (5.3.4) one has

((S— xO)_l)K,o = (8- xO)F)i1 = (8¢ — o)1,

which is a compact operator by assumption. From Lemma 5.4.11 it follows that
((S = z0) ')k » converge uniformly to ((S — z¢) *)k,0 when z 1 0. This implies
the assertion for A = x, since

H%((S*%)A)K,z tiir_noo( )Kl/t
= lim

1
tl—o0 —m() )

((s
lim (Sk.¢ta — 20)
(

tl —oo
= lim (Sk;— = ) !
] —oco Kt 0 )

where (5.4.7) was used in the second equality and (5.4.9) was used in the third
equality. The general case A € C\ [, 00) follows with Lemma 1.11.4. O
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Let S be a closed semibounded relation in $) with lower bound ~ and let
x < 7. Then x € p(Sr) is a point of regular type of S and one has that

5% =Sp F M (5*) and Sko =95 F No(5*);
cf. Theorem 1.7.1 and (5.4.3). Therefore, it is clear that
SK .z FSp=8" z<nw; (5.4.26)

in other words, the extensions Sk , and S are transversal for < . For z = v
the situation is different. Now it is possible that the extensions Sk, and S are
transversal, but it is also possible that they are not transversal because, for in-
stance, the extensions Sk , and Sy may even coincide. First the case of transver-
sality is discussed.

Corollary 5.4.13. Let S be a semibounded relation in $ with lower bound ~. Then
the following statements hold:

(i) Sk, and Sy are transversal if and only if dom S* C dom (Sk - — v)2;

(ii) Sk,y and Sy are transversal and S is bounded if and only if Sk ~ € B(9).

Proof. (i) This statement follows from Theorem 5.3.8.

(ii) Assume that Sp and Sk are transversal and that S is a bounded operator.
Then part (i) shows that

dom S* C dom (Sk  — 7). (5.4.27)

Since §** is a bounded closed operator, dom S** is closed, and hence so is dom S*;
see Theorem 1.3.5. Moreover, (dom S*)*+ = mul $** = {0} implies that dom S* is
dense in 9, so that dom S* = §. Then it follows from (5.4.27) that

dom (Sk 4 — 7)% = 9.

Therefore, dom Sk, = $ and hence Sk 5 € B(9).

Conversely, assume that Sk, € B($)). Then also S is bounded. Moreover,
dom S* C $) = dom (Sk 5 — ~)2, which together with (i) shows that Sg and SK v
are transversal. O

The extreme case of equality of Sk and Sy is described in the following
corollary.

Corollary 5.4.14. Let S be a semibounded relation in § with lower bound ~y. Then
the following statements hold:

(i) Sk = Sk, if and only if ker (S* —a) Ndom (Sk , — a)z = {0} for some, and
hence for all a < ~y;

(ii) Sp = Sk, and Sk~ € B($) if and only if S € B($).
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Proof. (i) This statement follows from Corollary 5.3.10.

(ii) Assume that Sp = Sk 4 and Sk € B($). The assumption Sk, € B($)) and
Corollary 5.4.13 (ii) imply that Sy and Sk . are transversal and S is bounded.
Furthermore, Sg = Sk -, implies that S* = Sg + Sk, = Sk, so that S = Sk -
is a self-adjoint operator in B($)).

Conversely, if S € B(), then S is the only self-adjoint extension of S and
hence Sy = Sk, = 5™ € B($). O

In the next corollary, which is a special version of Corollary 5.3.11, the form
tsy , for & < v corresponding to the Krein type extensions Sk, is expressed in
terms of the Friedrichs form tg,..

Corollary 5.4.15. Let S be a semibounded relation in § with lower bound vy, let
x <7y, and let ts, , be the form corresponding to Sk .. Then

domtg, , = ker (5" —a) @, —o domts,, a<z, (5.4.28)

and the restriction of ts, , to Na(S*) = ker (S* —a) is represented by the bounded
self-adjoint operator

Lo = Py, (s+)(z + (x — a)*(Sp — 2) )i, (s+) € B(Ma(S¥)), (5.4.29)

where Ly, (s+) 5 the canonical embedding of MNu(S*) into $ and Py, g+ is the
orthogonal projection onto Ny (S*). Furthermore,

tSK,;r[f7g} - a’(fvg) = (.27 - a’)((1+ (CL‘ - a)(SF - J")il)famg(l)

+ tsp[fr. gv] — a(fr, g¥) (5.4.30)

holds for all f = fo + fr,9 = ga +gr € domts, ,, where fo, g, € ker (S* —a) and
Jr,gr € domtg,.

Proof. The decomposition (5.4.28) is clear from Corollary 5.3.11, since Sk, and
Sr are transversal for x < 7. Next it will be shown that the representing oper-
ator for the restriction of tg, , to 9,(S*) is given by (5.4.29); then (5.3.24) in

Corollary 5.3.11 also leads to (5.4.30).
In order to verify (5.4.29) consider f,, g, € Mo (S*) and let

fe= (I + (z —a)(Sr — m)_l)fa.

Then f, € N, (S*) and f, = (I + (a — 2)(Sp — a)™1)f, by Lemma 1.4.10.
Moreover, since Sk, is representing the form tg, , and f, € dom Sk, one has
ts . [fe:0a] = (2f2,9a). Using (Sp — a)™'f, € domts, and g, € Ma(S*) the
orthogonal decomposition (5.4.28) yields ((Sp — a) ™ fs, Ja)ts, ,—a = 0.
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Now one computes

tsi . [far 9al = ts , [fer 9a) + (@ — 2)tsy , [(Sp — @) ™" fu, ga]
= (2fs,9a) + (@ — 2)a((Sr — a) " f2, 9a)
= (zfs + a(fa — f2): 9a)
( Tr—a (I+ z —a)(Sp — l‘)fl)fa + afa,ga)
= ((z+ (z —a)*(Sr —2)™") far 9a),

which implies (5.4.29). O

Finally, the decomposition (5.4.28) in the previous corollary is used to show
a similar direct sum decomposition for a = z.

Corollary 5.4.16. Let S be a semibounded relation in $) with lower bound ~y, let
x <7y, and let ts, , be the form corresponding to Sx .. Then

dom tg, , = ker (S* — x) + dom tg;, (5.4.31)
is a direct sum decomposition.

Proof. Let a < z < ~y. Recall that the decomposition (5.4.28) holds since Sk , and
Sk are transversal.

It is clear that the right-hand side of (5.4.31) is contained in the left-hand
side. Observe for this that

domtg, C domtg, , and ker(S* —x) C dom Sk, C domtg, .

To show that the left-hand side of (5.4.31) is contained in the right-hand side, let
f € domtg, .. According to (5.4.28) one has f = f, + fr, with f, € ker (S* — a)
and fp € domtg,. Define

fe=+(z—a)(Sr— x)il)fw

Then
fo€ker(S* —z) and f=fo+ (fa— fo+ fF)

where the last term is in dom tg,, since f, — f; € dom Sp. Hence, the left-hand side
of (5.4.31) belongs to the right-hand side. Thus, the sum decomposition (5.4.31)
has been shown.

Finally, it will be shown that the sum decomposition (5.4.31) is direct. For
this assume that f, € ker (S* — z) is nontrivial and belongs to domts,.. Then
{fesxfz} € S* implies that {f,,xf.} € Sr; cf. Theorem 5.3.3. Since x < +, this
is a contradiction. O
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5.5 Boundary triplets for semibounded relations

In this section semibounded self-adjoint extensions of semibounded symmetric re-
lations are studied in the context of boundary triplets and their Weyl functions.
The initial observations are general results about a closed symmetric relation S
with a boundary triplet {G,T9,T'1}, where Ay = kerI'y is semibounded. In par-
ticular, the Friedrichs and the Krein type extensions will be identified. In the
remaining part of the section it will be assumed that S is a semibounded relation
with a boundary triplet {G, 0,1}, where Ay = Sp, and various specific prop-
erties are derived. The case where the self-adjoint extension A; = kerI'; is also
semibounded is of specific interest. As a preparation for the main results in the
following section it will be explained how the corresponding semibounded form is
the first stepping stone to the notion of boundary pair.

Let S be a closed symmetric relation in a Hilbert space $) and let {G, I, I';}
be a boundary triplet for S*. Assume that Ay = ker Iy is semibounded with lower
bound g = m(Ap). Then clearly S is semibounded and 79 < m(S) = ~. Therefore,
one may speak of the Friedrichs extension S so that vo < m(Sg) = v and the
Krein type extensions Sk , of S with <. The corresponding Weyl function M
is holomorphic on p(Ap) and, in particular, on C\ [yg,00). Moreover, one has

M(z) = T(M,(S7)) = T(S F NMo(S7)) = T(Ska)s < Y05 (5.5.1)

cf. Definition 2.3.4 and (5.4.3). By Corollary 2.3.8, the mapping x — M (z) from
(—00,70) to B(G) is nondecreasing. In particular, by Corollary 5.2.14 the limit
M (—o0) exists in the strong resolvent sense,

(M(=00) —A) "' = lim (M(z) — N, (5.5.2)
x| —oo
and the limit M (vg) exists in the strong resolvent sense,
(M(y0) = A) "' = lim (M (x) - A7 (5.5.3)
T

where A € C\ [y9,00). Then M(—o0) and M (7g) are self-adjoint relations in g;
cf. Theorem 5.2.11 and Corollary 5.2.14. In the following theorem the Friedrichs
extension Sy and the Krein type extension Sk , with x < 7o will be characterized
by means of the limits in (5.5.2) and (5.5.3).

Theorem 5.5.1. Let S be a closed semibounded relation in $ with lower bound ~.
Let {G,T0,T'1} be a boundary triplet for S* and let M be the corresponding Weyl
function. Assume that the self-adjoint extension Ay = ker 'y is semibounded with
Yo = m(Ag) < m(Sw) =~. Then the Friedrichs extension Sg of S is given by

Se={f €8 :{Tof.T1f} € M(~00)} (5.5.4)
and the Krein type extension Sk . of S with x < vy is given by
Sk ={f €8 :{Lof.T1f} € M(z)}. (5.5.5)
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Proof. According to Theorem 5.4.10, the Friedrichs extension Sp of S is given by
the strong resolvent limit

(Se=X)"'h= lim (S, = N)h hes, (5.5.6)

and for each x < 7y the Krein type extension Sk , is given by the strong resolvent
limit
(S —A)th= mi (Skt—N)"th, hes®, (5.5.7)

where A € C\ [z, 00). The idea behind the proof of the theorem is to connect the
limit formulas in (5.5.2) and (5.5.3) with the limit formulas in (5.5.6) and (5.5.7).
This in fact will be done by means of the Krein formula. For this purpose observe
that for ¢ < 79 and A € C\R the resolvent formula in Theorem 2.6.1 for Sk,
reads

-1

(Ska = A)7" = (Ao = )7 (N (M(1) = M(N) (V)" (5:5.8)

due to (5.5.1). Here (M (t)—M (X))~ € B(§) by Theorem 2.6.1 and Theorem 2.6.2.

