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Abstract. We consider the probabilistic untyped lambda-calculus and
prove a stronger form of the adequacy property for probabilistic coher-
ence spaces (PCoh), showing how the denotation of a term statistically
distributes over the denotations of its head-normal forms.

We use this result to state a precise correspondence between PCoh and
a notion of probabilistic Nakajima trees, recently introduced by Leventis
in order to prove a separation theorem. As a consequence, we get full
abstraction for PCoh. This latter result has already been mentioned as a
corollary of Clairambault and Paquet’s full abstraction theorem for prob-
abilistic concurrent games. Our approach allows to prove the property
directly, without the need of a third model.
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1 Introduction

Full abstraction for the maximal consistent sensible A-theory H* [1] is a crucial
property for a model of the untyped A-calculus, stating that two terms M, N have
the same denotation in the model iff for every context C[] the head-reduction
sequences of C[M] and C[N] either both terminate or both diverge. The first
such result was obtained for Scott’s model D> by Hyland [10] and Wadsworth
[15]. More recently, Manzonetto developed a general technique for achieving
full abstraction for a large class of models, decomposing it into the adequacy
property and a notion of well-stratification [13]. An adequacy property states
that the semantics of a A\-term is different from the bottom element iff its head-
reduction terminates. Well-stratification is more technical, basically it means
that the semantics of a A-term can be stratified into different levels, expressing in
the model the nesting of the head-normal forms defining the interaction between
a A-term and a context.

Our paper reconsiders these results in the setting of the probabilistic untyped
A-calculus AT. The language extends the untyped A-calculus with a barycentric
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sum constructor allowing for terms like M +, N, with p € [0, 1], reducing to
M with probability p and to N with probability 1 — p. In recent years there
has been a renewed interest in A% as a core language for (untyped) discrete
probabilistic functional programming. In particular, Leventis proves in [12] a
separation property for A1 based on a probabilistic version of Nakajima trees,
the latter describing a nesting of sub-probability distributions of infinitary n-long
head-normal forms (see Sect.5 and the examples in Fig. 2).

We consider the semantics of AT given by the probabilistic coherence space
D defined by Danos and Ehrhard in [5] and proved to be adequate in [6]. We
show that the denotation [M] in D of a AT term M enjoys a kind of stratifica-
tion property (Theorem 1, called here strong adequacy) and we use this property
to prove that [M] is a faithful description of the probabilistic Nakajima tree
of M (Corollary1). As a consequence of this result and the previously men-
tioned separation theorem, we achieve full abstraction for D (Theorem 2), thus
reconstructing in this setting Manzonetto’s reasoning for classical A-calculus.

Very recently, and independently from this work, Clairambault and Paquet
also prove full abstraction for D [2]. Their proof uses a game semantics model
representing in an abstract way the probabilistic Nakajima trees and a faithful
functor from this game semantics to the weighted relational semantics of [11].
The latter provides a model having the same equational theory over AT as the
probabilistic coherence space D, so full abstraction for D follows immediately. By
the way, let us emphasise that all results in our paper can be transferred as they
are to the weighted relational semantics of [11]. We decided however to consider
the probabilistic coherence space model in order to highlight the correspondence
between the definition of D (Eq. (11)) and the definition of the logical relation
(Eq. (13)) which is the key ingredient in the proof of our notion of stratification.

Let us give some more intuitions on this latter notion, which has an interest in
its own. The model D is defined as the limit of a chain of probabilistic coherence
spaces (Dyg)gen approximating more and more the denotation of A* terms. The
adequacy property proven in [6] states that the probability of a term M to
converge to a head-normal form is given by the mass of the semantics [M]
restricted to the subspace Dy [6, Theorem 22]. The natural question is then
to understand which kind of operational meaning carries the rest of the mass
of [M], i.e. the points of order greater than 2. Our Theorem 1 answers this
question, showing that the semantics [M] distributes over the semantics of its
head-normal forms according to the operational semantics of A™T. By iterating
this reasoning one gets a stratification of [M] into a nesting of (n-expanded)
head-normal forms which is the key ingredient linking [M] and the probabilistic
Nakajima trees (Corollary 1).

The fact that our proof of full abstraction is based on the notion of strong
adequacy makes very plausible that the proof can be adapted to a more general
class of models than only probabilistic coherence spaces and weighted seman-
tics. In particular, we would like to stress that we did not use the property of
analyticity of term denotations, which is instead at the core of the proof of full
abstraction for probabilistic PCF-like languages [7,8].



Adequacy and Full-Abstraction for Pcoh; 367

Notational convention. We write N for the set of natural numbers and Rx>( for
the set of non-negative real numbers. Given any set X we write M¢(X) for the
set of finite multisets of X: an element m € M(X) is a function X — N
such that the support of m Supp (m) = {x € X | m(z) > 0} is finite. We write
[1,...,2,] for the multiset m such that m(x) = number of indices is.t.x = x;,
so [] is the empty multiset and & the disjoint union. The Kronecker delta over
a set X is defined for z,y € X by: 6, =1 if x =y, and J,,, = 0 otherwise.

