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Abstract. Hydraulic Tomography (HT) has become one of the most
robust methods to characterize the heterogeneity in hydraulic param-
eters such as hydraulic conductivity and specific storage. However, in
order to obtain high resolution hydraulic parameter estimates, several
pumping/injection tests with sufficient monitoring data are necessary. In
highly heterogeneous media, even with large numbers of measurements,
the resolution may not be enough for predicting contaminant transport
behavior. In addition, during inverse modeling, the groundwater flow
equation is solved numerous times, thus the computational burden could
be large, especially for a large, three-dimensional, transient model.

In this work we present a new approach to model aquifer heterogene-
ity, based on a Gaussian Mixture Model (GMM) to parameterize the
K field, which significantly reduces the number of parameters to be esti-
mated during the inversion process. In addition, a new objective function
based on the spatial derivatives of hydraulic heads is introduced.

The developed approach is tested with synthetic data and data from
a previously conducted sandbox experiments. Results indicate that the
new approach improves the accuracy of the K heterogeneity map pro-
duced through HT and reduces the computational effort. For two dimen-
sional synthetic experiments, this approach was able to achieve a sig-
nificant reduction in the error for K field estimation as well as compu-
tational time compared to a geostatistical inversion approach. Similar
results were also achieved when the approach was tested using pumping
test data conducted in a synthetic aquifer constructed in the laboratory.

Keywords: Hydraulic tomography · Gaussian mixture ·
Aquifer heterogeneity

1 Introduction

During a hydraulic tomography experiment, water is sequentially pumped from
or injected into an aquifer at different intervals of the aquifer. During each pump-
ing/injection event, hydraulic head responses of the aquifer at different intervals
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are monitored, yielding a set of head/discharge (or recharge) data. By sequen-
tially pumping/injecting water at one interval and monitoring the steady state
head responses at others, many head/discharge (recharge) data sets are obtained
(Yeh and Liu [11]).

These head values can be compared with results given by the groundwater
flow equation (the forward model) that describes the head response taking into
account the hydraulic conductivity (K) values and the pumping/injection rate.
The goal of hydraulic tomography (HT) is to find the K values throughout
the aquifer that minimizes the difference between observed and simulated head
values and this process is also known as the inverse problem.

In order to estimate the K values, many approaches have been developed. For
example, Hoeksema and Kitanidis [4] used cokriging as an approach to model
the K heterogeneity of the aquifer, but this approach relies on the availability
of enough head and K measurements. Also, because cokriging is a linear estima-
tor, its application and accuracy is limited due to the non-linear nature of the
problem.

Gottlieb and Dietrich [3] minimized the quadratic error between the measured
and the simulated head values using Tikhonov regularization to penalize how
much the solution deviates from a geological a priori guess. The K value of each
element in a finite element methods is optimized. The smoothness and accuracy
of the solution can be affected by the amount of available data and how good
the prior guess is. Also, the optimization of each K value is computationally
expensive.

Yeh et al. [10] developed an iterative stochastic estimation approach called
the Successive Linear Estimator (SLE) where the cokriged log-K field is updated
at each iteration with new covariances and cross covariance estimates, in order
to try to capture the non-linear relationship between the head values and K. Yeh
and Liu [11] then extended the SLE approach by sequentially incorporating data
sets from multiple pumping/injection tests in the inverse model, which resulted
in a Sequential Successive Linear Estimator (SSLE).

Illman et al. [5] reported that the order in which data is included into the
SSLE algorithm has a significant effect in the K estimates. Later, based on
SSLE, Xiang et al. [9] presented the Simultaneous Successive Linear Estimator
(SimSLE) which uses all data sets simultaneously in the inversion algorithm.

A number of studies on HT have been published which demonstrate the
robust performance of SSLE and SimSLE. In particular, Illman et al. [6,7], and
Berg and Illman [1] validated steady state hydraulic tomography (SSHT) based
on SSLE with data collected from laboratory sandbox experiments. Xiang et al.
[9] used SimSLE to reproduce the K field of synthetic data as well as data from
an actual sandbox experiment. Zhao et al. [14] improved the results of Illman
et al. [6,7], and Berg and Illman [1] by including geological data as a prior
distribution of K in SimSLE.