First consider the Krein type extension Sk , of S. If x < g, then the formula
(5.5.5) is a direct consequence of (5.5.1). To treat the case z = 7y let Ok be the
self-adjoint relation in § which corresponds to Sk ,, that is,

Skcre = { f €5 : {Tof,T1f} € Ok} (5.5.9)
Then again by the resolvent formula in Theorem 2.6.1 one has
(Sic —N) 1= (Ag = A) 7+ 79N (B — M(N) (V) (5.5.10)

for A € C\ R. Here (Ox — M (A\))~! € B(G) by Theorem 2.6.1 and Theorem 2.6.2.
Subtracting (5.5.10) from (5.5.8) leads to

(S, — AL = (Sicng — A7
=W [(M () — M(N) ™" — (Bk — M(N) " vV

with ¢ < 49. Now take the strong limit for ¢ 1 49 and apply (5.5.7). Then for each
he

(5.5.11)

(St =N 7Th = (Sk e —A) R as t 10,
which, via (5.5.11), leads to

¥(A) [(M(t) - ]\4()\))71 - (@K — M(A))il]’y(X)*h —0 as t1.

Since v(\) maps G isomorphically onto ker (S* —\) and y(A\)* : $§ — G is surjective,
see Proposition 2.3.2, it follows that for each ¢ € G

(M(t) = M(\) "o = (O = M(N) "¢ as t170. (5.5.12)
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Next the parameter Ok will be identified with M (~g). For this purpose, observe
that for ¢ € G

{(M(t) = M) o, 0+ MA)(M(t) — M(N) "o} € M(2). (5.5.13)

Ast T 70, the components on the left-hand side of (5.5.13) converge due to (5.5.12),
while the bounded operators M (t) converge in the strong resolvent sense, and
hence in the graph sense (see Corollary 1.9.6) to the self-adjoint relation M (vo).
Hence, (5.5.13) implies

{(©x — MOV) p.p + M(N) (O — M(N) "0} € M(30) (5.5.14)

for all p € G, and thus (Ox — M(\))~! C (M (y9) — M (X))~ L. Since M()\) € B(9),
it follows that ©x C M (7y), or, since both relations are self-adjoint, Ox = M (o).
Now (5.5.5) for x = g follows from (5.5.9).

Next consider the Friedrichs extension Sg of S. Let O be the self-adjoint
relation in § which corresponds to Sg, that is,

Sk = {fAG S* . {Foﬁrlf} € @F}
Then again by the resolvent formula in Theorem 2.6.1 one has
(Se = N7 = (Ao = N~ 3N (O ~ M(V) 'y’ (5.5.15)
for A € C\ R. As above, (O — M ()\))~! € B(G). Subtracting (5.5.15) from (5.5.8)
and using the same reasoning as above involving Theorem 5.4.10 yields
(M(t) = M(\) "o —= (Or — M(N) "¢ as t] —oo.

From the fact that M(—oo) is the strong resolvent limit, and hence the strong
graph limit of M (t) when ¢ | —oco, one concludes Op = M (—oc0) in the same way
as in (5.5.13)—(5.5.14). This shows (5.5.4). d

The statements in the following corollary are consequences of Theorem 5.5.1
and Proposition 2.1.8.

Corollary 5.5.2. Let S be a closed symmetric relation, let {G,To,'1} be a boundary
triplet for S*, and let M be the corresponding Weyl function. Assume that the
self-adjoint extension Ag = ker Ty is semibounded with lower bound ~yy. Then the
following statements hold:

(i) Ao = Sr if and only if M(—o0) = {0} x G;

(il) Ao NSy =S if and only if M(—o0) is a closed operator;

(iii) Ao F Sp = S* if and only if M(—o0) € B(9),
and, similarly

(iv) Ao = Sk, if and only if M () = {0} x G;

(v) Ao N Sk, =S if and only if M(vo) is a closed operator;

(vi) Ao F Sk, = S* if and only if M(vo) € B(S).
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Moreover, for A1 = kerT'y one has

(vil) Ay = SF if and only if M(—o0) = G x {0};
(vill) Ay = Sk~ if and only if M(v) = G x {0}.
Such facts can also be stated in terms of the limit behavior of M(—o0) and

M (v0) via Corollary 5.2.14 applied to the Weyl function M. For this purpose recall
the notations

e ={ves: lm (M) < |,
T Yo
w={pess lm (@) > o ).

Corollary 5.5.3. Let S be a closed symmetric relation, let {G,To,'1} be a boundary
triplet for S*, and let M be the corresponding Weyl function. Assume that the
self-adjoint extension Ay = ker g is semibounded with lower bound ~y. Then the
following statements hold:

(i) Ag = Sp if and only if €_ = {0};
(il) AgN Sy =S if and only if clos€_,, = G;
(iii) Ag ¥ Sp = S* if and only if €_, =G,

and, similarly

(iv) Ao = Sk, if and only if €, = {0};
(v) Ao N Sk.~, =S if and only if clos €, = G;
(vi) Ao F Sk, = S* if and only if €., = G.

In the context of Theorem 5.5.1, the Weyl function of the boundary triplet
is holomorphic on the interval (—oo,7p). In this situation the inverse result in
Theorem 4.2.4 can be formulated as follows.

Proposition 5.5.4. Let G be a Hilbert space and let M be a uniformly strict B(G)-
valued Nevanlinna function, which is holomorphic on C\ [yg, 00) and not holomor-
phic at vg. Then there exist a Hilbert space $, a closed simple symmetric operator
S in 9, and a boundary triplet {G,To,T'1} for S* such that Ay is a semibounded
self-adjoint relation with lower bound m(Ag) = o and M is the corresponding
Weyl function.

Proof. Let M be a uniformly strict Nevanlinna function with values in B(9). Let
$H(Nas) be the reproducing kernel Hilbert space associated with the Nevanlinna
kernel M) — M)
- M(p
—_—, A C\R.
o MHE \
By Theorem 4.2.4, there exist a closed simple symmetric operator S in the re-
producing kernel Hilbert space $(Nys) and a boundary triplet {G,T,T';} for S*
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such that M is the corresponding Weyl function. The assumption that M is holo-
morphic on (—00,79) and the fact that S is simple imply, by Theorem 3.6.1,
that (—o0,70) C p(Ap). Moreover, since M is not holomorphic at 7y, one has
Yo € o(Ap). Therefore, the self-adjoint relation Ay is semibounded with lower
bound m(4p) = 7o. O

The context of Theorem 5.5.1 will now be narrowed. Let S be a closed semi-
bounded relation in ). Then the existence of a semibounded self-adjoint extension
of S is guaranteed by the Friedrichs extension Sg of S. The interest in the rest of
this section is in boundary triplets {G,I'g,I'1} for which Ay = Sp. The following
result is a consequence of Theorem 2.4.1 since for any self-adjoint extension H of
S there is a boundary triplet {G,T'o,I'1} for S* such that H = kerT'y.

Corollary 5.5.5. Let S be a closed semibounded relation in $ with lower bound .
Then there exists a boundary triplet {G,To,T'1} for S* such that

SF = ker P().

The corresponding Weyl function M is holomorphic on (—o0,7) and the mapping
x+— M(x) from (—o00,v) to B(9) is nondecreasing, while M(—oco) = {0} x §.

The following result will be useful in treating the connection between semi-
bounded self-adjoint extensions and the Weyl function.

Proposition 5.5.6. Let S be a closed semibounded relation in ), let {G,T9,T1} be
a boundary triplet for S* such that Sp = ker g, and let M be the corresponding
Weyl function. Let Ag be a self-adjoint extension of S corresponding to the self-
adjoint relation © in G and assume that v < m(S). Then M(x) € B(S) and the
following equivalence holds:

r<Aeg & M(z)<0.
In particular, if Ag is semibounded in ), then © is semibounded in G.

Proof. The assumption x < m(S) = m(Sg) implies that z € p(Sp) and hence
M (x) € B(9) is clear. The formula in Theorem 2.6.1, applied to Ag and Sy, gives

(Ao —a) ™" = (Sp —2) ™! = 4(2)(© = M(2))"(2)", (5.5.16)

since (Sp — x)~! € B($). Recall that v(x)* maps ker (S* — x) onto G; see Propo-
sition 2.3.2. Note that if, in addition, x € p(Ae), then (© — M(x))~! € B(9).

(=) Since Ag is a semibounded self-adjoint extension of S, it follows from Propo-
sition 5.3.6 that Ag < Sp. Observe that for « € p(Ae)

0<(Sp—2)"' < (do—2)7",
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where both operators belong to B($)) since x € p(Sr) N p(Ae). Hence, it then
follows from (5.5.16) that

(© - M(x))"* >0 or, equivalently, © — M(x) > 0.

Since M (z) € B(9) it follows that M (x) < ©; cf. Proposition 5.2.6.

Now let @ < Ag. First assume that x < m(Aeg). In this case, z € p(Ao)
and thus M(x) < ©. Next, assume that 2 = m(Ag) and consider an increasing
sequence x, whose limit is z. Then clearly M(z,) < © and thus M(z) < ©; cf.
Corollary 5.2.12 (i).

(«) Assume that M (z) < ©. Then © — M (x) > 0 by Proposition 5.2.6 and hence
(©—M(z))~! > 0. It is straightforward to see that the right-hand side of (5.5.16)
is a nonnegative relation. Thus, the relation

(Ao —a) ™' = (Sp—2)7!

on the left-hand side of (5.5.16) is also nonnegative and, in fact, this relation is also
self-adjoint since (Ag —x) ™1 is self-adjoint and (Sg —z)~! € B($) is self-adjoint.
Therefore, one concludes with the help of Proposition 5.2.6 and « < m(Sg) that

0< (SF — 1’)_1 < (A(_) — x)_l.
In particular, this shows that 0 < Ag — z or x < Ag. O

From Proposition 5.5.6 one sees that if the self-adjoint extension Ag is semi-
bounded in $), then the corresponding self-adjoint relation © is semibounded in
G. The converse is not true in general; cf. Remark 5.6.16. However, in Proposi-
tion 5.5.8 below it will be shown that the converse holds if S has finite defect
numbers or Sgp has a compact resolvent. The following result is a preliminary
observation.

Lemma 5.5.7. Let S be a closed semibounded relation in $ with lower bound v and
let {G,T0,T'1} be a boundary triplet for S* such that Sp = ker'y. Let M be the
corresponding Weyl function and assume that for any C' > 0 there exists x1 < 7y
such that

M(z) < —C, r <z (5.5.17)

Then for every semibounded self-adjoint relation © in G the corresponding self-
adjoint extension Aeg is semibounded from below.