2 The Probabilistic Language AT

We recall the call-by-name untyped probabilistic A-calculus, following [6]. The
set AT of terms over a set V of variables is defined inductively by:

M,N e At =z | Ae.M | MN | M +, N, (1)

where z ranges over V and p ranges over [0, 1]. Note that we consider probabilities
over the whole interval [0, 1] but our proofs still hold if we restrict them to ratio-
nal numbers. We use the A-calculus terminology and notations as in [1]: terms are
considered modulo a-equivalence, i.e. variable renaming; we write FV (M) for the
set, of free variables of a term M. For any finite list of variables I' = x1, ..., x, we
write A} for the set of terms M € AT such that FV(M) C {x1,...,7,}. Given
two terms M, N € AT and z € V we write M{N/z} for the term obtained by
substituting N for the free occurrences of x in M, subject to the usual proviso
of renaming bound variables of M to avoid capture of free variables in N.

Example 1. Some terms useful in giving examples: the duplicator § = A\z.zz,
the Turing fixed point combinator ® = (Axy.y(zzy))(Azy.y(zzy)) and Q = §0.

A context C[] is a term containing a single occurrence of a distinguished
variable denoted [ | and called hole. A head-context is of the form E[ | =
ATy .. T [JMy ... My, forn,k > 0and M; € A*. Given M € AT, we write C[M]
for the term obtained by replacing M for the hole in C[ ] possibly with capture
of free variables. The operational semantics is given by a Markov chain over
AT, mixing together the standard head-reduction of untyped A-calculus with the
probabilistic choice 4. Precisely, this system is given by the transition matrix
Red in Eq. (2). It is well known that any A*-term M can be uniquely decomposed
into E[R] for E|] a head-context and R either a §-redex, or a +p-redex (for some
p € [0,1]) or a variable in V. This gives the following cases:

1 it R= (\e.M')M" and N = E[M'{M" Jz}]

p it R= M+, M",M' # M” and N = E[M]

1—p ifR=DM +,M" M # M and N = E[M")
it R=M"+, M' and N = E[M’]

| it ReVand N = E[R]

0 otherwise

(2)

RedE[R]VN w=
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This matrix is stochastic, i.e. for any term M, EN Redpr,n = 1. A head-normal
form is a term of the form E[y], with y € V called its head-variable. We write
HNF for the set of all head-normal forms. Following [5,6], we consider the head-
normal forms as absorbing states of the process. Hence the n-th power Red” of
the matrix Red describes the process of performing exactly n steps: RedKL N is
the probability that after n process steps M will reach state N.

Ezample 2. Let L = (x +, y), we have Redsr,rr = 1, and Redsy, ., = p,
Redjy, ,;, = 1 —p for all n > 2. In fact both xL and yL are head-normal forms,
so absorbing states. The term € [-reduces to itself, so Red}’L o = 1 for any n,
giving an example of absorbing state which is not a head-normal form.

The Turing fixed point combinator needs two (-steps to unfold its argument,
so, for any term M, RedéM’M(@M) = 1. In the case M is a probabilistic function

like M = Af.(f +p vy), we get RedglM’@M = p" and RedglM’y =1-—p", for
any n. In the case M = Af.(yf +p y), we get: Redg?vf;,)L(@M) = p"*t! and

RedgnMJr;)l(y) = (1—p)p™, where y"(...) denotes the n-fold application y(...y(...)).

Notice that for h € HNF and M € A*, the sequence (Red}\},h)neN is mono-

tone increasing and bounded by 1, so it converges. We define its limit by:

VM € A" ,Vh € HNF, Red3; ), ::= sup(Red}; ;) € [0,1]. (3)
neN

This quantity gives the total probability of M to reduce to the head-normal form
h in any number (possibly infinitely many) of finite reduction sequences.

Ezample 3. Recall the terms in Example 2. We have Redg‘zw ; = p and
Redgy ,, = 1 —p. For any h € HNF and n € N we have Redg ), = 0 so
Redg,;, = 0. The quantity Redg(as.(s4,y)),y 1S the first example of limit, being
equal to 1 whereas Red’éo\f,(fﬂy))’y < 1 for all n € N. Operationally this means
that the term @(Af.(f +, y)) reduces to y with probability 1 but the length
of these reductions is not bounded. Finally, Red"@o(/\f.(yfﬂy))’yn(y) =(1-p)p",
this means that @(Af.(yf +, y)) converges with probability 1 but it can reach
infinitely many different head-normal forms.

Given M,N € AT, we say that M is contextually equivalent to N if, and
Only lf, VC[ ], ZhGHNF Redoco[M]’h = ZhEHNF Red%o[N]’h.

An important property in the following is extensionality, meaning invari-
ance under n-equivalence. The n-equivalence is the smallest congruence such
that, for any M € AT and z ¢ FV(M) we have M =, Az.Mz. Notice that the
contextual equivalence is extensional (see [1] for the classical A-calculus).

