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1 The origins of ancillarity

The term “ancillary statistic” was introduced by R. A. Fisher (Fisher 1925) in the context of maximum
likelihood estimation. Fisher regarded the likelihood function as embodying all the information that
the data had to supply about the unknown parameter. At a purely abstract level, this might be regarded
as simply an application of the sufficiency principle (SP), since as a function of the data the whole
likelihood function (modulo a positive constant factor — a gloss we shall henceforth take as read)
is minimal sufficient; but that principle says nothing about what we should do with the likelihood
function when we have it. Fisher went beyond this stark interpretation, regarding the actual form
of the likelihood function as itself somehow embodying the appropriate inference. In some cases,
such as full exponential families, the maximum likelihood estimator (MLE) is itself sufficient, fully
determining the whole course of the likelihood function; but more generally it is only in many-one
correspondence with the likehood function, so that two different sets of data can have associated
likelihood functions whose maxima are in same place, but nevertheless differ in shape. Initially, for
Fisher, an ancillary statistic (from the Latin “ancilla”, meaning handmaiden) denoted a quantity cal-
culated from the data which “lent support” to the MLE, by providing additional information about the
shape of the likelihood function, over and above the position of its maximum — for example, higher
derivatives of the log-likelihood at the MLE. If we regard the spikiness of the likelihood function
as telling us something about the (data-dependent) precision of the MLE, we might select a suitable
ancillary statistic to quantify this precision: this appears to have been Fisher’s original motivation.
According to this understanding of an ancillary statistic as describing the shape of the likelihood
function, it is necessarily a function of the minimal sufficient statistic. Ideally, the MLE together with
it handmaiden would fully determine the likelihood function, the pair then constituting a minimal
sufficient statistic.

Fisher (1934) then considered the working out of these general concepts in the special case of
a location model, where the MLE fully determines the location of the likelihood function, but is
entirely uninformative as to its its shape; while the configuration statistic, i.e., the set of pairwise
differences between the observations, constitutes an ancillary statistic, fully determining the shape
of the likelihood function, but uninformative about its location. For this model (though, for Fisher’s
original definition, not necessarily more generally) it is also true that the distribution of this ancillary
statistic is entirely independent of the value of the unknown location parameter; furthermore, the
conditional distribution of the maximum likelihood estimator, given the configuration, has a density
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that has the same shape as the likelihood function. At a certain point, Fisher decided that it was such
properties, rather than his original handmaiden conception, that were of crucial general importance,
and from that point on the word “ancillary” was used to mean “having a distribution independent
of the parameter”. Associated with this was the somewhat vague idea of a “conditionality principle”
(CP), whereby it is the conditional distribution of the data, given the ancillary statistic, that is regarded
as supplying the appropriate “frame of reference” for determining the precision of our estimate. As
a simple example lending support to this principle, suppose we first toss a fair coin, and then take
10 observations if it lands heads up, or 100 if it lands tails up. The coin toss does not depend upon
the parameter (it is ancillary in the revised sense, although not necessarily in the original sense),
and so cannot, of itself, be directly informative about it; but it does determine the precision of the
experiment subsequently performed, and it does seem eminently sensible to condition on the number
of observations actually taken to obtain a realistic measure of realised precision.

At an abstract level, CP can be phrased as requiring that any inference should be (or behave as
if it were) conducted in the frame of reference that conditions on the realised value of an ancillary
statistic. One can attempt to draw analogies between this CP and the sufficiency principle, SP, which
tells us that our inference should always be (or behave as if it were) based on a sufficient statistic.
But is important to note that in either case there may be a choice of statistics of the relevant kind, and
we would like to be able to apply the principle simultaneously for all such. Considering first the case
of sufficiency, suppose T1 is sufficient and, in accordance with SP, we are basing our inference on T1
alone. If now T1 is a function of T2, then T2 is also sufficient: but the property that our inference should
be based on T2 alone is automatically inherited from this property holding for the “smaller” statistic
T1, so we do not need to take any explicit steps to ensure this. In particular, if we can find a smallest
sufficient statistic T0, a function of any other sufficient statistic, then basing our inference on T0 will
automatically satisfy SP with respect to any choice of sufficient statistic. It is well known that, subject
only to mild regularity conditions, such a smallest (“minimal”) sufficient statistic can generally be
found. Hence it is pretty straightforward to satisfy SP simultaneously with respect to every sufficient
statistic: simply base inference on the minimal sufficient statistic.