Proof. Let © be a self-adjoint relation in § with lower bound v and choose C' > 0
in (5.5.17) such that —C' < v < . For all # < 21 one then has

0<v+C<O+C<O-— M),

which implies that © — M () is boundedly invertible for all < x;. From The-
orem 2.6.2 one concludes (—o0,21) € p(Ag) and hence Ag is semibounded from
below. This conclusion also follows from Proposition 5.5.6. ]
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Now it will be shown that the condition (5.5.17) holds when S has finite
defect numbers or Sr has a compact resolvent.

Proposition 5.5.8. Let S be a closed semibounded relation in $ with lower bound
v and let {G,To,T1} be a boundary triplet for S* such that Sp = ker I'g. Assume
that one of the following conditions hold:

(i) G is finite-dimensional;

(i) (Sp — A)~! ds compact for some, and hence for all, A € p(Sp).

Then for any C > 0 there exists x1 < v such that (5.5.17) holds. In particular, if
(i) holds, then all self-adjoint extensions of S in § are semibounded from below, or
if (ii) holds and © is a semibounded self-adjoint relation in G, then the self-adjoint
extension Ag of S is semibounded from below.

Proof. (i) As Sp = kerI'g, one has (M(x)p, ) — —oo for z — —oo and all
¢ € G by Corollary 5.5.3 (i). Since § is finite-dimensional, a compactness argument
shows that there exists x; < 7 such that (5.5.17) holds. Every self-adjoint relation
© in the finite-dimensional space G is semibounded and hence it follows from
Lemma 5.5.7 that all self-adjoint extensions Ag are semibounded.

(ii) Recall from Proposition 5.4.12 that the resolvents of the Krein type extensions
Sk ¢+ converge uniformly to the resolvent of Sg, that is, for all A € C\ [y, 00) one
has
lim [[(Ske—A)""—(Sp—A) "' =0. (5.5.18)
t] —oo

In the following fix some A = xy < m(Sr) and note that, by (5.5.18), there exists
t' < xy such that zg € p(Sk,;) for all ¢ < ¢'. Using (5.5.1) it follows that the
resolvent of Sk + has the form

(Sk,t —20) " = (Sp — @o) ™" = (o) (M(t) — M(Jfo))_17($o)*7

where (M (t)—M (z0))~% € B(S) for all t < ¢’ by Theorem 2.6.1 and Theorem 2.6.2.
Since y(zo) maps G isomorphically to M., (S*) and v(xg)* maps N, (S*) isomor-
phically to G, it follows together with (5.5.18) that

lim ||(M(t) = M(z0)) "' || = 0. (5.5.19)

t] —o0

This implies that for any C' > 0 there exists 1 < = such that (5.5.17) holds.
In fact, otherwise there exists some Cy > 0 and a sequence s,, — —oo such that
Sp <t < xoand M(s,) > —Cp. Then the estimate

—Co — [[M(z0)|| < —Co — M(x0) < M(sn) — M(x0) <0

and (M (s,) — M(z0))~t € B(G) contradict (5.5.19). Therefore, the condition
(5.5.17) is satisfied and if © is a semibounded self-adjoint relation in G, then by
Lemma 5.5.7 the corresponding self-adjoint extension Ag is semibounded. ]
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In the case of Corollary 5.5.5 the relationship between the Friedrichs exten-
sion Sy and the Krein type extension Sk . is described in the following corollary,
which is a translation of (iv)—(vi) in Corollary 5.5.2; cf. Corollary 5.4.13 and Corol-
lary 5.4.14.

Corollary 5.5.9. Let S be a closed semibounded relation in ). Let {G,T0,T'1} be
a boundary triplet for S* such that Sp = kerI'y and let M be the corresponding
Weyl function. Let v = m(Sg). Then the following statements hold:

(i) Sk and Sk, coincide if and only if M(y) = {0} x §G;
(ii) Sk and Sk~ are disjoint if and only if M(7) is a closed operator;
(i) Sy and Sk are transversal if and only if M(v) € B(9).

In general it may not be possible to simultaneously prescribe kerI'g as the
Friedrichs extension Sg and kerI'; as the Krein type extension Sk ., since kerI'y
and kerI'; are necessarily transversal; cf. Section 2.1. However, note that the
Friedrichs extension Sy and the Krein type extension Sk , for < v are automat-
ically transversal; cf. (5.4.26).

Proposition 5.5.10. Let S be a closed semibounded relation in $ with lower bound
~. Then the following statements hold:

(i) For x < vy there exists a boundary triplet {G,To,T1} for S* such that

Sp=kerI'y and Sk =kerl';. (5.5.20)

(i) If Sy and Sk ~ are transversal, then there exists a boundary triplet {G,To, T}
for S* such that

Sp=kerI'y and Sk, =kerl;.

In both cases the corresponding Weyl function satisfies M(—o0) = {0} x § and
M(z) = G x {0}, x < ~. In particular, M(t) <0 for all t < z, i.e., M belongs to
the class Sgl(foow) of inverse Stieltjes functions.

Proof. (i) The extensions Sy and Sk, for z < v are automatically transversal
according to (5.4.26). Hence, it follows from Theorem 2.5.9 that there exists a
boundary triplet {G,Ig,I'1} for S* such that (5.5.20) holds.

(ii) Since it is assumed that Sy and Sk - are transversal, Theorem 2.5.9 yields the
statement.

The Weyl function M satisfies M(—oc0) = {0} x § and M(z) = G x {0}
as a consequence of Corollary 5.5.2. Finally, that M(t) < 0 for all ¢t < z is a
consequence of the monotonicity of the Weyl function M in Corollary 2.3.8. The
assertion M € S§1 (—o00, ) is immediate from the definition of the inverse Stieltjes
class in Definition A.6.1. O
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The following corollary is a consequence of Proposition 5.5.4 and Corol-
lary 5.5.2.

Corollary 5.5.11. Let G be a Hilbert space and let M be a uniformly strict B(G)-
valued Nevanlinna function, which is holomorphic on C\ [y, 00) and not holomor-
phic at . Assume, in addition, that

M(—00) ={0} x§ and M(y)=9 x{0}. (5.5.21)

Then there exist a Hilbert space $), a closed simple semibounded operator S in $
with lower bound v, and a boundary triplet {G,T0,T1} for S* with Sp = ker Ty
and Sk = kerI'y, such that M is the corresponding Weyl function.

Proof. Tt follows from Proposition 5.5.4 that there exist a Hilbert space £, a
closed simple symmetric operator S in $), and a boundary triplet {G,T'g,T'1} for
S* such that Ay = kerI'y is a semibounded self-adjoint relation with lower bound
m(Ao) = v and M is the corresponding Weyl function. The assumptions in (5.5.21)
and Corollary 5.5.2 (i) and (viii) imply Sp = kerI'yg = A and Sk = ker I';. Since
m(Sr) = m(Ap) = 7, it is also clear that the symmetric operator S is semibounded
with lower bound 7. O

In the next corollary a boundary triplet with the properties as in Proposi-
tion 5.5.10 (i) is exhibited.

Corollary 5.5.12. Let S be a closed semibounded relation in $) with lower bound .
Then R
S* = Sp + MN,(S%), x <7, (5.5.22)

1s a direct sum decomposition. Let f: {f, '} € S* have the unique decomposition
f=Fe+Fa,
with fe = {fr, fo} € Sp and fo = {fo,2fs} € No(S*). Then
Tof =f. and T)f= Py, (s9(fp — xfr)

defines a boundary triplet {9, (S*),To,T'1} for S* such that (5.5.20) holds. For
A € p(Sk) the corresponding y-field «y is given by

’Y()\) = (I + ()\ — .Z')(SF — /\)71)me(5*)7 (5523)
and the corresponding Weyl function M is given by
M()\) = )\ — T+ ()\ — $)2P‘ﬁm(5*)(SF — A)ilbmm(s*). (5524)

Proof. Tt is clear from Theorem 1.7.1 that (5.5.22) is a direct sum decompo-
sition. Now choose 4 = x in Theorem 2.4.1 and modify the boundary triplet
{MN,(5%),To,T1} in Theorem 2.4.1 to {M,(5*),To,I'1 — 2I'o}. Then Sp = ker Ty
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and the corresponding ~-field and Weyl function have the form (5.5.23) and
(5.5.24); cf. Theorem 2.4.1 and Corollary 2.5.5. It is easy to see that

S F M, (S*) C ker Ty,

and since Sk ; = S ¥ ‘JA’tz(S*) and ker I'; are both self-adjoint, one concludes that
Sk, = kerI'y, so that (5.5.20) holds. O

The following example is an illustration of Proposition 5.5.10 (i) and Corol-
lary 5.5.12 for the case where the semibounded relation §' is uniformly positive. In
this situation it is convenient to have a boundary triplet for which the Krein—von
Neumann extension Sk ¢ corresponds to the boundary mapping I'y; cf. Chapter 8.

Example 5.5.13. Let S be a closed nonnegative symmetric relation in $ with
lower bound v > 0. In this case the Krein-von Neumann extension Sk ¢ is given
by Sko = S ¥ ‘)A?O(S*); cf. (5.4.3). Moreover, the Friedrichs extension Sp and
the Krein—von Neumann extension Sk are transversal by (5.4.26). For z = 0
Corollary 5.5.12 shows that {9(S*), g, "1 }, where

Tof =fo and Ty f = Pyy(s+) fr F=1{fe fi} + {f0,0},
is a boundary triplet for S* = Sp F ‘flo(S*) such that
Sp =kerl'y and Sk =kerl'y;
moreover, for A € p(Sg) the corresponding ~v-field v is given by
YA) = (I +AMSp — X))oy (s,
and the corresponding Weyl function M is given by
M(N) = X+ A2 Py, 59 (SF — A) Loy (59

Note that, in particular, ¥(0) = tq,(s-) is the canonical embedding of 9,(S*) into
9, 7(0)* = Pyy(s+) is the orthogonal projection onto 91y(S*), and M (0) = 0.

