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Chapter 3

Spectra, Simple Operators,
and Weyl Functions

In this chapter the spectrum of a self-adjoint operator or relation will be com-
pletely characterized in terms of the analytic behavior and the limit properties
of the Weyl function. In order to be able to treat the different parts of the spec-
trum, a short introduction to finite Borel measures on R and the corresponding
Borel transforms will be given in Section 3.1 and Section 3.2. The notions and some
properties of the absolutely continuous, singular continuous, pure point, and other
spectral subsets of a self-adjoint relation are recalled in Section 3.3. Moreover, the
concepts of simplicity (or complete non-self-adjointness) and local simplicity of
symmetric operators and relations will be explained in detail in Section 3.4. For a
boundary triplet {G, T'g, I'; } with corresponding Weyl function M, the spectrum of
the self-adjoint extension Ay = kerT'( is then characterized. An analytic descrip-
tion for the point spectrum of Ag in terms of M is given in Section 3.5, the rest
of the spectrum and its different parts, namely absolutely continuous, singular,
and continuous spectrum are studied in Section 3.6 under the additional condition
that the underlying symmetric relation S is simple or locally simple. The limit
properties of the Weyl function are also connected with defect elements belonging
to the domain or range of Ag. This is discussed in Section 3.7. Finally, it is shown
with the help of tranformation properties of boundary triplets and Weyl functions
in Section 3.8 how the earlier results in this chapter extend to a description of the
spectrum of an arbitrary self-adjoint extension Ag.

3.1 Analytic descriptions of minimal supports
of Borel measures

A Borel measure on R can be decomposed with respect to the Lebesgue measure
into an absolutely continuous measure and a singular measure. The minimal sup-
ports of the measure and its parts can be described by means of the derivative of
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the measure. The present interest is in an analytic description of these minimal
supports in terms of the Borel transform. For the convenience of the reader, a brief
review on Borel measures on R and some properties of their Borel transforms are
recalled.

In the following let p be a regular Borel measure on R and denote the
Lebesgue measure on R by m. Recall that any Borel measure on R which is fi-
nite on compact sets is automatically regular. Associated with the regular Borel
measure g is the nondecreasing, left-continuous function

u([0,2)), x>0,
v,(z) =40, x =0, (3.1.1)
—,U/([.Z',O)), T < 07

on R. Observe that v, is bounded if and only if i is a finite measure, that the
derivative v, of the nondecreasing function v, exists m-almost everywhere, and
that

w([z,v) = vuly) — vu(z), x <y. (3.1.2)
It is important to note that via (3.1.2) the function v, induces a Lebesgue-Stieltjes
measure on R, which is a complete measure that coincides with the completion of

p. In the following it is often more convenient to work with this completion, which
will also be denoted by pu, and the corresponding p-measurable subsets of R.

The regular Borel measure p has a Lebesgue decomposition with respect to
the Lebesgue measure m:

W= Mac t+ s,
where the measure p,. is absolutely continuous and the measure s is singular,
each with respect to the Lebesgue measure. The singular measure ps is further

decomposed into the singular continuous part pus. and the pure point part j, so
that

© :ﬂac+usc+ﬂp'

The corresponding nondecreasing, left-continuous functions v, , v, and v,
defined via (3.1.1), are absolutely continuous, continuous with v/, = 0 m-almost
everywhere, and a step function, respectively, and

Vit = Viae T Vpo + Vs
Furthermore,

pae®) = [ (e dm(z) (3.1.3)

for all Borel sets B, and hence the derivative v;, coincides with the Radon
Nikodym derivative of 1, m-almost everywhere.
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For x € R the derivative p/(x) of the Borel measure p with respect to the
Lebesgue measure m is defined by

1)
"(z) = lim { Ml : I, an interval containin af:}, 3.14
pie) = lim JEE : (3.1.4)

whenever the limit exists and takes values in [0, 00]. It can be shown that the sets
¢ = {z € R: y/(z) exists finitely} (3.1.5)

and
¢ = {z € R: 4/(x) exists finitely or infinitely} (3.1.6)

are Borel sets, and for the set R\ &, on which the derivative p/ does not exist
finitely one has that

m(R \ &) = 0, (3.1.7)

while for the set R\ € on which the derivative i’ does not exist finitely or infinitely
one has that

m(R\€E) =0 and pu(R\€)=0; (3.1.8)

note that R\ ¢ C R\ &. Recall also that the derivative v}, of the function v,
in (3.1.2) and the derivative p/ in (3.1.4) of the measure p coincide m-almost
everywhere.

A p-measurable set & C R is called a support of p if p(R\ &) = 0. In
particular, this implies that p(2) = p(2AN &) for all p-measurable sets A C R. A
support & C R of p is called minimal if for subsets &y C S that are y-measurable
and m-measurable, ©(Sg) = 0 implies m(Sy) = 0. A minimal support is not
uniquely defined. The next auxiliary lemma provides some useful properties of
minimal supports.

Lemma 3.1.1. Let p be a Borel measure on R and let 6,&" C R be sets that are
measurable with respect to p and m.

(i) If & and &' are minimal supports for u, then the symmetric difference SAS’
satisfies W(GAS") =0 and m(GAG') = 0.

(i) If & is a minimal support for p while n(S\ &) =0 and m(&"\ &) =0, then
&’ is a minimal support of . In particular, if & is a minimal support for u
and & C &' is such that m(&’ \ &) =0, then &' is a minimal support of .

Proof. (i) Since SAG’ C ((R\ &)U (R\ &")) and both & and &' are supports for
1, one has
W(GAS) < u(R\ &) + u(R\ &) =0.

In particular, 4(&\ &) = 0. Now &\ & C & is p-measurable and m-measurable,
and since & is a minimal support, it follows that m(&\&’) = 0. A similar argument
shows that m(&’\ &) = 0. Hence, m(GA&’) = 0.



172 Chapter 3. Spectra, Simple Operators, and Weyl Functions

(ii) From R\ &' = (R\ &)U (6 \ &)\ (&' \ &) one concludes that
W(R\ &) < u(R\ ©) + u(6 \ &),

Since & is a support of x and it is assumed that p(&\ &) = 0, it follows that
w(R\ &) = 0. Hence, &' is a support of p.

To prove that &’ is a minimal support for u, let &9 C &’ be pu-measurable
and m-measurable, and assume that m(&g) > 0. Since

Gp=(6oN6G)U (60 NG\ 6)) (3.1.9)

and m(&’"\ &) = 0 by assumption, it follows that m(SyN &) = m(Sy) > 0. As &
is a minimal support for y, this implies (S9N &) > 0. Therefore, (3.1.9) leads to

M(Go) = N(GO N 6) + /J(Go N (6/ \ 6)) > M(60 n 6) > 0.

Thus, &' is a minimal support for u. (|

Minimal supports for the parts of the spectrum in the Lebesgue decompo-
sition can be expressed in terms of the behavior of the derivative u'; cf. [335,
Lemma 4] (see also [676, 682]).

Theorem 3.1.2. Let p be a reqular Borel measure on R. Then the following sets
(i) {z € €:0<p(x) < o0}

(i) {z € €:0<p/(z) <oo};

(iii) {z € €: p(x) = c0};

(iv) {z € €: p/(z) = o0, u({x}) = 0};

(v) fw e €: p(x) = oo, u({a}) > 0},

are minimal supports for p, [ac, s, tsc, and fip, respectively.

For practical reasons the attention is now restricted to finite Borel measures
on R. The properties of such measures are reflected by the boundary behavior of
their so-called Borel transform in a sense to be made precise; cf. Appendix A.

Definition 3.1.3. Let p be a finite Borel measure on R. Then the Borel transform
F of 1 is the function F' defined by

F(A)z/ﬂ{%du(t), AeC\R. (3.1.10)

If for some x € R the limit lim,, | o F'(x +iy) exists and takes values in [0, oo],
it will be denoted by F(z + i0). The set of points in R where the limit of the
imaginary part of F' exists and takes values in [0, 0o] is denoted by

= {z €R: ImF(x +i0) exists finitely or infinitely }. (3.1.11)
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It follows from the integral representation (3.1.10) that

. (t—x)y
Re F(x +1iy) = / ————"—du(t),
Y (z +1y) A P 11(t)
y?
mF(z+iy) = | ——du(t),
yimFatiy) = | o=t dutt)
and hence, by dominated convergence,
liJ{%yRe F(z+iy)=0 and lii%ylm F(z+1y) = p({z}) (3.1.12)
y y
for all z € R; cf. Lemma A.2.6. In particular,
lim y F(x + dy) = lim iy Im F(x + iy) (3.1.13)
yl0 yl0

for all 2 € R. Note also that the Borel transform F is a Nevanlinna function (see
Definition A.2.3) and p(R) = sup,.qyIm F(iy). Conversely, every Nevanlinna
function F' with

supyIm F(iy) < oo and lim F(iy) =0
y>0 y—00
is the Borel transform of a finite Borel measure p as in (3.1.10); cf. Proposi-
tion A.5.3.

An important observation concerning the boundary values Im F(x + 0) is
contained in the following theorem, which is formulated in terms of the symmetric
derivative

(D)) = iy =220

lim o (3.1.14)

of p. Here the limit is assumed to take values in [0, co]. Note that if for some z € R
the derivative p/(x) in (3.1.4) exists with values in [0, oo, then the same is true
for the symmetric derivative (Dpu)(z).

Theorem 3.1.4. Let i be a finite Borel measure on R, let F' be its Borel transform,
and let x € R. If the symmetric derivative (Dp)(x) exists with values in [0, 0],
then also Im F(x + 10) exists with values in [0, 00] and

Im F(z +i0) = m(Dp)(z) (€ [0, 00]). (3.1.15)
In particular, the following statements hold:

(i) Im F(x +140) and (Du)(z) exist simultaneously finitely m-almost everywhere
and (3.1.15) holds;

(i1) Im F(x +1i0) and (Dp)(x) exist simultaneously finitely or infinitely p-almost
everywhere and m-almost everywhere and (3.1.15) holds.

Proof. Assume first that the symmetric derivative (Du)(z) exists in [0,00) for
some z € R and choose ¢_,c; € R with ¢ < (Dp)(z) < ¢4. From the definition
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(3.1.14) it follows that there exists 0 > 0 such that
2c_€ < p(l.) < 2cqe, I.:=(x—€,x+¢€), (3.1.16)

holds for all € € (0,4]. In the following set K (s) := ﬁ fory > 0 and s € R.
Then one has

Im F(z + iy) = / mdu(t)

/K x —t) du(t) (3.1.17)

Ky(o—tydu(t) + [ Ky (o — 1) dut)
Is R\7s
for y > 0. First one estimates the second term on the right-hand side in (3.1.17).
Since t € R\ Is, one has |t — x| > 4, so that 0 < K, (¢t — ) < K,(d). Then it is
clear that
0< / Ky (x — ) du(t) < K, (8)u(R) — 0 (3.1.18)
R\I5

for y | 0. In order to estimate the first integral on the right-hand side in (3.1.17)
one uses the identity

5
[ K= 0)dn) = 1) 6,0 [ Kyt de (3.1.19)
)
To prove (3.1.19), observe that
0 pxte
/ K, (e)u(le) de = / K, (e) du(t) de
0 Jx—e

. Py ) )
:/I 5 K (¢) dedu(t) + / - K (€) de dp(t)

= / Ky (t —x)du(t),
where Fubini’s theorem on the triangle in the (¢, ¢)-plane given by € = ¢ — z,

e =x —t, with 0 < e <, was used. Now integration by parts, the fact that
(3.1.16), —K,(€) > 0 for ¢,y > 0, and (3.1.19) give the estimate

s
2c_ arctan(é/y):%,/o Ky(e) de
5
9 0K (5)+2c_/( eK' () de

< u(ly)K /K'

Kyt — ) du(t).
Is
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In the same way one verifies the estimate
’ Ky(t —z) dp(t) < 2cy arctan(d/y).
5
It follows that
me— < lim inf/ Ky(t —z)du(t) <limsup | Kyt —x)du(t) < mcy.
yd0  Jrs y 10 Is

Now (3.1.18) and (3.1.17) imply

me— < liminfIm F(z + iy) < limsup Im F(x + iy) < me,.
yl0 yl0

Letting ¢ 1 (Dp)(x) and ¢y | (Du)(x), one obtains

zllii% Im F(z + iy) = n(Dp)(x).

Next the case where the symmetric derivative (Dpu)(z) exists and equals co
for some x € R is discussed. In this situation the above reasoning leads to

me_ < liminfIm F(x + iy)
yd0

for all ¢_ > 0. This yields lim, o Im F(z + iy) = oco.
It remains to show assertions (i) and (ii). Recall that if p/(z) exists at some
point & € R, then so does the symmetric derivative (Dp)(x) and

W (x) = (Dp) (),

with equality in [0, oo]. For (ii) the above reasoning implies that the set € in (3.1.6)
is contained in the set § in (3.1.11) and hence u(R\ §) = 0 and m(R \ §) = 0 by
(3.1.8). Assertion (i) follows in the same way from (3.1.5) and (3.1.7). O

It follows from Theorem 3.1.4 and (3.1.12) that Theorem 3.1.2 has a coun-
terpart expressing minimal supports in terms of the Borel transform of pu.

Theorem 3.1.5. Let p be a finite Borel measure and let F be its Borel transform.
Then the sets
(i) {z€F: 0<ImF(x+i0) <oo};
(ii) {zr €F: 0 <ImF(x+1i0) < c0};
(i) {x € F: Im F(x +1i0) = oo},
(iv) {z € §: Im F(z 4 i0) = oo, limy o yIm F(z + iy) = 0};
(v) {z € F: Im F(z +1i0) = oo, limy oy Im F(z +iy) > 0},

are minimal supports for i, lac, s, Msc, and jiy, Tespectively.
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Proof. Only statement (i) will be proved. The proofs of the other statements are
similar. Let
M={ze€:0<y(z)<oo},

and note that 9 is a Borel set. Recall that, by Theorem 3.1.2 (i), 9 is a minimal
support for p. Now introduce the set

={zeF: 0<ImF(zx+i0) < oo},

which is also a Borel set, as Im F'(z + iy), y > 0, and hence Im F(x + i0) are
Borel measurable functions in 2. Then Theorem 3.1.4 shows that 9t C 9’ and

furthermore one has
MA\MCR\ €.

