
Chapter 4

Fractional Hardy Inequalities

In this chapter we present results concerning fractional forms of Hardy inequali-
ties. Such a topic is well investigated in the Abelian Euclidean setting and we will
be providing relevant references in the sequel. For a general survey of fractional
Laplacians in the Euclidean setting see, e.g., [Gar17]. However, as usual, the gen-
eral approach based on homogeneous groups allows one to get insights also in the
Abelian case, for example, from the point of view of the possibility of choosing an
arbitrary quasi-norm. Moreover, another application of the setting of homogeneous
groups is that the results can be equally applied to both elliptic and subelliptic
problems.

We start by discussing fractional Sobolev and Hardy inequalities on the ho-
mogeneous groups. As a consequence of these inequalities, we derive a Lyapunov
type inequality for the fractional p-sub-Laplacian, which also implies an estimate
of the first eigenvalue in a quasi-ball for the Dirichlet fractional p-sub-Laplacian.
We also extend this analysis to systems of fractional p-sub-Laplacians and to Riesz
potential operators.

4.1 Gagliardo seminorms and fractional

p-sub-Laplacians

Throughout this chapter G will be a homogeneous group of homogeneous dimen-
sion Q. Let | · | be a homogeneous quasi-norm on G. We start with the definition
of the fractional p-sub-Laplacian.

Definition 4.1.1 (Fractional p-sub-Laplacian). Let p > 1 and let s ∈ (0, 1). For
a measurable and compactly supported function u the fractional p-sub-Laplacian
(−Δp,|·|)s = (−Δp)

s on G is defined by the formula

(−Δp)
su(x) := 2 lim

δ↘0

∫
G\B(x,δ)

|u(x)− u(y)|p−2(u(x) − u(y))

|y−1x|Q+sp
dy, x ∈ G, (4.1)
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where B(x, δ) = B|·|(x, δ) is a quasi-ball with respect to the quasi-norm | · |, with
radius δ centred at x ∈ G.

Definition 4.1.2 (Gagliardo seminorm and fractional Sobolev spaces). For a mea-
surable function u : G → R, its Gagliardo seminorm is defined as

[u]s,p,|·| = [u]s,p :=

(∫
G

∫
G

|u(x)− u(y)|p
|y−1x|Q+sp

dxdy

) 1/p

. (4.2)

For p ≥ 1 and s ∈ (0, 1), the functional space

W s,p(G) = {u ∈ Lp(G) : u is measurable and [u]s,p < +∞} , (4.3)

endowed with the norm

‖u‖W s,p(G) := (‖u‖pLp(G) + [u]ps,p)
1/p, u ∈ W s,p(G), (4.4)

is called the fractional Sobolev space on G. Sometimes, to emphasize the depen-
dence on a particular quasi-norm, we may write [u]s,p,|·| and W s,p,|·| but we note

that the space W s,p,|·| is independent of a particular choice of a quasi-norm due
to their equivalence, see Proposition 1.2.3.

Similarly, if Ω ⊂ G is a Haar measurable set, we define the fractional Sobolev
space W s,p(Ω) on Ω by

W s,p(Ω) =

{
u ∈ Lp(Ω) : u is measurable

and

(∫
Ω

∫
Ω

|u(x)− u(y)|p
|y−1x|Q+sp

dxdy

) 1/p

< +∞
}
,

endowed with the norm

‖u‖W s,p(Ω) :=

(
‖u‖pLp(Ω) +

∫
Ω

∫
Ω

|u(x)− u(y)|p
|y−1x|Q+sp

dxdy

) 1/p

. (4.5)

Moreover, the Sobolev space W s,p
0 (Ω) is defined as the completion of C∞

0 (Ω) with
respect to the norm ‖u‖W s,p(Ω).
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4.2 Fractional Hardy inequalities on

homogeneous groups

In the present section we establish fractional Hardy inequalities on homogeneous
groups.

Theorem 4.2.1 (Fractional Hardy inequality). Let G be a homogeneous group of
homogeneous dimension Q with a homogeneous quasi-norm |·|. Let p > 1, s ∈ (0, 1)
and Q > sp. Then for all u ∈ C∞

0 (G) we have

2μ(γ)

∫
G

|u(x)|p
|x|ps dx ≤ [u]ps,p,|·|, (4.6)

where μ(γ) is defined in (4.10).

Remark 4.2.2. In [AB17] the authors studied the weighted fractional p-Laplacian
and established the following weighted fractional Lp-Hardy inequality:

C

∫
RN

|u(x)|p
|x|ps+2β

E

dx ≤
∫
RN

∫
RN

|u(x) − u(y)|p
|x− y|N+ps

E |x|βE |y|βE
dxdy, (4.7)

where β < N−ps
2 , u ∈ C∞

0 (RN ), C > 0 is a positive constant, and | · |E is the
Euclidean distance in RN .

Before we prove Theorem 4.2.1, let us establish the following two lemmas
that will be instrumental in the proof.

Lemma 4.2.3. We fix a homogeneous quasi-norm | · | on G. Let ω ∈ W s,p
0 (Ω) and

assume that w > 0 in Ω ⊂ G. Assume that (−Δp)
sω = ν > 0 with ν ∈ L1

loc(Ω).
Then for all u ∈ C∞

0 (Ω), we have

1

2

∫
Ω

∫
Ω

|u(x)− u(y)|p
|y−1x|Q+ps

dxdy ≥
〈
(−Δp)

sω,
|u|p
ωp−1

〉
.

Proof of Lemma 4.2.3. Using the notations

v :=
|u|p

|ω|p−1
and k(x, y) :=

1

|y−1x|Q+ps
,

we get

〈(−Δp)
sω(x), v(x)〉 =

∫
Ω

v(x)dx

∫
Ω

|ω(x)− ω(y)|p−2(ω(x) − ω(y))k(x, y)dy

=

∫
Ω

|u(x)|p
|ω(x)|p−1

dx

∫
Ω

|ω(x)− ω(y)|p−2(ω(x) − ω(y))k(x, y)dy.
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Let us show that k(x, y) is symmetric, that is, k(x, y) = k(y, x) for all x, y ∈
G. This readily follows, since by the definition of the quasi-norm we have |x−1| =
|x| for all x ∈ G. So, since k(x, y) is symmetric, we obtain

〈(−Δp)
sω(x), v(x)〉

=
1

2

∫
Ω

∫
Ω

( |u(x)|p
|ω(x)|p−1

− |u(y)|p
|ω(y)|p−1

)
|ω(x)− ω(y)|p−2(ω(x)− ω(y))k(x, y)dydx.

Let g := u
ω and

R(x, y) := |u(x)−u(y)|p−(|g(x)|pω(x)−|g(y)|pω(y))|ω(x)−ω(y)|p−2(ω(x)−ω(y)).

Then we have

〈(−Δp)
sω, v〉+ 1

2

∫
Ω

∫
Ω

R(x, y)k(x, y)dydx =
1

2

∫
Ω

∫
Ω

|u(x)− u(y)|pk(x, y)dydx.

By the symmetry argument, we can assume that ω(x) ≥ ω(y). By using the
inequality (see, e.g., [FS08, Lemma 2.6])

|a− t|p ≥ (1− t)p−1(|a|p − t), p > 1, t ∈ [0, 1], a ∈ C, (4.8)

with t = ω(y)
ω(x) and a = g(x)

g(y) , we see that R(x, y) ≥ 0. Therefore, we have proved

the inequality

〈(−Δp)
sω, v〉 ≤ 1

2

∫
Ω

∫
Ω

|u(x) − u(y)|p
|y−1x|Q+sp

dydx,

completing the proof of Lemma 4.2.3. �

Lemma 4.2.4. Let p > 1 and γ ∈
(
0, Q−ps

p−1

)
. Then there exists a positive constant

μ(γ) > 0 such that

(−Δp)
s(|x|−γ) = μ(γ)

1

|x|ps+γ(p−1)
a.e. in G \ {0}. (4.9)

Proof of Lemma 4.2.4. Let us denote ω(x) := |x|−γ . We set r = |x| and ρ = |y|
with x = rx′ and y = ρy′ where |x′| = |y′| = 1. Then we have

(−Δp)
sω =

∫ +∞

0

||x|−γ− |y|−γ |p−2(|x|−γ− |y|−γ)|y|Q−1

(∫
|y′|=1

dσ(y)

|y−1x|Q+ps

)
d|y|

=
1

|x|ps+γ(p−1)

∫ +∞

0

∣∣∣∣1− |y|−γ

|x|−γ

∣∣∣∣p−2

×
(
1− |y|−γ

|x|−γ

) |y|Q−1

|x|Q−1

⎛⎜⎜⎜⎝
∫
|y′|=1

dσ(y)∣∣∣∣( |y|
|x|y

′
)−1

◦ x′
∣∣∣∣Q+ps

⎞⎟⎟⎟⎠ d|y|.
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Let ρ = |y|
|x| and L(ρ) =

∫
|y′|=1

dσ(y)
|(ρy′)−1◦x′|Q+ps . Then we have

(−Δp)
sω =

1

|x|ps+γ(p−1)

∫ +∞

0

|1− ρ−γ |p−2(1 − ρ−γ)L(ρ)ρQ−1dρ.

We then have (4.9) with

μ(γ) :=

∫ +∞

0

φ(ρ)dρ (4.10)

for
φ(ρ) = |1− ρ−γ |p−2(1− ρ−γ)L(ρ)ρQ−1.

Now it remains to show that μ(γ) is positive and bounded. Firstly, let us
show that μ(γ) is bounded. We have

μ(γ) =

∫ 1

0

φ(ρ)dρ +

∫ +∞

1

φ(ρ)dρ = I1 + I2. (4.11)

Using the new variable ζ = 1
ρ we have L(ρ) = L

(
1
ζ

)
= ζQ+psL(ζ) for any ζ > 0.

Thus, we get that

μ(γ) =

∫ +∞

1

(ρ−γ − 1)p−1(ρQ−1−γ(p−1) − ρps−1)L(ρ)dρ. (4.12)

For ρ → 1 we have

(ρ−γ − 1)p−1(ρQ−1−γ(p−1) − ρps−1)L(ρ) � (ρ− 1)−1−ps+p ∈ L1(1, 2). (4.13)

Similarly, for ρ → ∞ we get

(ρ−γ − 1)p−1(ρQ−1−γ(p−1) − ρps−1)L(ρ) � ρ−1−ps ∈ L1(2,∞). (4.14)

These properties show that μ(γ) is bounded. On the other hand, by (4.12) with

γ ∈
(
0, Q−ps

p−1

)
, we see that μ(γ) is positive.

Lemma 4.2.4 is proved. �

Proof of Theorem 4.2.1. Let u ∈ C∞
0 (G) and γ < Q−ps

p−1 . By Lemma 4.2.4 and
Lemma 4.2.3 we readily obtain that

1

2
[u]ps,p =

1

2

∫
G

∫
G

|u(x)− u(y)|p
|y−1x|Q+ps

dxdy

≥
〈
(−Δp)

s(|x|−γ),
|u(x)|p

|x|−γ(p−1)

〉
= μ(γ)

∫
G

|u(x)|p
|x|ps dx.

This completes the proof of Theorem 4.2.1. �



196 Chapter 4. Fractional Hardy Inequalities

4.3 Fractional Sobolev inequalities on

homogeneous groups

In this section we establish fractional Sobolev inequalities on homogeneous groups.

Theorem 4.3.1 (Fractional Sobolev inequality). Let G be a homogeneous group of
homogeneous dimension Q. Let us fix a homogeneous quasi-norm | · | on G. Let
p > 1, s ∈ (0, 1) and Q > sp, and let us set p∗ := Qp

Q−sp . Then there is a positive

constant C = C(Q, p, s, | · |) such that we have

‖u‖Lp∗(G) ≤ C[u]s,p,|·|, (4.15)

for all measurable compactly supported functions u : G → R.

Remark 4.3.2. In [DNPV12] the authors obtained the fractional Sobolev inequality
in the case N > sp, 1 < p < ∞, and s ∈ (0, 1). Namely, for all measurable and
compactly supported functions u one has

‖u‖Lp∗(RN ) ≤ C[u]s,p, (4.16)

where p∗ = Np
N−sp , C = C(N, p, s) > 0 is a suitable constant independent of u, and

[u]ps,p =

∫
RN

∫
RN

|u(x) − u(y)|p
|x− y|N+sp

E

dxdy,

with | · |E being the Euclidean distance in RN .

To prove the above analogue of the fractional Sobolev inequality, first we
present the following two lemmas.

Lemma 4.3.3. Let p > 1, s ∈ (0, 1), and let K ⊂ G be a Haar measurable set. Fix
x ∈ G and a quasi-norm | · | on G. Then we have∫

Kc

dy

|y−1x|Q+sp
≥ C|K|−sp/Q, (4.17)

where C = C(Q, s, p, | · |) is a positive constant, Kc := G \K, and |K| is the Haar
measure of K.

Proof of Lemma 4.3.3. Let δ :=
(

|K|
ωQ

) 1/Q

, where ωQ is a surface measure of the

unit quasi-ball on G. For the corresponding quasi-ball B(x, δ) = B|·|(x, δ) centred
at x with radius δ, we have

|Kc ∩B(x, δ)| = |B(x, δ)| − |K ∩B(x, δ)|
= |K| − |K ∩B(x, δ)| = |K ∩Bc(x, δ)|, (4.18)
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where | · | (by abuse of notation, only in this proof) is the Haar measure on G.
Then, ∫

Kc

dy

|y−1x|Q+sp
=

∫
Kc∩B(x,δ)

dy

|y−1x|Q+sp
+

∫
Kc∩Bc(x,δ)

dy

|y−1x|Q+sp

≥
∫
Kc∩B(x,δ)

dy

δQ+sp
+

∫
Kc∩Bc(x,δ)

dy

|y−1x|Q+sp

=
|Kc ∩B(x, δ)|

δQ+sp
+

∫
Kc∩Bc(x,δ)

dy

|y−1x|Q+sp
.

By using (4.18) we obtain∫
Kc

dy

|y−1x|Q+sp
≥ |Kc ∩B(x, δ)|

δQ+sp
+

∫
Kc∩Bc(x,δ)

dy

|y−1x|Q+sp

=
|K ∩Bc(x, δ)|

δQ+sp
+

∫
Kc∩Bc(x,δ)

dy

|y−1x|Q+sp

≥
∫
K∩Bc(x,δ)

dy

|y−1x|Q+sp
+

∫
Kc∩Bc(x,δ)

dy

|y−1x|Q+sp

=

∫
Bc(x,δ)

dy

|y−1x|Q+sp
.

Now using the polar decomposition formula in Proposition 1.2.10 we obtain that∫
Kc

dy

|y−1x|Q+sp
≥ C|K|−sp/Q, (4.19)

completing the proof. �

We now establish a useful technical estimate for the Gagliardo seminorm
[u]s,p defined in (4.2).

Lemma 4.3.4. Let p > 1, s ∈ (0, 1) and Q > sp. Let u ∈ L∞(G) be compactly
supported and denote ak := |{|u| > 2k}| for any k ∈ Z. Then we have

C
∑

k∈Z, ak 	=0

ak+1a
−sp/Q
k 2kp ≤ [u]ps,p, (4.20)

where C = C(Q, p, s, | · |) is a positive constant.

Proof of Lemma 4.3.4. We define

Ak := {|u| > 2k}, k ∈ Z, (4.21)

and
Dk := Ak \Ak+1 = {2k < |u| ≤ 2k+1} and dk := |Dk|, (4.22)
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the Haar measure of Dk. Since Ak+1 ⊆ Ak, it follows that

ak+1 ≤ ak. (4.23)

By the assumption u ∈ L∞(G) is compactly supported, ak and dk are
bounded and vanish when k is large enough. Also, we notice that the Dk’s are
disjoint, therefore, ⋃

l∈Z, l≤k

Dl = Ac
k+1 (4.24)

and ⋃
l∈Z, l≥k

Dl = Ak. (4.25)

From (4.25) it follows that ∑
l∈Z, l≥k

dl = ak (4.26)

and
dk = ak −

∑
l∈Z, l≥k+1

dl. (4.27)

Since ak and dk are bounded and vanish when k is large enough, (4.26) and (4.27)
are convergent. We define the convergent series

S :=
∑

l∈Z, al−1 	=0

2lpa
−sp/Q
l−1 dl. (4.28)

We have that Dk ⊆ Ak ⊆ Ak−1, therefore, a
−sp/Q
i−1 dl ≤ a

−sp/Q
i−1 al−1. Thus,

{(i, l) ∈ Z s.t. ai−1 �= 0 and a
−sp/Q
i−1 dl �= 0} ⊆ {(i, l) ∈ Z s.t. al−1 �= 0}. (4.29)

By using (4.29) and (4.23), we can estimate∑
i∈Z,

ai−1 	=0

∑
l∈Z,
l≥i+1

2ipa
−sp/Q
i−1 dl =

∑
i∈Z,

ai−1 	=0

∑
l∈Z,

l≥i+1,

asp/Qdl 	=0

2ipa
−sp/Q
i−1 dl

≤
∑
i∈Z

∑
l∈Z,

l≥i+1,
al−1 	=0

2ipa
−sp/Q
i−1 dl =

∑
l∈Z,

al−1 	=0

∑
i∈Z,
i≤l−1

2ipa
−sp/Q
i−1 dl

≤
∑
l∈Z,

al−1 	=0

∑
i∈Z,
i≤l−1

2ipa
−sp/Q
l−1 dl =

∑
l∈Z,

al−1 	=0

+∞∑
k=0

2p(l−1−k)a
−sp/Q
l−1 dl ≤ S. (4.30)

Notice that
||u(x)| − |u(y)|| ≤ |u(x)− u(y)|,
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for any x, y ∈ G. If we fix i ∈ Z and x ∈ Di, then for any j ∈ Z with j ≤ i− 2, for
any y ∈ Dj using the above inequality, we obtain that

|u(x)− u(y)| ≥ 2i − 2j+1 ≥ 2i − 2i−1 ≥ 2i−1.

Then, using (4.24), we have∑
j∈Z, j≤i−2

∫
Dj

|u(x)− u(y)|p
|y−1x|Q+sp

dy ≥ 2(i−1)p
∑

j∈Z, j≤i−2

∫
Dj

dy

|y−1x|Q+sp

= 2(i−1)p

∫
Ac

i−1

dy

|y−1x|Q+sp
.

(4.31)

Now using (4.31) and Lemma 4.3.3, we obtain that∑
j∈Z, j≤i−2

∫
Dj

|u(x)− u(y)|p
|y−1x|Q+sp

dy ≥ C2ipa
−sp/Q
i−1 ,

with some positive constant C. That is, for any i ∈ Z, we have∑
j∈Z, j≤i−2

∫
Di

∫
Dj

|u(x)− u(y)|p
|y−1x|Q+sp

dxdy ≥ C2ipa
−sp/Q
i−1 di. (4.32)

From (4.32) and (4.27) we get∑
j∈Z, j≤i−2

∫
Di

∫
Dj

|u(x) − u(y)|p
|y−1x|Q+sp

dxdy

≥ C

⎛⎝2ipa
−sp/Q
i−1 ai −

∑
l∈Z, l≥i+1

2ipa
−sp/Q
i−1 dl

⎞⎠ .

(4.33)

By (4.32) and (4.28) it follows that∑
i∈Z,ai−1 	=0

∑
j∈Z,j≤i−2

∫
Di

∫
Dj

|u(x)− u(y)|p
|y−1x|Q+sp

dxdy

≥ C
∑

i∈Z,ai−1 	=0

2ipa
−sp/Q
i−1 di ≥ C S.

(4.34)

Then, by using (4.30), (4.33) and (4.34), we obtain that∑
i∈Z,ai−1 	=0

∑
j∈Z,j≤i−2

∫
Di

∫
Dj

|u(x)− u(y)|p
|y−1x|Q+sp

dxdy

≥ C
∑

i∈Z, ai−1 	=0

2ipa
−sp/Q
i−1 ai − C

∑
i∈Z,ai−1 	=0

∑
l∈Z,l≥i+1

2ipa
−sp/Q
i−1 dl
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≥ C
∑

i∈Z, ai−1 	=0

2ipa
−sp/Q
i−1 ai − C S

≥ C
∑

i∈Z,ai−1 	=0

2ipa
−sp/Q
i−1 ai −

∑
i∈Z,ai−1 	=0

∑
j∈Z,j≤i−2

∫
Di

∫
Dj

|u(x)− u(y)|p
|y−1x|Q+sp

dxdy.

This means that∑
i∈Z,ai−1 	=0

∑
j∈Z,j≤i−2

∫
Di

∫
Dj

|u(x)− u(y)|p
|y−1x|Q+sp

dxdy

≥ C

2

∑
i∈Z,ai−1 	=0

2ipa
−sp/Q
i−1 ai,

(4.35)

for some constant C > 0. By symmetry and using (4.35), we arrive at

[u]ps,p,|·| =
∫
G

∫
G

|u(x)− u(y)|p
|y−1x|Q+sp

dxdy =
∑
i,j∈Z

∫
Di

∫
Dj

|u(x)− u(y)|p
|y−1x|Q+sp

dxdy

≥ 2
∑

i,j∈Z, j<i

∫
Di

∫
Dj

|u(x)− u(y)|p
|y−1x|Q+sp

dxdy

≥ 2
∑

i∈Z,ai−1 	=0

∑
j∈Z,j≤i−2

∫
Di

∫
Dj

|u(x)− u(y)|p
|y−1x|Q+sp

dxdy

≥ C
∑

i∈Z, ai−1 	=0

2ipa
−sp/Q
i−1 ai,

completing the proof of Lemma 4.3.4. �

Proof of Theorem 4.3.1. Assume that Gagliardo’s seminorm [u]s,p is bounded, i.e.,
that

[u]ps,p =

∫
G

∫
G

|u(x)− u(y)|p
|y−1x|Q+sp

dxdy < +∞. (4.36)

Suppose also that u ∈ L∞(G).

If (4.36) is satisfied for bounded functions, it holds also for the function un,
obtained from u by cutting at levels −n and n, that is, for

un := max{min{u(x), n},−n},

for any n ∈ R and x ∈ G. Thus, using the fact that

lim
n→+∞ ‖un‖Lp(G) = ‖u‖Lp(G),
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1 < p < ∞, and by using (4.36) with the dominated convergence theorem, we
obtain that

lim
n→+∞[un]

p
s,p = lim

n→+∞

∫
G

∫
G

|un(x) − un(y)|p
|y−1x|Q+sp

dxdy

=

∫
G

∫
G

|u(x)− u(y)|p
|y−1x|Q+sp

dxdy = [u]ps,p.

(4.37)

Defining ak and Ak as in Lemma 4.3.4, we have

||u‖Lp∗(G) =

(∑
k∈Z

∫
Ak\Ak+1

|u(x)|p∗
dx

)1/p∗

≤
(∑

k∈Z

∫
Ak\Ak+1

2(k+1)p∗
dx

)1/p∗

≤
(∑

k∈Z

2(k+1)p∗
ak

)1/p∗

.

Recall the following fact from [DNPV12, Lemma 6.2]: let T, p > 1 and s ∈
(0, 1) be such that Q > sp, m ∈ Z, and assume that ak is a bounded, decreasing,
non-negative sequence with ak = 0 for any k ≥ m; then we have∑

k∈Z

a
(Q−sp)/Q
k T k ≤ C

∑
k∈Z, ak 	=0

ak+1a
−sp/Q
k T k, (4.38)

for some positive constant C = C(Q, s, p, T ).

Then, with p/p∗ = 1− sp/Q < 1 and T = 2p, this fact yields

‖u‖p
Lp∗(G)

≤ 2p

(∑
k∈Z

2kp
∗
ak

)p/p∗

≤ 2p
∑
k∈Z

2kpa
(Q−sp)/Q
k

≤ C
∑

k∈Z, ak 	=0

2kpa
−sp/Q
k ak+1

(4.39)

for a positive constant C = C(Q, p, s, | · |). Finally, using Lemma 4.3.4 we arrive at

‖u‖p
Lp∗(G)

≤ C
∑

k∈Z, ak 	=0

2kpa
−sp/Q
k ak+1

≤ C

∫
G

∫
G

|u(x)− u(y)|p
|y−1x|Q+sp

dxdy = C[u]ps,p,|·|.

Theorem 4.3.1 is proved. �
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4.4 Fractional Gagliardo–Nirenberg inequalities

In this section we discuss an analogue of the fractional Gagliardo–Nirenberg in-
equality on homogeneous groups. As it can be partly expected, in its proof we
will use an already established version of a fractional Sobolev inequality on the
homogeneous groups.

Theorem 4.4.1 (Fractional Gagliargo–Nirenberg inequality). Let G be a homoge-
neous group of homogeneous dimension Q with a quasi-norm | · |. Assume that
Q ≥ 2, s ∈ (0, 1), p > 1, α ≥ 1, τ > 0, a ∈ (0, 1], Q > sp and

1

τ
= a

(
1

p
− s

Q

)
+

1− a

α
.

Then there exists C = C(s, p,Q, a, α) > 0 such that

‖u‖Lτ(G) ≤ C[u]as,p,|·|‖u‖1−a
Lα(G) (4.40)

holds for all u ∈ C1
c (G).

Remark 4.4.2. Theorem 4.4.1 was proved in [KRS18a]. In the Abelian case (RN ,+)
with the standard Euclidean distance instead of the quasi-norm, Theorem 4.4.1
covers the fractional Gagliardo–Nirenberg inequality which was proved in [NS18a].

Proof of Theorem 4.4.1. By using Hölder’s inequality, for every 1
τ = a

(
1
p − s

Q

)
+

1−a
α we get

‖u‖τLτ(G) =

∫
G

|u|τdx =

∫
G

|u|aτ |u|(1−a)τdx ≤ ‖u‖aτLp∗(G)‖u‖(1−a)τ
Lα(G) , (4.41)

where p∗ = Qp
Q−sp . From (4.41), by using the fractional Sobolev inequality (Theo-

rem 4.3.1), we obtain

‖u‖τLτ(G) ≤ ‖u‖aτLp∗(G)‖u‖(1−a)τ
Lα(G) ≤ C[u]aτs,p,|·|‖u‖(1−a)τ

Lα(G) ,

that is,
‖u‖Lτ(G) ≤ C[u]as,p,|·|‖u‖1−a

Lα(G), (4.42)

where C is a positive constant independent of u. Theorem 4.4.1 is proved. �
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4.5 Fractional Caffarelli–Kohn–Nirenberg inequalities

In this section we discuss the weighted fractional Caffarelli–Kohn–Nirenberg in-
equalities on homogeneous groups. First, let us define a weighted version of frac-
tional Sobolev spaces from Definition 4.1.2.

Definition 4.5.1 (Weighted fractional Sobolev spaces). We define the weighted frac-
tional Sobolev space on a homogeneous group G with homogeneous dimension Q
and homogeneous quasi-norm | · | by

W s,p,β(G) =

{
u ∈ Lp(G) : u is measurable, (4.43)

[u]s,p,β,|·| :=
(∫

G

∫
G

|x|β1p|y|β2p|u(x)− u(y)|p
|y−1x|Q+sp

dxdy

) 1
p

< +∞
}
,

where β1, β2 ∈ R with β = β1 + β2. We note that the space W s,p,β(G) depends
on β1 and β2. At the same time, it is independent of a particular choice of a
quasi-norm due to their equivalence, see Proposition 1.2.3.

For a Haar measurable set Ω ⊂ G, p ≥ 1, s ∈ (0, 1) and β1, β2 ∈ R with
β = β1 + β2, we define the weighted fractional Sobolev space on Ω by

W s,p,β(Ω) =

{
u ∈ Lp(Ω) : u is measurable, (4.44)

[u]s,p,β,|·|,Ω :=

(∫
Ω

∫
Ω

|x|β1p|y|β2p|u(x)− u(y)|p
|y−1x|Q+sp

dxdy

) 1
p

< +∞
}
.

Theorem 4.5.2 (Fractional Caffarelli–Kohn–Nirenberg inequality). Let G be a ho-
mogeneous group of homogeneous dimension Q. Let Q ≥ 2, s ∈ (0, 1), p > 1,
α ≥ 1, τ > 0, a ∈ (0, 1], β1, β2, β, μ, γ ∈ R, β1 + β2 = β and

1

τ
+

γ

Q
= a

(
1

p
+

β − s

Q

)
+ (1− a)

(
1

α
+

μ

Q

)
. (4.45)

In addition, assume that, 0 ≤ β − σ with γ = aσ + (1 − a)μ. We also assume

β − σ ≤ s only if
1

τ
+

γ

Q
=

1

p
+

β − s

Q
. (4.46)

Then when 1
τ + γ

Q > 0 we have

‖|x|γu‖Lτ(G) ≤ C[u]as,p,β,|·|‖|x|μu‖1−a
Lα(G), (4.47)

for all u ∈ C1
c (G), and when 1

τ + γ
Q < 0 we have

‖|x|γu‖Lτ(G) ≤ C[u]as,p,β,|·|‖|x|μu‖1−a
Lα(G), (4.48)

for all u ∈ C1
c (G \ {0}).
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Remark 4.5.3.

1. The critical case 1
τ + γ

Q = 0 will be considered in Theorem 4.5.5.

2. In the Abelian (Euclidean) case (RN ,+) with the usual Euclidean distance
instead of the quasi-norm in Theorem 4.5.2, we get the (Abelian) fractional
Caffarelli–Kohn–Nirenberg inequality (see, e.g., [NS18a], Theorem 1.1). In
(4.48) by setting a = 1, τ = p, β1 = β2 = 0, and γ = −s, one has an
analogue of the fractional Hardy inequality on homogeneous groups.

3. In the Abelian (Euclidean) case (RN ,+) again with the usual Euclidian dis-
tance instead of the quasi-norm and by taking in (4.48) the values a = 1,
τ = p, β1 = β2 = 0, and γ = −s, we get the fractional Hardy inequality (see
[FS74, Theorem 1.1]).

4. The results of this section were obtained in [KRS18a] and we follow the
presentation there in our proof.

To prove the fractional weighted Caffarelli–Kohn–Nirenberg inequality on G

we will use Theorem 4.4.1 in the proof of the following lemma.

Lemma 4.5.4. Let Q ≥ 2, s ∈ (0, 1), p > 1, α ≥ 1, τ > 0, a ∈ (0, 1] and

1

τ
≥ a

(
1

p
− s

Q

)
+

1− a

α
.

Let λ > 0 and 0 < r < R and set

Ω = {x ∈ G : λr < |x| < λR}.
Then, for all u ∈ C1(Ω), we have(

–

∫
Ω

|u− uΩ|τdx
) 1

τ

≤ Cr,Rλ
a(sp−Q)

p [u]as,p,|·|,Ω

(
–

∫
Ω

|u|αdx
) 1−a

α

, (4.49)

where Cr,R is a positive constant independent of u and λ.

Proof of Lemma 4.5.4. Without loss of generality, we assume that 0 < s′ ≤ s and
τ ′ ≥ τ are such that

1

τ ′
= a

(
1

p
− s′

Q

)
+

1− a

α
,

and λ = 1 with
Ω1 := {x ∈ G : r < |x| < R}.

By using Theorem 4.4.1, Jensen’s inequality and [u]s′,p,|·|,Ω ≤ C[u]s,p,|·|,Ω, we
compute(

–

∫
Ω1

|u− uΩ1 |τdx
) 1/τ

=
1

|Ω1| 1τ
‖u− uΩ1‖τ ≤ Cr,R‖u− uΩ1‖Lτ′(Ω1)
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≤ Cr,R[u− uΩ1 ]
a
s′,p,|·|,Ω1

‖u‖1−a
Lα(Ω1)

≤ Cr,R

(∫
Ω1

∫
Ω1

|u(x)− uΩ1 − u(y) + uΩ1 |p
|y−1x|Q+s′p dxdy

) a/p

‖u‖1−a
Lα(Ω1)

≤ Cr,R[u]
a
s,p,|·|,Ω1

‖u‖1−a
Lα(Ω1)

≤ Cr,R[u]
a
s,p,|·|,Ω1

(
–

∫
Ω1

|u|αdx
) (1−a)/α

,

where Cr,R > 0. Let us apply the above inequality to u(λx) instead of u(x). This
yields(

–

∫
Ω1

∣∣∣∣u(λx)− –

∫
Ω1

u(λx)dx

∣∣∣∣τ dx) 1/τ

≤ Cr,R

(∫
Ω1

∫
Ω1

|u(λx)− u(λy)|p
|y−1x|Q+sp

dxdy

) a/p (
1

|Ω1|
∫
Ω1

|u(λx)|αdx
) (1−a)/α

.

Therefore, we have

(
–

∫
Ω

∣∣∣∣u(x)− –

∫
Ω

u(x)dx

∣∣∣∣τ dx)
1
τ

=

(
1

|Ω|
∫
Ω

∣∣∣∣u(x)− 1

|Ω|
∫
Ω

u(x)dx

∣∣∣∣τ dx)
1
τ

=

(
1

|Ω|
∫
Ω

∣∣∣∣u(λy)− 1

|Ω|
∫
Ω

u(λy)d(λy)

∣∣∣∣τ d(λy))
1
τ

=

(
1

|Ω1|
∫
Ω1

λQ

λQ

∣∣∣∣u(λy)− λQ

λQ|Ω1|
∫
Ω1

u(λy)dy

∣∣∣∣τ dy)
1
τ

=

(
1

|Ω1|
∫
Ω1

∣∣∣∣u(λy)− 1

|Ω1|
∫
Ω1

u(λy)dy

∣∣∣∣τ dy)
1
τ

≤ Cr,R

(∫
Ω1

∫
Ω1

|u(λx)− u(λy)|p
|y−1x|Q+sp

dxdy

) a
p
(

1

|Ω1|
∫
Ω1

|u(λx)|αdx
) 1−a

α

= Cr,R

(∫
Ω1

∫
Ω1

λ2QλQ+sp|u(λx) − u(λy)|p
λ2QλQ+sp|y−1x|Q+sp

dxdy

)a
p
(

1

|Ω1|
∫
Ω1

λQ

λQ
|u(λx)|αdx

)1−a
α

= Cr,R

(∫
Ω

∫
Ω

λsp−Q|u(λx) − u(λy)|p
|(λy)−1λx|Q+sp

d(λx)d(λy)

)a
p
(

1

|Ω|
∫
Ω

|u(λx)|αd(λx)
)1−a

α

= Cr,R

(∫
Ω

∫
Ω

λsp−Q|u(x)− u(y)|p
|y−1x|Q+sp

dxdy

)a
p
(

1

|Ω|
∫
Ω

|u(x)|αdx
)1−a

α

= Cr,Rλ
a(sp−Q)

p [u]as,p,|·|,Ω

(
1

|Ω|
∫
Ω

|u(x)|αdx
) 1−a

α

.

This completes the proof. �
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Proof of Theorem 4.5.2. First let us consider the case (4.46), that is, β − σ ≤ s
and 1

τ + γ
Q = 1

p + β−s
Q . By using Lemma 4.5.4 with λ = 2k, r = 1, R = 2 and

Ω = Ak, we get(
–

∫
Ak

|u− uAk
|τdx

)1/τ

≤ C2
ak(sp−Q)

p [u]as,p,|·|,Ak

(
–

∫
Ak

|u|αdx
) (1−a)/α

. (4.50)

Here and below Ak is the quasi-annulus defined by

Ak := {x ∈ G : 2k ≤ |x| < 2k+1},
for k ∈ Z. Now by using (4.50) we obtain∫
Ak

|u|τdx =

∫
Ak

|u− uAk
+ uAk

|τdx

≤ C

(∫
Ak

|uAk
|τdx+

∫
Ak

|u− uAk
|τdx

)
= C

(∫
Ak

|uAk
|τdx+

|Ak|
|Ak|

∫
Ak

|u− uAk
|τdx

)
= C

(
|Ak||uAk

|τ + |Ak| –
∫
Ak

|u− uAk
|τdx

)
(4.51)

≤ C

⎛⎝|Ak||uAk
|τ + 2

ak(sp−Q)τ
p |Ak|[u]aτs,p,|·|,Ak

(
1

|Ak|
∫
Ak

|u|αdx
)(1−a)τ

α

⎞⎠
≤ C

(
2Qk|uAk

|τ + 2
ak(sp−Q)τ

p 2kQ2−
Q(1−a)τk

α [u]aτs,p,|·|,Ak
‖u‖(1−a)τ

Lα(Ak)

)
.

Then, from (4.51) we get∫
Ak

|x|γτ |u|τdx ≤ 2(k+1)γτ

∫
Ak

|u|τdx

≤ C2(Q+γτ)k|uAk
|τ + C2γτk2kQ2

ak(sp−Q)τ
p 2−

Q(1−a)τk
α [u]aτs,p,|·|,Ak

‖u‖(1−a)τ
Lα(Ak)

= C2(Q+γτ)k|uAk
|τ

+ C2(γτ+Q+a(sp−Q)τ
p −Q(1−a)τ

α )k
(∫

Ak

∫
Ak

2kpβ12kpβ2 |u(x)− u(y)|p
2kpβ |y−1x|Q+sp

dxdy

) aτ
p

×
(∫

Ak

2kαμ

2kαμ
|u(x)|αdx

) (1−a)τ
α

≤ C2(Q+γτ)k|uAk
|τ

+ C2(γτ+Q+a(sp−Q)τ
p −Q(1−a)τ

α −aβτ−μτ(1−a))k

×
(∫

Ak

∫
Ak

|x|pβ1 |y|pβ2 |u(x)− u(y)|p
|y−1x|Q+sp

dxdy

) aτ
p
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×
(∫

Ak

|x|αμ|u(x)|αdx
) (1−a)τ

α

≤ C2(Q+γτ)k|uAk
|τ (4.52)

+ C2(γτ+Q+a(sp−Q)τ
p −Q(1−a)τ

α −aβτ−μτ(1−a))k[u]aτs,p,β,|·|,Ak
‖|x|μu‖(1−a)τ

Lα(Ak)
.

Here by (4.45), we have

γτ +Q+
a(sp−Q)τ

p
− Q(1− a)τ

α
− aβτ − μτ(1 − a)

= Qτ

(
γ

Q
+

1

τ
+

a(sp−Q)

Qp
− (1− a)

α
− aβ

Q
− μ(1 − a)

Q

)
= Qτ

(
a

(
1

p
+

β − s

Q

)
+ (1− a)

(
1

α
+

μ

Q

))
+Qτ

(
a(sp−Q)

Qp
− (1− a)

α
− aβ

Q
− μ(1− a)

Q

)
= 0. (4.53)

Thus, we obtain∫
Ak

|x|γτ |u|τdx ≤ C2(γτ+Q)k|uAk
|τ + C[u]aτs,p,β,|·|,Ak

‖|x|μu‖(1−a)τ
Lα(Ak)

, (4.54)

and by summing over k from m to n, we get∫
∪n

k=mAk

|x|γτ |u|τdx =

∫
{2m<|x|<2n+1}

|x|γτ |u|τdx (4.55)

≤ C

n∑
k=m

2(γτ+Q)k|uAk
|τ + C

n∑
k=m

[u]aτs,p,β,|·|,Ak
‖|x|μu‖(1−a)τ

Lα(Ak)
,

where k,m, n ∈ Z and m ≤ n− 2.

To prove (4.47) let us choose n such that

suppu ⊂ B2n , (4.56)

where B2n is a quasi-ball of G with the radius 2n.

Let us consider the following integral

–

∫
Ak+1∪Ak

∣∣∣∣∣u− –

∫
Ak+1∪Ak

u

∣∣∣∣∣
τ

dx =
1

|Ak+1|+ |Ak|
∫
Ak+1∪Ak

∣∣∣∣∣u− –

∫
Ak+1∪Ak

u

∣∣∣∣∣
τ

dx

=
1

|Ak+1|+ |Ak|

(∫
Ak+1

∣∣∣∣∣u− –

∫
Ak+1∪Ak

u

∣∣∣∣∣
τ

dx+

∫
Ak

∣∣∣∣∣u− –

∫
Ak+1∪Ak

u

∣∣∣∣∣
τ

dx

)
.
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On the other hand, a direct calculation gives

–

∫
Ak+1∪Ak

∣∣∣∣∣u− –

∫
Ak+1∪Ak

u

∣∣∣∣∣
τ

dx

=
1

|Ak+1|+ |Ak|

(∫
Ak+1

∣∣∣∣∣u− –

∫
Ak+1∪Ak

u

∣∣∣∣∣
τ

dx+

∫
Ak

∣∣∣∣∣u− –

∫
Ak+1∪Ak

u

∣∣∣∣∣
τ

dx

)

≥ 1

|Ak+1|+ |Ak|
∫
Ak

∣∣∣∣∣u− –

∫
Ak+1∪Ak

u

∣∣∣∣∣
τ

dx

≥ 1

|Ak+1|+ |Ak|

∣∣∣∣∣
∫
Ak

(
u− –

∫
Ak+1∪Ak

u

)
dx

∣∣∣∣∣
τ

=
1

|Ak+1|+ |Ak|

∣∣∣∣∣
∫
Ak

udx− |Ak|
|Ak+1|+ |Ak|

∫
Ak

udx− |Ak|
|Ak+1|+ |Ak|

∫
Ak+1

udx

∣∣∣∣∣
τ

=
1

|Ak+1|+ |Ak|

∣∣∣∣∣ |Ak+1|
|Ak+1|+ |Ak|

∫
Ak

udx− |Ak|
|Ak+1|+ |Ak|

∫
Ak+1

udx

∣∣∣∣∣
τ

=
1

(|Ak+1|+ |Ak|)τ+1

∣∣∣∣∣|Ak+1|
∫
Ak

udx− |Ak|
∫
Ak+1

udx

∣∣∣∣∣
τ

=
|Ak+1|τ |Ak|τ

(|Ak+1|+ |Ak|)τ+1

∣∣∣∣∣ 1

|Ak|
∫
Ak

udx− 1

|Ak+1|
∫
Ak+1

udx

∣∣∣∣∣
τ

=
|Ak+1|τ |Ak|τ

(|Ak+1|+ |Ak|)τ+1
|uAk+1

− uAk
|τ

≥ C|uAk+1
− uAk

|τ . (4.57)

From (4.57) and Lemma 4.5.4, we obtain

|uAk+1
− uAk

|τ ≤ C –

∫
Ak+1∪Ak

∣∣∣∣∣u− –

∫
Ak+1∪Ak

u

∣∣∣∣∣
τ

dx

≤ C2
ak(sp−Q)

p [u]τas,p,|·|,Ak+1∪Ak

(
–

∫
Ak+1∪Ak

|u|αdx
) (1−a)τ

α

. (4.58)

By using this fact, taking τ = 1 we have

|uAk
| ≤ |uAk+1

− uAk
|+ |uAk+1

|

≤ |uAk+1
|+ C2

ak(sp−Q)
p [u]as,p,|·|,Ak+1∪Ak

(
–

∫
Ak+1∪Ak

|u|αdx
) (1−a)

α

. (4.59)
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On the other hand (see, e.g., [NS18b, Lemma 2.2]), there exists a positive constant
C depending ξ > 1 and η > 1 such that 1 < ζ < ξ,

(|a|+ |b|)η ≤ ζ|a|η +
C

(ζ − 1)η−1
|b|η, ∀ a, b ∈ R. (4.60)

Thus, by using with η = τ , ζ = 2γτ+Qc, where c = 2
1+2γτ+Q < 1, since

γτ +Q > 0, from the previous inequality we have

2(γτ+Q)k|uAk
|τ ≤ c2(k+1)(γτ+Q)|uAk+1

|τ +C[u]τas,p,β,|·|,Ak+1∪Ak
‖|x|μu‖(1−a)τ

Lα(Ak+1∪Ak)
.

By summing over k from m to n and by using (4.56) we have

n∑
k=m

2(γτ+Q)k|uAk
|τ ≤

n∑
k=m

c2(k+1)(γτ+Q)|uAk+1
|τ

+ C

n∑
k=m

[u]τas,p,β,|·|,Ak+1∪Ak
‖|x|μu‖(1−a)τ

Lα(Ak+1∪Ak)
.

(4.61)

By using (4.61), we compute

(1− c)
n∑

k=m

2(γτ+Q)k|uAk
|τ ≤ 2(γτ+Q)m|uAm |τ + (1− c)

n∑
k=m+1

2(γτ+Q)k|uAk
|τ

≤ C

n∑
k=m

[u]τas,p,β,|·|,Ak+1∪Ak
‖|x|μu‖(1−a)τ

Lα(Ak+1∪Ak)
.

This yields

n∑
k=m

2(γτ+Q)k|uAk
|τ ≤ C

n∑
k=m

[u]τas,p,β,|·|,Ak+1∪Ak
‖|x|μu‖(1−a)τ

Lα(Ak+1∪Ak)
. (4.62)

From (4.55) and (4.62), we have∫
{2m<|x|<2n+1}

|x|γτ |u|τdx ≤ C
n∑

k=m

[u]τas,p,β,|·|,Ak+1∪Ak
‖|x|μu‖(1−a)τ

Lα(Ak+1∪Ak)
. (4.63)

Let s, t ≥ 0 be such that s+ t ≥ 1. Then for any xk, yk ≥ 0, we have

n∑
k=m

xs
ky

t
k ≤

(
n∑

k=m

xk

)s ( n∑
k=m

yk

)t

. (4.64)

By using this inequality in (4.63) with s = τa
p , t = (1−a)τ

α , a
p + 1−a

α ≥ 1
τ and

s ≥ β − σ, we obtain∫
{|x|>2m}

|x|γτ |u|τdx ≤ C[u]aτs,p,β,|·|,∪∞
k=mAk

‖|x|μu‖(1−a)τ
Lα(∪∞

k=mAk)
.

Inequality (4.47) is proved.



210 Chapter 4. Fractional Hardy Inequalities

Let us prove (4.48). The strategy of the proof is similar to the previous case.
Choose m such that

suppu ∩B2m = ∅. (4.65)

From Lemma 4.5.4 we have

|uAk+1
− uAk

|τ ≤ C2
aτk(sp−Q)

p [u]τas,p,|·|,Ak+1∪Ak

(
–

∫
Ak+1∪Ak

|u|αdx
) (1−a)τ

α

.

By (4.60) and choosing c = 1+2γτ+Q

2 < 1, since γτ +Q < 0, we have

2(γτ+Q)(k+1)|uAk+1
|τ ≤ c2k(γτ+Q)|uAk

|τ +C[u]τas,p,β,|·|,Ak+1∪Ak
‖|x|μu‖(1−a)τ

Lα(Ak+1∪Ak)
,

and by summing over k from m to n and by using (4.65) we obtain

n∑
k=m

2(γτ+Q)k|uAk
|τ ≤ C

n−1∑
k=m−1

[u]τas,p,β,|·|,Ak+1∪Ak
‖|x|μu‖(1−a)τ

Lα(Ak+1∪Ak)
. (4.66)

From (4.55) and (4.66), we establish that∫
{2m<|x|<2n+1}

|x|γτ |u|τdx ≤ C

n−1∑
k=m−1

[u]τas,p,β,|·|,Ak+1∪Ak
‖|x|μu‖(1−a)τ

Lα(Ak+1∪Ak)
.

Now by using (4.64) we get∫
{|x|<2n+1}

|x|γτ |u|τdx ≤ C[u]τas,p,β,|·|,∪n
k=−∞Ak

‖|x|μu‖(1−a)τ
Lα(∪n

k=−∞Ak)
.

The proof of the case s ≥ β − σ is complete.

Let us prove the case of β − σ > s. Without loss of generality, we assume
that

[u]s,p,β,|·| = ‖u‖Lα(G) = 1,

where
1

p
+

β − s

Q
�= 1

α
+

μ

Q
.

We also assume that a1 > 0, 1 > a2 and τ1, τ2 > 0 with

1

τ2
=

a2
p

+
1− a2

α
,

and

if
a

p
+

1− a

α
− as

Q
> 0, then

1

τ1
=

a1
p

+
1− a1

α
− a1s

Q
,

if
a

p
+

1− a

α
− as

Q
≤ 0, then

1

τ
>

1

τ1
≥ a1

p
+

1− a1
α

− a1s

Q
.

(4.67)
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Taking γ1 = a1β + (1− a1)μ and γ2 = a2(β − s) + (1− a2)μ, we obtain

1

τ1
+

γ1
Q

≥ a1

(
1

p
+

β − s

Q

)
+ (1− a1)

(
1

α
+

μ

Q

)
(4.68)

and
1

τ2
+

γ2
Q

= a2

(
1

p
+

β − s

Q

)
+ (1− a2)

(
1

α
+

μ

Q

)
. (4.69)

Let a1 and a2 be such that

|a− a1| and |a− a2| are small enough, (4.70)

a2 < a < a1, if
1

p
+

β − s

Q
>

1

α
+

μ

Q
,

a1 < a < a2, if
1

p
+

β − s

Q
<

1

α
+

μ

Q
.

(4.71)

By using (4.70)–(4.71) in (4.68), (4.69) and (4.45), we establish

1

τ1
+

γ1
Q

>
1

τ
+

γ

Q
>

1

τ2
+

γ2
Q

> 0.

From (4.67) in the case a
p +

1−a
α − as

Q > 0 with a > 0, β−σ > s and (4.70), we get

1

τ
− 1

τ1
= (a− a1)

(
1

p
− s

Q
− 1

α

)
+

a

Q
(β − σ) > 0, (4.72)

and
1

τ
− 1

τ2
= (a− a2)

(
1

p
− 1

α

)
+

a

Q
(β − σ − s) > 0. (4.73)

From (4.67), (4.72) and (4.73), we have

τ1 > τ, τ2 > τ.

Thus, using this, (4.70) and Hölder’s inequality, we obtain

‖|x|γu‖Lτ(G\B1) ≤ C‖|x|γ1u‖Lτ1(G),
and

‖|x|γu‖Lτ(B1) ≤ C‖|x|γ2u‖Lτ2(G),

where B1 is the unit quasi-ball. By using the previous case, we establish

‖|x|γ1u‖Lτ1(G) ≤ C[u]a1

s,p,β,|·|‖|x|μu‖1−a1

Lα(G) ≤ C,
and

‖|x|γ2u‖Lτ2(G) ≤ C[u]a2

s,p,β,|·|‖|x|μu‖1−a2

Lα(G) ≤ C.

The proof of Theorem 4.5.2 is complete. �

Now we consider the critical case 1
τ + γ

Q = 0.
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Theorem 4.5.5 (Fractional critical Caffarelli–Kohn–Nirenberg inequality). Let G
be a homogeneous group of homogeneous dimension Q. Let Q ≥ 2, s ∈ (0, 1),
p > 1, α ≥ 1, τ > 1, a ∈ (0, 1], β1, β2, β, μ, γ ∈ R, β1 + β2 = β,

1

τ
+

γ

Q
= a

(
1

p
+

β − s

Q

)
+ (1− a)

(
1

α
+

μ

Q

)
. (4.74)

In addition, assume that 0 ≤ β − σ ≤ s with γ = aσ + (1− a)μ.

If 1
τ + γ

Q = 0 and suppu ⊂ BR = {x ∈ G : |x| < R}, then we have∥∥∥∥∥ |x|γ
ln 2R

|x|
u

∥∥∥∥∥
Lτ(G)

≤ C[u]as,p,β,|·|‖|x|μu‖1−a
Lα(G), (4.75)

for all u ∈ C1
c (G).

Proof of Theorem 4.5.5. The proof is similar to the proof of Theorem 4.5.2. In
(4.54), summing over k from m to n and fixing ε > 0, we have∫

{|x|>2m}

|x|γτ
ln1+ε

(
2R
|x|

) |u|τdx ≤ C
n∑

k=m

1

(n+ 1− k)1+ε
|uAk

|τ

+ C

n∑
k=m

[u]aτs,p,β,|·|,Ak
‖|x|μu‖(1−a)τ

Lα(Ak)
.

(4.76)

From Lemma 4.5.4, we have

|uAk+1
− uAk

| ≤ C2
ak(sp−Q)

p [u]as,p,|·|,Ak+1∪Ak

(
–

∫
Ak+1∪Ak

|u|αdx
) 1−a

α

.

By using (4.60) with ζ = (n+1−k)ε

(n+ 1
2−k)ε

we get

|uAk
|τ

(n+ 1− k)ε
≤ |uAk+1

|τ
(n+ 1

2 − k)ε
(4.77)

+ C(n+ 1− k)τ−1−ε[u]aτs,p,β,|·|,Ak+1∪Ak
‖|x|μu‖(1−a)τ

Lα(Ak+1∪Ak)
.

For ε > 0 and n ≥ k, we have

1

(n− k + 1)ε
− 1

(n− k + 3
2 )

ε
∼ 1

(n− k + 1)1+ε
. (4.78)

By using this fact, (4.77), (4.78) and ε = τ − 1, we obtain

n∑
k=m

|uAk
|τ

(n+ 1− k)τ
≤ C

n∑
k=m

[u]aτs,p,β,|·|,Ak+1∪Ak
‖qμ(x)u‖(1−a)τ

Lα(Ak+1∪Ak)
. (4.79)
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From (4.76) and (4.79), we establish∫
{|x|>2m}

|x|γτ
lnτ 2R

|x|
|u|τdx ≤ C

n∑
k=m

[u]aτs,p,β,|·|,Ak+1∪Ak
‖|x|μu‖(1−a)τ

Lα(Ak+1∪Ak)
.

By using (4.64) with (4.74) and 0 ≤ β− σ ≤ s, where s = τa
p , t = (1−a)τ

α , we have
s+ t ≥ 1 and we arrive at∫

{|x|>2m}

|x|γτ
lnτ 2R

|x|
|u|τdx ≤ C

n∑
k=m

[u]aτs,p,β,|·|,∪∞
k=mAk

‖|x|μu‖(1−a)τ
Lα(∪∞

k=mAk)
.

Theorem 4.5.5 is proved. �

4.6 Lyapunov inequalities on homogeneous groups

In this section we give an application of the preceding results to derive a Lyapunov
type inequality for the fractional p-sub-Laplacian with homogeneous Dirichlet
boundary condition on homogeneous groups. First, we summarize the basic re-
sults concerning the classical Lyapunov inequality.

Remark 4.6.1 (Euclidean Lyapunov inequalities).

1. In [Lya07], Lyapunov obtained the following result for the one-dimensional
homogeneous Dirichlet boundary value problem. Consider the second-order
ordinary differential equation{

u′′(x) + ω(x)u(x) = 0, x ∈ (a, b),

u(a) = u(b) = 0.
(4.80)

Then, if (4.80) has a non-trivial solution u, and ω = ω(x) is a real-valued
and continuous function on [a, b], then we must have∫ b

a

|ω(x)|dx >
4

b− a
. (4.81)

Inequality (4.81) is called a (classical) Lyapunov inequality.

2. Nowadays, there are many extensions of the Lyapunov inequality (4.81). For
example, in [Elb81] the Lyapunov inequality for the one-dimensional Dirichlet
p-Laplacian was obtained: if{

(|u′(x)|p−2u′(x))′ + ω(x)u(x) = 0, x ∈ (a, b), 1 < p < ∞,

u(a) = u(b) = 0,
(4.82)
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has a non-trivial solution u for ω ∈ L1(a, b), then∫ b

a

|ω(x)|dx >
2p

(b− a)p−1
, 1 < p < ∞. (4.83)

Obviously, taking p = 2 in (4.83), we recover (4.81).

3. In [JKS17], the following Lyapunov inequality was obtained for the multi-
dimensional fractional p-Laplacian (−Δp)

s, 1 < p < ∞, s ∈ (0, 1), with a
homogeneous Dirichlet boundary condition, that is, for the equation{

(−Δp)
su = ω(x)|u|p−2u, x ∈ Ω,

u(x) = 0, x ∈ RN \ Ω, (4.84)

where Ω ⊂ RN is a measurable set, 1 < p < ∞, and s ∈ (0, 1). More precisely,
let ω ∈ Lθ(Ω) with N > sp, N

sp < θ < ∞, be a non-negative weight. Suppose

that the problem (4.84) has a non-trivial weak solution u ∈ W s,p
0 (Ω). Then

we have (∫
Ω

ωθ(x) dx

) 1/θ

>
C

r
sp−N

θ

Ω

, (4.85)

where C > 0 is a universal constant and rΩ is the inner radius of Ω.

The appearance of the inner radius in (4.85) motivates one to define its
analogue also in the setting of homogeneous groups.

Definition 4.6.2 (Inner quasi-radius). Let p > 1 and s ∈ (0, 1) be such that Q > sp.
Let Ω ⊂ G be a Haar measurable set. We denote by rΩ,q the inner quasi-radius of
Ω, that is,

rΩ = rΩ,|·| := sup{|x| : x ∈ Ω}. (4.86)

Clearly, the exact values depend on the choice of a homogeneous quasi-norm | · |.
As before, if the quasi-norm is fixed, we can omit it from the notation.

4.6.1 Lyapunov type inequality for fractional p-sub-Laplacians

We now turn our attention to the Lyapunov inequalities for the fractional p-
sub-Laplacian (−Δp)

s from Definition 4.1.1. Let us consider the boundary value
problem {

(−Δp)
su(x) = ω(x)|u(x)|p−2u(x), x ∈ Ω,

u(x) = 0, x ∈ G \ Ω, (4.87)

where ω ∈ L∞(Ω). A function u ∈ W s,p
0 (Ω) is called a weak solution of the problem

(4.87) if we have∫
Ω

∫
Ω

|u(x)− u(y)|p−2(u(x)− u(y))(v(x) − v(y))

|y−1x|Q+sp
dxdy

=

∫
Ω

ω(x)|u(x)|p−2u(x)v(x)dx for all v ∈ W s,p
0 (Ω).
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Theorem 4.6.3 (Lyapunov inequality for fractional p-sub-Laplacian). Let G be a
homogeneous group of homogeneous dimension Q. Let Ω ⊂ G be a Haar measurable
set. Let ω ∈ Lθ(Ω) be a non-negative function with Q

sp < θ < ∞, and with Q > ps.

Suppose that the boundary value problem (4.87) has a non-trivial weak solution
u ∈ W s,p

0 (Ω). Then we have

‖ω‖Lθ(Ω) ≥ C
/
r
sp−Q/θ
Ω,|·| , (4.88)

for some C = C(Q, p, s, | · |) > 0.

Proof of Theorem 4.6.3. We fix a homogeneous quasi-norm | · | thus also elimi-

nating it from the notation. Let α := θ−θ/sp
θ−1 ∈ (0, 1) and let p∗ be the Sobolev

conjugate exponent as in Theorem 4.3.1. Let us define

β := αp+ (1− α)p∗.

Let β = pθ′ with 1/θ + 1/θ′ = 1. Then we have∫
Ω

|u(x)|β
rαspΩ

dx ≤
∫
Ω

|u(x)|β
|x|αsp dx. (4.89)

On the other hand, the Hölder inequality with exponents ν = α−1 and its conju-
gate 1/ν + 1/ν′ = 1 implies∫

Ω

|u(x)|β
|x|αsp dx ≤

∫
Ω

|u(x)|αp|u(x)|(1−α)p∗

|x|αsp dx

≤
(∫

Ω

|u(x)|p
|x|spdx

)α (∫
Ω

|u(x)|p∗
dx

)1−α

.

Further, by using Theorem 4.3.1 and Theorem 4.2.1, we get∫
Ω

|u(x)|β
|x|αsp dx ≤ Cα

1

(∫
Ω

∫
Ω

|u(x)− u(y)|p
|y−1x|Q+sp

dxdy

)α/p

C
(1−α)p∗/p
2 [u](1−α)p∗/p

s,p

≤ Cα
1 [u]

α
s,pC

(1−α)p∗/p
2 [u](1−α)p∗/p

s,p

= C
(
[u]ps,p

)(αp+(1−α)p∗)/p
= C

(∫
Ω

ω(x)|u(x)|pdx
)θ′

≤ C

(∫
Ω

ωθ(x)dx

)θ′/θ ∫
Ω

|u(x)|pθ′
dx = C‖ω‖θ′

Lθ(Ω)

∫
Ω

|u(x)|βdx.

That is, we obtain ∫
Ω

|u(x)|β
|x|αsp dx ≤ C‖ω‖θ′

Lθ(Ω)

∫
Ω

|u(x)|βdx.

Thus, from (4.89) we have

1

rαspΩ

∫
Ω

|u(x)|βdx ≤
∫
Ω

|u(x)|β
|x|αsp dx ≤ C‖ω‖θ′

Lθ(Ω)

∫
Ω

|u(x)|βdx.
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Finally, we arrive at
C

r
sp−Q/θ
Ω

≤ ‖ω‖Lθ(Ω).

Theorem 4.6.3 is proved. �

As an application of the Lyapunov inequality, let us consider the spectral
problem for the (nonlinear) fractional p-sub-Laplacian (−Δp)

s, 1 < p < ∞, s ∈
(0, 1), with the Dirichlet boundary condition:{

(−Δp)
su = λ|u|p−2u, x ∈ Ω,

u(x) = 0, x ∈ G \ Ω. (4.90)

We define the corresponding Rayleigh quotient by

λ1 := inf
u∈W s,p

0 (Ω), u	=0

[u]ps,p
‖u‖pLp(G)

. (4.91)

Clearly, its precise value may depend on the choice of the homogeneous quasi-norm
| · |. As a consequence of Theorem 4.6.3 we have

Theorem 4.6.4 (First eigenvalue for the fractional p-sub-Laplacian). Let G be a
homogeneous group of homogeneous dimension Q. Let λ1 be the first eigenvalue of
problem (4.90) given by (4.91). Let Q > sp, s ∈ (0, 1) and 1 < p < ∞. Then we
have

λ1 ≥ sup
Q
sp<θ<∞

C

|Ω| 1θ rsp−Q/θ
Ω,|·|

, (4.92)

where C is a positive constant given in Theorem 4.6.3 and |Ω| is the Haar measure
of Ω.

Proof of Theorem 4.6.4. In Theorem 4.6.3, taking ω = λ ∈ Lθ(Ω) and using Lya-
punov type inequality (4.88), we get that

‖ω‖Lθ(Ω) = ‖λ‖Lθ(Ω) =

(∫
Ω

λθdx

)1/θ

≥ C

r
sp−Q/θ
Ω,|·|

.

For every θ > Q
sp , we have

λ1 ≥ C

|Ω| 1θ rsp−Q/θ
Ω,|·|

.

Thus, we obtain

λ1 ≥ sup
Q
sp<θ<∞

C

|Ω| 1θ rsp−Q/θ
Ω,|·|

,

for all Q
sp < θ < ∞. Theorem 4.6.4 is proved. �
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4.6.2 Lyapunov type inequality for systems

In the previous section we have presented the Lyapunov type inequality for the
fractional p-sub-Laplacian with the homogeneous Dirichlet condition. Now we dis-
cuss the Lyapunov type inequality for the fractional p-sub-Laplacian system for
the homogeneous Dirichlet problem.

Let Ω ⊂ G be a Haar measurable set, let ωi ∈ L1(Ω), ωi ≥ 0, si ∈ (0, 1),
pi ∈ (1,∞). As before in Definition 4.1.1, for each pi we denote by (−Δpi)

si the
fractional p-sub-Laplacian on G defined by

(−Δpi)
siui(x) = 2 lim

δ↘0

∫
G\B(x,δ)

|ui(x)− ui(y)|pi−2(ui(x) − ui(y))

|y−1x|Q+sipi
dy, x ∈ G,

i = 1, . . . , n.

Here B(x, δ) is a quasi-ball with respect to a fixed quasi-norm | · |, with radius δ,
centred at x ∈ G. Let αi be positive parameters such that

n∑
i=1

αi

pi
= 1. (4.93)

Then, we consider the following system of the fractional p-sub-Laplacians:⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
(−Δp1)

s1u1(x) = ω1(x)|u1(x)|α1−2u1(x)|u2(x)|α2 · · · |un(x)|αn , x ∈ Ω,

(−Δp2)
s2u2(x) = ω2(x)|u1(x)|α1 |u2(x)|α2−2u2(x) · · · |un(x)|αn , x ∈ Ω,

· · ·
(−Δpn)

snun(x) = ωn(x)|u1(x)|α1 |u2(x)|α2 · · · |un(x)|αn−2un(x), x ∈ Ω,
(4.94)

with homogeneous Dirichlet conditions

ui(x) = 0, x ∈ G \ Ω, i = 1, . . . , n. (4.95)

We denote by rΩ the inner quasi-radius of Ω, that is,

rΩ = rΩ,|·| := max{|x| : x ∈ Ω}.
Definition 4.6.5 (Weak solutions of the p-sub-Laplacian system). We will say
that (u1, . . . , un) ∈ ∏n

i=1 W
si,pi

0 (Ω) is a weak solution of (4.94)–(4.95) if for all
(v1, . . . , vn) ∈

∏n
i=1 W

si,pi

0 (Ω), we have∫
G

∫
G

|ui(x) − ui(y)|pi−2(ui(x) − ui(y))(vi(x)− vi(y))

|y−1x|Q+sipi
dxdy (4.96)

=

∫
Ω

ωi(x)

⎛⎝i−1∏
j=1

|uj(x)|αj

⎞⎠⎛⎝ n∏
j=i+1

|uj(x)|αj

⎞⎠ |ui(x)|αi−2ui(x)vi(x)dx,

for every i = 1, . . . , n.
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Now we present the following analogue of the Lyapunov type inequality for
the fractional p-sub-Laplacian system on G.

Theorem 4.6.6 (Lyapunov inequality for fractional p-sub-Laplacian system). Let
G be a homogeneous group of homogeneous dimension Q. Let si ∈ (0, 1) and
pi ∈ (1,∞) be such that Q > sipi with i = 1, . . . , n. Let ωi ∈ Lθ(Ω) be a non-
negative weight and assume that

1 < max
i=1,...,n

{
Q

sipi

}
< θ < ∞.

If (4.94)–(4.95) admits a non-trivial weak solution, then we have

n∏
i=1

‖ωi‖
θαi
pi

Lθ(Ω)
≥ Cr

Q−θ
∑n

j=1 sjαj

Ω,q , (4.97)

where C is a positive constant.

Proof of Theorem 4.6.6. Set

ξi := γipi + (1− γi)p
∗
i , i = 1, . . . , n,

and

γi :=
θ − Q

sipi

θ − 1
, (4.98)

where p∗i = Q
Q−sipi

is the Sobolev conjugate exponent as in Theorem 4.3.1. Notice

that for all i = 1, . . . , n we have γi ∈ (0, 1) and ξi = piθ
′, where θ′ = θ

θ−1 . Then
for every i we have ∫

Ω

|ui(x)|ξi
rγisipi

Ω,q

dx ≤
∫
Ω

|ui(x)|ξi
|x|γisipi

dx,

and by using the Hölder inequality with νi =
1
γi

and 1
νi

+ 1
ν′
i
= 1, we get∫

Ω

|ui(x)|ξi
|x|γisipi

dx =

∫
Ω

|ui(x)|γipi |ui(x)|(1−γi)p
∗
i

|x|γisipi
dx

≤
(∫

Ω

|ui(x)|pi

|x|sipi
dx

)γi
(∫

Ω

|ui(x)|p∗
i dx

)1−γi

.

(4.99)

On the other hand, from Theorem 4.3.1, we obtain(∫
Ω

|ui(x)|p∗
i dx

)1−γi

≤ C[ui]
p∗
i (1−γi)

si,pi,|·| ,

and from Theorem 4.2.1, we have(∫
Ω

|ui(x)|pi

|x|sipi
dx

)γi

≤ C[ui]
piγi

si,pi,|·|.
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Thus, from (4.99) and by setting ui(x) = vi(x) in (4.96), we get∫
Ω

|ui(x)|ξi
|x|γisipi

dx ≤ C([ui]
pi

si,pi,|·|,Ω)
ξi
pi ≤ C([ui]

pi

si,pi,|·|)
ξi
pi

= C

⎛⎝∫
Ω

ωi(x)

n∏
j=1

|uj|αjdx

⎞⎠
ξi
pi

= C

⎛⎝∫
Ω

ωi(x)

n∏
j=1

|uj |αjdx

⎞⎠θ′

,

for every i = 1, . . . , n. Therefore, by using the Hölder inequality with exponents θ
and θ′, we obtain∫

Ω

|ui(x)|ξi
|x|γisipi

dx ≤ C‖ωi‖
θ

θ−1

Lθ(Ω)

∫
Ω

n∏
j=1

|uj(x)|αjθ
′
dx.

Again by using the Hölder inequality and (4.93), we get∫
Ω

n∏
j=1

|uj(x)|αjθ
′
dx ≤

n∏
j=1

(∫
Ω

|uj |θ′pjdx

)αj
pj

.

It yields that ∫
Ω

|ui(x)|ξi
|x|γisipi

dx ≤ C‖ωi‖
θ

θ−1

Lθ(Ω)

n∏
j=1

(∫
Ω

|uj |θ′pjdx

)αj
pj

.

That is, we have∫
Ω

|ui(x)|ξi
rγisipi

Ω

dx ≤
∫
Ω

|ui(x)|ξi
|x|γisipi

dx ≤ C‖ωi‖
θ

θ−1

Lθ(Ω)

n∏
j=1

(∫
Ω

|uj|θ′pjdx

)αj
pj

.

Thus, for every ei > 0 we have(∫
Ω

|ui(x)|ξi
rγisipi

Ω

dx

)ei

=
1

reiγisipi

Ω

(∫
Ω

|ui(x)|ξidx
)ei

≤ C‖ωi‖
eiθ

θ−1

Lθ(Ω)

n∏
j=1

(∫
Ω

|uj |θ′pjdx

) eiαj
pj

,

so that

1

r
∑n

j=1 γjsjpjej
Ω

n∏
i=1

(∫
Ω

|ui(x)|θ′pidx

)ei

≤ C

(
n∏

i=1

‖ωi‖
eiθ

θ−1

Lθ(Ω)

)⎛⎝ n∏
i=1

(∫
Ω

|ui(x)|θ′pidx

)αi
∑n

j=1 ej

pi

⎞⎠ .
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This implies

1

r
∑n

j=1 γjsjpjej
Ω

≤ C

(
n∏

i=1

‖ωi‖
eiθ

θ−1

Lθ(Ω)

)(
n∏

i=1

(
|ui(x)|θ′pidx

)αi
∑n

j=1 ej

pi
−ei

)
, (4.100)

where C is a positive constant. Then, we choose ei, i = 1, . . . , n, such that
αi

∑n
j=1 ej

pi
− ei = 0. Consequently, from (4.93) we have the solution of this system

ei =
αi

pi
, i = 1, . . . , n. (4.101)

Combining (4.100), (4.98) and (4.101) we arrive at

n∏
i=1

‖ωi‖
θαi
pi

Lθ(Ω)
≥ Cr

Q−θ
∑n

j=1 sjαj

Ω . (4.102)

Theorem 4.6.6 is proved. �

In order to discuss an application of the Lyapunov type inequality for the
fractional p-sub-Laplacian system on G, we consider the spectral problem for the
system of fractional p-sub-Laplacians:⎧⎪⎪⎨⎪⎪⎩

(−Δp1,q)
s1u1(x) = λ1α1ϕ(x)|u1(x)|α1−2u1(x)|u2(x)|α2 · · · |un(x)|αn , x ∈ Ω,

(−Δp2,q)
s2u2(x) = λ2α2ϕ(x)|u1(x)|α1 |u2(x)|α2−2u2(x) · · · |un(x)|αn , x ∈ Ω,

· · ·
(−Δpn,q)

snun(x) = λnαnϕ(x)|u1(x)|α1 |u2(x)|α2 · · · |un(x)|αn−2un(x), x ∈ Ω,
(4.103)

with
ui(x) = 0, x ∈ G \ Ω, i = 1, . . . , n, (4.104)

where Ω ⊂ G is a Haar measurable set, ϕ ∈ L1(Ω), ϕ ≥ 0 and si ∈ (0, 1),
pi ∈ (1,∞), i = 1, . . . , n.

Definition 4.6.7 (Eigenvalues of p-sub-Laplacian system (4.103)–(4.104)). We say
that λ = (λ1, . . . , λn) is an eigenvalue if the problem (4.103)–(4.104) admits at
least one non-trivial weak solution (u1, . . . , un) ∈

∏n
i=1 W

si,pi

0 (Ω).

Theorem 4.6.8 (Eigenvalue estimates for p-sub-Laplacian system). Let si ∈ (0, 1)
and pi ∈ (1,∞) be such that Q > sipi, for all i = 1, . . . , n, and

1 < max
i=1,...,n

{
Q

sipi

}
< θ < ∞.

Let ϕ ∈ Lθ(Ω) with ‖ϕ‖Lθ(Ω) �= 0. Then we have

λk ≥ C

αk

⎛⎝ 1∏n
i=1,i	=k λ

αi
pi

i

⎞⎠
pk
αk

⎛⎜⎝ 1

r
θ
∑

n
i=1 αisi−Q

Ω

∏n
i=1,i	=k α

θαi
pi

i

∫
Ω
ϕθ(x)dx

⎞⎟⎠
pk
θαk

,

where C is a positive constant and k = 1, . . . , n.
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Proof of Theorem 4.6.8. In Theorem 4.6.6 by setting ωk = λkαkϕ(x), k = 1, . . . , n,
we get

α
θαk
pk

k λ
θαk
pk

k

n∏
i=1,i	=k

(αiλi)
θαi
pi

n∏
i=1

‖ϕ‖
θαi
pi

Lθ(Ω)
≥ Cr

Q−θ
∑n

j=1 sjαj

Ω,q .

So from (4.93) we have

α
θαk
pk

k λ
θαk
pk

k

n∏
i=1,i	=k

(αiλi)
θαi
pi

∫
Ω

ϕθ(x)dx ≥ Cr
Q−θ

∑n
j=1 sjαj

Ω,q .

This yields

λ
θαk
pk

k ≥ C

α
θαk
pk

k r
θ
∑n

j=1 sjαj−Q

Ω,q

∏n
i=1,i	=k(αiλi)

θαi
pi

∫
Ω ϕθ(x)dx

, k = 1, . . . , n.

Therefore, we have

λk ≥ C

αk

⎛⎝ 1∏n
i=1,i	=k λ

αi
pi

i

⎞⎠
pk
αk

⎛⎜⎝ 1

r
θ
∑n

i=1 αisi−Q
Ω

∏n
i=1,i	=k α

θαi
pi

i

∫
Ω
ϕθ(x)dx

⎞⎟⎠
pk
θαk

,

k = 1, . . . , n,

completing the proof. �

4.6.3 Lyapunov type inequality for Riesz potentials

In this section we discuss the Lyapunov type inequality for the Riesz potential op-
erators on homogeneous groups. As an application, we discuss a two-sided estimate
for the first eigenvalue of the Riesz potential.

Definition 4.6.9 (Riesz potentials). Let G be a homogeneous group of homogeneous
dimension Q with a quasi-norm | · |. The Riesz potential on a Haar measurable set
Ω ⊂ G is the operator given by the formula

Ru(x) =

∫
Ω

u(y)

|y−1x|Q−2s
dy, 0 < 2s < Q. (4.105)

The (weighted) Riesz potential is defined by

R(ωu)(x) =

∫
Ω

ω(y)u(y)

|y−1x|Q−2s
dy, 0 < 2s < Q. (4.106)

A Lyapunov type inequality for the weighted Riesz potentials can be formu-
lated as follows.
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Theorem 4.6.10 (Lyapunov type inequality for weighted Riesz potentials). Let G
be a homogeneous group of homogeneous dimension Q with a quasi-norm | · |. Let
Ω ⊂ G be a Haar measurable set, let Q ≥ 2 > 2s > 0 and 1 < p < 2. Assume that
ω ∈ L

p
2−p (Ω), 1

|y−1x|Q−2s ∈ L
p

p−1 (Ω× Ω) and

C0 =

∥∥∥∥ 1

|y−1x|Q−2s

∥∥∥∥
L

p
p−1 (Ω×Ω)

< ∞.

Let u ∈ L
p

p−1 (Ω), u �= 0, satisfy

R(ωu)(x) =

∫
Ω

ω(y)u(y)

|y−1x|Q−2s
dy = u(x), for a.e. x ∈ Ω. (4.107)

Then

‖ω‖
L

p
2−p (Ω)

≥ 1

C0
. (4.108)

Proof of Theorem 4.6.10. In (4.107), by using Hölder’s inequality for p, θ > 1 with
1
p + 1

p′ = 1 and 1
θ + 1

θ′ = 1, we get

|u(x)| =
∣∣∣∣∫

Ω

ω(y)u(y)

|y−1x|Q−2s
dy

∣∣∣∣
≤

(∫
Ω

|ω(y)u(y)|pdy
) 1

p

(∫
Ω

∣∣∣∣ 1

|y−1x|Q−2s

∣∣∣∣p′

dy

) 1
p′

≤
(∫

Ω

|ω(y)|pθdy
) 1

pθ
(∫

Ω

|u(y)|θ′pdy

) 1
θ′p

(∫
Ω

∣∣∣∣ 1

|y−1x|Q−2s

∣∣∣∣p′

dy

) 1
p′

= ‖ω‖Lpθ(Ω)‖u‖Lpθ′(Ω)

(∫
Ω

∣∣∣∣ 1

|y−1x|Q−2s

∣∣∣∣p′

dy

) 1
p′

.

Let p′ be such that p′ = pθ′, so that θ = 1
2−p . Then we have

|u(x)| ≤ ‖ω‖
L

p
2−p (Ω)

‖u‖
L

p
p−1 (Ω)

(∫
Ω

∣∣∣∣ 1

|y−1x|Q−2s

∣∣∣∣
p

p−1

dy

) p−1
p

. (4.109)

From (4.109) we calculate

‖u‖
L

p
p−1 (Ω)

≤ ‖ω‖
L

p
2−p (Ω)

‖u‖
L

p
p−1 (Ω)

(∫
Ω

∫
Ω

∣∣∣∣ 1

|y−1x|Q−2s

∣∣∣∣
p

p−1

dxdy

) p−1
p

= C0‖ω‖
L

p
2−p (Ω)

‖u‖
L

p
p−1 (Ω)

.
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Finally, since u �= 0, this implies

‖ω‖
L

p
2−p (Ω)

≥ 1

C0
,

completing the proof. �

Let us now consider the following spectral problem for the Riesz potential:

Ru(x) =

∫
Ω

u(y)

|y−1x|Q−2s
dy = λu(x), x ∈ Ω, 0 < 2s < Q. (4.110)

We recall the Rayleigh quotient for the Riesz potential:

λ1(Ω) = sup
u	=0

∫
Ω

∫
Ω

u(x)u(y)
|y−1x|Q−2s dxdy

‖u‖2L2(Ω)

, (4.111)

where λ1(Ω) is the first eigenvalue of the Riesz potential. A direct consequence of
Theorem 4.6.10 is the following estimate for this first eigenvalue.

Theorem 4.6.11 (First eigenvalue of the Riesz potential). Let G be a homogeneous
group of homogeneous dimension Q. Let Ω ⊂ G be a Haar measurable set, let
Q ≥ 2 > 2s > 0 and 1 < p < 2 with 1

|y−1x|Q−2s ∈ L
p

p−1 (Ω× Ω) and set

C0 :=

∥∥∥∥ 1

|y−1x|Q−2s

∥∥∥∥
L

p
p−1 (Ω×Ω)

.

Then for the spectral problem (4.110), we have

λ1(Ω) ≤ C0|Ω|
2−p
p . (4.112)

Proof of Theorem 4.6.11. By using (4.111), Theorem 4.6.10 and ω = 1
λ1(Ω) , we

obtain
λ1(Ω) ≤ C0|Ω|

2−p
p . (4.113)

Theorem 4.6.11 is proved. �

Euclidean case. Let us now record several applications of the above constructions
in the case of the Abelian group (RN ,+). With the Euclidean distance | · |E , the
Riesz potential is given by

Ru(x) =

∫
Ω

u(y)

|x− y|N−2s
E

dy, 0 < 2s < N, Ω ⊂ R
N , (4.114)

and the weighted Riesz potential is

R(ωu)(x) =

∫
Ω

ω(y)u(y)

|x− y|N−2s
E

dy, 0 < 2s < N, Ω ⊂ R
N . (4.115)

Then, in Theorem 4.6.10, setting G = (RN ,+) and taking the standard Euclidean
distance instead of the quasi-norm, we obtain
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Theorem 4.6.12 (Euclidean Lyapunov inequality for the Riesz potential). Let Ω ⊂
RN be a measurable set with |Ω| < ∞, 1 < p < 2 and let N ≥ 2 > 2s > 0. Let

ω ∈ L
p

2−p (Ω), 1

|x−y|N−2s
E

∈ L
p

p−1 (Ω× Ω) and set

S :=

∥∥∥∥∥ 1

|x− y|N−2s
E

∥∥∥∥∥
L

p
p−1 (Ω×Ω)

.

In addition, assume that u ∈ L
p

p−1 (Ω), u �= 0, satisfies

R(ωu)(x) = u(x), x ∈ Ω.

Then we have

‖ω‖
L

p
2−p (Ω)

≥ 1

S
.

Now let us consider the spectral problem for the Euclidean Riesz potential
from (4.114):

Ru(x) =

∫
Ω

u(y)

|x− y|N−2s
E

dy = λu(x), 0 < 2s < N. (4.116)

Theorem 4.6.13 (Isoperimetric inequality for the Euclidean Riesz potential). Let
Ω ⊂ RN be a set with |Ω| < ∞, 1 < p < 2 and N ≥ 2 > 2s > 0 and 1 < p < 2.

Assume that ω ∈ L
p

2−p (Ω), 1
|x−y|N−2s

E

∈ L
p

p−1 (Ω× Ω) and set

S :=

∥∥∥∥∥ 1

|x− y|N−2s
E

∥∥∥∥∥
L

p
p−1 (Ω×Ω)

.

Then, for the spectral problem (4.116), we have,

λ1(Ω) ≤ λ1(B) ≤ S|B| 2−p
p ,

where B ⊂ RN is an open ball, λ1(Ω) is the first eigenvalue of the spectral problem
(4.116), for all sets Ω with |Ω| = |B|.

Proof of Theorem 4.6.13. The proof of λ1(B) ≤ S|B| 2−p
p is the same as the proof

of Theorem 4.6.11. From [RRS16] we have

λ1(B) ≥ λ1(Ω),

which completes the proof of Theorem 4.6.13. �
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4.7 Hardy inequalities for fractional sub-Laplacians

on stratified groups

In this section we discuss the Hardy inequalities involving fractional powers of
the sub-Laplacian from a different point of view. First, we observe another way of
writing the well-known one-dimensional Lp-Hardy inequality∫ ∞

0

∣∣∣∣f(x)x

∣∣∣∣p dx ≤
(

p

p− 1

)p ∫ ∞

0

∣∣∣∣df(x)dx

∣∣∣∣p dx, p > 1.

Consequently, one can replace f(x) by xf(x) and restate this inequality in terms
of the boundedness of the operator

Tf(x) =
d(xf(x))

dx
,

or of its dual operator

T ∗f(x) = x
df(x)

dx
.

In this section, we discuss this point of view and its extension to the subelliptic
setting. For fractional powers of the sub-Laplacian on stratified groups this has
been analysed in [CCR15], with subsequent extensions to more general hypoelliptic
operators and more general graded groups in [RY18a]. We discuss this matter in
the spirit of the former.

4.7.1 Riesz kernels on stratified Lie groups

In this section we briefly recapture some properties of the Riesz kernels of the
sub-Laplacians on stratified Lie groups. Historically, these have been consistently
developed in [Fol75]. For a detailed unifying description containing also higher-
order hypoelliptic operators on general graded groups, their fractional powers, and
the corresponding Riesz and Bessel kernels we refer to the exposition in [FR16,
Section 4.3] where one can find proofs of most of the properties described in this
section.

The analysis of second-order hypoelliptic operators, including the sub-Lapla-
cian, is significantly simpler than that of higher-order operators. This difference is
based on the Hunt theorem [Hun56] which asserts that the semigroup

{
e−tL}

t>0

generated by the sub-Laplacian L (or more precisely, by its unique self-adjoint
extension) consists of convolutions with probability measures. Moreover, the hy-
poellipticity of L implies that these measures are absolutely continuous with re-
spect to the Haar measure and have densities in the Schwartz space [FS82], which
are strictly positive by the Bony maximum principle [Bon69]. Therefore, for all
t ∈ R+, there exists the heat kernel of L, that is, a function pt ∈ S(G) such that

e−tLf(x) = f ∗ pt(x) =
∫
G

f(xy−1)pt(y)dy
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for all x ∈ G and all f ∈ L2(G). Since L is homogeneous of order two with respect
to the dilations Dr of a stratified group G, we also have

pt(x) = t−Q/2P (Dt−1/2x)

for all x ∈ G, where P = p1, which this is a strictly positive function in the
Schwartz class S(G) and ∫

G

P (x)dx = 1.

Let us define the following fractional integral kernel Fα on G\{0} by

Fα(x) :=

∫ ∞

0

tα/2pt(x)
dt

t
=

∫ ∞

0

t(α−Q)/2P (Dt−1/2x)
dt

t
, Reα < Q, (4.117)

which converges absolutely and uniformly on compact subsets of G\{0} to a
smooth function, homogeneous of degree α − Q. Since P is positive Fα is pos-
itive when α is real. Thus, the function | · |α, given by the formula

|x|α :=

{
(F0(x))

−1/(Q−α) if x ∈ G\{0},
0 if x = 0,

(4.118)

is non-negative and homogeneous of degree 1, and vanishes only at the origin. So
| · |α is a homogeneous norm, and for further discussions it will be convenient to
use the norm | · |0, which is a limit of the norms | · |α.

The fractional integral Fα(x) in (4.117) is holomorphic with respect to α in
HQ := {α ∈ C : Reα < Q}, and its derivatives

F (k)
α (x) =

1

2k

∫ ∞

0

tα/2(log t)kpt(x)
dt

t

are the absolutely convergent integrals. The functions Fα are smooth and homo-
geneous of degree α − Q and locally integrable on G when 0 < Reα < Q. Thus,
the associated distributions are defined by

〈Fα, φ〉 :=
∫
G

Fα(x)φ(x)dx =

∫
G

∫ ∞

0

φ(x)t(α−Q)/2−1P (Dt−1/2x)dtdx

= 2

∫ ∞

0

∫
G

sα−1φ(Dsx)P (x)dxds (4.119)

for all φ ∈ C∞
0 (G). Now it is clear that

Iα := Γ(α/2)−1Fα

is the Riesz kernel of order α, i.e., the convolution kernel of L−α/2, that is,

L−α/2f = f ∗ Iα, (4.120)

with
Iα|α=0 = δ0. (4.121)
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The family of Riesz kernels can be analytically continued as distributions to the
half-plane HQ by the identity

Iα = L(Iα+2).

The analytic continuation to the strip {α ∈ C : −1 < Reα < Q} will be enough
for our purpose. An explicit expression is obtained by rewriting (4.119) in the form

〈Iα, φ〉 = 2

Γ
(
α
2

) ∫
G

∫ 1

0

sα−1(φ(Dsx)− φ(0))dsP (x)dx +
2φ(0)

αΓ(α2 )

+
2

Γ(α2 )

∫
G

∫ ∞

1

sα−1φ(Dsx)dsP (x)dx.

(4.122)

Since Γ′(1) = −γ and hence

1

Γ(t)
=

t

Γ(t+ 1)
= t− γt2 +O(t3) as t → 0, (4.123)

and

st = 1 + log s

∫ t

0

sudu,

the equality (4.122) implies that for α near 0, for φ ∈ C∞
0 (G) we have

c〈Iα, φ〉 = φ(0) + 〈Λ, φ〉α+O(α2), (4.124)

where Λ is the distribution defined by

〈Λ, φ〉 :=
∫
G

∫ 1

0

1

s
(φ(Dsx)− φ(0))dsP (x)dx +

γφ(0)

2

+

∫
G

∫ ∞

1

1

s
φ(Dsx)dsP (x)dx.

(4.125)

Thus, (4.124) is the Taylor expansion of Iα around 0. By the analytic continuation
of (4.122) one obtains the following representation of the distribution Λ in terms
of the homogeneous norm | · |0 defined in (4.118): There exists a > 0 such that

〈Λ, φ〉 = 1

2

(∫
{x∈G:|x|0<a}

(φ(x) − φ(0))|x|−Q
0 dx +

∫
{x∈G:|x|0>a}

φ(x)|x|−Q
0 dx

)
,

(4.126)
for all φ ∈ C∞

0 .

Let 0 < Reα, 0 < Re β and Re(α + β) < Q. Then the convolution of the
Riesz potentials of orders α and β is defined pointwise by absolutely convergent
integrals as well as

Iα ∗ Iβ = Iα+β (4.127)
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is satisfied pointwise and in the sense of distributions. This identity is equivalent
to the functional equality L−α/2L−β/2 = L−(α+β)/2 and can be obtained from
(4.117) by using the properties of the heat kernel. This fact can be also extended
by using the analytical continuation. That is,

(φ ∗ Iα) ∗ Iβ = φ ∗ Iα+β

holds if Reα > −1, Re β > −1 and Re(α + β) < Q. These distributions will be
useful to present a family of Hardy type inequalities in the following sections. We
refer to [FR16, Section 4.3] for the detailed discussion of these and other properties
of the Riesz kernels and fractional powers of left invariant hypoelliptic operators.

4.7.2 Hardy inequalities for fractional powers of sub-Laplacians

As in this whole section, let L be the sub-Laplacian on the stratified Lie group
G of homogeneous dimension Q. Let us define the operator Tα on C∞

0 (G) by the
formula

Tαf := | · |−αL−α/2f = | · |−α(f ∗ Iα), −1 < Reα < Q.

Consequently, the operator

T ∗
αg = (| · |−αg) ∗ Iα

satisfies
〈f, T ∗

αg〉 = 〈Tαf, g〉 (4.128)

for all f, g ∈ C∞
0 (G). It turns out that the operator Tα is bounded on Lp(G) when

1 < p < ∞ and 0 < α < Q/p which, in turn, can be formulated as a version of a
Hardy inequality:

Theorem 4.7.1 (Hardy inequality for fractional powers of sub-Laplacian). Let G
be a stratified Lie group of homogeneous dimension Q. Let 1 < p < ∞ and 0 <
α < Q/p. Then the operator Tα extends uniquely to a bounded operator on Lp(G).

Applying this to Lα/2f rather than f we get that for all f ∈ C∞
0 (G), we have∥∥∥∥ f

|x|α
∥∥∥∥
Lp(G)

≤ ‖Tα‖Lp(G)→Lp(G)‖Lα/2f‖Lp(G), 1 < p < ∞. (4.129)

Remark 4.7.2 (Hardy–Sobolev inequalities).

1. Theorem 4.7.1 was established in [CCR15]. It is easy to see that combined
with the Sobolev inequality, it implies the following Hardy–Sobolev inequality:

Let 0 ≤ b < Q and a
Q = 1

p − 1
q + b

qQ . Then there exists a positive
constant C > 0 such that we have∥∥∥∥∥ f

|x| bq

∥∥∥∥∥
Lq(G)

≤ C‖(−L) a
2 f‖Lp(G). (4.130)
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Such an inequality can be interpreted as a weighted Sobolev embedding of
the homogeneous Sobolev space L̇p

a(G) over Lp of order a, based on the sub-
Laplacian L. The theory of such spaces has been extensively developed by
Folland [Fol75]. We refer to [RY18a] for the inequality (4.130).

2. The asymptotic behaviour of ‖Tα‖Lp(G)→Lp(G) with respect to α will be given
in Theorem 4.7.3; in its proof we will follow the original proof in [CCR15],
as well as for Theorem 4.7.4.

3. (Critical global Hardy inequality for a = Q/p) Let 1 < p < r < ∞ and
p < q < (r−1)p′, where 1/p+1/p′ = 1. Then there exists a positive constant
C = C(p, q, r,Q) > 0 such that we have∥∥∥∥∥∥∥

f(
log

(
e+ 1

|x|
)) r

q |x|Qq

∥∥∥∥∥∥∥
Lq(G)

≤ C(‖f‖Lp(G) + ‖(−L) Q
2p f‖Lp(G)). (4.131)

4. (Critical local Hardy inequality for a = Q/p) Let 1 < p < ∞ and β ∈ [0, Q).
Let r > 0 be given and let x0 be any point of G. Then for any p ≤ q < ∞
there exists a positive constant C = C(p,Q, β, r, q) such that we have∥∥∥∥∥ f

|x| βq

∥∥∥∥∥
Lq(B(x0,r))

≤ Cq1−1/p(‖f‖Lp(B(x0,r)) + ‖(−L) Q
2p f‖Lp(B(x0,r))),

(4.132)
and such that

lim
q→∞ sup C(p,Q, β, r, q) < ∞.

Inequalities (4.131) and (4.132) have been obtained in [RY18a], to which we
refer for their proofs as well as for the expressions for the asymptotically
sharp constants in these inequalities.

5. (Trudinger–Moser inequality on stratified groups) Let Q ≥ 3 and let | · | be
a homogeneous quasi-norm on G. Then there exists a constant αQ > 0 such
that we have

sup
‖f‖

L
Q
1

(G)
≤1

∫
G

1

|x|β
(
exp(α|f(x)|Q′

)−
Q−2∑
k=0

αk|f(x)|kQ′

k!

)
dx < ∞ (4.133)

for any β ∈ [0, Q) and α ∈ (0, αQ(1 − β/Q)), where Q′ = Q/(Q − 1). When

α > αQ(1 − β/Q), the integral in (4.133) is still finite for any f ∈ LQ
1 (G),

but the supremum is infinite. The space LQ
1 (G) is the Sobolev space with the

norm ‖f‖LQ
1 (G) = ‖f‖LQ(G) + ‖∇Hf‖LQ(G).

The inequality (4.133) was obtained in [RY18a], also with a rather ex-
plicit expression for the constant αQ. We refer to the above paper also for an
extensive history of this subject.
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6. (Hardy–Sobolev inequalities on graded groups) In fact, Hardy–Sobolev in-
equalities (4.130), (4.131) and (4.132), Trudinger–Moser inequalities (4.133)
and their local versions, have been obtained in [RY18a] for general homo-
geneous left invariant hypoelliptic differential operators (the so-called Rock-
land operators) on general graded Lie groups. The methods of the proof,
however, are rather different, and somewhat more involved, than the proofs
for the sub-Laplacians presented in this section. Therefore, here we do not
present them in full generality: these results, their proofs, and expressions
for (asymptotically) best constants can be found in [RY18a].

Proof of Theorem 4.7.1. As usual here we denote the conjugate number to p by p′.
Since the integral kernel of the operator Tα is positive, its Lp-boundedness follows
from the following Schur test (see [FR75]):

Suppose that there exist a positive function g and constants Aα,p and Bα,p

such that we have

Tα(g
p′
)(x) ≤ Aα,pg

p′
(x) and T ∗

α(g
p)(x) ≤ Bα,pu

p(x) (4.134)

for almost all x ∈ G. Then the estimate

‖Tαf‖Lp(G) ≤ A1/p′
α,p B 1/p

α,p ‖f‖Lp(G) (4.135)

holds for all f ∈ Lp(G).

In order to produce g as in (4.134), let us consider the family of functions
gγ := | · |γ−Q, γ > 0, and consider the convolutions gp

′
γ ∗ Iα and (| · |−αgpγ) ∗ Iα

related to the computations of Tα(g
p′
γ ) and T ∗

α(g
p
γ). Let

β′ = Q+ (γ −Q)p′ and β = Q − α+ (γ −Q)p, (4.136)

so that gp
′

γ and | · |−αgpγ have the same homogeneity as Iβ′ and Iβ , respectively.
As in the case of (4.127) these convolution integrals converge absolutely in G\{0}
if and only if 0 < β < Q− α and 0 < β′ < Q− α, i.e., for γ such that

max

(
Q

p
,
α

p
+

Q

p′

)
< γ < Q− α

p′
. (4.137)

Thus, if this condition is satisfied, then both Tα(g
p′
γ ) and T ∗

α(g
p
γ) are positive func-

tions, continuous away from the origin, and of the same homogeneity as Iβ′ and Iβ ,
respectively. The pointwise estimates (4.134) follow directly from the homogene-
ity. Finally, for γ the condition (4.137) is nontrivial if and only if 0 < α < Q/p,
completing the proof of Theorem 4.7.1. �

By Theorem 4.7.1, the operator Tα is Lp-bounded and the constant in the
inequality (4.129) depends on the choice of a homogeneous quasi-norm. While
the inequality itself holds true for any homogeneous quasi-norm (due to their
equivalence), in the case of particular homogeneous norm | · |0 from the family
(4.118) one can give the following estimate for it.
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Theorem 4.7.3 (Estimate for Lp-operator norm). Let G be a stratified Lie group of
homogeneous dimension Q. Let 1 < p < ∞ and 0 < α < Q/p. For the particular
homogeneous norm | · |0, the operator norm ‖Tα‖Lp(G)→Lp(G) satisfies

‖Tα‖Lp(G)→Lp(G) ≤ 1 + Cα+O(α2).

For the rest of this subsection, we assume that |·| = |·|0 and that the operator
Tα is defined using | · |0.
Proof of Theorem 4.7.3. The proof of Theorem 4.7.1, and especially (4.135), show
that, if

0 < α <
Q

p
and

α

p
+

Q

p′
< γ < Q− α

p′
, (4.138)

then
‖Tα‖Lp(G)→Lp(G) ≤ A1/p′

α,γ,pB
1/p
α,γ,p, (4.139)

where

Aα,γ,p := sup
|y|=1

(
| · |(γ−Q)p′

0 ∗ Iα
)
(y) = sup

|y|=1

(
| · |β′−Q

0 ∗ Iα
)
(y),

Bα,γ,p := sup
|y|=1

(
| · |(γ−Q)p−α

0 ∗ Iα
)
(y) = sup

|y|=1

(
| · |β−Q

0 ∗ Iα
)
(y).

(4.140)

First let us show that there is a constant Cp such that

‖Tαf‖Lp(G)→Lp(G) ≤ 1 + Cpα+O(α2), 1 < p < ∞, (4.141)

holds for all sufficiently small positive α. Assume that Q/p′ < γ < Q. Then (4.138)
is valid for α in a neighborhood of 0+. Moreover, with β and β′ as in (4.136), the
constants Aα,γ,p and Bα,γ,p in (4.140) are bounded by 1 + Lβ′α + O(α2) and
1 + Lβα+O(α2), respectively. By (4.121) we obtain

‖Tα‖Lp(G)→Lp(G) ≤ 1 +

(
Lβ′

p′
+

Lβ

p

)
α+O(α2),

which confirms (4.141). Combining this with Theorem 4.7.1 completes the proof
of Theorem 4.7.3. �
Theorem 4.7.4 (A logarithmic version of uncertainty principle). Let G be a strat-
ified Lie group and let 1 < p < ∞. Then we have∫

G

(log |x|)|f(x)|pdx+

∫
G

Re((logL1/2f)(x)f(x))|f(x)|p−2dx ≥ −Cp‖f‖pLp(G).

Proof of Theorem 4.7.4. Now let us recall the distribution Λ introduced in (4.125).
We also define the operator

T ′
0f :=

(
d

dα
Tαf

)∣∣∣∣
α=0

= − logL1/2f − (log | · |0)f = −f ∗Λ− (log | · |0)f. (4.142)
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Setting φ = |y · |β−Q
0 in (4.126), the integrals converge absolutely for any |y| = 1,

and so (4.124) also extends to

| · |β−Q
0 ∗ Iα(y) = 1 + α| · |β−Q

0 ∗ Λ(y) +O(α2);

the term O(α2) is uniform in |y| = 1. Taking the supremum over y yields the
logarithmic uncertainty inequality for T ′

0, that is, this shows that if α is small and
0 < α < Q− β, then

sup
|y|=1

(
| · |β−Q

0 ∗ Iα
)
(y) ≤ 1 + Lβα+O(α2), 0 < β < Q,

where
Lβ = sup

|y|=1

(
| · |β−Q

0 ∗ Λ(y)
)
. (4.143)

Let 1 < p < ∞. Taking f ∈ C∞
0 (G) with ‖f‖Lp(G) = 1 and restricting

ourselves to positive values of α for which (4.141) holds and 1 + Cpα > 0, we
consider the function

Φε(α) := (1 + (Cp + ε)α)p − ‖Tαf‖pLp(G),

where ε ≥ 0. The expression ‖Tαf‖pLp(G) can be differentiated in α at 0, and

d

dα

(
‖Tαf‖pLp(G)

) ∣∣∣∣
α=0

= p

∫
G

Re
(
T ′
0f(x)f(x)

)
|f(x)|p−2dx.

Hence Φε is differentiable at 0. Now Φε(0) = 0 and Φε(α) ≥ 0 for all sufficiently
small α, by (4.141), and so Φ′

ε(0) ≥ 0. Now we let ε tend to 0, and deduce that
Φε(0) ≥ 0. Thus, the statement of Theorem 4.7.4 follows from (4.142). �

4.7.3 Landau–Kolmogorov inequalities on stratified groups

In this section we discuss the stratified groups version of the Landau–Kolmogorov
inequality, and some of its consequences. We start with a related simpler version
of such an inequality.

Proposition 4.7.5 (Two weighted inequalities).

(1) Let G be a homogeneous group. If 1 ≤ p, q, r ≤ ∞, and

1

p
=

θ

q
+

1− θ

r
, 0 ≤ θ ≤ 1,

then
‖| · |αf‖Lp(G) ≤ ‖| · |α/θf‖θLq(G)‖f‖1−θ

Lr(G), α ≥ 0,

holds for all f ∈ C∞
0 (G).
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(2) Let G be a stratified group and let L be a sub-Laplacian on G. Let β > 0,
γ > 0, p > 1, q ≥ 1, r > 1 be such that

γ <
Q

r
and

β + γ

p
=

γ

q
+

β

r
.

Then
‖f‖Lp(G) ≤ C‖| · |βf‖γ/(β+γ)

Lq(G) ‖Lγ/2f‖β/(β+γ)
Lr(G) (4.144)

holds for all f ∈ C∞
0 (G).

Proof. Part (1). Writing

(| · |α|f |)p =
(| · |α|f |θ)p (|f |1−θ

)p
,

then applying the Hölder inequality (with index s) we have(∫
G

(|x|α|f(x)|p)dx
)1

p

≤
(∫

G

(|x|α|f(x)|θ)ps dx) 1
ps
(∫

G

(|f(x)|1−θ)ps
′
dx

) 1
ps′

.

If the index s is chosen so that q = θps, then r = (1− θ)ps′, finishing the proof.

Part (2). By using the Hölder inequality and (4.129) with (4.141) we have

‖f‖Lp(G) ≤ ‖| · |βf‖γ/(β+γ)
Lq(G) ‖| · |−γf‖β/(β+γ)

Lr(G)

≤ C‖| · |βf‖γ/(β+γ)
Lq(G) ‖Lγ/2f‖β/(β+γ)

Lr(G) ,

yielding (4.144). �

Now we present the following Landau–Kolmogorov type inequality.

Theorem 4.7.6 (Landau–Kolmogorov type inequality). Let G be a stratified group
and let L be a sub-Laplacian on G. If 1 < p, q, r < ∞, and

1

p
=

θ

q
+

1− θ

r
, 0 ≤ θ ≤ 1,

then we have

‖Lα/2f‖Lp(G) ≤ C‖Lα/2θf‖θLq(G)‖f‖1−θ
Lr(G), α ≥ 0, (4.145)

for all f ∈ C∞
0 (G).

Proof of Theorem 4.7.6. To prove this theorem we will use the well-known complex
interpolation methods (see, e.g., [BL76] or [Ste56]). First, we have to see that the
operator Liy , where y ∈ R, is bounded on Ls(G) with 1 < s < ∞, and that

‖Liy/2‖Ls→Ls ≤ C(s)φ(y) with φ(y) = eγ|y|.
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In the case of the stratified groups this follows from the Mihlin–Hörmander mul-
tiplier theorem (see, e.g., [Chr91], [MM90]).

Let g ∈ Lp′
(G) be a compactly supported simple function of norm one. For

z in the strip S := {z ∈ C : 0 ≤ Re z ≤ α
θ }, let us define

gz(x) := ‖g‖az+b
Lp′(G)

g(x)|g(x)|cx+d

for all x ∈ G, where

a =
θp′

α

(
1

q
− 1

p

)
, b = −p′

r′
, c =

θp′

α

(
1

q
− 1

p

)
, d =

p′

r′
− 1.

For Re z = η and
1

s
=

1

z
− θη

α

(
1

q
− 1

p

)
,

it follows that

‖gz‖s′Ls′(G)
=

∫
G

|gz(x)|s′dx = ‖g‖s′(aη+b)+p′

Lp′(G)
= 1.

Further, let us fix f ∈ C∞
0 (G) and set

h(z) := ez
2

∫
G

L z/2f(x)gz(x)dx.

By the assumptions on f , for each z ∈ S, the function L z/2f on G is smooth,
while gz is a simple function with compact support, and so h(z) is well defined.
In addition, if z = η + iy, then

|h(z)| ≤ eη
2−y2‖L z/2f‖Ls(G)‖gz‖Ls′(G)

= eη
2−y2‖Liy/2Lη/2f‖Ls(G) ≤ Ce−y2

φ(y)‖Lη/2f‖Ls(G),

hence
|h(η + iy)| ≤ C‖Lη/2f‖Ls(G).

Moreover, if Re z = 0, then |h(z)| ≤ C‖f‖Lr(G), while if Re z = α/θ, then |h(z)| ≤
C‖Lα/2θf‖Lq(G). On the other hand, the Phragmen–Lindelölf theorem implies that

|h(α)| ≤ C‖Lα/2θf‖θLq(G)‖f‖1−θ
Lr(G).

Since

h(α) =

∫
G

Lα/2f(x)gα(x)dx,

and gα is an arbitrary simple function on G with compact support and Lp′
(G)-

norm equal to 1, this completes the proof. �
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Let us present the following consequence of the Landau–Kolmogorov inequal-
ity.

Corollary 4.7.7 (Consequence of the Landau–Kolmogorov inequality). Let β > 0,
δ > 0, p > 1, s ≥ 1, r > 1 be such that

β + δ

p
=

δ

s
+

β

r
.

Then we have
‖f‖Lp(G) ≤ C‖| · |βf‖δ/(β+δ)

Ls(G) ‖Lδ/2f‖β/(β+δ)
Lr(G)

for all f ∈ C∞
0 (G).

Proof of Corollary 4.7.7. Obviously, if δ < Q/r, there is nothing to prove. Other-
wise, we use Proposition 4.7.5, Part (2), and the version of the Landau–Kolmogo-
rov inequality (4.145). Let 0 < θ < Q/(rδ) and γ = θδ. Then Proposition 4.7.5,
Part (2), gives that

‖f‖Lp(G) ≤ C‖| · |βf‖γ/(β+γ)
Lq(G) ‖Lγ/2f‖β/(β+γ)

Lr(G)

for all f ∈ C∞
0 (G). By Theorem 4.7.6, with r, s and p instead of p, q, and r, we

have
‖Lγ/2f‖Lr(G) ≤ C‖Lδ/2f‖θLs(G)‖f‖1−θ

Lp(G),

that is,

‖f‖Lp(G) ≤ C‖| · |β0f‖γ/(β+γ)
Lq(G) ‖Lγ/2f‖θβ/(β+γ)

Ls(G) ‖f‖(1−θ)β/(β+γ)
Lp(G) .

This completes the proof. �

Open Access. This chapter is licensed under the terms of the Creative Commons At-
tribution 4.0 International License (http://creativecommons.org/licenses/by/4.0/),
which permits use, sharing, adaptation, distribution and reproduction in any medium or
format, as long as you give appropriate credit to the original author(s) and the source,
provide a link to the Creative Commons license and indicate if changes were made.

The images or other third party material in this chapter are included in the chap-
ter’s Creative Commons license, unless indicated otherwise in a credit line to the material.
If material is not included in the chapter’s Creative Commons license and your intended
use is not permitted by statutory regulation or exceeds the permitted use, you will need
to obtain permission directly from the copyright holder.

http://creativecommons.org/licenses/by/4.0/

	Chapter 4: Fractional Hardy Inequalities
	Gagliardo seminorms and fractional p-sub-Laplacians
	Fractional Hardy inequalities on homogeneous groups
	Fractional Sobolev inequalities on homogeneous groups
	Fractional Gagliardo–Nirenberg inequalities
	Fractional Caffarelli–Kohn–Nirenberg inequalities
	Lyapunov inequalities on homogeneous groups
	Lyapunov type inequality for fractional p-sub-Laplacians
	Lyapunov type inequality for systems
	Lyapunov type inequality for Riesz potentials

	Hardy inequalities for fractional sub-Laplacians on stratified groups
	Riesz kernels on stratified Lie groups
	Hardy inequalities for fractional powers of sub-Laplacians
	Landau–Kolmogorov inequalities on stratified groups





