Asymptotic Behavior of Eigenvalues of
Toeplitz Forms®

M. ROSENBLATT

1. Introduction. Let F(\) = {F,(\);j, k=1, -+, s} be an s X s matrix-
valued function of bounded variation on [—, #]. By this we mean that every
complex-valued element F;;(\) is of bounded variation. Further, let every
difference F'(\;) — F(\;) be Hermitian. It will be convenient and in no way less
general to take F(—=) = 0, the null matrix. Let

(1) ro(dF) = %f M AR, k=0,41, -

be the sequence of Fourier-Stieltjes coeflicients of F. The sequence r,(dF) is a
sequence of s X s matrices. Let the Hermitian matrix

(2) Rn(dF) = {'r:—k(dF)yj)k =1,--- ,n'}

be the ns X ns block Toeplitz matrix generated by dF. Since F is of bounded
variation, its derivative

dF()\)

d\
exists almost everywhere and is Hermitian. Let u;(A) < (V) = --+ £ (V)
be the eigenvalues of f(\) in order of magnitude. The functions u;(A),j =1, ---, s,
are measurable (see GYIRES [3]). Let p;,.,j = 1, - -+ , ns, be the eigenvalues of

R,(dF) and N,(x) the number of eigenvalues of R,(dF) less than or equal to z.
We show that

3) o) =

@ tim Y0 — LSS ) 5 21

at every point of continuity of the right hand side, where m is Lebesgue measure
on [—m, m]. The case of Toeplitz matrices arises when s = 1 and was treated by
Szecd and GRENANDER & SzEGO (see [2]). The result obtained in this paper is a
generalization of that given by Gyires [3] and RoseNBrATT [6] for block Toeplitz
matrices.

* The results presented in this paper were obtained in the course of research carried out
under grant NSF-G19046 of the National Science Foundation.
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942 M. ROSENBLATT

A crude upper bound is obtained for the maximal eigenvalue of Toeplitz
matrices generated by an absolutely continuous F. This upper bound is used to
obtain a result on the asymptotic distribution of covariance estimates of normal
stationary processes.

2. Nondecreasing F(\). We first prove the result on the asymptotic
distribution of eigenvalues of block Toeplitz forms in the case of nondecreasing
F(\). The function F()) is said to be nondecreasing if F(A\;) — F()\,) is a positive
definite matrix whenever A; = A, .

Lemma 1. Let F(\) be an s X s nondecreasing matriz-valued function of
bounded variation on [—m, w). The limiting distribution of the eigenvalues of the
block Toeplitz matrix R,(dF) as n — « s given by

1 8

(5) s £ m{\ | w;(\) = .

Let G,(z) be the distribution function of the eigenvalues of R,(dF), that is,
©) Gula) = 22,
We need only consider the distribution functions G,(z) on [0, «). Now
m [ wde@ =13 .= Lo ®am) = Lo ear)

0 " ns =17 T s " s 0

where sp (M) denotes the trace of the matrix M. Notice that
®) yil = G 5 [ 2d6.@) = e ) = o,
so that
) 1— G <7

Consider any weak limit G(y) of a subsequence of the sequence G,(y). Clearly
any such limit must also satisfy

Y
(10) 1-06G@ = ”

and hence is a distribution function. Let 2z be a nonnegative number. The basic
result on the determinant of the prediction error covariance matrix in the
multidimensional prediction problem tells us that

'r%s Z log (1 + zu;.,) = f log (1 + zx) d@,(x)
(11) i=1 0

1 (" o
™ oms f_ _logdet (I + 2f(N) d\ = 57173 2 f_, log (1 + 2u;,(N) dA
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as n — o (see [5] and [6]). On integrating by parts we see that

f i log (1 + 2z) dG.(z) = log (1 + 22)(G.(x) — 1) |+
(12) °
2

+ [ En - 6@ d = [ 10 - Gw) de

Relations (11) and (12) imply that for any weak limit G(y) of a subsequence of
G.(y)

(13) fo i (1 - GW) do = L Z [ log (1 + 21,00) dA.

The distribution function (5) obviously satisfies (13). To complete the proof for
nondecreasing ¥ we only have to show that G is uniquely determined by the
transform (13). Consider the uniqueness problem for the transform

-
(14) fO T H@d, 220,

where H is of bounded variation and satisfies |H(z)| < k/(1 + z) for some
constant k. This is equivalent to the uniqueness problem for the Stieltjes
transform

= 1
(15) foz_!_xH(x)dx, 2> 0.

A proof of uniqueness is easily given. Suppose

@K 1 .
(16) fo - H@ de = 0
for all z > 0. Equation (16) can be rewritten as
an f e"“f e ™H(zx) dx du = 0,
0 0
But this implies that
(18) f ¢ H(x) dz = 0.
V]

It follows that H(xz) = 0 almost everywhere. The proof of Lemma 1 is complete.