Since m(R\ €) = 0 according to (3.1.8), it follows that m (9 \ M) = 0 and as
M C M, and M is a minimal support for p, one concludes from Lemma 3.1.1 (ii)
that 91 is a minimal support for p. O

Most of the results in this section have been stated in the context of finite
Borel measures on R and their Borel transforms. They will be applied to study the
spectrum of self-adjoint relations and operators in Section 3.6. However, it is also
useful for later references to have similar results in the more general context of
scalar Nevanlinna functions and the corresponding spectral functions; cf. Chapter 6
and Chapter 7. Let N be a scalar Nevanlinna function of the form

1 t
N(A)=a+5A+/R<m—m> dr(t), AeC\R, (3.1.20)

where o € R, § > 0, and 7 is a Borel measure on R which satisfies

1
_— ; 1.21
/th L dr() < o (3.1.21)

cf. Theorem A.2.5. Then the last condition implies that p defined by

dr(t)
du(t) = 3.1.22
ult) = (31.2)
is a finite Borel measure on R. Let F' be the Borel transform of p:
/—du AeC\R. (3.1.23)

The connection between N and F' is given in the following lemma.

Lemma 3.1.6. The Nevanlinna function N in (3.1.20) and the Borel transform F
in (3.1.23) are connected by

NA)=a+bA+ (N +1)F()), MAeC\R, (3.1.24)
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where a,b € R. If v € R, then the limits Im N(x + i0) and Im F(z + i0) exist
simultaneously with values in [0,00], and in that case

Im N (z + i0) = (z® + 1)Im F(z +i0) (€ [0, 00)). (3.1.25)

Moreover, for each x € R,

limyReN(z+iy) =0 (3.1.26)
yl0
and
lim y Im N (z + iy) = (z° + 1) lim y Im F(z + iy). (3.1.27)
yl0 y10

Proof. Tt is an immediate consequence of the integral representation (3.1.20) that
N can be rewritten as

N(A):a+A(ﬁ+/d( > A2+1/—du A€ C\R;
R
cf. Theorem A.2.4. This leads to (3.1.24). Note that for A = z + iy one has
N(z +iy) = a+ bz +iy) + ((z +1iy)* + 1) F(z +iy),
whence
Im N (z + iy) = by + (2 + 1 — y*)Im F(x + iy) + 22y Re F(z + iy).

Now observe that for each € R one has lim, oy Re F(x + iy) = 0 by (3.1.12).
Together with the previous identity this proves the assertion in (3.1.25). Further-
more, now one sees (3.1.27) directly; cf. (3.1.12). Finally, note that

ReN(z +iy) = a + bx + (2° + 1 — y*)Re F(x + iy) — 2xylm F(z + iy),
which together with (3.1.12) leads to the identity (3.1.26). O

The next corollary deals with the existence of the limit lim.jo N (x + i€) for
any scalar Nevanlinna function N.

Corollary 3.1.7. Let N be a scalar Nevanlinna function. Then the limit N(z + i0)
exists finitely m-almost everywhere.

Proof. 1t is clear from (3.1.25) and Theorem 3.1.4 that lim, | o Im N (x + t€) exists
finitely m-almost everywhere. Hence, it suffices to show that

hi% Re N(z + ie) (3.1.28)

exists finitely m-almost everywhere. Denote by /- the branch of the square root
fixed by Im v/A > 0 for A € C\ [0, 00) and v/X > 0 for A € [0, 00). Then it is easy to
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see that Im /N () > 0 and Im (i1/N(X)) > 0 for A € C* and hence A — /N(X)

and A — i/N(A) are scalar Nevanlinna functions when they are extended to C~
by symmetry. It follows from (3.1.25) and Theorem 3.1.4 that the limits

ﬁf% Im+/N(z +ie) and 1% Re /N (z +ie) = 1% Im (i\/N(z + i€))
exist finitely m-almost everywhere. Since

Re N(z + ie) = (Re/N(z + ie))2 — (Im+/N(z + ie))2
it follows that the limit in (3.1.28) exists finitely m-almost everywhere. O

Let 7 be the Borel measure on R in (3.1.20) which satisfies the condition
(3.1.21). It has the Lebesgue decomposition

T=TactTs, Ts=Tsct Tp,

where 7, is absolutely continuous, 7y is singular, 7y, is singular continuous, and
Tp is pure point. In the next corollary, which is a consequence of Theorem 3.1.5,
(3.1.22), and (3.1.25), minimal supports for these measures are expressed in terms
of the boundary behavior of V.

Corollary 3.1.8. Let N be a Nevanlinna function with the integral representation
(3.1.20). Then the sets
(i) {z€F: 0<ImN(z+1i0) < co};
(ii) {xr €F: 0<ImN(zx +1i0) < oo};
) {z €F: ImN(z+1i0) = oo};
(iv) {z € §: Im N(z +10) = oo, lim, o yIm N(z +iy) = 0};
) {z €§: ImN(z+10) = oo, limy oy Im N(z +iy) > 0},

are minimal supports for T, Tac, Ts, Tsc, and Tp, respectively.

3.2 Growth points of finite Borel measures

Let p be a finite Borel measure on R. In this section the set of its growth points
o(u), defined by

o) ={zeR: p((z—ec,x+¢€)>0foralle>0}, (3.2.1)

is studied. The growth points o(u) and the growth points o(puac), o(ps), and
o(usc) of the absolutely continuous, singular, and singular continuous part of p
will be located by means of the minimal supports expressed in terms of the Borel
transform of p.

There is an intimate connection between the set of growth points o(p) and
supports for p.
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Lemma 3.2.1. Let pu be a finite Borel measure on R. Then the following statements
hold:

(i) If & C R is a support of u, then o(u) C &.
(i1) The set o(p) is closed and it is a support of .

Proof. (i) Let & be a support of p, so that u(R\ &) = 0. Assume that = € o(u),
so that for any ¢ > 0 one has u((z — ¢,z +¢)) > 0. Since & is a support of p, it
follows that

0<pu((z—exz+e) =p((z—ecz+eNG),

which implies that for any € > 0 the set (r — €,z + €) NS is nonempty. Hence,
there exists a sequence z,, € (z — 1/n,x + 1/n) N & converging to = from inside

G. This shows that o(u) C 6.

(ii) In order to show that o(u) is closed, let x,, € o(u) converge to z € R. Assume
that 2 & o(p). Then there is € > 0 such that u((z — €,z +¢€)) = 0. For this € there
exist ng € N and ¢y > 0 with (2, — €0, Tn, + €0) C (x — €,z + €), and hence

M((xno — €0y Tpy t+ eo)) < u((:r — €T+ e)) =0,

a contradiction, since x,, € o(u). Therefore, x € o(u) and o(p) is closed.

Next it will be verified that o(u) is a support for p. For each x € R\ o(u)
there is €; > 0 such that pu((z — €,z + €;)) = 0. Since the set o(u) is closed, it
follows that the open intervals (z —e,, x+¢€;), © € R\ o(p), form an open cover for
R\ o(u). Then there is a countable subcover of open intervals I,, with u(I,) =0
for R\ o(u). It follows that

PR\ o() < p(I,) =0

and hence p(R\ o(p)) = 0, that is, o(u) is a support for p. O

For completeness it is noted that in general the set o(u) is not a minimal
support of . Observe also that, by Lemma 3.2.1, the set of growth points o (u)
has the following minimality property: each closed support & C R of p satisfies
o(u) C &. Therefore, one has the next corollary.

Corollary 3.2.2. Let p be a finite Borel measure on R. Then o(u) is the smallest
closed support of .

The set of growth points of x4 will now be described by means of the Borel
transform of p.

Theorem 3.2.3. Let p be a finite Borel measure on R and let F be its Borel trans-
form. Then

op)={reR:0< limiiglfImF(x +iy)}.
v
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Proof. With the notation

N={zeR:0< limii(?flmF(eriy)}
Y

it will be proved that o(y) = M. Recall first that, by Theorem 3.1.5 (i), the set
M ={zeF:0<ImF(z+i0) < oo}

is a (minimal) support for p. Since I C N, it follows that N is also a support
for p. Hence, Lemma 3.2.1 (i) yields o(u) € 9. For the inclusion M C o(p) it
suffices to show M C o(u), since o(u) is closed; cf. Lemma 3.2.1 (ii). Assume that
x & o(p). Then there exists € > 0 such that u((x —¢,x 4+ €)) = 0 and it follows
from

. Y
Im F(z + iy) = / ——————dp(t)
R\(z—e¢,x+¢€) (t - $)2 + y2
that Im F'(xz +40) = 0. This implies ¢ M and hence 9 C o (p). O

Analogous to Theorem 3.2.3 there are also results for the parts of the finite
Borel measure ;1 on R in its Lebesgue decomposition. In order to describe these
results one needs the following notions of closure.

Definition 3.2.4. Let B C R be a Borel set. The absolutely continuous closure (or
essential closure) of B is defined by

losac(B) :={z €R: m((x — e,z +¢€)NDB) >0 for all € > 0}.
The continuous closure of B is defined by

close(B) := {z € R: (z — e,z + €) N'B is not countable for all € > 0}.

In general, B is not a subset of clos,.(B) since, e.g., isolated points in B
are not contained in clos,.(B). Moreover, if B C B’ and m(B’\ B) = 0, then
closac(B) = closac(B).

Lemma 3.2.5. Let B C R be a Borel set. Then the sets clos,.(B) and clos.(B) are
both closed and o
closac(B) C clos.(B) C B. (3.2.2)

Moreover, the following statements hold:

(1) closac(B) =0 if and only if m(B) = 0;

(ii) close(B) =0 if and only if B is countable.
Proof. First it will be shown that for any Borel set B C R both sets clos,.(B)
and clos.(B) are closed.

In order to show that clos,.(B) is closed, let x,, € clos,.(B) converge to
x € R. Assume that z & clos,c(B). Then there is € > 0 such that

m((z —e,x+¢)NB) =0. (3.2.3)
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For this € there is ng € N and ¢y > 0 with (z,,, — €0, Zn, +€0) C (z —€,2+¢€). One
then concludes from (3.2.3) that m((zn, — €0, Zn, + €0) NB) = 0, a contradiction
as Tp, € closac(B). Therefore, x € clos,.(B) and clos,.(B) is closed.

To show that clos.(B) is closed, let x,, € clos.(B) converge to x € R. Assume
that = & clos.(B). Then there is € > 0 such that the set (z — €,z +€) NB is
countable. For this e there exist ng € N and ¢y > 0 with

(Tng — €05 Tny + €0) C (T — €0, T + €0),

so that
((Zny — €0, Tny +€0) NB) C ((x— 6,2+ €) NB)

is countable, a contradiction, as xz,, € clos.(B). Therefore, x € clos.(B) and
clos.(9B) is closed.

To see the first inclusion in (3.2.2) assume that @ € clos,(B). Then one has
m((z—e,x+€)NB) > 0 for all € > 0 and hence for all € > 0 the set (z—¢, x+€)NDB
is not countable. This implies clos,.(B) C clos.(B). Likewise, to see the second
inclusion assume that o € clos.(B) and that x ¢ B. Then there is ¢ > 0 such that
(r —e,x4+¢)NB =0, a contradiction. Hence, clos.(B) C B.

(i) (=) Assume that clos,.(B) = 0. This implies that for all € R there exists
€z > 0 such that m((x —e;, x+€,)NB) = 0. First assume that B is compact. Then
for all z € B the open sets (x — €, 2 + ¢,) form an open cover for B. Therefore,
there exists a finite subcover (z; — €;, x; + €;) of B such that

n
B C U (ac, *61',1)1‘4*67;)0%,
i=1

and hence
n

m(B) <> m((z; — €,z +6)NB) =0.

K3

=1
For arbitrary Borel sets 98 the (inner) regularity of the Lebesgue measure implies
m(B) = 0.

(<) If m(B) = 0, then m((z — e,z +¢€) NB) = 0 for all z € R and all € > 0.
Therefore, clos,.(B) = 0.

(i) (=) Assume that clos.(B) = ). This implies that for all z € R there exists
€, > 0 such that (z — €;,x + €;) NB is countable; in particular, this holds for all
rational z;. The countable many open sets (x; — €,,%; + €;,) form an open cover
for B and this implies that % is countable.

(<) If B is countable, then (z — ¢,z + €) NB is countable for all z € R and all
€ > 0. Therefore, clos.(B) = 0. O

Here is the promised treatment of the absolutely continuous, singular, and
singular continuous parts of the Borel measure pu.
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Theorem 3.2.6. Let p be a finite Borel measure on R and let F' be its Borel trans-
form. Then the following statements hold:

(i) o(pac) = closac({z € F: 0 <Im F(z 4 i0) < 00});
(i) o(ps) C {zx € §F: Im F(z +i0) = oo};
(iii) o (pse) C close({z € § : Im F(x + i0) = oo, limyyo yF(z +iy) = 0}).

Proof. (i) Let
M, ={z€F:0<ImF(z+i0) < oo}

and note that DM, is a Borel set. It is claimed that
0 (tac) = closae(IMN,). (3.2.4)

To verify the inclusion (C) in (3.2.4), assume that © ¢ clos,.(9,;). Then there
exists € > 0 such that
m((z—e,x+€)NM,.) =0.

ASs pi,c is absolutely continuous with respect to the Lebesgue measure m, also
pac((z — €,z +€) NM,.) = 0. (3.2.5)

Furthermore, by Theorem 3.1.5 (ii), the set 1. is a minimal support for p,. and,
in particular, pac(R\ 9,.) = 0. Hence,

pac((z — €,z +€) \ M) =0 (3.2.6)

and from (3.2.5)—(3.2.6) one obtains pac((z — €,z + €)) = 0. Hence, & & o(ptac)-
Thus, the inclusion (C) in (3.2.4) has been shown.

For the converse inclusion (D), let 2 & o (pac). Then there exists € > 0 such
that

0= puele—cata)= [ Du@®dm)
(z—e,x+€)

where in the last equality the Radon-Nikodym theorem was used; cf. (3.1.3) and
note that 1/; = i/ = Dp m-almost everywhere. Due to Theorem 3.1.4 and the fact
that Im F'(t +40) > 0 for all ¢ € §, one concludes that

1

0=1 / T F(t + i0) dm(?)
™ (x—e,x+€)
1

== / Im F'(t 4 i0) dmy(t).
T J(z—e,x+e)NM’,,

This implies m((z—e, x+€)NM, ) = 0 since Im F'(t+10) is positive on M. Hence,
x & clos,.(M,.). Thus, the inclusion (D) in (3.2.4) has been shown. Therefore, the
equality (3.2.4) has been established, which gives the assertion (i).
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(ii) According to Theorem 3.1.5 (iii) the set {z € § : Im F(z + i0) = oo} is a
minimal support for the singular part ps of u. Since o(ps) is contained in the
closure of this set by Lemma 3.2.1 (i), the assertion follows.