3 Probabilistic Coherence Spaces

Girard introduced probabilistic coherence spaces (PCS) as a “quantitative refine-
ment” of coherence spaces [9]. Danos and Ehrhard considered then the category
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Pcoh of linear and Scott-continuous functions between PCS as a model of linear
logic and the cartesian closed category Pcoh, of entire functions between PCS as
the Kleisli category associated with the comonad of Pcoh modelling the expo-
nential modality [5]. They proved also that Pcoh, provides an adequate model
of probabilistic PCF and the reflexive object D which is our object of study.

The two categories Pcoh and Pcoh; have been then studied in various
papers. In particular, Pcoh, is proved to be fully abstract for the call-by-name
probabilistic PCF [7]. This result has been also extended to richer languages,
e.g. call-by-push-value probabilistic PCF [8]. The untyped model D is proven
adequate for AT [6]. This paper is the continuation of the latter result, showing
full abstraction for D as a consequence of a stronger form of adequacy.

We briefly recall here the cartesian closed category Pcoh, and the reflexive
object D. Because of space we omit to consider the linear logic model Pcoh,
from which Pcohy is derived. We refer the reader to [5,6] for more details.

Probabilistic coherence spaces and entire functions. A probabilistic coherence
space, or PCS for short, is a pair X = (|X|,P(&X)) where |X| is a countable
set called the web of X and P(X) is a subset of the semi-module (Rx¢)I*! such
that the following three conditions hold: (i) closedness: P(X)** = P(X), where,
given a set P C (Rxo)¥!, the dual of P is defined as P+ ::={y € (R>o)* |
Ve € P 3 cix) Ta¥a < 1} (ii) boundedness: Va € [X|, Iu > 0, Vo € P(X),
xq < i (ill) completeness: Va € |X|, Iz € P(X), z, > 0.

Given z,y € P(X), we write z < y for the order defined pointwise, i.e. for
every a € |X|, £, < y,. The closedness condition is equivalent to require that
P(X) is convex and Scott-closed, as stated below.

Proposition 1 (e.g. [4]). Given an index set I and a subset P C (R>q)! which
is bounded and complete, we have P = P+ iff the following two conditions hold:
(i) P is convez, i.e. for every xz,y € P and A € [0,1], Ax + (1 — Ny € P; (i) P
is Scott-closed, i.e. for every x <y € P, x € P and for every increasing chain
{;}ien C P, sup, x; € P.

A data-type is denoted by a PCS X and its data by vectors in P(X): convexity
allows for probabilistic superposition and Scott-closedness for recursion.

Ezample 4. A simple example of PCS is U = (|U|,P(U)) with |U| a singleton set
and P(U) = [0, 1]. Notice P(U)*" = P(U{). This PCS gives the flat interpretation
of the unit type in a typed language. The boolean type is denoted by the two
dimensional PCS B = ({t,f}, {(pt,pe) | pt + ps < 1}). Notice that P(B) can
be seen as the set of the probabilistic sub-distributions of the boolean values.
As soon as one consider functional types, the intuitive notion of (discrete)
sub-probabilistic distribution is lost. In particular, the reflexive object D defined
below is an example of an infinite dimensional PCS where scalars arbitrarily big
may appear in P(D). One can think of PCS’s as a generalisation of the notion
of discrete sub-probabilistic distributions allowing a cartesian closed category.
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An entire function from X to ) is a matrix f € RZOMMX')XW' such that
for any x € P(X), the image f(z) under f belongs to P()), where f(z) is

f@i=( 3 e >bey| where a™ = [[ @ (4)

meM(|X]) a€Supp(m)

Notice that the condition f(z) € P(Y) requires that the possibly infinite sum in
the previous equation must converge. Recently, Crubillé proves that the entire
maps can be characterised independently from their matrix representation as
the absolutely monotonic and Scott-continuous maps between PCS’s, see [3].

The cartesian closed category. The Kleisli category Pcohy has PCS’s as objects
and entire maps as morphisms. Given f € Pcohi(X,Y) and g € Pcoh (Y, 2),
the composition g o f is the usual functional composition, whose matrix can
be explicitly given by, for m € M¢(|X]),c € |Z|:

(g0 fm,e = Z Gp.e [P where fmbubal) Z Hfmi,bi (5)

pEM|Y]) (ma,...,mp) i=1
s.t. m=g m;

The boundedness condition over Z and the completeness condition over X’ ensure
that the possibly infinite sum over p € M¢(|)|) in Eq. (5) converges. The iden-
tity is the matrix id;\fb’a = 0[a],a, Where § is the Kronecker delta.

The cartesian product of any countable family (X;);es of PCS’s is:

TTier Xi| == User i} x 1], “
P([Lie; X:) = {z € (Rxo) Thes ¥ | Vi € I, m;(x) € P(X:)},
where 7;(x) is the vector in (Rsq)/%* denoting the i-th component of z, i.e.