The last objective in this section is to derive an abstract first Green identity.
For this consider a boundary triplet {G,I'g,I'1} for which Sp = kerI'y and assume
that also the self-adjoint extension corresponding to I'; is semibounded. In the
following the notation S; = ker I'y (instead of A;) is used; this will turn out to be
more convenient for the next section. As a first step rewrite the abstract Green
identity (2.1.1) in the form

(f'.9) — (01 f.T0g) = (f,4') — (Tof.T19). f.ge 5™ (5.5.25)

In the following theorem it will be shown that the expression on the left-hand side,
and hence on the right-hand side, of (5.5.25) can be seen as a restriction of the
form tg, .
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Theorem 5.5.14. Let S be a closed semibounded relation in $) and let {G,To, 1}
be a boundary triplet for S* such that

Sp =kerI'g and S;=kerl'y, (5.5.26)

where Sy is the Friedrichs extension and Sy is a semibounded self-adjoint extension
of S. Moreover, let tg, be the closed semibounded form corresponding to Sy. Then
dom S* C domtg, and the following equality holds:

(f',9) =ts,[f.9] + (T1f.Tog), [.geS". (5.5.27)

Proof. By the assumption (5.5.26), the extensions S and S are transversal and
hence it follows from Theorem 5.3.8 that dom S* C domtg,. Moreover, every
f,g € S* can be decomposed as

f=Ff+h, G=0+01. Jfe.Gr €Sr, f1.01€ 5.
Using the conditions in (5.5.26) one sees that
Tofr =Togr =0 and T1fy =Ihg; =0, (5.5.28)
and therefore the identity (5.5.25) can be rewritten as
(f',9) = (T1f,Tog) = (f,9") — (Lo f,T19)
= (fr + f1.95 +91) — (Tof1,T13r).
In order to rewrite the last term on the right-hand side of (5.5.29) observe that
f1,gr € S*. Therefore, another application of the abstract Green identity for the
boundary triplet {G, g, "1} shows that
(fi,97) = (f1.98) = (T1f1,Togr) — (o f1,T13r)
= —(Tof1,I'19r),

where (5.5.28) was used in the last equality. A combination of (5.5.29) and (5.5.30)
gives

(5.5.29)

(5.5.30)

(f'.9) — (U1 £.003) = (fr, gk) + (fr. 1) + (fr.97) + (f1. 9%). (5.5.31)

Since dom S* C dom tg,, the last three terms on the right-hand side of (5.5.31)
can be rewritten by means of Theorem 5.1.18:

(fF7g/1):t51[fF7glL (fl?gi):tsl[flhgl}? (f{agF):tsﬁ[flagFL

whereas the first term on the right-hand side of (5.5.31) can be rewritten by means
of Theorem 5.1.18 and the inclusion tg, C ts, as follows:

(fr, 9¥) = tsp [fr, gr] = ts, [fr, gp]-
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Combined with (5.5.31), the above rewriting leads to

(f'.9) — (D1, T0g) = ts, [fr, 9] + ts, [fr, g1] + ts, [f1, 1) + ts, [f1, 9¥]
=ts, [fr + f1,97 + 91]
- t5’1 [f7 g]:

and hence (5.5.27) has been shown. O

Let © be a self-adjoint relation in § and consider the corresponding self-
adjoint extension

He = {f € " :{Tu[,I'\f} € ©}; (5.5.32)

here the notation Hg (instead of Ag) is used, which is more convenient for the
next section. For f € S* the condition {I'gf,'1 f} € © is equivalent to

Tof €domO,, and PopT1f=0O,T0f, (5.5.33)

where P,, denotes the orthogonal projection from § onto Go, = dom© and O,
is the self-adjoint operator part of the self-adjoint relation O; cf. the end of Sec-
tion 2.2. The following statement is an immediate consequence of Theorem 5.5.14.

Corollary 5.5.15. Let S be a closed semibounded relation in $) and let {G,o,I'1}
be a boundary triplet for S* such that Sp = kerT'y and S; = kerT'y, where Sg
is the Friedrichs extension and Sy is a semibounded self-adjoint extension of S.
Let tg, be the closed semibounded form corresponding to Sy. Assume that Hg is a
self-adjoint extension of S corresponding to the self-adjoint relation © in G. Then

(f'.9) = ts,[f. 9] + (QopTof.To7), [.G€ He. (5.5.34)

Under the assumption that Hg is semibounded, the left-hand side of (5.5.34)
can be written as ty, [f, g]. One may view the identity (5.5.34) as a perturbation
of the form tg, by means of the term (O, Fof, I'og). The proper interpretation of
(5.5.34) in terms of quadratic forms requires an extension of the mapping I'g; this
procedure will be taken up in detail in Section 5.6 with the introduction of the
notion of a boundary pair.

5.6 Boundary pairs and boundary triplets

In this section the notion of a boundary pair for a semibounded symmetric rela-
tion in a Hilbert space ) is developed. It will turn out that there is an intimate
connection between boundary pairs and boundary triplets. In fact, a boundary
pair helps to express the closed semibounded form associated with a semibounded
self-adjoint extension in terms of the parameter provided by the boundary triplet.
The concept of a boundary pair is motivated by applications occurring in the study
of semibounded differential operators.
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Definition 5.6.1. Let S be a closed semibounded relation in $ and let S; be a
semibounded self-adjoint extension of S such that S; and the Friedrichs extension
Sr are transversal. Let tg, be the closed form associated with S; and let

's:jtsl—a - (domtsly (" ')tsl —a): a < m(Sl)y

be the corresponding Hilbert space. A pair {3, A} is called a boundary pair for S
corresponding to Sy if G is a Hilbert space and A € B(Y)tsl_a, G) satisfies

ker A = domtg, and ranA = G.

Let S be a closed semibounded relation in $), let Sg be the Friedrichs ex-
tension of S, and assume that {G,A} is a boundary pair for S corresponding
to a semibounded self-adjoint extension S; of S. Then, by Definition 5.6.1, the
semibounded self-adjoint extensions S; and Sy are transversal, which, by Theo-
rem 5.3.8, is equivalent to the inclusion

dom S* C domtg, = domA.
One also has the orthogonal decomposition
ﬁtsl —a = ker (8 —a) Dits, —a 5tSF—a, a < m(S1) <m(Sk);

cf. Proposition 5.3.7 and Theorem 5.3.8. Since ker A = domtg, and ran A = G,
one sees that the restriction of A to the space ker (S* —a) equipped with the norm
| - Ilts, —as is a bounded mapping from ker (S* — a) to G such that

ran (Al ker (* —a)) = G.
Hence, the restriction A[ker (S* — a) has a bounded everywhere defined inverse.

Boundary pairs have a useful invariance property. To see this consider a pair
of semibounded self-adjoint extensions S; and Sy of S which are each transversal
with S, i.e.,

S* =51 F Sp =5y + Sp. (5.6.1)

Lemma 5.6.2. Let S be a closed semibounded relation in $, let S1 and Sy be semi-
bounded self-adjoint extensions which satisfy the transversality conditions (5.6.1),
and assume that a < min {m(S1),m(S2)}. Then domts, = domts, and the form
topologies of ts, and ts, coincide. Consequently, {9, A} is a boundary pair for S
corresponding to Sy if and only if {G, A} is a boundary pair for S corresponding
to SQ.

Proof. 1t suffices to consider the boundedness property, as the other properties of
a boundary pair in Definition 5.6.1 do not depend on the choice of the transversal
extensions S; and Ss. In fact, according to Corollary 5.3.9, the transversality
conditions in (5.6.1) imply that

dom (S; —a)? =dom (Sy —a)?, a < min{m(S;),m(S,)}.
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Moreover, again by Corollary 5.3.9, this implies that
1 1 1
c1ll((S1)op = @)Z¢)* < [[((S2)op — @)ZFell* < 2| ((S1)op — @) 240l

for all ¢ € dom (S5 —a)? = dom (S; — a)z and for some constants ¢, ¢y > 0. In
other words, c¢;1(ts, — a) < tg, — a < ea(tg, — a) for some constants ¢y, co > 0.
Therefore, the form topologies of tg, and tg, coincide and thus A € B(s’,)ks1 —a,9)
if and only if A € B($¢s,—a,9). This implies that {J, A} is a boundary pair for
S corresponding to Sy if and only if {G, A} is a boundary pair for S correspond-
ing to Ss. (]

To explore the connection between boundary pairs and boundary triplets,
the notion of extension in the next definition will be important.

Definition 5.6.3. Let S be a closed semibounded relation in $), let {G,'y,I'1} be
a boundary triplet for S* with Ay = kerI'y and assume that mul Ag = mul S*.
Let S; be a semibounded self-adjoint extension of S such that S; and Sg are
transversal, so that, dom S* C domtg,. Then an operator A € B(S’Jtsl,a,S) is
said to be an extension of I'y if

Tof =Af forall f={f f}es* (5.6.2)

It follows already from the assumption mul A9 = mul S* that the mapping
/= Tof from dom S* to G in (5.6.2) is an operator. In fact, if f = {0, f'} € S*,
then f € Ag = kerI'y, so that Fofz 0. Note also that in the case Ay = Sf the
condition mul Ay = mul S* is satisfied by Theorem 5.3.3.

Next the notion of a compatible boundary pair will be introduced.

Definition 5.6.4. Let S be a closed semibounded relation in ) and let {G, Ty, 1}
be a boundary triplet for S* with

Ag=kerT'y and A; =kerT;.

Let S; be a semibounded self-adjoint extension of S such that S; and Sg are
transversal and let {G, A} be a boundary pair for S corresponding to S;. Then
{G,To,T'1} and {9, A} are said to be compatible if A is an extension of I'y and the
self-adjoint relations A; and Sy coincide.

The next lemma provides a sufficient condition for an extension A of I'g such
that {G, A} is a boundary pair, or compatible boundary pair, for S corresponding
to Si. In the special case where the defect numbers of S are finite this condition is
automatically satisfied, which makes the lemma useful in applications to Sturm-—
Liouville operators in Chapter 6.

Lemma 5.6.5. Let S be a closed semibounded relation in $) and let {G,T0,T1} be a
boundary triplet for S* with Ag = ker 'y and A1 = kerI'y. Let S7 be a semibounded
self-adjoint extension of S such that Sy and Sy are transversal or, equivalently,
dom S* C domtg,, and let a < m(S1). Then the following statements hold:
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(i) If A € B(9t5, -0, 9) is an extension of I'y, then ran A = G and
dom tg, C kerA.
(ii) If A € B(9ts, —a, 9) is an extension of T'g and
dom tg, = ker A, (5.6.3)

then Ag = kerT'g = Sg and {G, A} is a boundary pair for S corresponding to
Sy. If, in addition, Ay = Sy, then {G,T0,T'1} and {G, A} are compatible.

In particular, if A € B($tg,—a,9) is an extension of I'o and the defect numbers
of S are finite, then Ag = kerT'g = Sg and {G,A} is a boundary pair for S
corresponding to Sy. If, in this case, also Ay = Sy, then {G,T0,T'1} and {G, A} are
compatible.

Proof. (i) Let A € B(£)¢5, —a, 9) be an extension of I'g. It follows from the extension
property (5.6.2) that ran A = § and that

dom S C dom Ag C ker A. (5.6.4)

Since A € B($ts, —a, 9), it is clear that ker A is closed in ¢y, —o and, by (5.6.4),
the closure of dom S with respect to the inner product (-, ')tslfa is contained in
ker A. On the other hand, dom .S C dom Sp C domtg, and the inner product on
9ig, —a restricted to Ny —q coincides with the inner product (- ')tsF—a in N5, —a
(see the discussion below (5.3.10) and (5.3.11)). As dom S is a core of tg,., it follows
from Corollary 5.1.15 that the closure of dom S with respect to the inner product
(s )tg, —a coincides with dom ts,. Thus, one concludes dom ts, C ker A.