(iii) By Theorem 3.1.5 (iv) and (3.1.13), the Borel set

M. = {z € F: ImF(z +1i0) = oo, lifr(l)yF(x—l—iy):O}
Y

is a minimal support for ps. and hence, in particular, pug(R \ 9,.) = 0. Let

clos. (ML) be the continuous closure of M., , which is a Borel set, as it is closed;

cf. Lemma 3.2.5. It will be shown that clos.(9..) is a support for g, that is,
prse (R \ close(MM,)) =0, (3.2.7)

since this implies that o(usc) C close(M.); cf. Lemma 3.2.1 (i) and Lemma 3.2.5.

In fact, for z € R\ closc(9M,) by definition there exists e > 0 such that
(x — e,z + €) N M, is countable; thus pe((z —€,x +€) NM,,) = 0, as psc s
continuous. Consequently,

pse((z — €2+ €)) < pise (@ — €2+ €) VML) + psc(R\ ML) = 0.

This yields ps.(K) = 0 for each compact set K C R\ clos.(M.) and hence, by
the (inner) regularity of the finite measure ps., (3.2.7) follows. O

3.3 Spectra of self-adjoint relations

The spectrum of a self-adjoint relation or operator in a Hilbert space will be
studied in terms of its spectral measure. In particular, a division of the spectrum
into absolutely continuous and singular spectra will be introduced based on the
Lebesgue decomposition of a finite Borel measure; cf. Section 3.1.

Let A be a self-adjoint relation in the Hilbert space $. Then o(A) C R by
Theorem 1.5.5 and o,(A) = 0, and hence o(A4) = o,(A) U 0.(A); cf. Proposi-
tion 1.4.4. The spectral measure E(-) of A satisfies

(A—\)1= R%dE(t), AEC\R,

cf. (1.5.6). First the parts o,(A) and o.(A) of the spectrum o(A) will be charac-
terized in terms of the spectral measure F(-). These results will play an important
role in the further development; cf. Section 3.5 and Section 3.6. The facts in Propo-
sition 3.3.1 are immediate consequences of the orthogonal decomposition

Sj = fJop @ﬁmul7 A= Aop @ Amu17 (331)

where $)op, = dom A and $Hu = mul A, of the self-adjoint relation A (see Theo-
rem 1.5.1) and the properties of the spectral measure of Agp.
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Proposition 3.3.1. Let A be a self-adjoint relation in $ with spectral measure E(-).
Then the following statements hold:

(i) A€ p(A)NR if and only if E(A— €, \+¢€)) =0 for some ¢ > 0;
(i) X € op(A) if and only if E({\}) # 0, in which case N\ (A) = ran E({\}) and
M (A) = {EGADhAE{ANR} - h e H);

(iii) A € 0c(A) if and only if E({\}) =0 and E((A —¢,A+¢€)) #0 for all e > 0.

A further subdivision of the spectrum will be introduced analogous to the
Lebesgue decomposition of a finite Borel measure on R; cf. Section 3.1. This re-
quires another description of the spectrum via the introduction of a collection of
finite Borel measures induced by the spectral function. Let A be a self-adjoint
relation in §) with spectral measure E(-). For each h € 9, define p;, by

Hh = (E()h, h) = (Eop(')Pophy Poph), (332)

so that pp, is a regular Borel measure on R. Note that pp = 0 for h € 1. The
set of growth points o (up,) of uy, is given by

o(pn) ={z €R: u((x—e,x+¢€) >0 for all e > 0}.

It will be shown that the spectrum of A is made up of the growth points of puy,
for a dense set of elements h € $). Furthermore, the statement in the following
proposition is in a local sense, namely, it concerns the spectrum of A relative to
an open interval A C R; cf. Definition 3.4.9.

Proposition 3.3.2. Let A be a self-adjoint relation in £, let A C R be an open
interval, and assume that D is a subset of the closed subspace E(A)$) such that

span Da = E(A)$.

Then the following identities hold:

o AnA= |J o) = |J o) (3.3.3)

hEE(A)H hEDA

Proof. First it will be shown that

o(AnAS | o) D> (J olum) (3.3.4)
heE(A)$ heDa

For this purpose assume that ¢ o(A) N A. Then there exists ¢ > 0 such that
(x — €, + €) N A contains no spectrum of A. By Proposition 3.3.1 (i), this yields

E((z—exz+e)NA) =0
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and for h € E(A)$ one obtains
pn((z — €, +¢€))

(E( x—e,x—i—e))h,h)
(E((x — e,z +€)) E(A)h, h)
= (E( x—e,x—i—e)ﬂA)h,h)
=0.
fo

Therefore, (z — €,z +€) No(uy) =0
z ¢ U o(pn)-
heB(A)H
Hence, the inclusions (3.3.4) follow. Next it will be shown that
U o) > s@nA.
heDA
which, together with (3.3.4), yields (3.3.3). For this purpose, assume that

v |J olun)

or all h € E(A)$, and thus

heDa
Then there exists € > 0 such that (z —e€,x+¢) C R\ o(uy) for all h € Da, that is,
HE((:I:—e,x—l—e))hH2 =pn((z—e,x+¢€) =0 (3.3.5)

for all h € DA, and hence for all h € spanDa. Since by assumption span Da is
dense in F(A)$, it follows that (3.3.5) holds for all h € E(A)$) and hence again
by Proposition 3.3.1 (i),

E((z—exz+e)NA)h=E((x —€e,z+€)E(A)h =0
for all h € §). This shows that (z — €,z 4 €) N A does not contain spectrum of A,
in particular, z ¢ o(A) N A. O

The collection of Borel measures py,, h € $, as defined in (3.3.2), is now used
to introduce a number of subspaces of §).

Definition 3.3.3. Let A be a self-adjoint relation in $). The pure point subspace, the
absolutely continuous subspace, and the singular continuous subspace correspond-
ing to A,y are defined by

Hp(Aop) = {h €9 : pp is pure point},

Hac(Aop) = {h € $: up is absolutely continuous},

Hse(Aop) = {h € $H: py is singular Continuous},
respectively.

In conjunction with the orthogonal decomposition (3.3.1), these subspaces
span the original Hilbert space and lead to invariant parts of the self-adjoint
relation, see, e.g., [649, Theorem VIL.4] or [691, Proposition 9.3].
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Theorem 3.3.4. Let A be a self-adjoint relation in $). Then $5(Aop), Hac(Aop),
and $sc(Aop) are mutually orthogonal closed subspaces of $) and

57) = f)p(Aop) S¥ Y)ac(Aop) 57 stc(Aop) 5% ﬁmul .

FEach of the Hilbert spaces $p(Aop), Hac(Aop), and Hsc(Aop) is invariant for the
operator Aop, and the restrictions

Agp = AOP [pr(AOP)v
Ai; = Aop rﬁaC(Aop)7
AZ(I:) = Aop [ﬁsc(Aop)v

are self-adjoint operators in $Hp,(Aop)s Hac(Aop)s and Hsc(Aop), respectively.

By means of these subspaces one defines, in analogy with the case of finite
Borel measures, the singular subspace and the continuous subspace corresponding
to Aop by

st(Aop) = ﬁp(Aop) @D S;Jsc(Aop) and ﬁC(AOp) = fJac(Aop) 5] f)sc(AOp)a

respectively. The restrictions of A, to these subspaces are denoted by A7 and
A, respectively, and it follows that

A5, = AP DAY, and A5, =AY B AT

Definition 3.3.5. Let A be a self-adjoint relation in $). The absolutely continu-
ous spectrum ou.(A), the singular continuous spectrum ogs.(A), and the singular
spectrum os(A) of A are defined by

Oac(A) = O'(Ag‘;), osc(A) = U(Af,%), and o4(A) = U(Af,p),

respectively.

Note that for the pure point part AP, one only has oy,(A) = o(Ap,). The
spectral measures of the self-adjoint operators A3, A%, and A5, in the Hilbert
spaces $ac(Aop), Hsc(Aop), and Hs(Aop), are given by the corresponding restric-
tions of the spectral measure E(-) of A. These spectral measures will be denoted
by Eac(-), Es(+), and Es(-), respectively.

The following corollary relates the absolutely continuous, singular continuous,
and singular spectrum of A in an open interval A with the growth points of the
absolutely continuous, singular continuous, and singular parts of the measures py,.

Corollary 3.3.6. Let A be a self-adjoint relation in $), let A C R be an open
interval, and assume that Da is a subset of the closed subspace E(A)$) such that

span Da = E(A)$.
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Denote by pinac, fihsc, and py s the absolutely continuous, singular continuous, and
singular part in the Lebesgue decomposition of the Borel measure up in (3.3.2).
Then the following identity holds:

oi(A)NA = U o(fh,i)s i = ac, sc, s.
heDa

Proof. Observe first that the absolutely continuous, singular continuous, and sin-
gular part of the Borel measure up, h € $, are given by

Hhac = HPachy  Hhsc = UPoh, and  fips = [p.h, (3.3.6)

respectively, where P; denote the orthogonal projections onto the corresponding
Hilbert spaces $);(Aop), @ = ac, sc, s. This follows from the uniqueness of the
Lebesgue decomposition and Theorem 3.3.4. If /ﬂ}'w = (Ei(-)hi, hi), hi € 9i(Aop),
is the Borel measure defined with the help of the spectral measures E;(-) of A,
i = ac, sc, s, then Definition 3.3.5, Proposition 3.3.2 and (3.3.6) yield

a@na= {J ow)= U orn)= |J ol

hi; €P; DA heDa hED A

for i = ac, sc, s. Here it was also used that the linear span of the set P;Da is dense

Example 3.3.7. Let p be a Borel measure on R and consider the maximal multi-
plication operator by the independent variable in Li(R), given by

(Af)(t) =tf(t), domA={feLZ(R):t~tf(t)eL:(R)}.

The operator A is self-adjoint in Li(R) and for every Borel set B C R the spectral
measure of A is given by

E(®)h=xuh,  heLi(R),

where xs denotes the characteristic function of 8. For h € Li(R) the Borel
measure in (3.3.2) satisfies

i (B) = (E(B)h, h) 132 = /% ()2 dpa(t)

for all Borel sets 8 C R. It is not difficult to check that o(A) = o(p). Furthermore,
the Lebesgue decomposition pt = fiac + fis, Where pig = pige + fip, gives rise to the
orthogonal decompositions

L2R)=L7 (R)y@ L’ (R) and L. (R)=L; (R)® L. (R).

Hsc
For the spectral subspaces of A in Definition 3.3.3 one has $;(A) = Lii (R),
i = ac, sc, s, and this implies

Uac(A) = O—(ﬂac)a Usc(A) = U(Hfsc): and US(A) = (T(,U,S).
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3.4 Simple symmetric operators

It will be shown that any closed symmetric relation in a Hilbert space can be
decomposed into the orthogonal componentwise sum of a closed simple, i.e., com-
pletely non-self-adjoint, symmetric operator, and a self-adjoint relation. Criteria
for the absence of the self-adjoint relation in this decomposition will be given, and
a local version of simplicity will be studied.

First some attention is paid to the notions of invariance and reduction. These
notions appeared already in the self-adjoint case in the previous section when
subdividing the spectrum, and are also important in the description of self-adjoint
extensions of symmetric relations. Let S be a closed symmetric relation in the
Hilbert space $. Decompose $) as ) = 9’ & H”, let P’ and P” be the orthogonal
projections onto £’ and $”, and define

P'{f.g}={P'f.P'g} and P"{f.g}={P"f.P"g}, fge¥.
The closed symmetric relation S gives rise to the restrictions
§'=5n(H)>cPS and S"=S8n(H")2cP"S, (3.4.1)
which are closed symmetric relations and
S35 CS. (3.4.2)

In order to describe when S’ and S” span S the following notions are useful.
The Stlbspaces 54 anAd $" are called invariant under the symmetric relation S if
S = P'S or §” = P"S, respectively. Clearly, the spaces £ or §” are invariant
under S if

P'ScS or P'ScS,

respectively. In the next lemma it turns out that £’ is invariant under S if and
only if $” is invariant under \S; in which case S” and S” can be orthogonally split
off from S, ie., S=5 & S”.

Lemma 3.4.1. Let S be a closed symmetric relation in $ = H' & 9" and let S’ and
S be as in (3.4.1). Then the following statements hold:
(i) 8" = P'S or, equivalently, S” = pPrs implies that S = 8" & S".
(ii) If S’ is self-adjoint in $' or S” is self-adjoint in $", then S’ = P'S and
S"=P"S.
Assume, in addition, that S is self-adjoint. Then

(iii) 8" = P'S or, equivalently, S"” = P"S implies that S' and S" are self-adjoint
in $ and H”, respectively.
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Proof. (i) Assume that S’ = P'S. Since §' & S” C S by (3.4.2), it suffices to
show that S € S’ @ S”. Let {f, f'} € S and decompose {f, f'} with respect to
H=HoH" as

(£ ={nW}+{k K} hE e, kK en”
Then {h,h'} € P'S = & C S and therefore {k,k'} € SN (§")% = 5”. Hence,
S =5"& S”, which implies that S = P”S.

(ii) Assume that S’ is self-adjoint in §)’. To show that P'S c 8, let {f, '} € Sand
consider {P'f, P'f'} € P'S. Since S is symmetric it follows for all {h,W'} eSS cS
that
(P'f' h)sy = (P'f. 1) = (f',h)s — (f,h)g = 0.

The assumption that S’ is self-adjoint in $’ implies {P’f, P’'f’} € S’. Therefore,
P'S C §'. This implies S’ = P'S and (i) yields 5" = P"S.
(iii) According to (i), either of the conditions S’ = P'Sor §” = P"S implies that
S =8 @ S”. Since S is self-adjoint, this shows that S’ is self-adjoint in £’ and
that S” is self-adjoint in $”. O

Before introducing the notion of simplicity in Definition 3.4.3 below, the

following lemma on symmetric and self-adjoint extensions of symmetric relations
that contain a self-adjoint part is discussed.