7i(T)q ::= 2 (j,q). This means that P(Hiel Xi) can be seen as the set-theoretical

product [[,.; P(&;), by mapping z € P([[,c; i) to the sequence (mi(z))ier-
The j-th projection pr’/ € Pcohy([],c; Ai, ;) is defined by pr}, = 0m (b)) I
all components of a product are equal to a PCS X we can use the exponential
notation X’. Binary products can be written as X x ). In the following, we will
often denote the finite multisets in /\/&(!Hie I /'\,’i|) as [-families of finite multisets
almost everywhere empty, using the set-theoretical isomorphism:*

Mf<HXi

> ~ {m e H./\/lf(|/'\2|) | Supp (m) finite}.  (7)

iel iel
For example, the multi-set [(0,a), (0,a’), (1,b)] € M¢(]X x Y|) will be denoted
as the pair ([a, d’],[b]), or the multiset [(2,a), (4,a), (4, a”)] € Me(|TTen Xnl)
as the almost everywhere empty sequence ([] 0,lal, [, e, a"],1],-

! In fact, this isomorphism corresponds, for I finite, to the fundamental exponential
isomorphism !(A & B) ~ A ® |B of linear logic.
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The object of morphisms from X to ) is Pcoh(X,)) itself, i.e.:
|X = Y| :=M(|X]) x |YV], P(X=D)) ::=Pcoh(X,)). (8)

The proof that P(X = )) so defined enjoys the closedness, completeness and
boundedness conditions of the definition of a PCS is not trivial and it is argued
by the fact that Pcoh, is the Kleisli category associated with the exponential
comonad of the linear logic model Pcoh mentioned in the introduction.

The evaluation Ev'Y € Pcoh((X = Y) x X,)) and the curryfication
Cur™#(v) € Pcohy(Z,X = Y) of a morphism v € Pcohy(X x Z,)) are:

Xy L X,Z, o
Ev(m,p),a n= 5m’[(p’a)], Cur y(v)m’(p’a) u= U(p)m),a. (9)

The reflexive object D. We set X C ) whenever |[X| C || and P(X) =
{v]jx| s.t. v € P(Y)}, where v|jx| is the vector in RIZ)%‘ obtained by restrict-

ing v € Rgol to the indexes in |X'| C |Y|. This defines a complete order over

PCS’s. The model D of AT is then given by the least fix-point of the Scott-

continuous functor X — XN = U/ (where U is the one-dimensional PCS defined

in Example 4). We do not detail here its definition, but we give explicitly the

chain Dy = (0,0), Dey1 = D) = U whose (co)limit is the least fix-point D of

X — XN = U by the Knaster-Tarski theorem. We refer to [5, Sect. 2] for details.
The webs of these spaces are given by:

Dol 5=0, [Desa| i= Me(IDe)™,  |D| == (D4 (10)
LeN

where Mf(|D[D(w) denotes the set of infinite sequences of multisets of |D,| that
are almost everywhere empty (notice we are using the isomorphism mentioned in
Eq. (7)). The set |Dy| is the singleton containing the infinite sequence ([],[],[]- . .)
of empty multisets, which we denote by . Given a multiset m € M;(|Dy|) and
a sequence d € Mg(|Dgy1]), we denote by m :: d the element of |Dyy1| having at
first position m and then all the multisets of d shifted by one position. Notice
that any element of |Dyy1| can be written as my ::...m,, :: x for an n sufficiently
large and my, ..., m, € M(|D;|). In particular, []:: % = .2

The sets of vectors P(Dy) and P(D) completing the definition of a PCS are:

P(Dp) =0
Vn € N,Vuq,...,u, € P(Dy)
P(Dey1) w= {v € (Rog)Petl st D Uy meeti] - oup <14 (11)
Mo

P(D) == {v € (Rx0)P! s.t. V¢ € N,v|;p, € P(Dy)}

The above definition of P(Dy41) is actually equivalent to the standard one
inferred from the definition of the countable product DY, which would require

2 The elements of |D| can be seen as intersection types generated from the constant
*, the :: operation being the arrow and multisets non-idempotent intersections.



372 T. Leventis and M. Pagani

)

r _J1 mgy=I[dandVyecl\z,my=][,
[[x]]m d — .
’ 0 otherwise

[[AI.M]]fn,m::d = [[M]](z;rfjm),d7

MNa= > S IMmeaIN])™

meMg|D|) (mq,m3) s.t.
Veel''mgz=m1 ,Umg,

[M +p Nlm.a = p[M]m.a+ (1 = p) [Nm.a-
Fig. 1. Explicit definition of the denotation of a term in A} as a matrix in P(DF = D).
Recall Eq. (5) for the notation ([N]*)™2™.

to apply v to a countable family (u;);en of vectors in P(Dy). The two definitions
are equivalent because of the continuity of the scalar multiplication and the sum.

It happens that any solution of X = AN = I/ gives also a solution (although
not minimal) to X = X = X and hence a reflexive object of Pcoh,. The
isomorphism pair A € Pcoh(D = D, D) and app € Pcohi(D,D = D) is given
by, for any p € M¢(|D = D|), m,q € M(|D|), and d € |D|,

)\p,m::d = (;p,[(m,d)]a appq,(m,d) L= 5q,[m::d] : (12)
It is easy to check that app o A = idP=? and A o app = id?, so (D, \, app) yields
an extensional model of untyped A-calculus, i.e. [M] = [N] whenever M =, N.