(ii) Assume that A € B($g, —a,9) is an extension of I'g and that (5.6.3) holds.
Then R N N
Ag={feS : fekerlo} C{feS": fekerA}. (5.6.5)

Since ker A = dom tg,, it follows from Theorem 5.3.3 that the right-hand side of
(5.6.5) concides with Sy. Thus, Ag C Sy and since both relations are self-adjoint,
it follows that Ay = Sp. Moreover, one has ran A = § by (i) and hence {§,A} is a
boundary pair for S* corresponding to Sp. It follows directly from Definition 5.6.4
that the additional assumption A; = Sy yields compatibility of {G,T9,T'1} and
{3, A}

For the last statement assume that the defect numbers of S are finite and let
A € B(Hg,-a,9) be an extension of I'g. Then ran A = § and dom ts,, C ker A by
(1). Since 57 and Sg are transversal, one has the orthogonal decomposition

Nis,—a = ker (S* — a) By, —a Nig,—a
for a < m(S1) by Proposition 5.3.7 and Theorem 5.3.8. Then
dimran A = dim § = dimker (S* — a) < oo

together with dom tg, C ker A implies dom ts,, = ker A. Now the assertions follow
from (ii). O
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If the boundary triplet {G, g, "1 } and the boundary pair {3, A} are compat-
ible, then automatically ker I'y = Sg. In the next theorem it will be shown that for
a boundary triplet for S* such that kerI'g = S and ker 'y = S is semibounded,
there exists a compatible boundary pair {G, A} for S corresponding to Sj.

Theorem 5.6.6. Let S be a closed semibounded relation in $) and let {G, T, 1} be
a boundary triplet for S*. Assume that

kerI'g = Sp  and kerI';y = Sy,

where S is the Friedrichs extension and S1 is a semibounded self-adjoint extension
of S. Then, with a < m(Sy) fized, the mapping

Ao={{f.Tof}: f€5}CHiy-ax, (5.6.6)

is (the graph of) a densely defined bounded operator. Its unique bounded extension
A to all of Hg, —a induces a boundary pair {G, A} for S corresponding to S1 which
is compatible with the boundary triplet {G,To,'1}.

Proof. The assumption that {G,Tg,T'1} is a boundary triplet for S* implies that
St and S are transversal extensions of S. By Theorem 5.3.8, this is equivalent to
dom S* C domtg,, and hence dom Ay = dom S* is contained in Nig, —a> L€, the
relation Ag in (5.6.6) is well defined from ¢, —q to §.

In order to see that AO is an operator, assume that { f, Fof} € Ao with f € §*
5at1§fy1ng f = 0. Hence, f = {0, f'} € S*, which by Theorem 5.3.3 shows that
f € Sr. Now the identity Sg = ker I'g implies that Fof = 0. Hence, mul Ay = {0},
that is, Ag in (5.6.6) is an operator. Furthermore, it is clear that Sgp = ker I'g yields
ker A() = dom SF

Next it will be shown that the operator

Aot 9, —a DdomS* =G, frs Aof =Tof, (5.6.7)

is bounded. By assumption, a < m(Sy) < m(Sr), and hence one has the decompo-
sition S* = Sp F N, (S*); see Theorem 1.7.1. Let f = {f, '} € S* and decompose
it accordingly,

F="Je+TFa fr€Se fu={fuafs}€N(S).

From Sp = ker 'y and the fact that 'y : S* — G is bounded (with respect to the
graph norm; cf. Proposition 2.1.2) it follows that

1A f1I? = ITofII? = ITofall? < M| fall? + a®[| fall?) < M’||fall?

holds for some constants M, M’ > 0. Then is clear from (5.1.9) that there exists
M" > 0 such that

JAofI? < MU faly o < MY (I, o+ 1Fal, o) = MU,
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where fr € dom Sgp C dom tg,; here in the last equality one uses the orthogonal
decomposition

dom tg, = ker (5" — a) ®i,, —q dom tg,

with respect to the inner product (-, ’)‘Sl —q in the Hilbert space ¢ —q, see Propo-
sition 5.3.7 and Theorem 5.3.8. This shows that the operator Ay in (5.6.7) is
bounded.

By Theorem 5.1.18 (ii), dom S; is a core of tg, and hence dom S is dense in
the Hilbert space $); —o by Corollary 5.1.15. As dom S; C dom S* C dom tg,, it
follows that dom S* is also a dense subspace of )¢5 —4. Therefore, the bounded
operator Ag in (5.6.7) is densely defined, and hence Ay admits a unique extension
A by continuity to all of 5 —q.

Since the restriction of the inner product in Nig, —a 10 Nig . —a coincides with
the inner product in H¢, —a (see the discussion below (5.3.10) and (5.3.11)), the
closure of dom Sr = ker Ag in $ts, —a is domtg,. This implies ker A = domtg,.
Finally, by definition ran A = ran Ag = G, and hence {G, A} is a boundary pair
for S corresponding to S7. It is also clear that the boundary pair {G, A} and the
boundary triplet {G, g, I'1 } are compatible. O

In the next corollary it is shown that in the context of Theorem 5.6.6 the
continuity of A : Nig,—a — G makes it possible to extend the identity

(flag) :tS1[f7g]+(FlﬁFO/g\)7 f/.\ageS*v (568)

in Theorem 5.5.14 to fe S* and g € dom tg, .

Corollary 5.6.7. Let S be a closed semibounded relation in $, and let {G,To,T'1}
and {G, A} be the boundary triplet and boundary pair in Theorem 5.6.6, respec-
tively. Then the following equality holds:

(f',9) = ts,[f.9) + (T1f, Ag), feS*, gedomts,.

Proof. As dom S* is a dense subspace of ig, —a, there exist g, € domS™ and
Gn = {gn,gn} € S such that g, — g in Hy —a, and hence I'og, = Ag, — Agin §.
Furthermore, g, — g in Hy, — also implies g, — g € 9 and ts, [f, ga] — ts, [f, 9]

~

for f ={f, f'} € S*. By (5.6.8), the identity

(f',9n) = ts,[f, gn] + (C1 F,ToGn) = ts, [fs gn] + (T1 f, Agn)

holds for f: {f, '} and g, = {gn, 9.} € S*. Now the assertion follows by taking
limits. O

For the sake of completeness the existence of boundary pairs is stated in the
following corollary as an addendum to Definition 5.6.1.
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Corollary 5.6.8. Let S be a closed semibounded relation in $. Then there exist a
semibounded self-adjoint extension S1 of S such that S1 and Sg are transversal
and a mapping A € B9, —a,9), a < m(S1), such that {G, A} is a boundary pair
for S.

Proof. By Proposition 5.5.10, there exists a boundary triplet {G,I'¢,I'1} for S*
such that Sp = kerI'y and Sk, = kerI'y for z < m(S) = m(Sr). Now the
statement follows with S; = Sk, and a < m(S7) = z from Theorem 5.6.6. a

Example 5.6.9. Let S be a closed semibounded relation in $ with lower bound
7, fix £ < 7, and consider the boundary triplet {0M,(S*),To,I'1} for S* in Corol-
lary 5.5.12 with

Lof = for  F={fe fi} + {forxfo} € Sp T Nu(S™).

Then S¢ = kerI'y and Sk, = kerI'; and for a < z one has the direct sum
decomposition

Nig,  —a =domtg, , =domts, +MN,(S"), a<z <y (5.6.9)
cf. Corollary 5.4.16. Then the mapping
Af = fo, f:fF'i'fxedomtSF +mx(S*)a

belongs to B(S’)tsk_w,a, N, (5*)). In fact, let f € ﬁtsx,z*a have the decomposition
f = fr+ fo as in (5.6.9), and define f, = (I + (¢ — z)(Sp — a)~%)f,. Then
f =gr + fa, where gr = f, — fo + fr € domtg, and f, € M, (S*). Now observe
that f, = (I+ (v —a)(Sp—2)7 1) fa, so that Proposition 1.4.6 leads to the estimate

Y—a
1 fall < o [ fall

Recall from (5.1.9) (with t = ts ., v =z, ¢ = fa) and (5.4.28) that
(0= )l < Mfallts, 0 S IFallZs, o+ lgelE, o = 1A%,

which proves that A € B($s, —a,M:(5")). Thus, A extends I'o in the sense
of Definition 5.6.3. Tt is clear that dom tg, = ker A, and hence Lemma 5.6.5 (ii)
implies that {91,(5*), A} is a boundary pair for S corresponding to Sk , which is
compatible with the boundary triplet {91, (S*),T'0,I'1} in Corollary 5.5.12.

Theorem 5.6.6 admits a converse. If S is a semibounded relation and {G, A} is
a boundary pair for S in the sense of Definition 5.6.1, then there exists a compatible
boundary triplet {G, g, "1} for S*. The construction of the mapping I'y : S* — §
is inspired by Lemma 5.6.5 and the construction of I'y : S* — G is inspired by the
first Green formula in Theorem 5.5.14.
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Theorem 5.6.10. Let S be a closed semibounded relation in $ and let S1 be a
semibounded self-adjoint extension of S such that S1 and Sg are transversal. Let
{G, A} be a boundary pair for S corresponding to Sy. Then

Do ={{f,Af}: fes5*) (5.6.10)

is (the graph of) a linear operator from S* to G and there exists a unique linear
operator I'y : S* — G such that {G,T, 1} defines a boundary triplet for S* which
is compatible with the boundary pair {G, A} for S corresponding to Sy.

Proof. The relations S; and Sp are semibounded self-adjoint extensions of S and
hence m(S1) < m(Sg) = m(S). There are the following decompositions of the
relation S*: N

S* = Sp F Mu(S*), a<m(Sk), (5.6.11)
and, likewise, N

S5* =81 T Nu(S*), a<m(Sy); (5.6.12)

cf. Theorem 1.7.1. Recall that tg, C ts, and, since S; and Sp are transversal,
there is the orthogonal decomposition

domtg, = ker (5" — a) ©i, —q domts,, a<m(S), (5.6.13)

of the Hilbert space N, —a- Moreover, in this case one also has dom S* C dom tg, ;
cf. Proposition 5.3.7 and Theorem 5.3.8. The proof will be given in a number of
steps. The mapping I'g is considered in Step 1. Step 2 and Step 3 are preparations
for the construction of I'y in Step 4. In the remaining steps the various properties
of I'y are established.