Lemma 3.4.2. Let S be a closed symmetric relation in ) whose defect numbers are
not necessarily equal and assume that there are orthogonal decompositions

n=nan", S=58&s5", (3.4.3)

such that S’ is closed and symmetric in $' and S” is self-adjoint in $. Then every
closed symmetric (self-adjoint) extension A of S in $ admits the decomposition

A=A & S",
where A" is a closed symmetric (self-adjoint) extension of S’ in $'.
Proof. Observe that the inclusion S C A and the decomposition (3.4.3) imply that
S =8N (®"? cAN®H”).

Therefore, the assumption that S” is self-adjoint in £” shows that the closed
symmetric relation AN($H")? is actually self-adjoint in $” and that S” = AN($H")2.
Hence, by Lemma 3.4.1 (i)—(ii) the relation A decomposes as A = A’ & S, where
A" = AN ($H)? is a symmetric extension of S’ in §’. Therefore,

eS8 cABS.

If A is self-adjoint in ), then Lemma 3.4.1 (iii) implies that A’ = AN ($H)? is a
self-adjoint extension of S’ in §’. This completes the proof. O
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The notion of simplicity or complete non-self-adjointness is defined next.

Definition 3.4.3. Let S be a closed symmetric relation in $) whose defect numbers
are not necessarily equal. Then S is simple if there is no orthogonal decomposition

S=58@5" where =839, (3.4.4)
such that £ # {0} and S” is self-adjoint in $.

Every closed symmetric relation .S in $ has the orthogonal componentwise de-
composition S = S, B Sl , where Spy is a purely multivalued self-adjoint rela-
tion in the closed subspace H, = mul S; cf. Theorem 1.4.11. Hence, a closed sim-
ple symmetric relation is necessarily an operator. A similar argument shows that a
closed simple symmetric relation does not have any eigenvalues; cf. Lemma 3.4.7.

Any closed symmetric relation S in $ has a decomposition as in (3.4.4),
where S’ is simple in £’ and S” is self-adjoint in $”. To see this, define the closed
subspace R C § by

R = ﬂ ran (S — A), (3.4.5)
AEC\R

and the closed subspace £ = R, so that
R =span {M\(S*): A€ C\ R}, IM(S*) =ker (S* — ). (3.4.6)

It follows from Lemma 1.6.11 that the set C\ R in (3.4.6), and hence in the
intersection in (3.4.5), can be replaced by any subset of C \ R which has an accu-
mulation point in C* and an accumulation point in C~.

Theorem 3.4.4. Let S be a closed symmetric relation in $) whose defect numbers
are not necessarily equal. Let § be decomposed as $ = R & R, where the closed
subspaces & and R are defined as in (3.4.5) and (3.4.6), and denote

S'=SNK/2 and S"=SNNR%L (3.4.7)
Then the relation S admits the orthogonal decomposition
S=58a8", (3.4.8)

where S is a closed simple symmetric operator in & and S is a self-adjoint
relation in R.

Proof. Step 1. First it will be shown that QR satisfies the following invariance
property: for any A\g € C\ R

(S —X) 'R C R (3.4.9)
To see this, let h € R and b’ = (S — A\g)"Lh. Hence, {h/, h + A\oh'} € S and thus

(h+Xoh', f5) = (W, A f5),  {fx,Afz} € 5", AeC\R.
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Since h € ran (S — \) = (ker (S* — X))+, A € C\ R, and f5 € ker (S* — )), this
implies

0= (h, fx) = (A = 20) (M, f3),
that is, ' L fy for all A € C\ R, A # Ag. Hence, A’ € ran (S —\) for all A € C\ R,
A # Ao, and it follows from Lemma 1.6.11 that

n e ﬂ ran (S — \) = ﬂ ran (S —\) =N,
AEC\R, A#£Ao AEC\R

which proves the inclusion in (3.4.9).

Step 2. Next it will be shown that the relation S N 9i? is self-adjoint. Fix some
Ao € C\ R and define the relation S” first by

8" = {{(8=Xo) 7", (I + Xo(S = o))} : h e R}, (3.4.10)

It follows from (3.4.5) that 93 C ran (S — Ag), and hence Lemma 1.1.8 implies
S C S, so that in particular S” is symmetric in $. It follows from (3.4.9) that
S” c M2, Therefore, S C SN M2 Next S NMH/? C S will be verified. Let
{f, f'} € SNM2, so that by Lemma 1.1.8

{£. £} ={(8 = 2) 7' h, (I + Xo(S = Xo) )R}
for some h € ran (S — Ag). Since {f, f'} € M2, it follows that
(S—X)theR and (T4 M\(S— o) HheR

Therefore, h € R and hence {f, f’} € S”, so that S NR? C S”. This leads to the
equality S” = S NM? in (3.4.7); in particular, S in (3.4.10) does not depend on
the choice of Ao € C\ R.

From S” C S it follows that S” is symmetric and from (3.4.10) one obtains
that ran (S” — X\g) = fR. Since S” is independent of the choice of Ao, it follows that
ran (S” — A) = 2R holds for every A € C\ R. Hence, S” = S NMR? is a self-adjoint
relation in PR by Theorem 1.5.5. Now Lemma 3.4.1 (i)—(ii) imply (3.4.8).

Step 3. In order to show that S’ = SN &2 is simple in the Hilbert space £, assume
that there is an orthogonal decomposition 8 = £; ® K2 and a corresponding
orthogonal decomposition S’ = S @ S, such that Sy is self-adjoint in K3. Then
ran (Sy — A\) = Ry for all A € C\ R and thus

Ry =ran(Sy — \) Cran (S’ — ) Cran(S—2)), A€ C\R.

According to (3.4.5), this implies £ C % while & C & = R+, Thus, & = {0},
so that S’ is simple. O

Corollary 3.4.5. Let S be a closed symmetric relation in $. Then S is simple if
and only if
$H =span {M(S*): A€ C\R}. (3.4.11)
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The set C\ R on the right-hand side can be replaced by any set U which has an
accumulation point in CT and in C~.

Proof. Tt follows from Theorem 3.4.4 and the definition of K in (3.4.6) that the
equality (3.4.11) holds if and only if S is simple. The last assertion in the corollary
follows from Lemma 1.6.11. (]

Corollary 3.4.6. Let S be a closed symmetric relation in $. Then the following
statements are equivalent:

(i) $ =span {M\(S*) : A € C\ R} & mul S;

(i) Sop 15 a closed simple symmetric operator in Hop, = H S mul S.

The set C\ R on the right-hand side in (i) can be replaced by any set U which has
an accumulation point in CT and in C~.

Proof. (i) = (ii) The assumption implies in the context of Theorem 3.4.4 that
R =mul S, so that
S" = SNM? = {0} x mul S,

which is a self-adjoint relation in mul S. Hence, by the decomposition S = $" & S”
in Theorem 3.4.4 it follows that S = S,p In Hep = H S mul S.

(ii) = (i) Recall that H = $Hop & Hmu . By Corollary 3.4.5 one has
$op = span {Mx(S;,) : A€ C\R}.

From the decomposition S = S., @® ({0} x mulS) and Proposition 1.3.13 one
concludes that S* = Sj @ ({0} x mulS). Hence, DM\ (S*) = MA(S5p, ), which
yields (i). O

Lemma 3.4.7. Let S be a closed simple symmetric relation in $. Then S is an
operator and it has no eigenvalues.

Proof. Indeed, it follows from Definition 3.4.3 that also S—z and (S—x)~%, x € R,
are closed simple symmetric relations in . In particular, (S —z)~! is an operator;
cf. the discussion following Definition 3.4.3. This implies ker (S — z) = {0} for all
x € R and hence S has no eigenvalues. ]

In certain situations the assertion in Lemma 3.4.7 has a converse.

Proposition 3.4.8. Let S be a closed symmetric relation in $ and assume that there
exists a self-adjoint extension A of S in ) such that o(A) = op(A). If 0,(S) =0,
then the operator part Sop of S is a closed simple symmetric operator in the Hilbert
space $op = (mul ).

Proof. By Lemma 3.4.2 and Theorem 1.4.11, it suffices to consider the case where
S is a closed symmetric operator and A is a self-adjoint extension of .S. Now assume
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that S is not simple, so that by Theorem 3.4.4 there are nontrivial decompositions
H=9H@®H" and S =5 & 5" with S’ closed, simple and symmetric in $’, and
S self-adjoint in $”. Then A decomposes accordingly as A = A’ & S with A’
self-adjoint in £’ by Lemma 3.4.2. Now o(A) = 0,(A) implies that S” and thus S
has a nontrivial point spectrum, which gives a contradiction. ]

The notion of simplicity of a closed symmetric relation .S in $ will now be
specified in a local sense. This will be done relative to a Borel set A C R and by
means of a self-adjoint extension A of S and its spectral measure E(-). Then $
admits the orthogonal decomposition

H=FEL)H e (I -EA)S,

which leads to the orthogonal componentwise decomposition of A into self-adjoint
components:

A=[AN(E)9)] & [An (I - EA)9)%].
Note that AN (E(A)$)? is a self-adjoint operator in E(A)$ which coincides with
Aop | Eop (A)$op ; cf. Section 1.5.

Definition 3.4.9. Let S be a closed symmetric relation in $ and let A be a self-
adjoint extension of S with spectral measure E(-). Let A C R be a Borel set. Then
S is said to be simple with respect to A C R and the self-adjoint extension A if

E(A)$ =span {E(A)k: k € M\(S*), A€ C\R}. (3.4.12)

In the next proposition this local notion and some of its consequences are
discussed.

Proposition 3.4.10. Let S be a closed symmetric relation in $ and let A be a self-
adjoint extension of S with spectral measure E(-). Assume that S is simple with
respect to the Borel set A C R and the self-adjoint extension A. Then the following
statements hold:

(i) For every Borel set A’ C A one has
E(A")$ =span {E(A")k : k € M\(S*), A € C\R}. (3.4.13)
(ii) There is no point spectrum of S in A:
ANoy(S)=0.

(iii) If U is a subset of p(A) with an accumulation point in each connected com-
ponent of p(A), then

E(A)$ =span {E(A)k : k€ M\(S*), A € U}. (3.4.14)

Proof. (i) First note that the inclusion (D) in (3.4.13) holds. To see the converse
inclusion, let f € E(A")$. As A’ C A, one has

E(A"$S C E(A)9,
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and hence f € E(A)$. By assumption, the identity (3.4.12) holds and so, in the
linear span of

{E(A)k: ke M\(S*), Ae C\R}
there exists a sequence (f,), that converges to f. Then (E(A’)f,) is a sequence
in the linear span of

{E(A)k: ke M\(S*), e C\R}
which converges to E(A’)f = f. This shows the inclusion (C) in (3.4.13).

(ii) Assume that {f,zf} € S for some z € A. Since S C A, it follows that
f € E(A)$H. Observe that for £ € M, (S*) with A € C\ R one has {k, \k} € S*
and hence (Ak, f) = (k,zf). As 2 € R and A € C\R, it follows that (k, f) = 0.
Further, since f € E(A)$, one concludes that

0= (k. f) = (k, E(A)f) = (E(A)k, f)

for all k£ € M, (S*) and A € C\ R. Hence, (3.4.12) implies that f € E(A)$ is
orthogonal to F(A)$), which shows that f = 0. Thus, S does not possess any
eigenvalues in A.

(iii) The inclusion (D) in (3.4.14) is clear. In order to prove the identity, fix p € U
and recall from Lemma 1.4.10 that the operator I+ (A—pu)(A—X)~! maps M, (S*)
bijectively onto 91,(S*) for all A € C\ R. It suffices to verify that the vectors
E(A)k, k€ 9\ (5*), A € U, span a dense set in E(A)$. Suppose that E(A)f is
orthogonal to this set, that is,

0= (B(A)I + (A — 1)(A = N))gp, E(A)) (3.4.15)
for all g, € 9M,(S*) and all A € U. Since for each g, € M,(S*) the function
A (BA)I + (A= ) (A= N)gu, B(A)S)

is analytic on p(A), it follows from (3.4.15) and the assumption that U has an
accumulation point in each connected component of p(A) that this function is
identically equal to zero. Hence, (E(A)k, E(A)f) = 0 for all £ € M, (S*) and
A€ C\R. Now (3.4.12) yields E(A)f = 0 and (iii) follows. O

The connection with the global notion of simplicity is given in the following
corollary.

Corollary 3.4.11. Let S be a closed symmetric relation in $ and let A be a self-
adjoint extension of S with spectral measure E(-). Then S is simple if and only if
S is simple with respect to any Borel set A C R and the self-adjoint extension A.

Proof. Assume that S is simple. Then (3.4.11) holds and hence (3.4.12) holds with
A = R. Then Proposition 3.4.10 (i) implies that S is simple with respect to any
Borel set A C R and the self-adjoint extension A. Conversely, if (3.4.12) holds for
any Borel set A C R, then (3.4.12) also holds for A = R, and hence reduces to
(3.4.11), that is, S is simple. O
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In the following lemma the eigenspace of A corresponding to an eigenvalue
x is described in the case where z is not an eigenvalue of S. In particular, this
observation leads to a characterization of local simplicity if the Borel set A C R
in Definition 3.4.9 is a singleton; cf. Corollary 3.4.13.

Lemma 3.4.12. Let S be a closed symmetric relation in $), let A be a self-adjoint
extension of S with spectral measure E(-), and let v € R. Then

E({a})$ = B({eh)on(s") (3.4.16)
for some, and hence for all A\ € C\ R, if and only if x & op(S).

Proof. Assume first that (3.4.16) holds for some fixed A € C\ R. Assume that
{f,xf} € S, which implies {f,zf} € A and hence f € E({z})$. Moreover, one
has (xf, kx) = (f, M\ka) for all ky € MNy\(S*) as {kx, Ak} € S*. It follows that

(zf, E({a})ka) = (xf. k) = (f, Mex) = (£, AE({z})k)

and hence (f, E({z})kx) = 0 for all ky € 91,(S*). Now (3.4.16) and f € E({z})$
yield f =0, which implies = & o,,(5).

Conversely, assume that © ¢ 0,(S) and let A € C\ R. The inclusion (D) in
(3.4.16) is clear and since both subspaces in (3.4.16) are closed, it suffices to verify
that E({z})M(5*) is dense in E({z})$. Suppose that there exists f € E({z})$
such that

(f,E({z)ky) =0,  kx € M(S™).

