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Limit Theorems for Fourier Transforms of Functionals of
Gaussian Sequences

M. Rosenblatt*

Dept. of Mathematics, University of California, San Diego
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Summary. Limit theorems with a non-Gaussian (in fact nonstable) limiting
distribution have been obtained under suitable conditions for partial sums of
instantaneous nonlinear functions of stationary Gaussian sequences with
long range dependence. Analogous limit theorems are here obtained for
finite Fourier transforms of instantaneous nonlinear functions of stationary
Gaussian sequences with long range dependence.

Introduction

A number of authors (see [2-7]) have considered non-central limit theorems for
partial sums derived from nonlinear functionals of Gaussian sequences. One
considers a stationary Gaussian sequence X,, n=...,—1,0,1,..., EX, =0, EX?
=1. Let the correlation function of {X,} be

rm)=EX,X,. 1

A real function H(x) is considered with

00 x2
{ H(x)exp (—?>dx=0 2)
and
oo x2
{ H(x)*exp (—7>dx< 0. (3)
The derived sequence H(X,), n=...,—1,0,1,... is defined and the limiting
behavior of the sequence
1 et n=...,—10,1,...
N=_ X £ 3 My Ly 4
I @
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124 M. Rosenblatt

is determined as N—» oo, where A4 is a suitable positive norming factor. Under
appropriate conditions of long-range dependence on the sequence {r(n)} and
other conditions on the function H, nonnormal (non-central) limiting distri-
butions for the sequence {¥",n=..., —1,0,1,...} have been obtained as N — 0.

The object of this note is to obtain analogous limit theorems for finite
Fourier transforms

N 1 Nn—1 i
Bh=— Y HXpe . (5)
AN J=N(n-1)

We could deal with the Fourier transform in complex form or equivalently the
real and imaginary parts under appropriate conditions as N— 0. The behavior
of the Fourier transform is of interest because it is a basic ingredient in the
construction of spectral estimates [1]. Various of the ideas used in the paper of
Dobrushin and Major [3] are helpful in deriving such a result.

We shall assume that the covariance

r(n)=|n|"L(n|) ¥ s, cosni;, s; >0 (6)
Jj=0

for some positive integer m with 0=1,<1,<4,<...<4, and L(t), 0<t<o0, a
slowly varying function, ie.,

. L{s?t)

1 =

e L(s)
for every te(0,c0). Let H;(x) be the j-th Hermite polynomial with leading

coefficient 1. The function H(x) is then expanded in terms of the Hermite
polynomials

1 @)

=3 ¢ H ®
where ”

2. cjjl<oo. ©)

j=1
For convenience, let BY denote
BN={jljeZ,nN<j<(n+1)N}. (10)

Also let 4, be the set of frequencies obtained by taking sums of any k elements
(with repetition allowed) out of the set {0, +4,, +4,,..., +4,}.

We also introduce the following complex-valued Gaussian random measures.
W, is the spectral measure of the white noise process so that

Wo(d)=Wo(—4) (11)
EIWo(d) =5 || an)
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Limit Theorems for Fourier Transforms 125

for any interval 4. Also, for any disjoint intervals 4, ..., 4; on the positive axis
Wo(d)), ..., Wy(4)) are independent. Further Re W, (4), Im W,(4) are independent
Gaussian variables with mean zero and equal variances if 4 is an interval on the
positive axis. W, for u>0 is a Gaussian random measure with the same
properties as W, with the following exception. We no longer have (11). Also
W,(4,),...,W,(4)) are independent for any disjoint intervals 4,, ..., 4; on the real
axis. Further the random measure W_,, >0, is specified so that

W_,(4)=W,(-4) (12)

for any interval 4. Such measures W, are introduced for p= +4,,..., £4, and it
is assumed that W, ,..., W, are independent.

Asymptotic Distribution of Fourier Transforms
We state our result below.