It is readily seen that the conclusion of Lemma 1 holds for every F of bounded
variation such that F(\) 4+ a(\ + =) is nondecreasing for some real value a.
It similarly holds for every F of bounded variation such that F(\) 4+ a(A + m)I
is nonincreasing for some real value a.

3. General F. In this section it is shown that the conclusion of Lemma
1 holds for general Hermitian F of bounded variation. The extension will depend
on the following remarks. Given two n X n Hermitian matrices 4, B with
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A — B = 0 (difference positive definite), the eigenvalues A; and u; of A and B
respectively (assume the eigenvalues are indexed in order of magnitude) satisfy
the corresponding inequalities, that is,

(19) )\iZ—”i7 j=1,-~-,n.

This follows readily from the minimax property of eigenvalues (see HILBERT &
CouranT [1]).

Theorem 1. Let F(\) (F(—m) = 0) be an sXs Hermitian matriz-valued
function of bounded variation on [—m, 7). The limiting distribution of the eigenvalues
of the block Toeplitz mairiz R,(dF) as n — « s given by

1 8

2rs = mi\ [ m(N) = a}.

We first prove the desired result for such a function F whose singular part is
nondecreasing. Let f(A\) = dF(\)/d\. The singular part of F is given by
FO) — X, f(u) dp. Let

(20) 8= {N[1O) + ol 2 0},

and S, be the complement of S, . The sets S, are nondecreasing as @ — « and
such that the Lebesgue measure m(S,) — 27 as ¢ — . This follows from the
fact that f(\) is integrable, that is, every element of f is integrable. Given any
value A, let

8

(21) o = Z § [fu ]I
Note that
(22) o =)

(A = B means that A — B = 0). Inequality (22) is to be understood as holding

almost everywhere where the elements of the matrices are finite and hence well
defined. Let

(23) PO =FO — [ wdu+ [ F) du
where
29 PO = { o on S

") on  S,.

Because of (22) it follows that
(25) R,(dF) £ R.(dF")

for all a. Further, R,(dF®) is nonincreasing as a — «. Let G™ (z), G” () be the
distribution functions of the eigenvalues of R,(dF) and R,(dF®) respectively.
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It then follows that
(26) G (@) = G™(2)
for all n, a, and z. The integrability of f(A), /*(\), inequality (25), and the fact

that m(S,) — 0 as @ — o imply that for every ¢ > 0 there is an a(¢) > 0 such
that for a > a(e)

0 = Lsp R.(AF?) — R.(dF))
@7) s

o

= [ 2dl6@) - ¢V @) = f_ T 6P @) — P @)] de < e

independently of n. By the remarks at the end of section 2, it follows that
G!”(z) has the limiting distribution

’ _ 15 a

(28) Cul@) = 50 2 mih [ i) S =)

as n — o where the u?(\) are the eigenvalues of f*(\). Let H(z) be the limit of
any subsequence of the functions G (z). It follows that

(29) G(x) = H(x)

for all z and a. Inequality (29) implies that

(30) 05 [ H@ - 6@l < e

for all @ > a(e). The family of functions G,(x) is nondecreasing at each z as
@ — o and has as limit as ¢ — «

(31) 6@ = s 22 mn [ W) S o).
Thus

(32) H@) = G)

and

(33) 0= [ 1HE - 6@]ds S «

for every e. But this implies that H(z) = G(z). Since this is true for the limit
H(z) of any subsequence of G™ (x), there is a limiting distribution which is
given by G(z). The proof is complete for F with a nondecreasing singular part.

We now complete the proof of Theorem 1 by showing that (5) is the asymptotic
distribution of eigenvalues of R,(dF) for a general Hermitian F of bounded
variation. The singular part of F is

(39 HeYy = Fy = [ 1) d
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where f(\) = dF(\)/d\. Let

(35) B0 = s [ .l

u,v=1

Set

A A
Bo RO = [ e+ HW, RO = [ 16 de = H'O).
F, has a nondecreasing singular part H* and F, a nonincreasing singular part
—H". Further,

for all n. Since R,(dF,), R,(dF,) have the same asymptotic eigenvalue distribu-
tion (5) by the result on the asymptotic distribution of eigenvalues for a function
with a nondecreasing singular part given in the last paragraph, it follows from
(87) that R,(dF) has the asymptotic eigenvalue distribution (5).

4. Asymptotic distribution of covariance estimates. It will be useful to
have an upper bound on the maximal eigenvalue of the ordinary Toeplitz matrix
R.(f) generated by a nonnegative function f ¢ L” in our derivation of the asymp-
totic distribution of the covariance estimates of a normal stationary process.
There are refined estimates of A, , when f is a bounded function satisfying certain
regularity conditions (see [2]). However, we wish to allow f to be unbounded. Let

G@) = 5= m{A | 1) < a).