Step 1. This step concerns the properties of I'g in (5.6.10). Since dom S* C dom tg,
one sees from Definition 5.6.1 that the relation I'y is well defined. It is clear that
Ty is the graph of an operator,

To:S* =G,  fwTDof=Af, (5.6.14)
and that {0} x mul S* C ker I'g. Furthermore,
Sp={feS :fedomts,} ={f €5 :feckerA} =kerly, (5.6.15)

where the first equality holds by Theorem 5.3.3, the second equality is due to
dom tg, = ker A, and the third equality follows from (5.6.14).

Since ran A = § and ker A = dom tg,, it follows from (5.6.13) that A maps
ker (S* — a) bijectively onto G. Therefore,

I’y is a bijection between ‘JA”(G(S*) and G, (5.6.16)

and, in particular,
rany = G. (5.6.17)
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Step 2. Now it will be shown that the identity
ts,[f, 98] = (f,gr), [ €S, gr € domts,, (5.6.18)
holds. For this, assume that fis decomposed as
F=Ffr+ha,  fr €Sk, he€Nu(SY); (5.6.19)
cf. (5.6.11). Recall that dom S* C dom tg, and observe that with (5.6.19) one gets
ts, [f, gv] = ts, [fF + ha, gF] = ts.[fr, gr] + ts, [ha, gr]- (5.6.20)
The orthogonal decomposition in (5.6.13) gives
0= (ha, 9¥)ts, —a = ts;[ha, gr] — alha, gr).
Hence, (5.6.20) leads to the identity
ts, [f, gv] = tse [ fr, gr] + a(ha, gr) = (f5, gr) + alha, gr),

which shows (5.6.18).
Step 3. Next it will be shown that

~

ts, [f, 9] = (f'.9) = (far 9a)ts, —a» [, G €S, (5.6.21)

where f and g are decomposed as

f=h+fe FES, fucN(s), (5.6.22)
and R
G=0r+Ja,  Gr € Sps Ja € Na(S™); (5.6.23)

cf. (5.6.12) and (5.6.11). For this note first that with (5.6.22) the identity (5.6.18)
in Step 2 gives

ts,[fi + farg7] = (f + afa, gr). (5.6.24)
Furthermore, note that with g, from (5.6.23) one has
ts, [f1,9a] = (f1,9a) (5.6.25)

due to f/'\l € 51 and g, € M, (S*) C domtg,; cf. Theorem 5.1.18. A combination of
(5.6.24) and (5.6.25) leads to

ts, [f, 91 — (f',9) = ts, [f1 + fa, 97 + 9a) — (f1 + afa, 97 + 9a)
= fsl [fl + faaga} - (f{ + afavga)
= tSl [favga] - a(favga)v

which gives (5.6.21).
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Step 4. In this step the operator I'; : S* — § will be constructed. For this purpose
fix f € S* and consider the linear relation

(bf:{{FO/g\v(g7f/)_t51[gvf]}: /g\ES* } (5626)
It follows from ranI'g = § in (5.6.17) that dom ®+=§. Next it will be shown that

P 7 is the graph of a bounded linear functional. If f and g are decomposed as in
(5.6.22) and (5.6.23), then it follows from (5.6.21) in Step 3 that

(9. ') = ts, 19, fI| = [tsu[f. 9] = (f, )| = |(fas 9a)es, —al < lfalles, —allgalles, —a-

Recall that the restriction of A to ker (S* —a) has a bounded inverse (with respect

to the norm | - [[¢5, — on ker (S* — a)). Therefore, by (5.6.10) and (5.6.15),
HgaHtslfa < CHAga” = CHFO./g\aH = C”FO§” (5'6'27)

for some constant C' > 0 and, as a consequence,

(9. f) = ts,19, fl| < Cllfalles, alTogll, g€ 5™

This implies that the relation ® > in (5.6.26) is the graph of an everywhere defined
bounded functional. Hence, by the Riesz representation theorem, there exists a
unique ¢ € G such that

q)f (FO./g\) = (F0§7 @f)a /g\ € 5"
Define the mapping I'y by

[:8* =G, fsDif:= o5 (5.6.28)
By construction, I'y is linear and it follows from (5.6.21) and (5.6.26) that

(C1£.009) = (f',9) — ts,[f+9] = —(far 9a)ts, —a (5.6.29)

for all f € 5* and § € §* decomposed in the forms (5.6.22) and (5.6.23), respec-
tively.

Step 5. It will be shown that the operator I'y, constructed in Step 4, satisfies

S1 = kerT'y. (5.6.30)
To show that S; C kerT'y, assume that f € Sy. Then (5.6.29) in Step 4 implies
that (I';1 f,Tog) = 0 for all g € S*, and since Iy is surjective (see (5.6.17)), one

concludes that T'y f=0.Thus, Sy C kerI'y. To show the reverse inclusion, assume
that f = {f, f'} € kerT';. Then it follows from (5.6.29) that

ts, [f,9] = (f',g) forall g€ domsS; C domS*.

Since dom S is a core of tg, , it is a consequence of the first representation theorem

(Theorem 5.1.18) that f= {f, '} € S1. Thus, kerI'y C Sy, and so (5.6.30) has
been proved.
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Step 6. Next it will be shown that the operator I'1, constructed in Step 4, satisfies
ranl'y = G. (5.6.31)

For this purpose note first that tanI'y = §G. In fact, if Tan T’y # G, then in view of
(5.6.16) there exists g, € 9,(5*) such that I'yg, # 0 and

(T f,T0ga) =0 forall fe5* (5.6.32)

Now apply (5.6.29) with f = fi+fu € S*, f1 € S1, fa € Ma(5*), and G, € N (5*).
Then (5.6.32) implies
(faaga)tsl —a=0
for all f, € M, (S*). Therefore, g, = 0 and hence g, = 0 and I'gg, = 0, which is a
contradiction. Thus, TanI'; = G.
To conclude (5.6.31), it suffices to show that ran T'; is closed. For this consider
the restriction I'} to ‘5\’1@(5*). It follows from S* = S; F ‘.YIQ(S*) and (5.6.30) that

I} is injective and that
ranI} = ranT}. (5.6.33)

With the inner product (-, )5 —a the space ‘.?ta(S*) is a closed subspace of the
Hilbert space s, —a X Hi, —a (see (5.6.13)). Since

(T fa:T0g)| = |(fa 9a)ts, —al < Cllfalles, —alTodl

by (5.6.29) and (5.6.27), it follows from

[T} fall = sup |(F1fa,F0/g\)| < CHfaHtslfa
ITogl|=1

that the operator I} is bounded in the topology of Nts, —a X HNtg, —a- Hence, I is
closed and the same is true for the inverse operator

(T) "' : G D ranT) — N (S).

Assume that (T'})~! is unbounded. Then there exists a sequence (g,) in ‘?IQ(S*)
such that [|gn||is, o = 1 and T'{g,, — 0 in §. From (5.6.29) and the definition of
T'p one obtains

1= (gmgn)tslfa = —(T1Gn, T0gn) = —(T'1Gn, Agn) < [IT1Gnlll[Agall,
and as A : N, —a — G is bounded this yields
1 < C'01Gnllllgnllts, —a = CIT1Gnll — 0;

a contradiction. Hence, the operator (I'})~! is bounded. As (I'})~! is closed, it
follows that ranT"y = dom (I'})~! is closed, which together with (5.6.33) and
ranl'y = G shows (5.6.31).
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Step 7. First it will be verified that the mappings I'g and I'; form a boundary
triplet for S*. Observe that (5.6.29) implies the Green identity

(f',9) = (f.9') = (11, Tog) — (Do f,T1§), f.ge S

It remains to show that

r
ran ( 0) =GxG. (5.6.34)

I'
For this, let ¢, ¢’ € §. From ranT'g = § in (5.6.17) and ran T’y = 9 in (5.6.31) it is
clear that there exist h * €/ S* such that Foh = ¢ and Flk = ¢'. It follows from

the transversality S* = Sp + S; that
E:/ﬁpﬁ-ﬁl and /k\?:/k\F +/I€\17 /ﬁp,/k\:FESF,?Ll,%lESl.

Define f = ﬁl + 7<:\F € S*. Making use of the facts that kerI'g = Sp in (5.6.15)
and kerI'y = Sp in (5.6.30), one obtains

FOJ?Z Fo/f\h = I‘071 =@,
Flf: Fl/k;F = 1—‘1/]5 = <Pla

which shows (5.6.34). Therefore, {G,'p,I'1} is a boundary triplet for S*.

Since kerI'g = Sg and kerI'; = 51, and since A is an extension of I'y, see
(5.6.10), one concludes that the boundary triplet {G,I'g,I'1} and the boundary
pair {G, A} are compatible; see Definition 5.6.4.

It remains to check that I'y constructed in (5.6.28)—(5.6.29) is uniquely de-
termined. Note that the mapping I'g and the kernel S; of I'; are uniquely deter-
mined as the boundary triplet is required to be compatible with the boundary
pair {G, A}. Under these circumstances the action of I'; is uniquely determined by
formula (5.5.27) in Theorem 5.5.14. d

The following result gives a connection via a boundary pair {G, A} between
closed semibounded forms tg corresponding to semibounded self-adjoint exten-
sions H of S such that S; < H < S and closed nonnegative forms w in §. A
similar result also involving boundary triplets follows later.

Theorem 5.6.11. Let S be a closed semibounded relation in $ and let S, be a
semibounded self-adjoint extension of S such that S1 and Sy are transversal. Let

{G, A} be a boundary pair for S corresponding to Sy. Then the following statements
hold:

(i) If H is a semibounded self-adjoint extension of S such that S; < H, then
there exists a closed nonnegative form w in G defined on domw = A(dom tz)
such that

tulf, 9] = ts,[f. 9] +w[Af,Ag],  f,g € domty. (5.6.35)

Moreover, the space A(dom H) is a core of the form w.
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(ii) If w is a closed nonnegative form in G, then

t[f? g} = tSl [f7 g] +W[Af7 Ag]:

(5.6.36)
domt = {f € domtg, : Af € domw},

is a closed semibounded form in $ and the corresponding self-adjoint relation
H is a semibounded self-adjoint extension of S which satisfies S1 < H.

The formulas (5.6.35) and (5.6.36) establish a one-to-one correspondence between
all closed nonnegative forms w in G and all semibounded self-adjoint extensions H
of S satisfying the inequalities S1 < H < Sp.

Proof. (i) Let H be a semibounded self-adjoint extension of S and let ty be the
corresponding closed semibounded form. By assumption, S; < H or, equivalently,
tg, < tg; cf. Theorem 5.2.4. Hence, domty C domtg, and tg, [f] < ty[f] for all
f € dom ty. Recall that tg,, as the closure of tg, satisfies tg, C ts, and ts, C tg.
Since ker A = dom tg,, one concludes that the form

w[Af,Ag] = tulf,g] —ts,[f.g], domw = A(domty), f,g€ domty, (5.6.37)

is well defined and nonnegative in the Hilbert space G. To see that it is well defined,
just note that for f, g € domty the Cauchy—Schwarz inequality shows

1
2

I

[talf, 9] — ts, [f. g]| < |tulf, f] —’tslff| tlg, 9] — ts,lg, 9]

and hence tg[f,g] — ts,[f, 9] in (5.6.37) vanishes when either f or g belongs to
ker A = dom tg,.