Theorem. Let (6) hold with oc<l where k is the smallest index in the series (8) for
. k
which ¢, %0. Set

ka k

Ay=N' "2 L(N). (13)
Then the finite dimensional distributions of

YNB), n=...,-101,..., B4,
tend to those of
Y*(B), n=..,—101,...,8e4,,

given by
« W2 et ot )ei(x1+...+xk)_l
Y =D— c em i+ txe) 07
() 3 iy +...4+x)
a—1 a—1
X1 2 dx ] 2
/ 1+6(u,) 1+6(1) :
. Sy > e Sy >
p1+...+pe=pmod2w
W, dxy)... W, (dx;) (14)
where
o0 . o
D= | exp(ix)|x|*~'dx=2I(«)cos (7) (15)

and X' denotes a sum over k-tuples of u values where the u;'s can only range over
0, £44, ..., T4,

The multiple Wiener integral has to be modified so as to take account of the
fact that Wy(—dx)=W,(dx) and W_,(—dx)=W,(dx). See [2] for a discussion
of such questions.
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126 M. Rosenblatt

For convenience let

and
S5, =5, j=1, ..., m.

Lemma 1. Let a>0 be any real number satisfying

a<imin|4, — A4l
ifj

Then there is an infinitely differentiable symmetric function f satisfying
0=5f(x)s1l  forall x
fx)=1 for all |x|<a/2
f(x)=0 for all |x|>a.

Let
X,= | e™dz(x), ; _fe”"‘f(x A)dz(x)= fe””‘f (x)d z(x),
j=—m,...,m,
and

m

¢Xn X - Z JXn_ felnxf (x)dz(x)

j=—m

_ jeinx (1“ )3 fs(x))dz(x).

—n j=-m
Let r(n) be the covariance sequence of ;X,, j=—m,...,m,¢. Then

rim=Je" | f;(x)]*dG(x)
=3(1+8,) [n|=* L(|nl)s;,e™* (1 +o(1))

if j=—m,...,mand

ra(m)= | €| £,(x)1? dG () =o(nl~* L(lnl)

Here G is the spectral measure of the stationary Gaussian sequence {X,}.

(16)

17

(18)

(19)

(20)

It is easy to construct a function f having the desired properties. Consider

0 if x<0 or x=1
gtx)= [
CXP{————*} if 0<x<1.
x 1-—x
Let 1
A=[gu)du
0
and

h(x)zA‘lj[cg(u)du.
0
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Limit Theorems for Fourier Transforms

Then we can take

o o o5

Consider now
o0

rm= | €™ h(x)dG(x)
with
hi(x)=1£;(x)I*.
Let
hi(x)=Y c; e
Then

Je™ h(x)dG(x)=Y c;  r(k+n)

m

127

(1)

(22)

=Y %slp(l +5lp)ch‘k [n+k|~* L(ln+kl)
k

p=-—m

i+ iy
However if j=—m,...,m

Zesue=hyi) =1 =1

;Cj,kei“” =h;(4,)= |fj(/1p)|2 =0 for p=*j.

Since h; is infinitely differentiable

¢ =0(kI~*)

where >0 can be chosen arbitrarily large. Thus for j=—m, ...

Y. ¢ ln+k|"*L{in+k|) e +0%
k

= Y +0(n 2%
[kl <vr

=[n|~*L(In))e™*( Y c;e*M)(1+o(1)

[k]<yn

=|n|~* L{n){1+0(1))

and by a similar argument

2. ¢ |n+k| = Lin+k|) e 9% =o(|n| =* L(|n]))
k

if p#j. In the same way, one can show that

Y Coun+kl=*L(n+k|) e P* =o(|n|~* L(|nl))

for all p= —m,...,m. The lemma follows from these observations.
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128 M. Rosenblatt

Proof of the Theorem. Let I denote the index set {—m,...,0,...,m, ¢}. Then
X,= | e"™dZy(x)= Y X,
-7 Jel

where G is the spectral measure of the Gaussian sequence {X,} and Z; is the
corresponding random spectral measure of the process. Also

Xn= J e dZg (x) (23)
with -
dZg (x)=f{(x)dZs(x) (24)
and
G{(A)= [ f;w|*dGw). (25)

Let us consider the case H(x)=H,(x). Now

Hy(X)=H(Y [ X,)=[eme -+ Z (dx.)... Ze(dx,)

jel
- ¥ Ijei"("‘+"'+"k)ZGj1(dx1)...Zij(dxk). (26)
JiveejrE
Then o
1 Nt ,
YnN(ﬁ):_ Z Hk(Xj)e_Uﬁ
ANj:N(ﬂ—l)
1 IN(n—1)(x1+ ...+ X2 —
— — {éf n X1+ .o+ X —f)
j1,..,z,jkeIANj.
(%1 + X — B) Zg, (dxy) .. Zg, (dxy) 27)
where

k(x4 ... +x)= ) ittt
JjeBY

eiN(x1 o+ xK) 1

= ei(}n + ot XK) 1 :