As f € E({z})$, this implies (f,kx) = 0 and hence f € ran(S — A). Choose
{g9,9'} € S such that ¢ — A\g = f. Then

g=EB=-N"f=A-N"f=—=f

and

- A T
g=f+M=f+—=f=
x—A

. Xf ;
and it follows that {f,zf} € S. Since = & 0},(S) by assumption this yields f = 0.
Hence, E({z})M\(S*) is dense in E({z})$ and therefore (3.4.16) holds. O

The above lemma together with Proposition 3.4.10 (ii) implies that S is
simple with respect to a point z € R if and only if z is not an eigenvalue of S.

Corollary 3.4.13. Let S be a closed symmetric relation in $), let A be a self-adjoint
extension of S with spectral measure E(-), and let x € R. Then

E({z})$ =span {E({z})k : k € M\(S*), A € C\ R}

holds if and only if x & o, (S).
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3.5 Eigenvalues and eigenspaces

Let S be a closed symmetric relation in a Hilbert space ) and let {G,T0,I'1} be a
boundary triplet for S* with Ay = ker 'y, and corresponding ~-field v and Weyl
function M. The purpose of the present section is to characterize eigenvalues
and the associated eigenspaces of the self-adjoint relation Ay by means of the
corresponding Weyl function M.

Recall that the Weyl function M can be expressed in terms of the 7-field and
the resolvent of the self-adjoint relation Ag; cf. Proposition 2.3.6 (v). In particular,
for A\ =2+ 14y, y > 0, and A\g € p(Ap) one has

M(z + iy) = Re M(Xo) +v(Xo)*[(z + iy — Re Ao) (35.)
. .5 -1 -9
+ (@ + iy — Ao)(z + iy — Xo) (Ao — (x +iy)) 7o)

This formula will be used to study the behavior of the Weyl function M at a point
z € R. In the next proposition it turns out that the strong limit of iyM (z + iy),
y 1 0, is closely connected with the eigenspace of Ay at x. Here the spectral measure
E of Ag is not used explicitly in the assertion; the orthogonal projection onto the
eigenspace N (Ag) = ker (Ag — x) is denoted by Py, (4,) instead of E({z}).

Proposition 3.5.1. Let S be a closed symmetric relation in $), let {G,To,T'1} be a
boundary triplet for S*, let Ag = kerD'y, let M and v be the corresponding Weyl
function and y-field, and let x € R. Then for each \g € p(Ao) and all p € G one
has

lim iy M (2 +iy)p = —|v — Ao*7(X0)* Pt (a0) Y(M0) - (35.2)
Proof. For x € R and Ay € p(Ap), it follows from (3.5.1) that
iyM(z + 1y) = iy Re M(Ao) + iyv(Xo)™ (z + iy — Re Ao)y(Ao)
. « . R 1
+iyy(Mo)"(z + iy — Xo) (@ + iy — Xo) (Ao — (z +iy))  v(Xo)-
As the first and second terms on the right-hand side tend to 0 as y | 0, one obtains
o . w1 - -1
lim iy M (z + iy)e = |o - Aol*y(ho)* [lim iy (Ao — (@ +iy)) " [7(o)p  (3.5.3)
for all ¢ € G. Since = € R is fixed and y | 0, one has that
iy
—_— — _11 t 5 t S R,
t— (z +1iy) ®)

where the approximating functions are uniformly bounded by 1. The spectral
calculus for the self-adjoint relation Ag in Lemma 1.5.3 yields

. . . —1
lim iy(Ao — (z+iy)) (M) = —Pn,anr(Xo)p, ¢ €8

Now the assertion follows from (3.5.3). O
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Definition 3.5.2. Let S be a closed symmetric relation in $), let {G,I'g,I'1} be a
boundary triplet for S*, let Ay = kerT'y, and let M be the corresponding Weyl
function. For z € R the operator R, : § — G is defined as the strong limit

Rap = lim iyM (v +iy)p, 9 €.
Y

Observe that R, in Definition 3.5.2 is a well-defined operator in B(9); indeed,
this is clear from the identity (3.5.2). It also follows from (3.5.2) that R, = 0 when
x € p(A()) NR.

Remark 3.5.3. If z € R is an isolated singularity of the function M, then x is
a pole of first order of M; cf. Corollary 2.3.9. Moreover, in a sufficiently small
punctured disc B, \ {z} centered at z such that M is holomorphic in B, \ {z},
one has a norm convergent Laurent series expansion of the form

M_ oo
M(\) = ;+ZM;€()\—35)’“, M_y, My, My,... € B(S).
k=0

N\ —
It follows that R, coincides with the residue of M at z, i.e.,

1
Re==— [ M(N)d\= M_,,
2mi Je
where € denotes the boundary of B,.

In the following let € R and recall that the corresponding eigenspaces of S
and Ag are given by

No(S) = {{fruf}: F €M)}, MNa(S) = ker (S — ),

and

No(Ao) = {{fraf}: [ €Ma(Ag)},  Ma(Ag) = ker (Ag — 2).

The main interest will be in the closed linear subspace ‘)A?z(Ao) e ‘fII(S ), which is

the orthogonal complement of ‘)A“(I(S ) in ‘flz(Ao). Similarly, the orthogonal com-
plement of M, (S) in N, (Ap) is denoted by N, (Ag) © N, (9).

Lemma 3.5.4. Let \g € p(Ap), let x € R, and let P, be the orthogonal projection
from § onto N, (Ag) © N, (S). Then the operator R, has the representation

R = (o — 2)L1{Pey(Mo)e, 2Poy(Mo)e}, @ €. (3.5.4)
Proof. First, recall from Corollary 2.3.3 that for € R and {h,xh} € Ay one has
Ty {h,zh} = (x — Xo)y(No)*h, X € p(Ay).
Now let ¢ € G and consider
h = (Ao — 2) Py, (a,) 7(Xo)p € ker (Ag — ).
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According to Proposition 3.5.1 and Definition 3.5.2,

Rap = —|z = Xo|*¥(X0)* Por, (40) V(X0
= (x = Xo)v(Xo)"h
- Fl{hwrh}
= (Ao — 2)T1{Po, (40)7(X0) s Py, a0)7(X0)} -

(3.5.5)

Now observe that for ¢ € §

Py, (a0)Y(Mo) = Pey(Xo)w + P, (57 (M)

Since {Pu, (5)7(X0)®, 2Py, (s)7(Ao)¢} € S and S = kerT'y NkerT'; by Proposi-
tion 2.1.2 (ii), it follows that

T1{ Py, (597(Mo)ps 2P (5)7(Mo)p} = 0
and hence (3.5.5) leads to (3.5.4). O

In the following theorem the eigenvalue x € R and the corresponding eigen-
space of Ag are characterized by means of the Weyl function M and the operator
R;. Later it will be shown how to distinguish between isolated and embedded
eigenvalues of Ag; cf. Theorem 3.6.1.

Theorem 3.5.5. Let S be a closed symmetric relation in $, let {G,T0,T'1} be a
boundary triplet for S*, let Ay = ker'g, let M and ~ be the corresponding Weyl
function and ~v-field, and let x € R. Then the mapping

7 Ne(Ag) ©NL(S) »TanR,, [ T4f, (3.5.6)
is an isomorphism. In particular,
z € 0p(Ao) and Mu(Ag) © N (S) £ {0} = R, #0.

Proof. Let z € R and define &, = s)A”(I(AO) O ‘JA'II(S) The mapping I'; : S* — G is
continuous and, in particular, its restriction to &, C S* is continuous. The proof
consists of three steps. In Step 1 it will be shown that the restriction of 'y to &,
is injective and in Step 2 it will be shown that it has closed range. Then it follows
from Step 3 that 7 in (3.5.6) is an isomorphism.

Step 1. The restriction of the mapping I'; to K, is injective. Indeed, let jie Ry
with I'; f = 0. The assumption f € &, implies that f € Ay and hence I'gf = 0.

Therefore, fe kerI'g NkerI'y = S. Since f = {f,xf} € ‘./T\II(AU) o ‘.?II(S), this
implies f = 0.

Step 2. The range of the restriction of I'y to K, is closed. In fact, let (¢,) be a
sequence in ran (I'; | K;) such that ¢, — ¢ € G. Then there exists a sequence
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(fn) in K, such that I’J;L = ¢, and as fn € Ag one has I‘Ofn = 0. Therefore,
I'f, = {0,¢,} — {0,¢}. Recall from Proposition 2.1.2 that the restriction of I’

to S* © S is an isomorphism onto G x G. It follows that fn conver&e to some
element f which belongs to the closed subspace &,. This yields I'1f = ¢ and
hence ran (I'y | &,) is closed.

Step 3. The linear space

{Pev(M0)p, zPey(Xo)e} : ¢ € G}

is dense in the Hilbert space K, = s?L,;(Ao) e s)ét,;(S) To see this, let f € R,
be orthogonal to all {P,v(Xo)p, xPyy(MNo)¢}, ¢ € G. Then, since f = {f,zf},
Corollary 2.3.3 shows that for all ¢ € G one has

0= (J/L\v {PZ’Y(AO)Wv 'TPZFY()‘O)QO})
Ao)g) + (@f, 2Py (Xo)p)

so that 1"1]?: 0, and hence f: 0 by Step 1.
Step 4. The mapping in (3.5.6) is an isomorphism. To see this, observe that
ranR, C ran (I'; | R;) C Tan R,. (3.5.7)

The first inclusion in (3.5.7) follows directly from (3.5.4). From the same identity
one also sees that

T {Pey(Mo)g, 2Pey(No)gp} = )\O%z Ry € ranR, C Tan R,
Hence, the second inclusion in (3.5.7) follows from Step 3 and the boundedness of
I'y. It is clear from (3.5.7) and Step 2 that
ran (I'y | R,) =TtanR,,
and hence, due to Step 1, the mapping in (3.5.6) is an isomorphism. O

The statement of Theorem 3.5.5 can be simplified if z is not an eigenvalue of
the symmetric relation S, that is, S satisfies a local simplicity condition at = € R;
cf. Corollary 3.4.13.

Corollary 3.5.6. Assume that x is not an eigenvalue of the closed symmetric rela-
tion S in Theorem 3.5.5. Then

z€oy(dy) & Ry A0
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Now the behavior of M at oo will be considered and the multivalued part of
Ao will be described. First recall that the self-adjoint relation Ag is decomposed
into the orthogonal sum

AO = AO,op é\a AO,muh (358)

where Ag op, is a self-adjoint operator in the Hilbert space
Nop = (mul Ag)* = dom Ay (3.5.9)

and Ao mul is the purely multivalued self-adjoint relation in £y, = mul Ag. Then
the resolvent of Ay has the form

(g — 2" = ((Ao,opo— N 8) . XNep(Ag), (3.5.10)

with respect to the decomposition $ = $Hop & Hyur; cf. (1.5.1).

The representation (3.5.1) of M in terms of Ay gives for Ao € p(Ap) and
x = 0 that

M (iy) = Re M(Xo)

. . o . (3.5.11)
+v(Xo)* [iy — Re Ao + (iy — Xo)(iy — Ao) (Ao — iy) ']y (Xo).

In order to use this formula for large y decompose the term v(Ag)*y(Ao) as

Y(X0)* v (Ao) = ¥(Xo)™ (I = Pop)v(Ao) +7(X0) " top Pop¥(Ao),

where Py}, denotes the orthogonal projection from ) onto $op, top is the canonical
embedding of Hop, into §, and I — Py, is viewed as an orthogonal projection in §.
From the representation of the resolvent of Ay in terms of the resolvent of Ag op
in (3.5.10) it follows that (3.5.11) may be rewritten as

M (iy) = Re M (Ao) + (iy — Re Xo) v(Ao)* (I — Pop)v(Xo)

. ) ) . - N (3.5.12)

+7(Ao) " top [ly —ReXo + (7y — Xo)(iy — Ao)(Ao.0p — 1Y) ]POD’Y()‘O)
for all y > 0. This formula will be used to study the behavior of M at oco. It
turns out that the strong limit iM (1y), y — 400, is closely connected with the
multivalued part of Ag.

Proposition 3.5.7. Let S be a closed symmetric relation in $), let {G,To, 1} be a
boundary triplet for S*, let Ay = kerT'g, and let M and ~ be the corresponding
Weyl function and v-field. Then for each Ao € p(Ag) and ¢ € G one has

. 1 ) *
L @M(w)tp =7(X0)" (I = Fop)y(Ao)e. (3.5.13)
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Proof. 1t follows from (3.5.12) with Ag € p(A4p) that
iy — Re Ag
wy

1 “ ) ) N L
+ @’Y(AO) Lop [zy —ReXo + (1 — Xo) (i — Xo)(Ao,op — 1Y) 1} Popy(Ao)-

iM(iy) = %Re M(Xo) + ¥(X0)* (I = Pop)v(o)

It suffices to show that the first and the third term on the right-hand side converge
to 0 strongly. This is obvious for the first term on the right-hand side. For the third
term note that for y — 400 one has

iy — Re A iy — Xo)(iy — Xo) 1

iy —Redo  (iy 0?(29 0) 0. teR
iy 1y t—ay

and hence the spectral calculus for Ay o, shows that for y — +o0

1 ) . . - o
gW()\o)*LOp [iy — Re Ao + (iy — Xo) (iy — Xo)(Ao,op — i) ™" Popv(Xo)e

tends to zero for all ¢ € G; cf. Lemma 1.5.3. This leads to (3.5.13). O

Definition 3.5.8. Let S be a closed symmetric relation in $), let {G,T'g,T'1} be a
boundary triplet for S*, let Ay = kerT'y, and let M be the corresponding Weyl
function. The operator Ry, : § — G is defined as the strong limit

1
Roop = lim — M (iy)e, p€S.
Yy—+oo 1Y

It follows from Proposition 3.5.7 that R, € B(9). For the following proper-
ties of R, recall the notations

s-ﬁoo(s):{{oaf}:femoo(s)h Moo (5) = mul S,

and

Noo(Ao) = {{0, f} : F € Nec(A0)}, Moo (Ag) = mul Ap.

The next lemma can be viewed as a variant of Lemma 3.5.4 for x = co. Here the
main interest is in the closed subspace Moo (Ao) © Moo (), that is, the orthogonal
complement of M (S) in Ne(Ao).

