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1. N otatioii and Assumptions.-Let X(t) be a strictly stationary r-vector valued
process with real-valued components. All moments are assumed to exist . While
t may be discrete or continuous, principal results are stated only in the discrete
case (t running through the integers) though the obvious parallels in the continuous
case are valid, provided X(t) is assumed to be continuous in mean square.

Existence of second-order moments implies that X(t) has a vector-valued Fourier
representation

x (t) = f eitJo. dZ (A) (1.1)

in mean square with Z (A) an r-vector valued process with orthogonal increments.
Let c(Z) = c(Zr, . .. , Zk) denote the kth-order cumulant of Z = (ZI, . . . ,Zk), and
for a = (aI, ... ,ak) , t = (t1, ,t k ) let

Ck,a(t) = Call' .. ,ak(tI, ,tk) = ca,., .. ,ak(T + tI, . . . ,T + tk) = c(Xa(t» (1.2)

be the kth-order cumulant of Xa(t) = (Xa,(tI) , ... ,Xak(tk» . Using stationarity,
write its asymmetric form as

C'k,a(t') = Cab' ...ak(T + tI, ... ,T + tk-I,T),

where t' = (tI,t2, ••• ,tk-I).
ASSUMPTION I. For each j = 1, ... ,k - 1 and any k-tuple aI,. . . ,ak let

L:ItjC'k.a(t')I < w,
t'

where k = 2,3, ....
Assumption I implies that all cumulant spectral densities

f' k.a(W') = f' all' .• ,ak(WI, . . . ,Wk-I) = fk,a(w) = fall' .. ,ak(WI, . . . ,Wk)

(1.3)

(1.4)

k - 1

(211")-k+I L: C'k,a(t') exp (-i L: tjWj) (1.5)
V j = 1

exist where it is understood that
k

L: Wj = 0 mod 211" J = 1, ... ,k
j = 1

(1.6)

in formula (1.5). Further, Assumption I implies that all the cumulant spectral
densities are continuous and continuously differentiable. The cumulant

where 71(X)

k

c(dZa(w» = fk.u<w)1l'L. Wj)dw,
1

co

} : o(x + 2j1l") with o(x) the Dirac delta function and dw
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(1.7)
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Let
T-1

daF >CAj) = 1: Xai(t) exp (-iXjt)
, - 0

and
k

Ik ,a(T)(X) = (2,r)-k+lT-l n daj(T) (Xj)
j - 1

207

(1.8)

(1.9)

.t
with Y: A, = 0 mod 2'7l". The function IE~(A) is a kth-order analogue of the

; 71 .
second-order periodogram and cross-periodogram. The following lemma is useful
in analyzing the asymptotic behavior of a kth-order periodogram and est imates of
kth-order spectra based on the periodogram.

LEMMA. Suppose Assumption I is satisfied. Then the cumulant

c(da.(T) (AI) , ... da}T)(Ak))

T - 1 k

= (2'7l")-I<+I1' .I; ,a(X') L: exp (-i L: Xj) + 0(1), (1.10)
, - 0 I

where the error term 0(1) is uniform in XI, .. •,X.I; as T _ eo ,

2. A Class of Estimates.-Let W (u) be a bounded continuous weight funct ion
k

on the plane L: Uj = 0 symmetric about zero, W(u) = W( -u) with
1

f W(U)o(*Uj)dU = 1.

ASSUMPTION II. Let W(u) be continuously differentiable with

IujW(u) I, I"'() W(u) I ~ M(l + lIull) -k + 1 -',
VUj

k

IIull (L: Ul) 112
, unifnrmly in j and u = (Ul , . . . ,U.l;) where M , E> O. Set

I

(2.1)

(2.2)

(2.3)

k

where the summation is over j = VI,. .. ,i,;} such that L: (j a + UJ = 0 and B T is
1

chosen so that B T - 0 as T - (X) but BT.I;-IT - (X) as T _ co ,
k

The estimates of fl.a(X), L: Xj == 0 mod 2'7l", that we consider take the form
1

(
2'7l"SI 2'7l"S.t) I (T)(2'7l"SI 2?l"Sl)

X <I> T" .. , T 1,0. T , ... , T ' (2.4)

k

where <I>(u) is zero unless u is on the manifold L: Uj == 0 mod 2'7l", but not on a
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proper submanifold L U; =- 0 mod 271" with I a proper nOnV1H'UOUS subset of
j.1

(1, . .. ,k), in which case it if, one.
THEOHEM 1. Let X (t) be an r-vecior valued strictly stationary processsatisfying As

sumption I . Let fk ,a(T\X) be an estimate of fk,a(A) of the type given in (2.4) with
weight function W sati.'!fying Assumption II. If BrT - co as B r - 0 and T _ co,

then

(2.;)

Thus we have a class of asymptotically unbiased estimates under the assumption
made in Theorem 1. The following results describe the asymptotic' behavior of
the covariance of two such estimates. It is remarkable that to the first order the
asymptotic behavior of covariances of kth-order eumulant spectral density esti
mates depends only on second-order spectra under the assumptions made. The
covariance of two complex-valued random variables X ,Y is taken to be cov (X, Y)
= EXY - (EX)(EY) .

THEOREM 2. Let X(t) bean r-vector valued strictly stationary procees satisfying As
sumption I. Let fk ,a(T) (X) and fA·.h(T) (J,t) be estimates of fk ,a (X) and I,» (J,t). respec
tively, of the type given in formula (2.4) wuh. weight function W r satisfying A ssunip
ium. II . Then

cov [fk,aCT) (X) , fA',h(T) (IL)] = 271" 7'-1 L f w7'(X - a) W r(J,t - m7/(t aj)
r J 1

k

X (n 7/(aj - (Pfj)N'aj,CPh)j(a j»da dfj + O(Br-k+2T-I), (2.6)
I

where the summation is over all permutations P on the integer.'! 1, .. . ,k (Pb = (bpI,
k k

... ,bPk» , and the error term is uniform in X and fJ subjeci to LXj, LJJ-; = 0 mod 271".
1 I

COROLLAHY. Under the assumptions of Theorem. 2,

lim Brk-IT env [fk./T)(X),fA,h(T)(J,t)] = 27l'L
T-- (X) P

k

(Il 7/1 Xj - (PJ,t)Af'Uj ,CPh)j(Xj»
j = I

f W(I~)W(PI~)0(tfjJdI3, (2.7)

uhere the summation is Oller all permutations P on the integers 1, . . . ,k . Here 7/1 xl =
00

I: 01 X+ 2,j71"} with. 01 X} the Kronecker delta.

Consider estimates of cumulant spectra of orders k, ~ k2 ::;; , • • ~ k« of the form
given in (2.4) with seale faetors Br(l) ~ . .. ~ B/m

). Write thejth such estimate
in the form

fA/T)(X Cj) = C;Yj-I LWr(j) (X(j) - ~71";~~) <f>(~~~) I A/ T)e71";cj)).

where A j denotes the indiees of the k, series involved in the jth estimate. The
scale factors of two estimates of the same order will be taken to be the same.

THEOREM 3. Let X(t) be an r-oecior valued strictly stationary processsatisfying As-
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sumption I . Let fAF>C)..,(j)) , j = 1, . . . .m, be estimates as given by (2.8) whose weight
functions W TO) satisfy Assumption II. Then the estimates are asymptotically jointly
normally distributed as T - co with estimates of different orders asymptotically inde
pendent and estimates of the same order having covariance structure given by (2.7) .

The results given above are for discrete parameter processes . Using the analogue
of Assumption I for a continuous parameter process and Assumption II , parallel
results for a continuous parameter process continuous in the mean are valid, with
7J in formulas (2.8) and (2.9) replaced by ~.

3. Aliasing.--Qften a continuous time parameter strictly stationary process
X(t) is sampled discretely at time points jh, j = 0, ± 1, ... , where h > O. The
analogue of Assumption I for a continuous time parameter process implies that the

k

corresponding cumulant spectral densities gt .a(')..,) , L Aa = 0, - co < Aa < a" exist ,
I

are continuous and continuously differentiable. In addition, we will require
ASSUMPTION III. Let

and

Iglc.a(A) I ~ M(1 + IIAII)-k + 1-.

Ic'J..a(t') I ~ M(l + lit'!!) -k + I - •

(3.1)

(3.2)

(3.3)

uniformly in Aand t' with M ,E > O.
Under Assumption III the cumulants for the continuous time parameter process

X(t) have the following Fourier representation in terms of the cumulant spectral
densities

\ f k k
Ck,a(t) = exp (ij~ ItjAj)gJ..a(A)~(2t Aj)dA.

The discretely sampled process X(jh) has cumulants with the corresponding
Fourier representation

f exp (i
a
t!.,hAa)(i(~ A))(Jk.a(A)dA

= f~~:hf exp (i
a
t/aAah)7]~t I hAa)flc .a()..,)dA

in terms of the corresponding curnulant spectral density of X(jh)

(3.4)

(3.5)

k k

where the sum in (3))) is over j = (jl' .. . ,j/c) such that ) :j,~ = - (h/21r)L Aa •
I

4. Previous Work .-:Moments of order k of the dZa(w) have been considered by
Blane-Lapierre and Fortet.' The third-order spectral density, or bispectrum, is
defined in Tukey," and asymptotic properties of a class of estimates are given in
Rosenblatt and Van Kess. 3 Asymptotic properties of a class of estimates of the
kth-order cumulant spectra have been considered in Brillinger.!
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Summary.-Under appropriate assumptions the asymptotic variance and bias
of a class of estimates of the kth-order cumulant spectra of a stationary random
process are obtained. The estimates are shown to be distributed asymptotically as
complex-valued Gaussian variables. Remarks are made on aliasing.
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