We wish to first show that the variance of a term of (27) with one of the
subscripts j;=¢ or else with j,,...,j,e{—m,...,m} but 1; +...+4, £Bmod2n
tends to zero as N—oo. For simplicity in notation the computation is carried
out for distinct j,, ..., j,. The variance is then

1
N

1 .
e N — , - . — ~i(p—q)f
NZ—-er L(N)k psZBJOV q;z;:gr“(p Q) Tt r,lk(p Q) €
1 _
= - . T —ipp
N2 —ka L(N)k pEZBN(N Jpl) r“ (p) r_]k(p) e
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Limit Theorems for Fourier Transforms 129

where 3
By={p|-N<p<N}

If one of the subscripts j,=¢, the estimates (19) and (20) together with an
estimation like that given in the proof of Lemma 1 in [3] imply that (28) tends
to zero as N— co.

The following lemma is helpful in showing that (28) tends to zero as N — oo
if4;, +...+4;, Ffmod2m.

Lemma 2. Let o>0. If L(t) is a slowly varying function there exist L, (t) and L,(t)
such that L(t)=L,(t)+ L,(t)
L,(t)=0(L,(t) (29)
and
n=*Ly(n) (30)
is monotone decreasing.

This lemma follows from Karamata’s theorem (for Karamata’s theorem refer
to the book of Ibragimov and Linnik).
By Lemma 2 we can estimate (28) when 4; +...+4; S mod2x by

1

N2‘k«LN)k'ZP"‘°‘L (p)er it Anh) (31)

where L, is a slowly varying function such that n=** L, (n) is monotone decreas-
ing. The infinite sum in (31) is convergent since 4; +...+4; B mod2x and so
the whole expression (31) tends to zero as N—co. The case in which several
subscripts are the same can be carried out similarly but in a more tedious
manner. All these terms can therefore be neglected as N—oco. We now have to
consider the terms for which 4; +...+4, =B mod2=. The asymptotic behavior
of one such term will be determined as N—oo but the argument given when
trivially elaborated can be applied to the linear combination of any finite
number of such terms. Thus the joint asymptotic distribution of the terms can be
determined as N—oo. Let us consider the term

1.
Nt D (x4 = ) Zg, (@3)) . Zg, (%) (32)
N

of the sum (27) with 4; +...+4; =fmod2n. Let

/2

Zy (A)= LN 3 le, 4+ N 14) (33)

and

%4

——G,(4;+N~14) (34)

with 4 a Borel set. Our object is to show that (32) converges in distribution to
ei(x1+ v FXK) 1

that of R P
i(x1+...+xk)
1+06(4y) 146(4,)
ST 1-,,.511( 5 k W, dxy)... W, (dx}). (35)
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130 M. Rosenblatt

Of course, the finite dimensional distributions of (5) will converge in distribution
to those of (14) and as remarked earlier a simple but notationally tedious
elaboration of our argument will yield that result in the case H(x)=H,(x).
Let
1

1
KN(u)=NkN (Nu) .
Then expression (32) can be rewritten as
felr Dot t K () + 4 X) Zy  (dxy) - Zy  (d ). (36)

The measure Gy ;(*) corresponding to Zy ;(*) can be shown to converge locally
weakly as N— oo to

5, (1+§(/1,-)) G()

where G has density D~ |x|*~!. Set

@N.I(tl’ Tens tk)

i—l—(ulxl + e+ U XK}

Kyl + ... +x)% Gy ;,[dx)...Gy ; (dx,) (37
where u,=[t,N1, p=1,...,k and A=(4;,...,4;). Then

On gt t)
1

e ey rp—q+uy)...r(p—q+u)

N2 k L(N)kpezl;‘é" qeng 1 k

. e—i(P —-q)p e—i(ﬂ11j1+...+u;¢}.jk)
Y (N Ipr(pu)
T ey — —I\P
NZ ka L(N)k Ry 2 1
‘r(p+uk)e—ipﬂe—i(ulljl‘*’...+ukljk). (38)

Just as in the proof of Lemma 1 of [3] one can show that

lim (PN,E(tlﬁ reey tk)

N—-oo

1 1
.. —dx
lx; +1,] [x+1,

L+6(4;) L1+6(4;)
iy S, T )

=@z(tg, . en b 39

with the limit function ¢ a continuous function. Also the function @y ; of (38) is
the Fourier transform (u=(uy, ..., ), u,=[t,N],x=(x;, ..., X))

oy, 1(t)=Je" Ny 3(d x)

of a finite measure 7 ; on R* with support on [—N=, N n]* Since ¢y ;(2) tends

1
= { (1—|x])
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Limit Theorems for Fourier Transforms 131

to a limit function ¢; that is continuous, it follows that the sequence of measures
fy,z tends to a finite measure #; and ¢; is the Fourier transform of #; (see
Lemma 2 of [3]).