Lemma 3.5.9. Let \g € p(Ag) and let Ps, be the orthogonal projection from $ onto
Noo(Ao) © N (S). Then the operator R has the representation

Reop =T1{0, Py (o) e}, v €. (3.5.14)
Proof. First recall from Corollary 2.3.3 that for {0,h'} € Ay one has

{0, 1} =~v(X)"h, o € p(Ao).
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Now let ¢ € G and consider ' = (I — Py,,)v(Ao)p € mul Ag. According to Propo-
sition 3.5.7,

Rootp = 7(X0)*(I = Pop)v(Mo)y = 7(Ao)*h =T1{0, 1"}

=T1{0, (I = Pop)v(No)e}- (3:5.15)

Now observe that for ¢ € §

(I = Pop)v(A0)p = Poc¥(Mo)¥ + P (5)7(Ao)ep-

Since {0, Pn_(5)Y(Ao)¢} € S and S = kerT'g Nker 'y by Proposition 2.1.2 (ii), it
follows that
T'1{0, Pn(s)7(No)p} =0

and hence (3.5.15) leads to (3.5.14). O

In the next theorem the multivalued part of Ag is characterized by means of
the Weyl function M and the operator R,

Theorem 3.5.10. Let S be a closed symmetric relation in $, let {G,To,I'1} be a
boundary triplet for S*, let Ag = kerT'g, and let M and ~ be the corresponding
Weyl function and ~-field. Then the mapping

Noo(Ag) ©Neo(S) = FaN Rao,  f = T4 f, (3.5.16)
is an isomorphism. In particular,
mul 4g ©mul S # {0} < R #0.

Proof. The proof follows a strategy similar to the one used in the proof of Theo-
rem 3.5.5. To simplify notation, set

Ao = Noo(Ag) © Neo(S) = {{0, '} : f' € mul Ag © mul S}.

The mapping I'y : S* — § is continuous and, in particular, its restriction to
Ao C S™* is continuous.

Step 1. The restriction of the mapping I'; to R is injective. Indeed, let fe Roo
with I‘lf = 0. The assumption f € R implies that f € Ag and hence Fof =0.
Therefore, f € kerT'g NkerT'; = S. Since f = {0, '} € Moo (Ao) o No (S), this

implies f =0.

Step 2. The range of the restriction of I'; to Ko, is closed. In fact, let (¢,,) be a
sequence in ran (I'y [ Rx) such that ¢, — ¢ € G. Then there exist (fAn) in R such
that T'y f,, = ¢, and as f, € Ag one has I'yf,, = 0. Thus, FﬁL ={0,pn} — {0, ¢},
and since the restriction of I to S* IS S is an isomorphism onto § x G, it follows
that fn converge to some element f , which belongs to the closed subspace R
Therefore, 'y f = ¢ and hence ran (T'1 | o) is closed.
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Step 3. The linear space
{{0, Pcr(Mo)e} : ¢ € S}

is dense in the Hilbert space Roo = ’ftoo(Ao) e ‘)A'IOO(S). To see this, let f € R be
orthogonal to all elements {0, P-oy(Ao)p}, ¢ € G. Then it follows from f = {0, f'}
and Corollary 2.3.3 that for all ¢ € G one has

0= (F.{0. Pcr(M0)e}) = (. Pocr(Mo) ) = (v(N0)" £, 0) = (T4, ),
so that Flf: 0, and hence f: 0 by Step 1.
Step 4. The mapping in (3.5.16) is an isomorphism. To see this, observe that
ran Roo C ran (I'y [ Roo) C Tan R (3.5.17)

The first inclusion in (3.5.17) follows from (3.5.14). From the same identity one
also sees that

I'1{0, Pooy(No)p} = Roop € rtan Ry C Tan R

Hence, the second inclusion in (3.5.17) follows from Step 3 and the boundedness
of I';. Tt is clear from (3.5.17) and Step 2 that

ran (I' [ R) = Tan R,
and hence, due to Step 1, the mapping in (3.5.16) is an isomorphism. |

Corollary 3.5.11. Assume that the closed symmetric relation S in Theorem 3.5.10
is an operator. Then Ay is an operator if and only if Rso = 0.

An equivalent statement is that Ay is an operator if and only if for all ¢ € §

1
lim — M (iy)y = 0. 3.5.18
i, M@)e (3.5.18)

3.6 Spectra and local minimality

As in Section 3.5, let S be a closed symmetric relation in ), let {G,T0,T'1} be a
boundary triplet for S* with Ay = ker 'y, and corresponding ~-field v and Weyl
function M. The spectrum of the self-adjoint extension Ag and its division into
absolutely continuous and singular spectra (cf. Section 3.3) will now be discussed
in detail in terms of the boundary behavior of M. For this purpose it is assumed
that S either is simple or satisfies a local simplicity condition with respect to an
open interval A C R and the self-adjoint extension Ap; see Definition 3.4.9 for the
notion of local simplicity.

The following theorem describes the point spectrum and the continuous spec-
trum of Ay in terms of the boundary behavior of the Weyl function M; cf. Propo-
sition 3.3.1.
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Theorem 3.6.1. Let S be a closed symmetric relation in 9, let {G,To,I'1} be a
boundary triplet for S* with Ag = ker 'y, let M and ~ be the corresponding Weyl
Junction and ~y-field, and let R, = limy o tyM (z + iy), x € R, be the operator in
Definition 3.5.2. Let A C R be an open interval and assume that the condition

E(A)$ =span {E(A)y(v)¢:v € C\R,¢ € §} (3.6.1)

is satisfied, where E(-) is the spectral measure of Ag. Then the following statements
hold for each x € A:

(i) @ € p(Ap) if and only if M can be continued analytically to x;
(il) = € oc(Ao) if and only if R, =0 and M cannot be continued analytically to
x;
(iii) « is an eigenvalue of Ag if and only if R, # 0;
(iv) x is an isolated eigenvalue of A if and only if x is a pole (of first order) of
M ; in this case R, is the residue of M at x.

Proof. (i) Recall first that by Proposition 2.3.6 (iii) or (v) the function A — M (\)
is holomorphic on p(Ap), which proves the implication (=). In order to verify the
other implication assume that M can be continued analytically to some x € A.
Then there exists an open neighborhood O of z in C with O NR C A to which
M can be continued analytically. Choose a,b € R with = € (a,b), [a,b] C O, and
a,b ¢ op(Ap). The spectral projection E((a,b)) of Ay corresponding to the interval
(a,b) is given by Stone’s formula (1.5.7)

b
E((a,b)) = lim — / ((Ao — (t+140)) ™" = (Ao — (t —i8))™") dt,

510 omi

where the integral on the right-hand side is understood in the strong sense. For
v € C\R and ¢ € G this implies

IE((a,0)y()¢l* = (v(@) E((a,b)y(v)¢. ¢)
b
= lim QL/ ((’Y(V)*(Ao — (t+i6)) "y ()p, p) (3.6.2)
— (1) (Ao = (L= i) "y (v)e, ) )t
and the identities

V()" (Ao — (t£16)) " A(v)
 M(t+i6) M(v) M(v)
Ttk —v]2 - (i) P—v) (v—(t£id))(v—D)

-1

from Proposition 2.3.6 (vi) (with A = ¢ £ 6 and & = v) together with the holo-
morphy of M in O yield that the integral on the right-hand side of (3.6.2) is zero.
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Hence, E((a,b))y(v)p =0 for all v € C\ R and ¢ € G. On the other hand, since
(a,b) C A, the assumption (3.6.1) and Proposition 3.4.10 (i) yield

E((a,))$ = span { E((a, b)1(v)p : v € C\ R, € 5},

and hence one concludes from E((a,b))y(v)p = 0 for v € C\ R and ¢ € G that
E((a,b)) = 0. In particular, x € p(Ag) by Proposition 3.3.1 (i).

(ii)—(iili) According to Proposition 3.4.10 (ii), the condition (3.6.1) implies that S
does not have eigenvalues in A. Hence, items (ii) and (iii) follow immediately from
item (i) and Corollary 3.5.6.

(iv) Assume that z € A is an isolated eigenvalue of Ag. Then by Proposition 2.3.6
(iil) or (v) there exists an open neighborhood O of = such that M is holomorphic on
O\ {z}. Since x & 0,,(S) by Proposition 3.4.10 (ii), it follows from Corollary 3.5.6
that there exists ¢ € G such that

R = li% iyM (z + 1y)p # 0. (3.6.3)
y

This implies that M has a pole at z, which is of first order; cf. Corollary 2.3.9. By
Remark 3.5.3 the residue of M at x is given by R,. Conversely, if M has a pole
(of first order) at x, then (3.6.3) holds for some ¢ € §. Thus, x is an eigenvalue
of Ag by Corollary 3.5.6 and from item (i) it follows that there exists an open
neighborhood O of z in C such that O\ {A\} C p(A4p). Hence, x is an isolated point
in the spectrum of Ag. |

Under the condition that S is simple the spectrum of Ay can be described
completely in terms of the Weyl function M.

Corollary 3.6.2. Let S be a closed symmetric relation in $), let {G,T9,T'1} be a
boundary triplet for S*, let Ay = kerl'y, and let M and ~ be the corresponding
Weyl function and ~y-field. Assume that S is simple. Then the assertions (i)—(iv)
in Theorem 3.6.1 hold for all x € R.

To describe the absolutely continuous, singular, and singular continuous parts
of the spectrum of Ag in terms of the boundary behavior of the Weyl function M,
some preliminary lemmas are needed.

Lemma 3.6.3. Let \g € p(Ap), z € R, and ¢ € G. Then the (possibly improper)
limats

Im (M (z +i0)g, ) and Im ((Ag — (z +i0))""v(Xo)w,7(Ao)p)
exist simultaneously, and they satisfy

Im (M (z +i0)p, ) = | — Xo[* Im ((Ao — (z +0)) "7 (Ao) @, 7(X0) ).



206 Chapter 3. Spectra, Simple Operators, and Weyl Functions

Proof. Tt is no restriction to assume that x # Ao, as otherwise A — M(\) and
A= (Ag — A\)~! are both holomorphic at & = A\g € p(A4y) N R, so that the above
limits are zero and the identities hold.
For @ # Ao it follows from (3.5.1) that
Im (M (z + i), ¢) = ylly(ho)el®
oy -1
+ (Jz = Xol* = »)Im ((Ao = (= +1y)) ~7(Mo)e, 7 (M)
-1
+2(z —Re o) yRe (Ao — (z +iy)) (M), 7(No)p)-

The first term on the right-hand side clearly goes to 0 as y | 0. For the third term
on the right-hand side, observe that for y | 0 one has

yR0< ! . _ -2 -0, teR,
t— (x +1y)

(t—x)?+y?
and since the approximating functions are uniformly bounded, the spectral calcu-
lus for Ag (see Lemma 1.5.3) yields

lim y Re (Ao — (x + i) " (X0, 7(Xo)g) = 0.

Hence, also the third term on the right-hand side goes to 0 as y | 0. Furthermore,
|z — Xol? — y% = & — Ao|® > 0 as y | 0. Therefore, Im (M (z + iy)p, p) converges
as y | 0 if and only if

Im ((Ao — (= + 1)) "7 (Ao)e, 7(Mo)¢)

converges as y | 0. In addition, it is clear that the identity in the lemma for the
limits is satisfied. O

Recall that the self-adjoint extension A, generates a collection of finite Borel
measures on R: for each h € § the finite Borel measure py, in (3.3.2) is defined by
wun = (E()h, h), where E is the spectral measure of Ay. Now the interest is in the
Borel transform Fy, of pp, = (E(-)h, h), that is

1
B = [ 5 dEOR D), AeC\R
cf. Definition 3.1.3. In particular, if A = = + iy, where x € R and y > 0, then one
has

Im Fy, (z + iy) = Im ((Ao — (z +iy)) " 'h, ) (3.6.4)
and

yF(z +iy) = y((Ao — (z +1iy)) " 'h, ). (3.6.5)

By means of Lemma 3.6.3 the boundary values of the Borel transform Fj, for
a class of elements h € §) are expressed in terms of the boundary values of the
Weyl function M.
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Lemma 3.6.4. Let A C R be an open interval and let \g € C\ R. Then for elements
of the form h = E(A)y(X\o)e, ¢ € G, the following statements hold:

(i) If x € A, then the (possibly improper) limits
Im Fp(x +140) and Im(M(z+i0)p, )
exist simultaneously, and
Im Fy (x + i0) = | — Xo| 2Im (M (z + i0) ¢, ©).

(i) If v € A, then Im Fy, (2 4 40) = |z — Xo| ~*Im (M (z + i0)p, ¢) = 0.

Proof. It follows from (3.6.4) that for all h € $ the (possibly improper) limits
Im Fj,(z 4 i0) and Im ((Ag — (2 + i0))~1h, h) exist simultaneously and coincide.
For the choice h = v(A\g)p, ¢ € G, it follows from Lemma 3.6.3 that the (possibly
improper) limits Im F}, (z + 40) and Im (M (z + i0)p, ) exist simultaneously, and

Im Fy (2 +i0) = Im ((Ag — (z +0)) " 7(Ao)p, 7(M)9)
=z — )\0\_2 Im (M (x +1i0)p, ).

If h = E(A)v(Xo)p, ¢ € G, then for x € A the spectral calculus implies

Im Fy,(z +i0) = Im (4o — (z +10)) " E(A)y(ho), E(A)7(Ao)p)

= Im (4o — (= +0)) " 7(Ao) 2, 7 (A0))
= |z — Xo| 2 Im (M (z + i0)ip, ),

while for z ¢ A it follows that

Im F (2 +i0) = Im (Ao — (2 +0)) " E(A)y(ho)e, E(A)7(Ao)p)
=0.

This shows the assertions in (i) and (ii). O

Now the absolutely continuous spectrum, the singular spectrum, and the sin-
gular continuous spectrum (cf. Section 3.3) of Ap can be described in terms of the
boundary behavior of the Weyl function M, still under the assumption of local sim-
plicity. The results are essentially consequences of Theorem 3.2.3, Theorem 3.2.6,
and Corollary 3.3.6.