Next it will be shown that the form w is closed in §. To this end consider a
sequence (¢;,) in domw and assume that ¢, —, ¢ for some ¢ € G, that is, ()
is a sequence in domw = A(domty), such that

on =@ €S and wlen — ©m] — 0. (5.6.38)
Since ker A = dom tg, and
domtg, C domty C domtg, = (dom ts, Stg,—a dom tsF) Bts,—a dom tg,

for a < m(S1), there exists a sequence (f,) in domty S, —a dom tg,, such that
Af,, = ¢n. Moreover, since ran A = G, there exists f € domtg, Otg, —a dom tg,
such that Af = ¢; see Proposition 5.3.7. Since the restriction of A to the space
dom tg, Sts, —a dom tg, has a bounded inverse (see the discussion following Def-
inition 5.6.1), it follows that f, — f in $ts, —a- In particular, f, — f in § and
ts, [fn — fm] — 0. Then (5.6.37) and (5.6.38) imply

tH[fn - fm] = fsl [fn - fm] +W[Afn - Afm]
= tSl [fn - fm] +W[S0n - Som} — 07
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and as ty is closed one concludes f € domty and tg[f, — f] — 0. This implies
¢ =Af € domw. Furthermore, as tg, is closed, also ts, [f, — f] = 0, and hence

wlon — @] = w[Afn = Af] = tufo = f1 = ts, [fn = f1 = 0,

so that w is a closed form in G. It is clear that the definition of w in (5.6.37) implies
the representation of ty in (i).

It remains to show that A(dom H) is a core of w. For this let ¢ € domw
and choose f € domty such that ¢ = Af. As dom H is a core of ty, there exists
a sequence (f,) in dom H such that f, — f in $ and tg[f, — f] — 0. Then
0< (ts, — a)[fn — f] < (tw — a)[fn — f] — 0 and, in particular, one has f, — f
in Hg, —a- Setting ¢y, := Af, one has ¢, C A(dom H) and using the fact that A
is bounded one concludes that

on=Afn = Af=¢

and
w[ﬁpnfSD] :W[Afn*Af] :tH[fnff} 7t51[fn7f} — 0.
This shows that A(dom H) is a core of w.

(ii) Assume that w is a closed nonnegative form in §. Then it is clear that the
form

t[f. g] = ts,[f, 9] + w[Af, Ag] (5.6.39)

defined on domt = A~!(domw) C dom tg, is semibounded and t[f] > tg, [f] holds
for all f € domt. To verify that t is closed consider a sequence (f,,) in dom t such
that f, —¢ f for some f € 9, that is, f, — f in  and t[f,, — f] — 0. Since
the forms tg, — a, a < m(S1), and w are nonnegative, it follows from (5.6.39) and
(t—a)[fn — fm] = 0 that 0 < (tg, — a)[fn — fm] = 0 and W[Af, — Af,,] — 0. As
tg, is a closed form in $), one concludes that f € domts, and tg, [f, — f] — 0. This
shows that f, converges to f in ¢y, —q and as A is bounded one has Af, — Af
in §. Moreover, since w[Af, — Af,] — 0 and w is closed in G, one concludes
that Af € domw and w[Af, — Af] — 0. Hence, f € domt = A~} (domw) and
t{fn — f] = 0, and t is a closed form in $.

Let H be the semibounded self-adjoint relation associated with t via the
first representation theorem; see Theorem 5.1.18. Since dom tg, = ker A, it follows
from (5.6.36) that tg, C t. Hence, tg, < t < tg, or, equivalently, S1 < H < Sp;
see Theorem 5.2.4. One concludes from Theorem 5.4.6 (or its proof) that H is a
self-adjoint extension of S. This completes the proof of (ii).

The indicated one-to-one correspondence is clear from (i) and (ii) by the
uniqueness of the representing semibounded self-adjoint relation associated with
a closed semibounded form. d

A combination of Theorem 5.6.11 with Theorem 5.4.6 leads to the following
observations. Recall that the Krein type extensions Sk , and Sg are transversal
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when 2 < v = m(S) = m(Sp) (see (5.4.26)) and that in the nonnegative case
v > 0 the Krein-—von Neumann extension is given by Sk o; cf. Definition 5.4.2.

Corollary 5.6.12. Let S be a closed semibounded relation in $ with lower bound ~y.

(i) Forz <~ and S; = Sk the formulas (5.6.35) and (5.6.36) establish a one-
to-one correspondence between all closed nonnegative forms w in G and all
self-adjoint extensions H of S satisfying m(H) > x.

(i) If Sk, and Sy are transversal, then with S = Sk -, the formulas (5.6.35) and
(5.6.36) establish a one-to-one correspondence between all closed nonnegative
forms w in G and all self-adjoint extensions H of S satisfying m(H) = .

(iii) If~y > 0, then with the Krein—von Neumann extension S1 = Sk o the formulas
(5.6.35) and (5.6.36) establish a one-to-one correspondence between all closed
nonnegative forms w in G and all nonnegative self-adjoint extensions H of
S. If v =0 the same is true if the Krein—von Neumann extension S1 = Sk o
and Sy are transversal.

Theorem 5.6.11 is a first step towards a full description of all semibounded
self-adjoint extensions and their associated forms. The following result is a con-
tinuation of Theorem 5.5.14 for semibounded self-adjoint extensions (see Corol-
lary 5.5.15) and an extension of the first part of Theorem 5.6.11, in which also the
boundary conditions of the extensions and the corresponding forms are connected.

Theorem 5.6.13. Let S be a closed semibounded relation in $ and let S be a
semibounded self-adjoint extension of S such that S1 and Sy are transversal. Let
{G,T0,T'1} be a boundary triplet for S* and let {G, A} be a compatible boundary
pair for S corresponding to S1. Assume that Hg is a semibounded self-adjoint
extension of S corresponding to the self-adjoint relation © in G as in (5.5.32)—
(5.5.33). Then © is semibounded in G and the corresponding closed semibounded
form we in G and the closed semibounded form tg, corresponding to Heg are
related by

tHe[fug} = tS1 [f7g] +w(‘)[Af7 Ag]7

(5.6.40)
domty, = {f € domtg, : Af € domw@}.

Proof. The proof of the theorem will rely on the results in Theorem 5.5.14 and
Corollary 5.5.15, where Hg is now taken to be semibounded. In the first two steps
of the proof the equality between the forms in (5.6.40) will be verified. In the last
step the domain characterization in (5.6.40) will be shown.

Step 1. First recall from Corollary 5.5.15 the formula (5.5.34):

(f/7g) = t5'1 [f7 g} + (Goproﬁ FO§)7 f/‘\age H@' (5641)

Since Hg is assumed to be semibounded, it follows from Theorem 5.1.18 that
(f',9) = tue[f, g]- As the boundary pair {G, A} is compatible with the boundary
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triplet {G, o, I'1 }, the mapping A is an extension of I'g. Hence, (5.6.41) may now
be rewritten as

tH(—) [fa g] = t51 [f7 g] + (®Op Af7 Ag)a f?g € dom H@' (5642)

Step 2. In this step it is shown that the formula (5.6.42) can be extended to
the form domain of ty, as in (5.6.40). First observe that by Lemma 5.6.5 one
has Ay = Sp. Moreover, since Hg is a semibounded extension of S, it follows
from Proposition 5.5.6 that © is semibounded from below. Hence, (5.6.42) can be
written as

tuolf, 9] = ts, [f, 9] + welAf,Ag], f,g € dom He, (5.6.43)

where wg is the closed semibounded form corresponding to © in G. It follows from
Corollary 5.3.9 that

dom (Heg — a)? C dom (51— a)? (5.6.44)
and hence there is a constant C' > 0 such that
1 1
[((S1)op —a)2¢|l < Cll((He)op — a)2 ¢l (5.6.45)

for all ¢ € dom (He — a)?.

Now let f € domty,. As dom Hg is a core of tg,, there exists a sequence
(fn) in dom Hg such that f,, — f in $ and tg,[fn, — f] = 0. By (5.6.44)(5.6.45)
it follows that f € dom ts, and tg, [fn, — f] — 0, so that f,, — f in Hg 4. Since A
is bounded, this shows that Af, — Af in §. Furthermore, from (5.6.43) one sees
that

W@[Afn - Afm] = tH@[fn - fm] - fsl [fn - fm] — 0.

Since wg is closed, one obtains
Af € domwe and we[Af, —Af] — 0.
Therefore, the following inclusion has been shown
dom ty, C {f € domtg, : Af € domwe }. (5.6.46)

Let f,g € domty, and choose (fy), (gn) in dom He as above. Then one has

tH(—) [fn7 gn] - tHe [fa g]a Jc51 [fn7 gn] - tS1 [fa g]7 and we [Af,“ Agn] - OJ@[Af7 Ag] as
n — oo by Lemma 5.1.8, and hence (5.6.43) extends to

tiolfs 9] = ts, [f, 9] +wolAf,Agl, f,g € domty,. (5.6.47)

Step 3. To complete the proof of the theorem the equality between the domains
in (5.6.40) must be verified. Due to (5.6.46) it suffices to show that

{f € domtg, : Af € domw@} C dom tyy, .
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Let f € domtg, and assume that ¢ = Af € domwe. Using the orthogonal decom-
position
domtg, = (dom ts, Ots,—a domtSF) Big, —a domts,, a< m(Sy), (5.6.48)

write f in the form f = h+k, where h € dom tg, &, —,domts, and k € dom tg,.
Then k € domty,, and since ker A = dom tg,., one has ¢ = Ah. It remains to
show that h € dom tg, .

Recall that dom © is a core of wg. Hence, there exists a sequence (¢,) in
dom © such that ¢, —,. @, that is,

on > 9 ES and wolpn — pm] — 0.

Note that ¢, € dom® means {@,,¢,} € © for some ¢, € § and there exists

{f’!L?frlL} € H@ such that F{f’r“fr/z} = {‘pn’@;} Hence, A.fn = FO{fnafyll} = ©n,
where f,, € dom He C domty, C domtg,. Using (5.6.48), one can write f,, in the
form

fo="nhn+kn, hy€domtg, Otg, —a domtg,, k, € domtg,.