Interpretation of the Terms of AT. Given a term M and a list I” of pairwise differ-
ent variables containing FV(M), the interpretation of M is a morphism [M]! €
r

Pcohy(D', D), i.e. amatrixin ]Ri/éf(‘p )xI! = R%KIDDF “IPI The definition of
[M]*" is the standard one determined by the cartesian closed structure of Pcoh,
and the reflexive object (D, \,app): [2]! is the z-th projection of the prod-
uct DI, [Az.M]" = Ao Cur ([M]*") and [MN]" = Ev o (app o [M]",[N]"),
where (, ) is the cartesian product of two morphisms. Figure 1 makes explicit
the coefficients of the matrix [M]! by structural induction on M. The only non-
standard operation is the barycentric sum [M +, N] which is still a morphism
of Pcoh, by the convexity of P(’DF = D) (Proposition 1).

Proposition 2 (Soundness, [5,6]). For every term M € AT and sequence
I' DFV(M): [M]" =3 veas Redar, n[N]F.

4 Strong Adequacy

In this section we state and prove Theorem 1, enhancing the Pcoh; adequacy
property given in [6]. This latter explains the computational meaning of the mass
of [M] restricted to D2 C D, while our generalisation considers the whole [M],
showing that it encodes the way the operational semantics dispatches the mass
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into the denotation of the head-normal forms. As in [6], the proof of Theorem 1
adapts a method introduced by Pitts [14], consisting in building a recursively
specified relation of formal approximation <1 (Proposition 3) which satisfies the
same recursive equation as D. However, our generalisation requires a subtler
definition of < with respect to [6]. In particular, we must consider open terms
in order to prove Lemma 7.

The approzimation relation. Let us introduce some convenient notation, extend-
ing the definition of A-abstraction and application to general morphisms.

Definition 1. Given v € P(D*!" = D), let A(v) be the vector Ao Cur(v) €
P(DF = D). Given v,u € P(DF = D) let v@wu be the vector Ev o (app o v,u) €
P(DF = D). Finally, given a finite sequence uq,. .., U, € P(DF = D), forn e
N, we denote by v@u; ... u, the vector (VQu1) Q... Uy,.

Lemma 1. The map v — A(v) is linear, i.e. for any vectors v,v' and scalars
p, 0" € [0,1] such that p+p’ < 1, we have A(pv + p'v') = pA(v) + p'A(V'), and
Scott-continuous, i.e. for any countable increasing chain (vy)nen, A(sup,,(v,)) =
sup,,(A(vy)). The map (v,u1,...,Up) — VQU ... U, s Scott-continuous on all
of its arguments but linear only on its first argument v.

Proof. Scott-continuity is because the scalar multiplication and the sum are
Scott-continuous. The linearity is because the matrices app, A are associated with
linear maps (namely, they have non-zero coefficients only on singleton multisets,
see (12)) as well as the left-most component of Ev, see (9). O

For any I' C A there exists the projection pr : P(D)A — P(D)F. Then,
given a matrix v € P(D’" = D) we denote by v14€ P(D? = D) the matrix

corresponding to the pre-composition of the morphlsrn associated with v with
pr. This can be explicitly defined by, for m € M(|D))?, d € |D|, (vTA)m .=

(mZ)IEFyd lf Vy € A \ F7 my = Ha and (UTA)m d =0 OtheI'WiSG.

We define an operation ¢ acting on the relations R C . (P(D" = D) x Af).
Each component ¢! (R) C (P (DF = D)) x A} is given by:

(v,M) € ¢"'(R) iff VADI',Vn € N,Vuy,...,u, € P(D? = D)
VNy,...,N, € AZ, s.t. (ui, N;) € Rfor alli <n, (13)
v Quy ... uy < > hennr, Rediyn, Nn,h[[h]]A‘

The above definition is similar to Eq. (11), giving D41 from Dy. In the following
we look for a fixed-point of ¢ (Proposition 3). Its quest is not simple because ¢ is
not monotone. We derive then from ¢ a monotone operator ¢ on a larger space,
and we compute its fixed-point by using Tarski’s Theorem (Lemma 3).

Given (R*,R™) € P (Ur (P(D'' = D) x Alf))z, we define Y(RT,R™) =
(¢(R™),¢(R")). Given two such pairs (R}, Ry), (Ry, Ry ), we define (R, R])
C(Rf,R;y)iff Rf CRy and R O R, .
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Lemma 2. The relation T is an order relation giving a complete lattice on
P (U, (P(DF = D) x 47))7.

Thanks to the previous lemma, we set (<7, <\—) as the glb of the set {(RT, R™) |
Y(RT,R™) C (R, R™)} of the pre-fixed points of 1.

Lemma 3. ¢(<t,<7) = (<7, <97), so <T = ¢(<17) and <~ = ¢(<™).

Proof. One can check that v is monotone increasing wrt C, so the result follows
from Tarski’s Theorem on fixed points. O

Lemma 4. For any R C U (P(D" = D) x Af) and M € Af., the set {v €
P(D!' = D) | (v, M) € ¢' (R)} contains 0, is downward closed and chain closed.