Theorem 3.6.5. Let S be a closed symmetric relation in $), let {G,T9,T'1} be a
boundary triplet for S* with let Ay = ker Ty, and let M and ~ be the corresponding
Weyl function and ~-field. Let A C R be an open interval and assume that the
condition

E(A)$ =span{E(A)y(v)p:v € C\R,p € G} (3.6.6)
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is satisfied, where E(-) is the spectral measure of Ag. Then the absolutely contin-
wous spectrum of Ag in A is given by

Oac(A0) NA = U closac ({2 € A0 <Im(M(z+i0)p, ) <o0}).  (3.6.7)
peS

If S is simple, then (3.6.7) holds for every open interval A, including A = R.
Proof. By assumption, the span of the set
D ={E(A)y(v)p:v € C\R, p € G}
is dense in E(A)$ and hence Corollary 3.3.6 implies the identity
AT A= U olaneo)
heDa
According to Theorem 3.2.6 (i) (where the set § was replaced by R),
0 (Khac) = closac({z € R : 0 < Im Fy(z +i0) < o0}),

which for h = E(A)y(v)e € Da is equivalent to

0 (Kh,ac) = closac ({2 € A 0 < Im (M(z + i0)p, ) < 0o}
by Lemma 3.6.4. This yields (3.6.7). O

The next corollary gives a necessary and sufficient condition for the absence
of absolutely continuous spectrum.

Corollary 3.6.6. Let Ay and M be as in Theorem 3.6.5 and let A C R be an open
interval such that the condition (3.6.6) is satisfied. Then

Oac(Ao) NA =10
if and only if for all p € G and for almost all x € A
Im (M (z +1i0)¢, p) = 0.
If S is simple, then the assertion holds for every open interval A, including A = R.

Proof. Since clos,.(B) = 0 if and only if m(B) = 0 for any Borel set B C R by
Lemma 3.2.5 (i), it is clear that for ¢ € G

closae({z € A: 0 <Im (M(z+i0)p, ) < o0}) =0 (3.6.8)
if and only if
m({z € A:0<Im(M(z+i0)p,p) <oo})=0. (3.6.9)

Assume first that o,c(A4o) N A = (). Then (3.6.7) yields (3.6.8) for all ¢ € G, and
hence (3.6.9) holds for all ¢ € G. Moreover, for h = v(Ag)p, Ao € C\ R, and z € R
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one has
Im (M (x +i0)p, p) = | — Xo|*Im F}, (2 + i0)

by Lemma 3.6.4 (with A = R), and according to Theorem 3.1.4 (i) this limit exists
and is finite for m-almost all z € R. Hence, (3.6.9) implies Im (M (z +1i0)p, p) =0
for all ¢ € § and m-almost all z € A. For the converse implication assume that
Im (M (x +i0)p, ) = 0 for all ¢ € G and for m-almost all x € A. Then (3.6.9)
and hence also (3.6.8) hold for all ¢ € §. Thus, (3.6.7) yields cac(40)NA =0. O

The next lemma is of similar nature as Lemma 3.6.4. Here the limits exist
for all 2 € R by (3.1.12)—(3.1.13) and Proposition 3.5.1.

Lemma 3.6.7. Let A C R be an open interval and let \g € C\ R. Then for elements
of the form h = E(A)y(Xo)g, ¢ € G, one has

[z — Xo| 72 limy o y(M(z +iy)p, ), = €A,

lim y F; ) = -
lim y iy (2 + iy) {0’ N

Proof. For h = (X\o)p, ¢ € G, it follows from (3.6.5) and (3.5.1) (cf. (3.5.3) in the
proof of Proposition 3.5.1) that

—1
lim yF), (z + iy) = li Ag— (z+i o), v(A
lim y n(x +iy) yl{%y(( o= (@+iy)) v Xo)e,7(Ao)e)
= |z — Xo| ? lim y(M(z + iy)p, @)
yl0

for all z € R. If h = E(A)y(Xo)g, ¢ € G, then for € A the spectral calculus
shows that

lim P (@ + i) = ?ljif%y((Ao —(z +iy) T E(A(0)e E(A)1(Mo)p)
. -1
= limy((Ao — (@ +iy))  7(ho)e, 7 (o))
= |z — Xo| 2 lim y(M (2 + iy) @, ¢),
y40
while for = ¢ A one has
lim y P (2 + iy) = ?l!iir(l)y((Ao —(z +iy) T E(A(o)e, E(A)1(Mo)p)
=0.
This completes the proof. O

Next some inclusions for the singular and singular continuous spectra of Ay
will be shown.

Theorem 3.6.8. Let S be a closed symmetric relation in $), let {G,T9,T1} be a
boundary triplet for S* with Ag = kerTg, and let M and ~ be the correspond-
ing Weyl function and ~y-field. Let A C R be an open interval and assume that



210 Chapter 3. Spectra, Simple Operators, and Weyl Functions

the condition
E(A)$ =span {E(A)y(v)p:v € C\R,p € §} (3.6.10)

is satisfied, where E(-) is the spectral measure of Ag. Then the following statements
hold:

(i) The singular spectrum of Ag in A satisfies

(05(A0) N A) U {z € A:Im(M(z +i0)p, ) = co}.

peS

(ii) The singular continuous spectrum of Ag in A, i.e., 0s.(Ag) NA, is contained

in the set
U close({z € A+ Tm (M (2 +0), ¢) = 00, lim y(M (2 + i), ) = 0}).
Yy
w€ES

If S is simple, then (i) and (ii) hold for every open interval A, including A = R.
Proof. By assumption, the span of the set
Da = {E(A)y(v)p:v e C\R, ¢ € G}
is dense in E(A)$.
(1) Recall that by Corollary 3.3.6 one has

os(A)NA =[] olpns) (3.6.11)

h€Da
and according to Theorem 3.2.6 (ii) (with § replaced by R)
o(pn,s) C {zr € R: Im Fy(z +i0) = oo}.
For h = E(A)y(v)p € Da this gives, via Lemma 3.6.4,
o(pns) C{z €A :Im(M(z +i0)p, ) = 0o}

Hence, the set 04(Ap) N A in (3.6.11) is contained in

U {z € A:Im(M(z +i0)p, p) = 0o}
heDA

U{xeA:Im( (z+i0)p, ) = 0},
heDA

which yields the assertion in (i).

(ii) Likewise, Corollary 3.3.6 implies

oA NA = | oltnee). (3.6.12)

heDA



3.6. Spectra and local minimality 211

By Theorem 3.2.6 (iii) (again with § replaced by R),

o(ph,se) C closc({x € R : Im Fj,(z +i0) = oo, liil(l)th(SU +iy) = O}),
y

and for h = E(A)y(v)p € Da this gives, via Lemma 3.6.4 and Lemma 3.6.7, that
0 (fth,sc) is contained in

close({z € A Im (M(x + i0)¢, ) = o0, liir(l)y(M(x +iy)p, p) = 0}).
y

Hence, the assertion follows from (3.6.12). O

An immediate corollary of the previous theorem and Lemma 3.2.5 (ii) is a
sufficient condition for the absence of the singular continuous spectrum in terms
of the limit behavior of the function M.

Corollary 3.6.9. Let Ay and M be as in Theorem 3.6.8 and let A C R be an open
interval such that the condition (3.6.10) is satisfied. Assume that for each ¢ € §
there exist at most countably many © € A such that

Im (M (x +1iy)p,p) — 00 and y(M(z +iy)p,p) >0 as yl0.
Then
USC(A()) NA= @
If S is simple, then the assertion holds for every open interval A, including A = R.

As a further corollary of the theorems of this section sufficient conditions
are provided for the spectrum of Ay to be purely absolutely continuous or purely
singularly continuous, respectively, in some set.

Corollary 3.6.10. Let Ag and M be as in Theorem 3.6.5 or Theorem 3.6.8 and let
A C R be an open interval such that the condition (3.6.6) or (3.6.10) is satisfied.
Assume that for all o € G and all x € A

lim yM (z + iy)p = 0. (3.6.13)
yd0

Then the following statements hold:
(i) If for each ¢ € G there exist at most countably many x € A such that
Im (M (z 4 i0)p, @) = 0o, then o(Ag) N A = g,c(Ao) NA.
(ii) If Im (M (z 4 i0)p, ) = 0 holds for all ¢ € G and almost all x € A, then
o(Ag) N A = 04(Ag) NA.

If S is simple and A is an open interval such that (3.6.13) holds for all ¢ € G and
all z € A, then (i) and (ii) are satisfied.
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Proof. Note first that the assumption (3.6.13) yields o},(Ag) N A = @; this follows
immediately from Corollary 3.5.6 and the fact that the condition (3.6.6) or (3.6.10)
implies 0,(S) N A = §; cf. Proposition 3.4.10 (ii). The assumption in (i) and
Corollary 3.6.9 imply os.(A4g) N A = () and hence o(Ap) N A = 0..(Ag) N A.
Similarly, the assumption in (ii) and Corollary 3.6.6 imply oa.(4p) N A = () and
hence o(Ap) N A = 04.(Ap) N A follows. a

3.7 Limit properties of Weyl functions

Let S be a closed symmetric relation in a Hilbert space $, let {G,10,I'1} be a
boundary triplet for S*, let Ay = kerT'y, and let M be the corresponding Weyl
function. The aim of this section is to relate limit properties of the imaginary part
Im M of the Weyl function with defect elements in dom Ay and dom |Ao|%7 and
ran (Ag — x) and ran |Ag — x|%, x € R, respectively, where

Ag=Agop @ Aomu  and  [Ag| = |Agep| & Aomu (3.7.1)

with respect to the usual decomposition ) = Hop © Hmu - This also leads to
necessary and sufficient conditions for S to be a densely defined operator in terms
of the Weyl function.

The first result connects limit properties of the Weyl function at co with
elements in dom Ay N ker (S* — \) and d0m|A0|% Nker (S* — A) for A € p(Ay).
Although the decomposition S* = AU—T—&A(S*) is direct for all A € p(Ayp), it
may happen that dom Ay N ker (S* — A) # {0} if S* is multivalued. In fact, if
f € domAg Nker (S* — N), f # 0, then {f, f'} € Ay for some f’ and hence
{0, f" — Af} € S*. Since X € p(Ap), this yields mul S* # {0}.

The representation (3.5.12) of the Weyl function M in terms of the extension
Ao = kerI'g will now be used; cf. (3.5.8)—(3.5.9). For simplicity one takes Ao = i
in (3.5.12), which leads to the representation

Miig) = Re MG) +iy7(0)" (T = Pop) (3 o)
+7(0) top [iy + (1 = y*) (Ao,op — i) ™' Popy (i)

for all y > 0. The spectral calculus for the self-adjoint operator Ao, applied to
(3.7.2) shows that for ¢ € Gand y > 0

Im (M (i), @) = yl|(I — Pop)v(i)|?

241 _ , (3.7.3)
[ 5 AEw P (6. Par ()9).

Proposition 3.7.1. Let S be a closed symmetric relation in $), let {G,To, 1} be a
boundary triplet for S*, let Ay = kerT'g, and let M and ~ be the corresponding
Weyl function and ~-field. Then the following statements hold for ¢ € G:
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(i) v(A)p € dom Aq for some, and hence for all X € p(Ap) if and only if

lim yIm (M (iy)ep, p) < oo;

Y—r—+00

(ii) v(A\)p € dom |Ag|2 for some, and hence for all X € p(Ao) if and only if

/ > Im (M (iy)p, ¢)

dy < oo. (3.7.4)
Y

Proof. (i) It suffices to prove the assertion for A = i, since by Proposition 2.3.2 (ii)

YA = (T + (A=) (Ao = \)7H)(d),
(@) = (I + (i = X (Ao — ) 7)v(V)
for A € p(Ap) and hence (i)p € dom Ay if and only if v(\)p € dom Ag. Note first
that (3.7.3) yields
yIm (M (i), @) = y?||(I = Pop) (i) 2|

2 | . (3.7.6)
+ /]R % d(Eop(t) Popy (1), Popy(i)p)-

(3.7.5)

It is clear that the left-hand side of (3.7.6) has a finite limit for y — 400 if and
only if (I — Pop)y(i)¢ =0 and

[ 2 4(EaO s . Par(i)e) < o,

which follows from the monotone convergence theorem. In other words, the left-
hand side of (3.7.6) has a finite limit for y — +o0 if and only if v(i)¢ € dom Ay.

(ii) As in the proof of (i), it suffices to verify the assertion for A = i. In fact, if
v(i)p € dom|Ag|2, then ~(i)p = (JAg|z — p)~'g for some € C\R and g € $.
The first identity in (3.7.5) and the functional calculus for the self-adjoint operator
Apop or self-adjoint relation Ay (see Section 1.5) show

TN = (I+ A=) (A =27 (14| F — )y
= (14ol* =) 7' (I + (A= )(do = X)"1)g € dom |4y
The same argument and the second identity in (3.7.5) show that v(\)p € dom|A4,|2
implies ~(7)p € dom |Ag|2.
It follows from (3.7.3) that

Im (M (iy) ¢, »)

; = I = Pop)y(i)eell”

2
N /R %d(Eop(t)popy(i)ga,Popv(i)w)-
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Hence, (3.7.4) holds if and only if (I — Pop)y(i)¢ = 0 and

/100 (/R o+ d(Eop (t) Popy (i), Popv(i)so)) dy < oo

2+ y?

Change the order of integration in the last integral, note that

<1 1 /n 1
(t2—|—1)/1 mdy:(t2+1)m <§—arctanm>, t#0,

and observe that for large |¢| one has

1 (= 1
(tz —+ 1) m (E — arctan m) ~ |t|

and that on compact subsets of R the function

1 /m 1
tes (2 41) — (f — arctan —)
[t \2 1t

is bounded. Hence, (3.7.4) holds if and only if (I — Py,)7v(i)¢ = 0 and
[ (B P i), Py (0)9) < o0

In other words, (3.7.4) holds if and only if v(i)¢ € dom|A4g|2. O
The following result is essentially a consequence of Proposition 3.7.1 (i).

Corollary 3.7.2. Let S, Ag, and M be as in Proposition 3.7.1. Then dom S is dense
in dom Aq if and only if

lim yIm (M(iy)p,p) =00 forall p€G, v #0.

y——+o00
Proof. Let A € p(Ap) and note that f € (dom S)* if and only if for all {h,h'} € S
0=(f.h) = (f. (Ao = X)7H(H =) = (Ao = N) 7' f. 1 — Ah).

Hence, f € (dom S)t if and only if (49 — A\)71f € ker (S* — A) = ranvy()).
Furthermore, (Ag — A) 7' f # 0 if and only if f & mul A4y = (dom Ag)*.

Now assume that dom S is not dense in dom Ag. Then there exists a nontrivial
f € dom Ay such that f € (dom S)*, and hence

(Ag — \) 7' f € ker (S* — \).