From ker A = dom tg, it is clear that ¢, = Af,, = Ah,. Since the restriction of
A to dom tg, Otg, —a dom tg, has a bounded inverse it follows from ¢, — ¢ in G
that i, — h in $¢g, . In particular, i, — h in $ and tg, [hn — hy] — 0. Then it
follows from (5.6.47) that

tho [hn — hm} =tgs, [hn - hm] + we [Ahn - Ahm}
= tSl [hn - h’m] + w@[‘ﬂn - (pm} - 07

and as tg, is closed, one concludes that h € dom tg,, . O

One may apply the second representation theorem (Theorem 5.1.23) to the
closed form weg in Theorem 5.6.13. Assume that p < m(0), then it follows that

wolAf, Agl = ((Oup — W) TS, (Bop — 1)*Ag) + 1 (AS Ag),
domwg = dom (O, — 17,
Hence, one obtains the following result; cf. Corollary 5.5.15.

Corollary 5.6.14. Let the assumptions be as in Theorem 5.6.13 and let p < m(©).
Then the closed semibounded form tg, corresponding to Hg is given by

trolf 9] = ts, £, 9] + (Oop — 1) Af, (Oop — 1)2Ag) + pu(Af, Ag),
dom ty, = {f € domts, : Af € dom (O, — )% }.
Furthermore, if ©p € B(Gop), then
tig[f, 9] = ts, [f, 9] + (Qop A, Ag),
domty, = {f € domtg, : Af € domOgp },
and in the special case © € B(G)
tuo[f, 9] = ts,[f.9] + (OAf, Ag), dom ty, = domtsg,.

(5.6.49)
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Example 5.6.15. Let S be a closed semibounded relation in $) with lower bound
7, fix £ < v, and consider the boundary triplet {0M,(S*),Tg,I'1} for S* in Corol-
lary 5.5.12 and the corresponding compatible boundary pair {O,(S*), A} in Ex-
ample 5.6.9. Assume that Hg is a semibounded self-adjoint extension of S corre-
sponding to the self-adjoint relation © in M, (S*) as in (5.5.32)—(5.5.33). Then O
is semibounded in 91, (S*) and the corresponding closed semibounded form wg in
N, (S*) and the closed semibounded form tg, corresponding to Hg are related by

tue [f. 9] = ts . [f, 9] + welfu. 92],
domty, = {f = fr + fo € domtg, + N (S*): fo € domw@}.

Let Ho be a semibounded self-adjoint extension of S corresponding to the
self-adjoint relation © in G as in (5.5.32)—(5.5.33). The first boundary condition
in (5.5.33) is the essential boundary condition given by I’Ofe dom O, . Since Hg
is now assumed to be semibounded, it follows from f € dom S* C dom A that this
condition can be written as

Af =Tof € dom ©,;, C dom (Ogp —,u)%, w<m(0),

which implies that f € domty,. The second boundary condition in (5.5.33) is
the natural boundary condition given by Pop I't f = ©gp Lo f. It is subsumed in the
additive term in the structure of the form tg,:

((Oop — ) ZAF, (Oop — m)ZAg) + i (Af, Ag);

cf. Corollary 5.5.15, which in case of a bounded operator part ©,, simplifies to

(Oop Af, Ag);

cf. (5.6.49). In particular, the elements in dom Hg satisfy an essential boundary
condition if and only if dom © # §, that is, © ¢ B(9). Note that the extreme case

dom © = {0} corresponds to Af = 0 and Fof =0, ie., f € domtg, and f € Sp.

Remark 5.6.16. In Theorem 5.6.11 a one-to-one correspondence between the closed
nonnegative forms w in § and the semibounded self-adjoint extensions H of S in
$ satisfying S1 < H < Sg is established. For closed semibounded forms w in G the
situation is different: Although Theorem 5.6.13 shows that for each semibounded
self-adjoint extension H = Hg of S there exists a closed semibounded form w = weg
in G such that

tulf, 9] = ts,[f, 9] + w[Af, Ag], (5.6.50)

one can also see that for an arbitrary closed semibounded form w in G the right-
hand side in (5.6.50) is not necessarily bounded from below. However, if, e.g., w is
a symmetric form with domw = G such that for some a > 0 and b € [0,1)

WIAf] < allfI? +bts, [f], € domts,,
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then Theorem 5.1.16 shows that tg in (5.6.50) is a closed semibounded form with
domty = domtg, in $. In particular, in this situation the corresponding self-
adjoint extension H of S is semibounded.

Recall from Proposition 5.5.8 that in the case of finite defect numbers or in
the case that S has a compact resolvent the implication

© semibounded in § =  Hg semibounded in $

holds. The following corollary supplements Theorem 5.6.13 and can be seen as an
extension and completion of the second part of Theorem 5.6.11. When the defect
numbers are not finite or the resolvent of Sy is not compact there is in general no
analog of the second part of Theorem 5.6.11.

Corollary 5.6.17. Let S be a closed semibounded relation in $) and let S1 be a
semibounded self-adjoint extension of S such that S1 and Sy are transversal. Let
{G,To,T'1} be a boundary triplet for S*, let {G, A} be a compatible boundary pair for
S corresponding to Sy and assume, in addition, that one of the following conditions
hold:

(i) the defect numbers of S are finite;
(i) (Sp —A)7! is a compact operator for some X € p(Sg).

Let © be a semibounded self-adjoint relation in G and let Hg be the corresponding
self-adjoint extension of S as in (5.5.32)—(5.5.33). Then Hg is semibounded and
the closed semibounded forms tg, and we are related by (5.6.40).

The following corollary complements Corollary 5.6.12 (iii). If the symmetric
relation S is positive a natural choice for S; is the Krein-—von Neumann extension
Sk,0. A possible explicit choice for the boundary triplet can be found in Exam-
ple 5.5.13.

Corollary 5.6.18. Let S be a closed semibounded relation in $ with lower bound
v >0, let {G,To, 1} be a boundary triplet for S*, and let {G, A} be a compatible
boundary pair for S corresponding to the Krein—von Neumann extension Sk .
Then the formula

tH(—) [fa g] = tSK,U[f? g] + (egp Af7 egp Ag>7

i (5.6.51)
domty, = {f € domtg, , : Af € domOZ, },

establishes a one-to-one correspondence between all closed nonnegative forms tgg
corresponding to nonnegative self-adjoint extensions Ho of S in $ and all closed
nonnegative forms wg corresponding to nonnegative self-adjoint relations © in G.

Proof. By assumption, one has Sk = kerI'; and hence the Weyl function M
corresponding to {9, Ty, "1} satisfies M(0) = 0 by Corollary 5.5.2 (viii). Assume
that Hg is a nonnegative self-adjoint extension of S with corresponding closed
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nonnegative form tg,. Since v > 0, Proposition 5.5.6 with z = 0 shows that the
self-adjoint relation © in G is nonnegative. Formula (5.6.51) follows from Theo-
rem 5.6.13 and Corollary 5.6.14 with g = 0. Conversely, if © is a nonnegative
self-adjoint relation in G, then Theorem 5.6.11 (ii) shows that Hg is a nonnegative
self-adjoint extension of S and (5.6.51) holds. O

In the next corollary the ordering of semibounded self-adjoint extensions is
translated in the ordering of the corresponding parameters.

Corollary 5.6.19. Let S be a closed semibounded relation in $ and let {G,To,I'1}
be a boundary triplet for S*. Assume that

kerI'o =S¢ and kerl'; = 57,

where Sy is the Friedrichs extension and Sy is a semibounded self-adjoint extension
of S. Let Hg, and Hg, be semibounded self-adjoint extensions of S corresponding
to the semibounded self-adjoint relations ©1 and ©s. Then

Hg, <Ho, & 0;<0,. (5.6.52)
In particular, S1 < Ho, < 0< 0O,.

Proof. Let {G, A} be a compatible boundary pair for S corresponding to Sy as in
Theorem 5.6.6. Then according to Theorem 5.6.13 one has the following identities

tH(—)l [f7 g} = tS1 [fa g] + we, [Af7 AgL

(5.6.53)
domtp,, = {f € domtg, : Af € domwel},

and

tH@2 [f7 g} = t51 [f7 g] + wo, [Afv Ag}v

(5.6.54)
domtp,, = {f € domtg, : Af € domwez}.

Recall from Theorem 5.2.4 that Hg, < Heg, if and only if the, < tho,- This last
statement means by definition that

domty,, Cdomty, —and tme [f] < tme,[f], fedomty, , (5.6.55)
which, via (5.6.53) and (5.6.54), is equivalent to
dom ty,, Cdomty, and we,[Af] <we,[Af], f €domty,,. (5.6.56)

Assume now that He, < Hg,, i.e., that (5.6.56) (and (5.6.55)) holds. First
it will be shown that dom tre, C dom the, implies that

dom ©y C domwe, . (5.6.57)
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To see this, let ¢ € dom©Os. Then {p, ¢’} € O3 for some ¢’ € G. Now choose
{f,/'} € Ho, C S* with the property I'{f, f'} = {®,¢'}. Then it follows that
Af =To{f, f'} = ¢. Furthermore, since f € dom S* C domtg, and

p=Af € domBOsy C domwe,,

it follows from domty,, C domty, that ¢ = Af € domwe,. Hence, (5.6.57)
has been shown. Next observe that due to the previous reasoning the inequality
in (5.6.56) gives

we, [¢] < we,[¢], ¢ € dom Oa. (5.6.58)

Denote the restriction of the form we, to dom©s by we,. Then the inclusion
(5.6.57) and the inequality (5.6.58) can be written as

wo, < Wa,, (5.6.59)

and, since dom O3 is a core of we,, it follows from (5.6.59) and Lemma 5.2.2 (v)
that
o, Swe, or, equivalently, ©; < O

Hence, Ho, < Hg, implies that ©; < Os.
For the converse statement assume ©; < Oy or, equivalently, we, < we,,
ie.,

domwe, C domweg, and we,[p] < we,[¢], ¢ € domwe,. (5.6.60)

It will be shown that (5.6.56) holds. Let f € domtp,,, so that f € domts, and
Af € domwe,. Then it follows from (5.6.60) that also Af € domwe,. Hence,
one sees that dom tre, C dom the, - Furthermore, if f € dom tre, then it fol-
lows directly from (5.6. 60) that we, [Af] < we, [Af]. Thus, (5.6.56) holds and one
concludes that Hy < Ho.

Finally, note that for the choice ©; = 0 one has Hg, = kerI'y = S; and
hence the equivalence (5.6.52) takes the form S; < Hg, < 0 < O,. O

If S is a semibounded relation in $) with lower bound v and one chooses Hg,
to be the Krein type extension Sk , for some x < v in the previous corollary, then
the next statement follows from (5.5.1).

Corollary 5.6.20. Let the assumptions be as in Corollary 5.6.19 and let Ho be a
semibounded self-adjoint extension of S corresponding to the self-adjoint relation
© in G as in (5.5.32)(5.5.33). Then for any x < m(S)

Sk.<Ho < M(z)<0.
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