Lemma 2. The maximal eigenvalue \,,, of the Toeplitz matriz R, (f) generated
by [ € L 7s bounded above by

(38) n f j) 2 dG (@)

where b(n) is the supremum of the values o such that 1 — G(a) > 1/n. If f ¢ L?,
this upper bound is of smaller order than nt asn — .

The eigenvalue A, , is the maximal value attained by the quadratic form
cR,c’ with ¢ an n-vector subject to the restraint c¢’ = 1. But

(39) cR.c' = -21; €™ fN) dN,  cle™ = D e’
-7 i=1

and the absolute maximum of le,(e™)|* subject to the restraint c¢’ = 1 is n. Let
(40) 8. = {MfQ) = =}.

We certainly overestimate \,,, by replacing |c,(e*")|* by a function equal to n
on the set Sy, . Now
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o ga=n[ w6,

b(n)

If f ¢ L? then [ 2° dG(z) < « and by the Schwarz inequality

n f,,; z dG(x) < n[ i dG(z) i z dG(a;):Il/2 = on'’?).

b(n) b(n)

An upper bound for the maximal eigenvalue of a block Toeplitz matrix can be
obtained by similar techniques.
We now consider the asymptotic distribution of the estimates

N—1k
1 %1

(41) rik:"ﬁ Z;Xij+k, k=0,1,"',s,

of the covariances 7, , k = 0, 1, -+ , s, of a normal stationary process {X,}.

Theorem 2. Let {X, ; k = 0, 1, +--} be a normal stattonary process with
mean B X, = 0 and covariances

42) o= cov(X,, X, = Ziwf M) AN k=0, 1, -,

with f € L*. Then
(43) VNG@E—Er), k=01, ,s,

are asymptotically jointly mormally distributed with mean zero and covariances
(44) Cin = %f cos j\ cos kA PN dN,  j,k=0,1,---,s.

The joint characteristic function of the random variables (43) is

E (exp {Z i — Er%) \/Z_V_}>
= eXp {— Z 'Ltkﬁ E T",‘c}(27r —1/EN |RNI_1/2

(45) k=0
f f exp {izTya'/ VN — LaRy'a’} do
= |I — 2%R\Ty/ VN[ exp {— > i, vVNE r’};}
k=0
where z is a row N-vector, By = Ry(f), and Ty = {{;1;5, k=1, -+, N}is

the Toeplitz matrix with ¢,,; = &5, t;,ier = 3ty f 0 < £ £ s, and all other
elements zero. Now expression (45) can be written as

N
exp {-——% > [og (1 — 2u; v/ V' N) + 2 z',u,-,N/\/N]}
i=1
where the p; y are the eigenvalues of RY*TyRY?. Here R} is the positive definite
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square root of By . However,
Min = O(max QN Z 1D,

where the «; v are the eigenvalues of By . By Lemma 2 the eigenvalues of Ry
are o(N'*) uniformly in j so that u; v/ v/N = o(1) uniformly in j. Therefore (45)
can be given as

(40 exp {— 0 @2/ + O3 sl /8)}.

=1

But
(47) E IMi.NIa = (E #?,N E F‘?‘.N 2 = [sp (RNTN)2 sp (RNTN)4]1/2'

Furthermore
(48) 0= sp (RNTN)% = Sp (MN)%; k= 1; 2; ]
where My is the N X N Toeplitz matrix with elements

Mi—; = Z l’”i—i—ul'ltu['

lulss
Notice that My is generated by a real-valued function g ¢ L* since m, = m_,
and D |r* < . The fact that ), m2 < « implies that sp (M5) = O(N).
Since g £ L, Lemma 2 indicates that the eigenvalues u;,x of My are all uniformly
o(N?). But then

(49) sp (M) = 22 niw = oN) sp (My)® = o(N%).
This implies that
N

(50) 2 lurrl?/NY* = oD
as N — . A simple computation indicates that

. ° 1

lim - sp (BaTh)® = £, 1+ 8,001 + 8otiuitm 5
(51) N—ow T k=—8 m

'f 6i<i—k))‘f2()\) d)\ = %Ifitkc,-,k
—-r i, k=0

where c; ; is given by (44). The proof of asymptotic normality is complete by the
correspondence between characteristic functions and distribution functions, for
the limit of (45) as N — «
exp {"% > ci.ktitk}
7,k=0

is the characteristic function of s + 1 jointly normal random variables with
mean zero and covariances c;, .
Some results related to Theorem 2 are discussed in [4]. Relatively simple
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examples can be constructed to show that one need no longer have asymptotic
normality if f ¢ L* (see [7]). In fact, given any p with 1 < p < 2 one can construct
an f ¢ L” but not in L such that one does not have asymptotic normality of the
covariance estimates.
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