Proof. Consequence of the fact that the application v @uy ... u, and the lifting
v]4 are Scott-continuous (Lemma 1). Also, v]4 is linear as well as v @uy .. . Uy,
on its left argument v (always Lemma 1), so 012 @Qu; ... 1u, = 0. O

Proposition 3. We have < = <™. From now on we denote it simply by <.
We note < its component on (P (DP = D)) X Alf.

Proof. First (<, <) is a (pre-)fixed point of 9 so (<7, <7) C (<, <), ie.
<t C <™. To prove the converse, we reason by induction on |D|. For v €
P(DF = D) and ¢ € N, we note v, its restriction to ’DF = Dg|, ie: (Ve)m,a=
Um,q if d € |Dg|, and (vj¢)m,a = O otherwise. Notice that v}, is a morphism
P(DF = D), since vy < v € P(DF = D). We prove by induction on ¢ that:

Vv € P(D" = D) ,VM € Af, (v, M) € <~ implies (v, M) € <7.

For £ = 0 we have vjyg = 0 so by Lemma4 (v)o, M) € <t = ¢(<7). At level
¢+ 1 we want to prove (vjeq1, M) € <t = ¢(Q7). Let A D I', ug,...,u, €
P(D? = D), Ny,..., N, € A} such that for all i <n, (u;, N;) € <™. By induc-
tion hypothesis we have ((u;)¢, N;) € <% for all i < n. Besides by hypothesis
(v, M) € <= = ¢(<) and we have vjp1; < v so Lemmad gives (vjp11, M) €
¢(<"). Hence U\Z+1TA@(U1)|£---(UTL)|E < D heHNFA RedﬁNl‘..thﬂhﬂA We
conclude by observing that UMHTA Q(u1)e- - (un)e = UMHTA QUL ... Up.

Now if (v, M) € <~ then for all £ € N, (vj¢, M) € <F, but we have v =
supyey vje so Lemmad gives (v, M) € <. a

The key lemma. Lemma9 is the so-called key-lemma for the relation <. The
reasoning is standard, except for the proof of Lemma 8 allowing strong adequacy.

Lemma 5. For M € A} ., N € A}, (v, dae.M)N)e<"" iff (v, M{N/z})e<".

Proof. Observe that for all n € N, Nq,...,N,, € AT and h € HNF we have
Red(S, vy nny..Nn = RedRrinyay Ny N, pe o

Lemma 6. Let (v, M) and (r,L) in <©', then (pv+ (1 —p)r, M +, L) € <.
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Proof. Simply observe that for all h € HNF and Nyp,..., N, € AT we have
Red(it, oyny .., = PRedRn, v, + (1 —p)RedTn, v, 0 O

Lemma 7. For allz € I, (prl z) € <I".

Proof. Given any A D I', n € N and (u1, N1),. .., (un, N,) € <2, we have:

> Rediy, n, alf]® = [aNi.. . Na]? = pr2 @[N] 2. [N
REHNF A

Besides for all i < n, as (u;, N;) € <92 we have u; < Y, cynp, Red®, ,[h]2 <
[[Ni]]A. The latter inequality is because Proposition 2 implies that for all k£ € N,
> heHNF A Redéﬁviyh[[h]] < [N;]. The application @ being increasing in both its
arguments we have prl12 @u; ... u, < pr2@[N]? ... [N.]2. O

Lemma 8. Let (v, M) € (P(DF = D)) x AF, we have (v, M) € <T iff for all
(r,L) € <® with AD T, (vI?@r, ML) € <4.

Proof. If (v, M) € < = ¢'(<) and (r, L) € <? then using the definition of ¢
it is easy to check that (v]? @r, ML) € <?. Conversely if for all (r, L) € <@
we have (v12 @r, ML) € < and we want to prove that (v, M) € ¢! (<) then
the conditions of Eq. (13) trivially holds whenever n > 1, so we need to consider
only the case for n = 0.

Suppose that for all (r,L) € <2, (v]2@r, ML) € <?, let us prove that
v <Y heune, Rediy p[h] 7. Let z be a fresh variable, according to Lemma 7 we
have (pr2!, z) € <™ so v]" I @pr®! < D heHNF, 1 Redjy, ,[R]™". Then:

v = A" apr®) extensionality of D
< A( Z Redj\“jm,h[[hﬂm’lﬂ) monotonicity A( ), Lemma 1
heHNF,
= Z Redﬁw!h/l([[h]}x’r) linearity and contin.A( ), Lemma 1
heHNF,
= > Redyy,p[ra.h]" def. of A().
heHNF,

One can check that for h € HNF, r, Redfy, , = > cunr, Rediy n,Redpe .
(recall that = is not free in M). If hg is a head-normal form yP; ... P, then
Redpe, p, #0only if h = yPy ... Ppx with x ¢ FV(yP; ... Py,) (and Redj;, , =
1). If hg = Awg.h' then Redj,, ;, # 0 only if h = h'{z/z¢} (and Redy;, , = 1).
In the first case we have [Az.h]!" = [Az.(hox)]f = [ho]’. In the second case
we have Az.h = hg modulo a-equivalence and [Az.h]!" = [ho]!. Therefore:

0 <D ennE, Redig g [ho]*. O

Lemma 9 (Key Lemma). For all M € A} with I' = {y1,...,yn}, for all A D
I, for all uy,...,u, in P(DA = D) and Ny,...,Ny in AZ with (u;, N;) € <4,

[M]]F o (Upy. ., Up) <4 M{N1/y1,...,Nn/yn}
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Proof. The proof is by induction on M. The abstraction uses Lemmasb and 8§,
the application uses Lemma& and the barycentric sum Lemma 6. a

Theorem 1 (Strong adequacy). For all M € A} we have:

[M]" = )" Redyy,[n]".
heHNF

Proof. The invariance of the interpretation by reduction (Proposition2) gives
that for all n € N, [M]!" = ZNEA;Z Redy v[N]" > 3, canr, Red"[A]". When
n — oo we get [M]!" > ZhGHNFF Redﬁ,h[[hﬂp.

Conversely using Lemma 9 with A = I" and (ug, N;) = (], y;), which is in
<P thanks to Lemma7, we get ([M]!", M) € <. The definition of <1 = ¢(<1)
with A = I" and n = 0 gives [M]" < 37, cynp, Rediy, [A]". O

5 Nakajima Trees and Full Abstraction

We apply our strong adequacy to infer full abstraction (Theorem 2). As men-
tioned in the Introduction, the bridge linking syntax and semantics is given by
the notion of probabilistic Nakajima tree defined by Leventis [12] (here Defini-
tions2 and 3) in order to prove a separation theorem for A™. Lemma 11 shows
that the equality of Nakajima trees implies the denotational equality. The proof
of this lemma uses the strong adequacy property.

Definition 2. The set PT] of Nakajima trees with depth at most £ € N is
the set of subprobability distributions over value Nakajima trees VT . These
sets are defined by mutual recursion as follows:

VII=0, VT, = {)\w.yT lzeVW,yeV,Te (PTQ)N},

PTg={L}, PT}, = {T €0 Y T(t) < 1}-

VT,

The notation L represents the empty function (i.e. the distribution with empty
support), encoding undefinedness and allowing directed sets of approximants.

Value Nakajima trees represent infinitary 7-long head-normal forms: up to
n-equivalence every head-normal form h = Axy...x,.y My ... M, is equal to
ATy Xy My oo My .. Ty for any k € N and xp,41,. . . ;21 k fresh,
and value Nakajima trees are infinitary variants of such n-expansions.

Definition 3. By mutual recursion we associate value trees VT" with head-
normal forms and general trees PT" with general AT terms:

VTZ+1(/\1:1 c Xy My oo My,)
= Aoy ... ZpTpgr....y PT)(My) ... PT) (M) PT](zp41) - -
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where the x;s are pairwise distinct variables and, for i > m, the x;’s are fresh;

PTY(M)=1,  PT] (M)=tr > Red3; ,
he(VT], )7 (1)

Remark 1. In [12], following the definition of deterministic Nakajima trees in [1],
the value tree VT, (Az1... 2.y My ... My,) includes explicitly the difference
n — m. This yields a heavier but somewhat more convenient definition, as then
Lemma 10 also holds for £ = 1. In this paper we chose to use the lighter definition.
This choice does not influence the Nakajima tree equality by Lemma 10.

Ezample 5. Figure2(a) depicts some examples of value Nakajima trees asso-
ciated with the head-normal form Az;.y(Qx1)z;. Notice that these trees are
equivalent to the Nakajima trees associated with y(Qx1) as well as y€2. In fact,
all these terms are contextually equivalent.

Figure 2(b) shows the Nakajima tree of depth 2 associated with the term
Y(u 44 v) +p (¥ +p Q). Notice that the two sums +, and +,/ contribute to the
same subprobability distribution, whereas they are kept distinct from the sum
+, on the argument side of an application.

Figure2(c) gives some examples of the Nakajima trees associated with the
term O (A\f.(y+,y(f)), discussed also in Examples 2 and 3. Notice that the more
the depth ¢ increases, the more the top-level distribution’s support grows.

It is clear that the family (P77 (M)) sen converges to a limit, but we do not
need to make it explicit for our purposes, so we avoid defining the topology over
U, P77} yielding the convergence of (P77} (M))eeN'

The next lemma shows that the first levels of a VT" of a head-normal form
h give a lot of information about the shape of h.

Lemma 10. Given two head-normal forms h = Ax1 ...z, yM; ... M, and h' =
ey . xpy MY M, and any £ > 2, if VT)(h) = VT](R'), theny =y and
n—m=n"—m'.

Proof. The fact y = y' follows immediately from the definition of VT". Con-
cerning the second equality, one can assume n = n’ by n-expanding one of the
two terms, in fact V7" is invariant under n-expansion. Modulo a-equivalence,
we can then restrict ourselves to consider the case of h = Axy ...z, yMq ... My,
and b = Az ...z yMi ... M/ ,.

Suppose, by the sake of contradiction, that m > m’. Then we should have
PT)] (Mypy41) = PT}] | (zn41), where z,41 is a fresh variable, in particular
Tpt1 ¢ FV(M41). Since £—1 > 0, we have that PT}] | (2,41)(t) = 1 only if ¢ is
equal to Az122 ... .21 PT] 5(21)PT}]_5(22) ..., otherwise PT] | (xp41)(t) = 0.
So, PT} (M 41) = PT}_;(xn41) implies that Redj7 . n > 0 for some h
having x,1 as free variable, which is impossible since z, 41 ¢ FV(Mp41). O

Thanks to the strong adequacy property we can prove that for M € Alf each
coefficient of [M]"" is entirely defined by PT}(M) for ¢ large enough. To do so

we define the following size on |D|, M(|D|) and My(|D|)" x |D|:
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=1 =2
Ax1To . Ar122 .
// \ // \
! \ ! \
Az.21 AZ. T2

RN

(a) VT (Az1.y(Qz1)x1) for some £, also equal to VT (y€2).

+7 + +
q/ AN ! 1| 1] 1]
Az.u Az.v Az.11 Az.T1 A\z.x2

S S S S

Ax.y Ax.y
I
+ + + +
1] 1| 1| 1]

Az.T1 AZ. 22 Az.y 2.1

e S S S
1 1L 1 1 1 1 1 1
(c) PTY(O(\f.(y +p y(f))) for some £

Fig. 2. Examples of Nakajima trees. Distributions are represented by barycentric sums,
depicted as + nodes whose outgoing edges are weighted by probabilities.
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*) = 0 for the base element,

m:d) =#(m) + #(d )formEMf(|D|) and d € |D|,

[di,....dp)) =n+ >0 #(d;) for dy,...,d, € |D],

m,d) = #(d) + 3, (F#(my)) for m € M(|D|)" and d € [D|.

Lemma 11. Given ¢ € N and M, N € A}, if PT}(M) = PT}(N) then for any
(m,d) € Mf(|’DD X |D| with #(m,d) < £, we have [M]}, ;= [N} .4

Proof. We do induction on ¢. If £ < 1, then #(m,d) = 0 implies d = x and
for every z € I', m, = []. In this case we remark that both [M]%, ;, [N]}, 4
are null. This in fact can be easily checked by inspecting the rules of Fig.1,
computing the matrix denoting a term by structural induction over the term.
Otherwise, by Theorem 1, we have: [M]], ;= >, cunrp, Redy ,[R]], 4 This

last sum can be refactored as ), VT Ehe(VT?),l(t) Red3; ,[h]}, 4 A similar
reasoning for N gives [N}, ;= >",c v Zhe(vTZ)—l(t) Red% [l a-

Let us fix a t € VT} and (m,d) € M;(|D|)" x |D| with #(m,d) < £. Let us
prove that:

O for any h,h’ € (VT})~*(t), we have [h]}, ;= [N]} 4

Notice that O implies [M]L 4= [Nﬂm 4> since the hypothesis PT} (M) =
PT}(N) gives Zhe(VT;?) 1(t) RedMJL = Zhe(VTZ)*l(t) Redy j,, forany t € VT,

Let then h = Azq...xp.yM; ... My and ' = Azq ... xn .y’ M| ... Mj,. Since
¢>2, VT](h) = VT}](h') implies by Lemma 10 that y = 3 and n —k =n/ — k.
Since D is extensional (see Sect. 3), by n-expanding one of the two terms, we can
suppose n = n’ and, then, k = k’. Besides if n > 0 let us write d = m :: d’, we
have [}, ; = e .onyMy. . MG, with #((m,m),d) = #(m, d),
and similarly for [[h/]];,w So, we can reduce to consider the case: h = yMy ... M},
and b/ = yM7 ... M]. If k = 0 the claim OJ is trivial, otherwise by unfolding the
applications of h using the applicative case in Fig. 1, we have that:

Wma= > Y Wlmoimimga (7)™ 0™ ([T )™

(mo,..,my) Mok

st i), s EMAIDI)

and the same for h/, replacing each M; with M;. Notice that [y]., . . .. .. #
0 implies (M), = [m1 -+« my 1 d], hence #(mz) < #(my) for any i § k, thus
#(mi,mi) < #(m;) + #(mo) < #(m) < #(m,d) <€ and #(m;,m;) < —1.
Moreover, the hypothesis VT (h) = VT}(h'), implies PT}_,(M;) = PT]_,(M])
for any i < k, so we conclude by induction hypothesis on each term in the sums
appearing in ([M;]1)™i™i and ([M]]1)™emi. O

Corollary 1. Let M,N € A}, VLeN, PT](M)=PT}(N) implies [M]"' =[N]’.
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Theorem 2. For any two terms M, N € \f, the following are equivalent:

1. M and N are contextually equivalent;
2. M and N have the same Nakajima trees;
8. M and N have the same interpretation in D.

Proof. (1) to (2) is given by [12, Theorem 10.1]. From (2) and Corollary 1, we get
(3). Finally, (3) implies (1) by the adequacy of probabilistic coherence spaces,
proven in [6, Corollary 25]. O
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