Since f € dom Ay it follows that (49— A)~1f = y(\)¢ for a nontrivial ¢ € G. This
means Y(A)p € dom Ap, and hence

lim yIm (M (iy)e, ) < 0o (3.7.7)

Yy—r—+o0
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by Proposition 3.7.1 (i). Conversely, if (3.7.7) holds for some nontrivial ¢ € G,
then by Proposition 3.7.1 (i) it follows that y(\)¢ € dom Aj. Hence, there exists
a nontrivial f € dom Ay such that y(A\)¢ = (Ag — )~ f. Therefore, one sees that

f € (dom S)* and hence dom S is not dense in dom Ag. O

Corollary 3.7.3. Let S, Ag, and M be as in Proposition 3.7.1. Then S is a densely
defined operator if and only if the following conditions hold:

1
i) lim —(M( = i )
® Yoo iy( (iy)p, @) =0 for all p € G;

In this case, S* is an operator and all intermediate extensions of S are operators.

Proof. Note that Proposition 3.5.7 and the fact that v(Ag)*(I — Pop)v(Mo) in
(3.5.13) is a nonnegative operator in § show that condition (i) is equivalent to the
condition

1
lim —M(iy)e =0, peg.

By (3.5.18), this condition is necessary and sufficient for Ay to be an operator,
which is the case if and only if dom Ay = $. Moreover, according to Corollary 3.7.2,
the condition (ii) is necessary and sufficient for the equality dom S = dom 4, to
hold. Therefore, dom S = $ if and only if conditions (i) and (ii) hold. O

In the next result, which is parallel to Proposition 3.7.1, the limit properties
of the Weyl function at « € R will be connected with elements in

ker (S* — A) Nran (Ag —x) and ker(S*f/\)ﬂran|Aofx\%.

For this reason the representation (3.5.1) expressing the Weyl function M in terms
of the self-adjoint relation Ay = kerI'y will be used. For simplicity one takes
Ao € C\ R such that Re A\g = z in (3.5.1), which leads to

M (x +iy) = Re M (\o)
+7(00)* [iy + (Tm Aol — 12) (Ao — (2 + i) " ]7(ho)-

It follows by means of the spectral calculus applied to (3.7.8) that for € R and
@ € G one has

(3.7.8)

Im (M (z + i), ¢)
y
+(|Im>\0\2—y2)Amd(E(t)V(ko)wvv(Ao)@)-

= lv(xo)ell?
(3.7.9)

Proposition 3.7.4. Let S be a closed symmetric relation in $, let {G,T0,T1} be a
boundary triplet for S*, let Ay = ker 'y be decomposed as in (3.7.1), and let M and
v be the corresponding Weyl function and ~v-field. Then the following statements
hold for z € R and ¢ € G:
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(i) y(N)p € ran (Ag — ) for some, and hence for all X € p(Ao) if and only if

Im (M(z +i
i T2 (M (2 + i), ) < oo; (3.7.10)
y40 Y

(i) Popy(N)p € ran|Ag.op — x|z for some, and hence for all X € p(Ao) if and
only if

/1 Im (M (z + iy)p, ¢) dy < . (3.7.11)
0

Y
Proof. (i) It will first be shown that for A\, A\g € p(Ap) one has v(\)p € ran (4g—x)

if and only if v(A\g)p € ran (Ag — ). Assume that y(A\g)¢ € ran(Ag — x). Then
there is {f, f'} € Ao such that y(\g)p = f' —xf. As

{f —af, (A= N —2f)} € (AN,
it follows that
{(Ao =N —af), [ =2f + A =2)(Ag = NN —xf)} € Ag — .
Hence, f' — 2f + (A — 2)(Ao — A)~L(f' — 2f) € ran (Ag — ) and
(Ao — N Y (f' — of) € ran (Ag — 2).

From the identity v(\) = (I + (A — Xo)(Ag — A)71)7(Xg), established in Proposi-
tion 2.3.2 (ii), one finds that

YW@ = ' —af + (A= Xo)(Ao = N)THf — zf) € ran (4g — 2).

Thus, v(Xo)¢ € ran (Ag — ) implies that v(A)¢ € ran (Ag — ). Since Ao and A in
the above argument can be interchanged, it is clear that v(\)p € ran(Ay — ) if
and only if v(Ag)p € ran (Ag — ).

To verify the remaining assertion in (i) with A = Ag, note first that the limit
asy J 01in (3.7.10) is finite if and only if the limit of the integral in the second term
in (3.7.9) is finite. An application of the monotone convergence theorem shows that
the limit as y | 0 of the integral in the second term in (3.7.9) is finite if and only
if

| G @O0 00) < o,
R (t— )

that is, if and only if

/R (t_%)? d(Eop (t) Pop ¥(A0) @, Pop 7(Ao) ) < o0,

where the definition of the spectral measure E(-) of Ay via the spectral measure
Eop (+) of Agop was used. Therefore, the limit as y | 0 in (3.7.10) is finite if and
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only if Py, v(Ao)e € dom (Agop — 2) 7t

v(Ao)p € ran (Ag — x).

= ran (Ap,op — ), that is, if and only if
(ii) As in (i), it will first be shown that Pypy(A)¢ € ran |Ag op — 2|7 if and only if
Popy(Ao)p € ran [Ag op — x|% for A\, Ao € p(Ap). Assume that

Pop’Y(AO)QO = |A0,op - I‘%f

for some f € dom |Agep — z|2. It follows from the functional calculus for un-
bounded self-adjoint operators that

(Ao,op — A) 7 Ag,op — x\% = Ao,op — m‘%(AO,Op —A)7!
= |Ao,0p — x‘%(AO,Op -A7!
and hence, since y(A) = (I + (A — Xo)(Ao — A)71)v(Xo), one has that

Pop'Y()‘)(p - Pop’Y(AO)SO + ()‘ - AO)(AO,op - A)_lpop’Y()\o)QO
= |Aoop — |2 f + (A = A0)(Aoop — N) " Ag,op — 2|2 f
= |Ao,op — 2|2 f + (A — o) Ao.op — 2] (Ao,op — A) LS,

that is, Popy(A)e € ran|Agop — z|2. Thus, Popy(No)p € ran|Agop — z|? im-
plies Popy(A)g € ran|Ag,op — m\%. Since g and A in the above argument can be
interchanged, it is clear that Popy(Ag)p € ran|Agop — :E|% holds if and only if
Popy(N) € ran |Ag op — 2|2 holds.

To verify the remaining assertion in (ii), it is convenient to fix A = \g € C\ R
such that |[Im Ag| > 1. One then concludes from (3.7.9) that the integral in (3.7.11)
converges if and only if the integral

/01 (/R m d(E(tW(AO)%V(Ao)w)> dy

converges. Changing the order of integration in the last integral and observing
that

/1 L 1 retan '
= arctan T
o t—22+y2 Y T Ji—a t—al’ ’

one sees that the integral in (3.7.11) converges if and only if

/R ﬁ arctan ﬁ d(E(t)v(Xo)e, 7(Xo)p) < 0. (3.7.12)

Since the integrand in (3.7.12) is bounded on R\ (x — 1,2 + 1), it follows that the
integral in (3.7.11) converges if and only

z+1 1
/ i LB 02 (o)) < o,
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which is equivalent to

/ i A(E#)y(Ao)p, 7(Ao)p) < o0
R|t .’L’|

and to )
/R T A(Een (o (o) Pop 1 () < o

Therefore, (3.7.11) holds if and only if
Popy(No)p € dom |Agop — m|_% =ran|Ago, — @ %,

that is, if and only if y(Ag)p € ran|Ag — ;r|%. O

3.8 Spectra and local minimality for
self-adjoint extensions

In this section the results on eigenvalues, eigenspaces, continuous, absolutely con-
tinuous and singular continuous spectra from Section 3.5 and Section 3.6 will be
explicitly formulated for arbitrary self-adjoint extensions of a symmetric relation.

Let S be a closed symmetric relation in $) and let {G, 9,1} be a boundary
triplet for S* with ~-field v and Weyl function M. Consider a self-adjoint extension

Ae={feS :Tfe®O}=ke (I —OL) (3.8.1)

of S'in §, where ©® = ©* is a self-adjoint relation in §. Recall from Corollary 1.10.9
that there exist operators A, B € B(G) with the properties

A*B =B*A, AB" =BA*, AA+B*B=1=AA" + BB",
such that
O = {{A@,ng} LpE 9} — {{¢7¢’} c 92 Z‘A*’I/J, _ B*d)}

According to Section 2.2, the self-adjoint extensions Ag in (3.8.1) can also be
written in the form

Ao ={fe S : AT f =B Tof }.

In order to describe the spectrum of Ag consider the boundary triplet {G,I'), I },

where )
roy (B -A* o\
()= ( ) (0): (52

cf. Corollary 2.5.11. Then one has

Ag = ker Ty, (3.8.3)
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and the corresponding Weyl function and ~-field will be denoted by Mg and ~g.
For A € p(Ag) N p(Ap) they are given by

1

Mg (X) = (A* +B*M(N)) (B* — A*M(N)) (3.8.4)

and
Yo(N) = 7(N)(B* — A M),

respectively; cf. (2.5.17) and (2.5.18). From (3.8.3) it is clear that the spectrum
of Ag can be described by means of the Weyl function Mg. Therefore, the earlier
results expressing the spectrum of Ay in terms of the Weyl function M (and the
~-field ) can now be simply translated to the present context. The main results
will be listed below; it is left to the reader to formulate analogs of the results in
Section 3.7 in the present setting.

First the analogs of Theorem 3.5.5 and Theorem 3.5.10 will be described. For
this purpose define the operators RY, z € R, and R, similar to Definition 3.5.2
and Definition 3.5.8:

RO = lim iyMe(x +iy)e, ¢ €5,
Y

and

1
[¢) _ . .
R = ygrfoo —Z_yM@(zy)gp, peg.

As in Section 3.5, one has that RS, RS € B(S). In terms of the boundary triplet
{G,T(, T} in (3.8.2) and the corresponding Weyl function Mg in (3.8.4), Theo-
rem 3.5.5 and Corollary 3.5.6 read as follows.

Corollary 3.8.1. Let S, Ao, and Mg be as above and let x € R. Then the mapping
7 Me(Ae) O Ne(S) > Tan RS, f s ATof + BT,

is an isomorphism. In particular,
T € 0p(Ae) and Ny(Ae) ©M(S) # {0} & R #£0,

and if x & 0,(S), then x € 0,(Ae) if and only if RS # 0.

Similarly, Theorem 3.5.10 and Corollary 3.5.11 take the following form.
Corollary 3.8.2. Let S, Ao, and Mg be as above. Then the mapping

7: N (Ae) © Nuo(S) —» 1an R, f s A*Tof + BT f,
is an isomorphism. In particular,
mul Ae ©mul S # {0} < R £0,

and if mul S = {0}, then Ae is an operator if and only if RS, = 0.
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For the next results the local simplicity condition appearing in many of the
results in Section 3.6 has to be reformulated with respect to Ag. According to
Definition 3.4.9, the closed symmetric relation S is simple with respect to A C R
and the self-adjoint extension Ag if

Eo(A)$ =span{Ee(A)ye(v)¢:v € C\R,p € G}, (3.8.5)
where Eg(+) is the spectral measure of Ag.

Then Theorem 3.6.1 yields the following statement.

Corollary 3.8.3. Let S, Ag, and Mg be as above, let A C R be an open interval, and
assume that the local simplicity condition (3.8.5) is satisfied. Then the following
statements hold for each x € A:

(i) = € p(Aeg) if and only if Mg can be continued analytically to x;
(ii) = € oc(Ae) if and only if RS = 0 and Mg cannot be continued analytically
to x;
(iii) = s an eigenvalue of Ae if and only if RS # 0;
(iv) x is an isolated eigenvalue of Ae if and only if x is a pole (of first order) of
Mg ; in this case 91? is the residue of Mg at x.

If S is simple, then the statements (i)—(iv) hold for all x € R.

Finally, the corresponding results for the absolutely continuous, singular, and
singular continuous spectra will be formulated; it is left to the reader to state the
analogs of Corollaries 3.6.6, 3.6.9, and 3.6.10.

In the present situation Theorem 3.6.5 reads as follows.

Corollary 3.8.4. Let S, Ag, and Mg be as above, let A C R be an open interval, and
assume that the local simplicity condition (3.8.5) is satisfied. Then the absolutely
continuous spectrum of Ag in A is given by

Oac(Ao) NA = U closac({z € A: 0 < Im (Mo (z +1i0)p,p) <o0}). (3.8.6)
peS

If S is simple, then (3.8.6) holds for every open interval A, including A = R.

For the singular and singular continuous spectra one obtains the following
version of Theorem 3.6.8.

Corollary 3.8.5. Let S, Ag, and Mg be as above, let A C R be an open interval, and
assume that the local simplicity condition (3.8.5) is satisfied. Then the following
statements hold:

(i) The singular spectrum of Ag in A satisfies

(0s(Ae)NA) C U {z € A:Im(Me(z +1i0)p,p) = co}.
peS
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(ii) The singular continuous spectrum of Ag in A, os.(Ae) N A, is contained in
the set

| close({z € A : Im (Mo (z +i0)p, ) = o0, hﬂl} y(Me(z + iy)p, o) = 0}).
y
»€SG

If S is simple, then (i) and (ii) hold for every open interval A, including A = R.

Finally, the special case where the self-adjoint relation © in (3.8.1) is a
bounded self-adjoint operator will be briefly discussed. In this situation there is
a more natural choice of the transformed boundary triplet {G,I'),I'i} above. In
fact, if S is a closed symmetric relation, {G,T0,T'1} is a boundary triplet for S*
with y-field v and Weyl function M, and © € B(9) is self-adjoint, then, by Corol-
lary 2.5.7, the mappings

b=T1—-0Ty and Tj=-Ty
lead to a boundary triplet {G,I'y, I} for S* such that
ker Iy, = ker <F1 — @FO) = Ag.

For A € p(Ap) N p(Ag) the corresponding 7-field vo and the Weyl function Mg
are given by

To(A) = —y(N) (O = M\) " and Me(N) = (0 — M(\) ™, (3.8.7)

respectively. Then the above results in Corollaries 3.8.1-3.8.5 remain valid with
the function Mg in (3.8.7) and the mapping f — A*Tof+B*T'; f in Corollary 3.8.1
and Corollary 3.8.2 replaced by f +— —I'gf.
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