The case of ancillarity appears very similar, though with the functional ordering reversed. Suppose
S1 is ancillary, and, in accordance with CP, we are basing inference on the conditional distribution
of the data, given S1. If now S2 is a function of S1, then S2 is also ancillary; and the property that
inference is conditioned on S2 is automatically inherited from this property holding for the “larger”
statistic S1. This analysis suggests that — in close analogy with the case of the minimal sufficient
statistic — we should aim to identify a largest ancillary statistic S0, of which every ancillary statistic
would be a function. Then conditioning on S0 would automatically satisfy CP, simultaneously with
respect to every choice of ancillary statistic.

2 Enter Basu

The above analysis appears unproblematic, and might be thought to make a compelling case for always
conditioning on the largest ancillary statistic — an apparently straightforward enterprise. But then
along comes Basu, and suddenly things are not so clear!

Basu presented theory and counter-examples to show that in general there is no unique largest
ancillary statistic, conditioning on which would allow us to apply the conditionality principle unam-
biguously. Typically there will be a multiplicity of ancillary statistics that are maximal, i.e., cannot be
expressed as a non-trivial function of any other ancillary; and in this case no single largest ancillary
can exist. Even in what would seem to be the simplest special case, of two independent observations
from the normal location model, having Xi ∼ N (θ, 1) (i = 1, 2), there is no largest ancillary: for
any c ∈ [−∞,+∞], the statistic Sc defined as X1 − X2 if X1 + X2 > c, X2 − X1 otherwise, is

6



Basu on Ancillarity

ancillary (Basu 1959). But knowing Sc for all c we can recover the full data (X1, X2) — which is
clearly not ancillary. This possibility arises because two statistics can each be marginally ancillary,
while not being jointly ancillary. Another example of this phenomenon occurs for the bivariate normal
distribution with standard normal marginals and unknown correlation coefficient: the data on either
variable singly are ancillary, but this clearly fails when both variables are combined.

Some have argued that such examples merely show that we should not have abandoned Fisher’s
original conception that an ancillary statistic should itself be a function of the minimal sufficient
statistic — which does not hold in the above examples. But Basu has other examples that are not
subject to this criticism. One simple example (Basu 1964) involves the outcome X of a single throw of
a die, where, for some value of θ ∈ [0, 1], the probabilities of obtaining the scores 1–6 are respectively,
(1/12) × (1 − θ, 2 − θ, 3 − θ, 1 + θ, 2 + θ, 3 + θ). Then X itself is minimal sufficient, but there
are 6 non-equivalent maximal ancillary functions of X : for example, one such is Y1 = 0 if X = 1
or 4, Y1 = 2 if X = 2 or 5, Y1 = 3 if X = 3 or 6; another is Y6 = 0 if X = 1 or 6, Y6 = 2 if
X = 2 or 5, Y6 = 3 if X = 3 or 4. We thus have a choice of ancillaries to condition on. For any
such choice, the conditional distribution of X is confined to two possible values, so looking like a
biased coin-toss; but the bias is a different function of θ in each case, and there is no clear reason
to prefer one of these choices rather than another. Since there is no largest ancillary here, the simple
interpretation of the conditionality principle, as enjoining us to make inference in the reference set
obtained by conditioning on any ancillary, appears non-operational. Attempts — e.g., Cox (1971),
Kalbfleisch (1975) — have been made to restrict CP to apply only to certain ancillaries, but these are
either unconvincingly ad hoc or fail fully to resolve the difficulty.

In the presence of a choice of maximal ancillaries to condition on, CP could nevertheless be rescued
if the conditioning in fact had no effect (or had the same effect in all cases). In another strand of his
work, Basu found conditions for this to hold. Thus let T be a complete (and hence also minimal)
sufficient statistic. Basu (1955) showed that T must be independent of any ancillary statistic, for
any value of the parameter. It follows that any inference based only on the marginal distribution of
T , which of course respects SP, will also respect CP, with respect to any possible choice of ancillary
statistic. This applies, for example, in the example above of two observations from the normal location
model, in which the minimal sufficient statistic T = 1

2 (X1 + X2) is complete, hence independent of
any ancillary (including Sc), so that any inference based on T alone will automatically satisfy CP.
However, the general usefulness of this construction is limited, since in many problems (such as
the biased die example above) the minimal sufficient statistic is not complete, and its conditional
distribution does depend on which ancillary is conditioned on — so that this particular escape route
is blocked off.