Berg and Illman [2] compared different methods of modeling aquifer het-
erogeneity at a highly heterogeneous field site through data collected at the
North Campus Research Site (NCRS) on the University of Waterloo campus,
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and showed that transient hydraulic tomography (THT) analysis with SSLE
performed the best. Subsequently, Zhao and Illman [12,13] performed SSHT
and THT analyses of pumping tests at the NCRS and improved the results of
Berg and Illman [2] by including additional pumping tests and geological data
as the initial distribution of K in the inversion process. They compared these
results with the effective parameter and geological zonation approaches, show-
ing that HT with SimSLE performs the best in terms of model calibration and
validation. The inclusion of geological data was useful in producing less smooth
hydraulic parameter distributions and also showed how the initial distribution of
K produces different solutions of the K field, suggesting the necessity of taking
into account the problem of local optimal solutions.

Regardless of the good results in HT that have been achieved with geostatis-
tical inversion approaches such as SSLE and SimSLE, computational time could
be an issue in the case of large, three-dimensional, transient models. In addition,
geostatistical inverse approaches can depend significantly on the prior distri-
bution of K, and the algorithms may suffer from slow convergence, especially
for highly heterogeneous aquifers, because the hydraulic parameters are contin-
uously updated to capture the non-linear dependence of hydraulic parameters
and head.

In order to model the spatial distribution of K, in this work we propose a
new algorithm, the GM inversion algorithm, to solve the inverse problem for
HT applications. This algorithm is based on the statistical concept of a mixture
model, specifically a Gaussian Mixture Model (GMM), which will be used to
parameterize the K field.

In the proposed inversion algorithm, we introduce a new objective function,
based on the spatial derivatives of head values. This function allows the inversion
algorithm to increase the accuracy of K estimates and it makes use of a regular-
ization term to address the ill-posed problem to estimate more parameters than
available observations.

The results of the new inversion algorithm are compared with the results
of SSLE using synthetic experiments as well as a laboratory sandbox aquifer.
With this new approach, we were able to achieve good estimates of the K field,
reducing the computational time as well as the amount of data needed to perform
HT, even if the spatial distribution of K is complex or very heterogeneous.

2 The GM Inversion Algorithm

2.1 Parameterization of the Conductivity Field

The parameterization of the K field refers to the process in which a set of
values, i.e. the parameters, models the K field of the aquifer, with each K field
represented with a different set of parameter values.

Although the value of these parameters are not known a priori, it is possible
to estimate them by comparing the different values of pressure (head) generated
using a forward model (the groundwater flow equation), against the observed
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data measured during the pumping/injection tests, i.e., through the minimiza-
tion of the error defined in an objective function.

The usual and the simplest selection for the parameterization of the K field
is G(θ) = K, i.e., the parameterization is exactly K, consisting of a vector
of local K estimates. However, to optimize each K value for a K field can be
computationally expensive, and possibly an ill-posed problem, thus we propose
to use a parameterization function G, based on a Gaussian Mixture Model.

Gaussian Mixture Model. In statistics, a mixture model is a probabilistic
model used to represent different sub-populations within a larger population,
through the combination of many probability density functions where each com-
ponent of the function could be interpreted as a “probability” or the likelihood
of the existence of each sub-population in each spatial coordinate.

In this case, the main population would be the aquifer material in the porous
media that has a larger volume or the one that is more spread out and the sub-
populations would be any other materials found among the main population.

Although a mixture describes a probability distribution, its value can be re-
scaled to describe different attributes, as a density or K values. In this approach,
it describes the logarithm of K (log-K).

If Gaussian distributions are used for the mixture model (GMM), this is
known as the Gaussian Mixture Model, which is represented by:

G(θ) = G(X,μi, Σi) =
Nk∑

i=1

ωiN(X,μi, Σi) (1)

where ωi is a weight for the i-th Gaussian distribution with mean μi and covari-
ance matrix Σi. Nk is the number of components in the mixture, and X is the
vector of spatial coordinates.

If the K field has a complex spatial distribution K that does not resemble
Gaussian kernels, it can be approximated by increasing the number of com-
ponents in the mixture: as higher the number of components, the higher the
complexity of the K field that can be modeled.

In order to model the spatial distribution of K with a GMM, we propose to
approximate the true K field, K, in the GM algorithm by:

log(K) ≈ G(θ∗) − log(K̄) (2)

where K̄ is the effective or mean K value of the aquifer and G(θ) is the GMM
that minimizes the proposed objective function.

If Eq. (2) is used to approximate the spatial distribution of a two-dimensional
K field, a set of bi-variate Gaussian kernels are needed to generate the GMM.
For the GMM, the parameter Nk is the most important, as it is the number of
components/materials in the mixture and the higher its value the greater the
level of complexity that the GMM can model. Under certain assumptions, each
component in the mixture could be considered as a layer of the material.
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The rest of parameters in the GMM are estimated by the optimization of an
objective function, and these parameters control the spatial correlation of the
heterogeneity in the estimated K field. In particular, Σi, the covariance matrix,
contains the variance in the spatial (horizontal and vertical) directions (σ2

x, σ2
z),

and the correlation between them (ρxz). In the case of layered materials, one can
expect to have a larger horizontal variance (this constraint can also be included in
the optimization process), because the layer is typically longer in the horizontal
direction rather than the vertical. μi is the spatial location or centroid for each
component in the horizontal and vertical directions, while ωi is the weight of
each component in the mixture. This value is directly related with the K value
of each component/material.

2.2 Objective Function

Even though the proposed approach is closely related to cluster analysis and sta-
tistical classification, the main difference is that the K field to be approximated
with a GMM is not known a priori, so it is necessary to estimate it, by using
hydraulic head as a proxy variable of K.

Typically the error to be minimized in the inverse problem of HT would be:

FLS(θ) =
n∑

i=1

(hi(θ) − h∗
i )

2 (3)

where h∗
i are the observed head values for all the pumping/injection tests and

hi(θ) = Hi(G(θ)) are the head values simulated using the forward model, where
G(θ) is the estimated log-K field.

In addition, here, we include the spatial derivatives of head values to the
objective function:

Fd(θ) = φfFLS(θ) + φx

n∑

i=1

(
d

dx
hi(θ) − d

dx
h∗

i

)2

+ φz

n∑

i=1

(
d

dz
hi(θ) − d

dz
h∗

i

)2

(4)
where φi are weights such that

∑
i φi = 1, and x, z are the horizontal and vertical

spatial directions.
The spatial derivatives are especially useful, because they are more sensitive

to the locations of the Gaussian components, being easier for the optimization
algorithm to place each component depending on the head change between two
observed head values.

A downside for the use of the derivatives is that the noise level in the observed
head values could be increased, but this problem is addressed by choosing a
small value of Nk, or by using a noise reduction method such as splines or the
one proposed in Minutti et al. [8], which is designed to address noisy data in
inverse problem when the derivative is required.
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Regularization. A measure of smoothness of the K field, is added as a reg-
ularization term in the objective function. This term can lead to a faster opti-
mization process avoiding to “visit” many local optima that only fit parts of the
calibration data. The smoothness of the solution is measured by:

S(θ) =
m∑

i=1

(
d

dx
G(θ)

)2

i

+
m∑

i=1

(
d

dy
G(θ)

)2

i

(5)

where m is the number of K values used for the solution of the forward model.
Finally, the objective function of the optimization problem can be written

as:
F (θ) = (1 − λ)Fd(θ) + λS(θ) (6)

where λ (0 ≤ λ < 1), the regularization parameter is especially useful if there
are few data measurements and/or there is noisy data.

Even though λ and Nk can be used as smoothing parameters, these two
values represent different types of smoothness. High values of λ enforces K fields
to have a low variance, i.e. more homogeneous aquifers, while small Nk values
tend to group different layers of materials with similar K, but it allows high
variance between groups. In other words, λ can be used to describe intralayer
heterogeneity and Nk for interlayer heterogeneity.

3 Experiments

In order to test the capabilities of the GM algorithm, data from a sandbox and
some synthetic experiments are used. These experiments intend to measure (1)
the effect of the amount of data used; (2) the effect of noisy data; (3) the speed
and accuracy in the estimation of the K field and (4) the performance when the
spatial distribution of the K fields are Non-Gaussian. We utilize VSAFT (Xiang
et al. [9]), a previously utilized geostatistical inversion model, to solve the same
problems for the purpose of comparing the results obtained through the GM
algorithm.

For all experiments we use a two-dimensional heterogeneous aquifer that is
based on the structure of the sandbox experiment presented by Illman et al.
[7] (Fig. 1). This sandbox consists of 18 layers of sandy material, that measures
193.0 cm in length, 82.6 cm in height, and is 10.2 cm thick.

In order to simulate a synthetic scenario of this sandbox experiment, the
aquifer was discretized into 741 elements (a grid of 19 by 39) with element
dimensions of 4.1 cm by 4.1 cm. In terms of boundary conditions, the top, left
and right boundaries of the aquifer are set as constant head boundaries, while
the bottom is treated to be a no-flow boundary.

For each element the K values originates from the measured values presented
in Table 1 of Berg and Illman [1], where the log-mean K value of its corresponding
layer, is used. For the cases of an element that corresponds to more than one
layer of material, the log-mean K value of those layers was used.
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Fig. 1. Schematic diagram of the synthetic heterogeneous aquifer and Photograph of
the synthetic heterogeneous aquifer from Illman et al. [7].

The above process results in a K field with a variance of σ2
log(K) = 0.1361

(low-heterogeneity case). A high-heterogeneity case was simulated by re-scaling
each K value (keeping the same mean log-K value), resulting in a variance of
σ2
log(K) = 0.8508.

For the forward simulation and inverse modeling, a saturated and isotropic
steady state forward model is used. Synthetic data are generated by simulating,
nine pumping tests on the computer, with 48 observed head values for each one
(8 rows and 6 columns), using a constant pumping rate of Q = 1.25 cm3/s.
The data from the first 4 pumping tests are used as input for inverse modeling
(this data is called the HT data set) and the remaining data from tests 5 to 9
(validation data set) were used for validation of the estimated field.

Finally, for the sandbox experiment, eight pumping tests were used as input
to the inversion algorithms and the results are compared with the ones reported
by Illman et al. [5].

4 Results

For each experiment, the Mean Squared Error (MSE) is calculated for the HT
data set (E(HHT )) and for the validation data set (E(HV )). For the synthetic
experiments, the MSE of the log-K is also estimated (E(K)) as well as a Relative
MSE measure (Eσ(K)), which takes into account the variance of the log-K val-
ues, being Eσ(K) = E(K)/σ2

log(K). This allows one to compare the errors between
the low and the high heterogeneity cases.

4.1 Synthetic Experiments

Low-Heterogeneity Case: Table 1 presents the results of the estimated K
fields for the case σ2

log(K) = 0.1361, with VSAFT2 and GM as inversion methods,
using head values from 1 to 4 pumping tests as input data.

If only one pumping test is used, it can be seen that the error measurements
for K and for the head values in the HT data set, are very similar. However
the K field estimated with GM, has a higher variance, more similar to the true
variance, and a smaller error of the head values in the validation data set.
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Table 1. CPU-Time and different error measurements for the HT problem, in a syn-
thetic aquifer with a low-heterogeneity K field (σ2

log(K) = 0.1361).

Ntests Method σ̂2
log(K) E(HHT ) E(HV ) E(K) Eσ(K) CPU-Time

1 VSAFT 0.0254 0.0018 0.0471 0.1012 0.7436 0.62

GM 0.0632 0.0012 0.0178 0.0926 0.6804 0.17

2 VSAFT 0.0201 0.0058 0.0534 0.0950 0.6980 1.06

GM 0.0799 0.0015 0.0085 0.0359 0.2638 0.23

3 VSAFT 0.0305 0.0032 0.0263 0.0711 0.5224 1.84

GM 0.0997 0.0012 0.0018 0.0156 0.1146 0.25

4 VSAFT 0.0456 0.0017 0.0094 0.0481 0.3534 2.84

GM 0.1165 0.0012 0.0011 0.0096 0.0705 0.53

Ntests = Number of pumping tests used, Method = Inversion method,
σ̂2

K = Variance of the estimated K field, E(HHT ) = MSE of the Head values
used in the inversion process, E(HV ) = MSE of the Head values used for val-
idation purposes, E(K)= MSE of the log-K values, Eσ(K) = E(K)/σ2

log(K),
CPU-Time= Minutes used to estimate the K field.

As the number of pumping tests is increased, the errors of K and of the head
values, tend to be more significant between both methods. When 4 pumping
tests are used, GM only has one fifth of the error of K and uses one fifth for the
CPU-Time, in contrast with VSAFT.

Figure 2 presents the K tomograms generated with each inversion method,
the scatter plot of the observed vs estimated K values and the drawdowns when
4 pumping test were used. Although both methods detect the main features of
heterogeneity in K, the level of resolution obtained with GM is higher than the
one obtained with VSAFT, suggesting that the K tomogram generated with GM
better approximates the true K field. It can be seen that GM reproduces better
the low and high K areas.

High-Heterogeneity Case: Table 2 presents the results of the estimation of
the K field when σ2

log(K) = 0.8508 with VSAFT and GM as inversion methods,
using 1 to 4 pumping tests as input data.

Similar to the low-heterogeneity case, when only one pumping test was used
for inverse modeling, the MSE of both inversion approaches are similar, but
when the number of pumping tests increases, the differences between the two
methods become more significant.

Examination of Table 2 reveals that when 4 pumping tests are used for inverse
modeling, the GM algorithm has less than one fifth of the error of K than
VSAFT, using less than one third of the computational time. The K tomograms
for this case are presented in Fig. 3.

Mean Performance: Using the results of Tables 1 and 2, we compare the
performance of both inversion algorithms for the low and high heterogeneity
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Table 2. CPU-Time and error measurements for the HT problem in a synthetic aquifer
with a high-heterogeneity K field (σ2

log(K) = 0.8508).

Ntests Method σ̂2
log(K) E(HHT ) E(HV ) E(K) Eσ(K) CPU-Time

1 VSAFT 0.1053 0.0243 0.1621 0.6848 0.8049 0.62

GM 0.5253 0.0047 0.1853 0.5138 0.6039 0.37

2 VSAFT 0.0827 0.0758 0.2145 0.6350 0.7464 1.06

GM 0.3857 0.0479 0.2544 0.3452 0.4057 0.28

3 VSAFT 0.1358 0.0391 0.0975 0.5331 0.6266 1.80

GM 0.6654 0.0170 0.0155 0.1096 0.1288 0.87

4 VSAFT 0.2043 0.0215 0.0414 0.4079 0.4794 2.88

GM 0.6647 0.0080 0.0023 0.0702 0.0825 0.82

Ntests = Number of pumping tests used, Method = Inversion method,
σ̂2

K = Variance of the estimated K field, E(HHT ) = MSE of the Head values
used in the inversion process, E(HV ) = MSE of the Head values used for val-
idation purposes, E(K) = MSE of the log-K values, Eσ(K) = E(K)/σ2

log(K),
CPU-Time = Minutes used to estimate the K field.

cases, where Eσ(K) is the main measure for the error of K. Figure 4 presents
the average Eσ(K) value and the average CPU-Time by the number of pumping
tests used for each inversion algorithm.

Based on this synthetic study, the results for the inversion of 4 pumping tests
reveal that GM has on average one fifth the estimation error of VSAFT, using
one fourth of the computation time. It is also important to note that the error
achieved with GM using 2 pumping tests, is lower than the one with VSAFT
using 4 pumping tests, i.e., GM was able to achieve a similar error than VSAFT
using only 2 pumping tests instead of 4 tests, with less than one tenth of the
computational time.

4.2 Sandbox Case

Table 3 presents the results of the estimation of the K field for the sandbox
experiment conducted by Illman et al. [7] using VSAFT and GM as inversion
methods.

It can be seen that with 8 pumping tests the amount of CPU-Time required
with GM is almost one fifth of the time used with VSAFT and the variance of
the estimated K field is similar in both cases, as well as the error of the head
values.

Even though it is not possible to calculate the estimation error of the K
field, there are some indications of how good the estimation is. For example,
the mean value of log-K is reported in Table 3 as log(KG), and in both cases,
the estimations are similar to the value of −2.56, reported in Illman et al. [7]
using 48 core samples. Although the variances of log-K are slightly different to
the value estimated using core samples (σ2

log(K) = 0.868), the variance obtained
with the GM algorithm is closer to that value.
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Fig. 2. (a) Synthetic K field of low-heterogeneity and the log-K tomograms
obtained with (b) VSAFT and (c) GM as inversion methods, using 4 injection tests
with 48 head values per test. The blue crosses mark the location of the injection wells
and the red crosses the location of the injection tests used for validation (h)-(i). The
dashed line is the 45-degree line, representing a perfect match, the solid line is a linear
model fit with the slope, intercept, and the coefficient of determination (R2) provided.
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Fig. 3. (a) Synthetic K field of high-heterogeneity and the log-K tomograms
obtained with (b) VSAFT and (c) GM as inversion methods, using 4 injection tests
with 48 head values per test. The blue crosses mark the location of the injection wells
and the red crosses the location of the injection tests used for validation (h)-(i). The
dashed line is the 45-degree line, representing a perfect match, the solid line is a linear
model fit with the slope, intercept, and the coefficient of determination (R2) provided.
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Table 3. CPU-Time and different error measurements for the HT problem in a sandbox
experiment.

Ntests Method σ̂2
log(K) E(HHT ) E(HV ) log(KG) CPU-Time

2 VSAFT 0.7053 0.0102 0.0552 −2.28 2.58

GM 0.7498 0.0088 0.0521 −2.34 0.92

4 VSAFT 0.8424 0.0066 0.0720 −2.32 5.70

GM 0.7611 0.0105 0.0509 −2.28 1.18

8 VSAFT 1.1272 0.0081 0.0464 −2.31 10.83

GM 1.0370 0.0054 0.0417 −2.35 2.40

Ntests = Number of different pumping tests used, Method = Inversion
method that was used, σ̂2

K = Variance of the estimated K field,
E(HHT ) = MSE of the Head values that were used in the inversion
process, E(HV ) = MSE of the Head values that were left apart to val-
idation purposes, log(KG) is the mean value of the log-K field and
CPU-Time = Minutes used to estimate the K field.
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Fig. 4. Average estimation error and CPU-Time of the synthetic experiments by inver-
sion algorithm

In addition, Fig. 5 shows the K tomograms generated with each inversion
method and a photograph of the synthetic aquifer is overlain. The high K areas
are indicated in red, where it is possible to see that each of these areas correspond
to a different layer of sand in the sandbox. An estimated value of K of each sand
type is presented in Illman et al. [7] (Table 1) with the four highest K sand
types include (from highest to lower average K), the 16/30, 20/30, 20/40 and
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Fig. 5. K tomograms of the sandbox experiment obtained with (a) VSAFT and (b)
GM as inversion methods, using 8 injection tests with 47 head values per test. Overlaid
picture of the tomograms and the sandbox photograph (g)–(h). The dashed line is the
45-degree line, representing a perfect match.
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#12 sands. Examination of Fig. 5 reveals that the 16/30 sand is the only type
that is not shown in red in the K tomograms. This could be due to the fact this
is the sand type with the second smallest volume in the sandbox.

VSAFT detected as high K areas, all layers with sand types 20/30, 20/40 and
#12 with the only exception of layer 13, which is a sand 20/30. Nevertheless,
this layer was detected as a high K area by the GM method. It is not until
Berg and Illman [1] that layer 13 is detected as a high K area, using VSAFT
transient hydraulic tomography, which requires more data and significantly more
computational time.

5 Summary and Conclusions

It can be seen from the synthetic experiments that the GM algorithm achieved
a higher accuracy with lower computational time than a geostatistical inversion
approach. Furthermore, the K fields estimated with GM usually reconstructs the
pattern of heterogeneity better, with values of σ2

logK more similar to variance of
the true K field, indicating that the GM algorithm is able to model complex K
distributions with less computational effort.

Some parameters of the GMM describes the interlayer and intralayer het-
erogeneity and, in general, the GM inversion algorithm, depending on the value
of Nk (and the availability of prior geological information), keeps a relation-
ship between a geological and a geostatistical model. The multistart approach
address the problem of multiple local/global optimal solutions, in addition these
solutions are used to estimate a K field by consensus of all the solutions, the
Bayes conductivity field. Furthermore, these solutions allow the estimation of an
uncertainty map.

The proposed objective function uses the spatial derivatives of hydraulic
head to detect more precisely, the spatial locations where changes in K lead
to a better reproduction of the observed changes in head. Results suggest that
the derivatives in the objective function are more sensitive to changes in the
K values and reduce the correlation between parameters, which increases the
accuracy of the estimates of K.

In synthetic and sandbox experiments, the effect of noisy data is reduced
by changing the Nk parameter. The performance gap between the two inversion
algorithms increases as the number of pumping test also increases. The GM inver-
sion algorithm has shown a significant increase in the accuracy of the estimated
K field using less computational time, compared with a geostatistical inversion
approach, having up to one fifth of the error in one fourth of the computation
time. Regarding the amount of data needed in the inversion process, the GM
algorithm required half the number of pumping tests to achieve the same level
of accuracy than SSLE/VSAFT, using one tenth of the computational time.

Due to the nature of the GM algorithm to group areas of similar K value, if
the aquifer have very spread out areas of different materials, the algorithm could
need a large number of components in order to capture the aquifer heterogeneity,
resulting in a large number of parameters to be estimated. In addition, a mixture
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model which includes different probability distributions (e.g. Gamma or Beta
distributions), could increase the performance of the algorithm, making it able
to reproduce even more complex spatial distributions of K, with a lower number
parameters.

These results are promising but further testing of the GM algorithm is
required. In particular, more extensive testing is necessary on non-Gaussian K
fields, and under three-dimensional and transient flow conditions.
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