We consider special functions / taking on a finite number of values of the
following character. Consider sets A,,4,,...,4,, s=1,2,..., Borel sets (of finite
oG mass) such that 4_;=-—A4;, and 4__,...,4_4, 4,,..., 4, are disjoint, Let

t

h(i,,...,i,) be complex numbers and

s

h(xp, X )=hliy,.ndy) 0 X €4, ..., €4,

where i,...,i, take on the values =+1,..., +s but with i if j=*; and
h(xy,...,x,)=0 for all other x,...,x,. One can show that

(h(xy, X ) Zy ; (dxy) ... Zy  (dx)) (40)
asymptotically as N— oo has the same distribution as
Fh(xys ... xy) lel(dxl) lek(dxk).

The integral (40) is a polynomial in the random variables Zy ; (B) with the B’s
Borel sets. Now the joint distribution of the random variables Z ; (B) tends to
the joint distribution of the random variables W, (B) and so we have the desired
limit behavior. Also Ky(x,+...+x,) tends to

ei(x1+ S 1

K F+.otx)=T——
ol%s %) (X4 ... +x)

uniformly on every finite rectangle in R*. Equations (37) and (39) imply that

lim | |Ky(xy+..+x)1* Gy ;,(dxy) ... Gy, (dx,) =0 (41)
A—-00 Rk [ A4, A]*
uniformly for N=0,1,2,.... An adaptation of Lemma 3 of [3] then implies that
expression (36) tends in distribution to expression (35) as N—oc. For relation
{41) implies that for any ¢>0 one can find a function of type h (depending on &)
such that
E|[[e-Deredxm K (e + . 4+ x)—h(xy, ..., x)]

Ly, dxy) . Zy  dx)*<e
for N> N(e) and

E|[[eft-Dtdxmd K (x4 x) = hx ., X))
W, [dxy) ... W, dx)l? <e.

The same argument as that given on p. 36 of [3] implies the validity of the
theorem for general H.

The theorem was derived for stationary sequences. However, it is clear that a
corresponding result could have been obtained for random fields under con-
ditions comparable to those given in [3]. The normalization in the theorem is of
the form N?L(N) with y>% and L(N) slowly varying. The greatest interest is
most likely in the case of a non-Gaussian limiting process. However, one can
obtain nonnormal limiting distributions with a normalization having exponent
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132 M. Rosenblatt

7<% by considering processes somewhat like those analyzed in [6] and [7]. A
parallel argument carried out in the case of continuous time parameter suggests
that the limiting distributions obtained are self-similar.

Additional Remarks

Taqqu noted orally that one can determine non-Gaussian self-similar processes
whose second order properties are the same as the Wiener process by using the
techniques of [6] or [7]. This means that the exponent in the self-similarity is
1/2 as it is for the Wiener process.

In all of the results discussed in [3] and [4] there is a smallest index in a
Hermite expansion that plays a basic role. Given the results of [4] it is easy and
of interest to concoct special examples in which one needs much more than one
index to characterize a self-similar distribution. Such examples are particular
cases of a general class of such processes. Let W, k=1,2,..., be independent
processes each having the same probability structure as W,. Let

U (k)= [explin(x, +... + x)1 Ko(x, ..., X;)
x g X F x AR xR

L Wdx,) ... W(dx,). (42)

The discussion in [4] indicates that each of the process {U,(k),n=...,
—1,0,1,...}, k=1,2,... is self-similar with exponent 1/2. Let

(o]

U= U,0)g, (43)

k=1

where the g, are assumed to approach zero sufficiently fast as k—co so that (43)
converges in mean square. The resulting process {U,} is still self-similar with
exponent 1/2 but involves polynomial forms in the W processes of all powers.

Acknowledgement. 1 wish to thank a referee who suggested using Lemmas 1 and 2.
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