A related result (though with less direct relevance for CP) is that, under additional conditions, any
statistic which is independent of a sufficient statistic is ancillary. In Basu (1955) this was asserted as
true without further conditions; a counter-example and corrected version were given in Basu (1958).

3 Ancillarity and likelihood

In the light of these depressing results, one might reach the depressing conclusion that, however
appealling CP may seem, there is no general way of satisfying it. And that conclusion is essentially
correct if we take a frequentist approach to inference, since we end up with entirely different sample
spaces, with entirely different properties, by conditioning on different ancillaries. However, this does
not mean that there is no way of making inferences that respect CP. For example, suppose we agree,
along with Fisher, that the message in the observation X = x0 is entirely encapsulated in the likelihood
function for the parameter θ that this observation generates: L0(θ) ∝ Prob(X = x0 | θ) (we here
suppose, purely for simplicity of exposition, that the sample space is discrete). For any ancillary
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statistic S = s(X), the conditional probability of X = x , given S = s := s(x), is Prob(X = x | θ)/

Prob(S = s), where the denominator does not involve θ by ancillarity of S; so, for any data x0 the
likelihood function computed in this conditional frame of reference, L∗

0(θ) ∝ Prob(X = x0 | S =
s0; θ) (with s0 = s(x0)), will be identical with the full-data likelihood function, L0(θ) ∝ Prob(X =
x0 | θ). It follows that any inference that is based purely on the properties of the observed likelihood
function — for instance, the maximum likelihood estimate, the curvature of the log-likelihood at its
maximum, a Bayesian posterior based on a fixed prior distribution,. . . — will be entirely unaffected if
we condition on an ancillary statistic, and hence will automatically satisfy CP.

One of the most significant results in this area was Birnbaum’s theorem (Birnbaum 1962). This
showed that any general method of inference about some parameter θ , applicable across a range of
experimental setups, will satisfy both the sufficiency and the conditionality principles if and only if
it depends only on the observed likelihood function — i.e., it satisfies the likelihood principle, LP.
Basu’s investigations led him down this same path, and he did fully accept LP. However, even this
was not enough for him, and in many of his works — e.g., Basu (1975); Basu (1977) — he argued
that the only sensible way of satisfying LP is to be, or at least act like, a Bayesian with a fixed proper
prior distribution. But that is another story.
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Basu, D. (1977). On the elimination of nuisance parameters. Journal of the American Statistical Association, 72,

355–66.
Birnbaum, A. (1962). On the foundations of statistical inference (with Discussion). Journal of the American Statistical

Association, 57, 269–326.
Cox, D. R. (1971). The choice between alternative ancillary statistics. Journal of the Royal Statistical Society, Series B,

33, 252–252.
Fisher, R. A. (1925). Theory of statistical estimation. Proceedings of the Cambridge Philosophical Society, 22, 700–25.
Fisher, R. A. (1934). Two new properties of mathematical likelihood. Proceedings of the Royal Society of London,

Series A, 144, 285–307.
Kalbfleisch, J. D. (1975). Sufficiency and conditionality. Biometrika, 62, 251–9.

8


	Basu on Ancillarity
	Philip Dawid



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 1.30
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 1.30
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e5c4f5e55663e793a3001901a8fc775355b5090ae4ef653d190014ee553ca901a8fc756e072797f5153d15e03300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc87a25e55986f793a3001901a904e96fb5b5090f54ef650b390014ee553ca57287db2969b7db28def4e0a767c5e03300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020d654ba740020d45cc2dc002c0020c804c7900020ba54c77c002c0020c778d130b137c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor weergave op een beeldscherm, e-mail en internet. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for on-screen display, e-mail, and the Internet.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <FEFF004a006f0062006f007000740069006f006e007300200066006f00720020004100630072006f006200610074002000440069007300740069006c006c0065007200200037000d00500072006f006400750063006500730020005000440046002000660069006c0065007300200077006800690063006800200061007200650020007500730065006400200066006f00720020006f006e006c0069006e0065002e000d0028006300290020003200300031003000200053007000720069006e006700650072002d005600650072006c0061006700200047006d006200480020>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToRGB
      /DestinationProfileName (sRGB IEC61966-2.1)
      /DestinationProfileSelector /UseName
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing false
      /UntaggedCMYKHandling /UseDocumentProfile
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice




