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1. INTRODUCTION

If {Py}, 6eQ, be a family of probability measures on an abstract sample space
S and T be a sufficient statistic for @ then for a statistic 7'; to be stochastically inde-
pendent of 7 it is necessary that the probability distribution of 7', be independent
of 6. The condition is also sufficient if 77 be a boundedly complete sufficient statistic.
Certain well-known results of distribution theory follow immediately from the above
considerations. For instance, if z,, &,,...,2,, are independent N(u, o)’s then the sample
mean Z and the sample variance s? are mutunally independent and are jointly independent
of any statistic f (real or vector valued) that is independent of change of scale and origin.
It is also deduced that if z,, ,, ..., ,, are independent random variables such that
their joint distribution involves an unknown location parameter 6 then there can exist
a linear boundedly complete sufficient statistic for # only if the x’s are all normal.
Similar characterizations for the Gamma distribution also are indicated.

2. DEFINITIONS
Let (&, A) be an arbitrary measurable space (the sample space) and let {P,},
0eq, be a family of probability measures on _A.

Definition 1: Any measurable transformation 7' of the sample space (S, 4)
onto a measurable space (Z, 43) is called a statistic. The probability measures on &
induced by the statistic 7' are denoted by {P%},06Q.

For every 0eQ and Ae A there exists an essentially uniquereal valued ¢-measur-
able function fi(A4|¢) on Z such that the equation

Py(ANTB) = [ fy(41) dP] e ()
B
holds for every Be&. The set of points ¢ for which fi(4 |t) falls outside the closed
interval (0, 1) is of P§-measure zero for every 0e@. We call fi(4|t) the conditional
probability of 4 given that 7' = ¢ and that 0 is the true parameter point.

Definition 2: A statistic 7' is said to be independent of the parameter 0 if,
for every Beg, P§(B) is the same for all 0eQ.

Definition 3: The two statistics 7' and 7';, with associated measurable spaces
(&, 8) and (&, 4,) respectively, are said to be stochastically independent of each
other if, for every Be& and B,e&,;

Py(T'BNT;*B,) = Py(T! B)Py(Ti*B,)
for all feQ.
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Now,

Py(T-'BNTi'B,) = j f{Ti*B, |1) dPf.
B

It follows, therefore, that a necessary and sufficient condition in order that 7' and 7',
are stochastically independent is that the integrand above is essentially independent
of ¢ ie.

fe(Tlellt) = Po (Tlel) == Pg"(Bﬂ
for all teT excepting possibly for a set of Pj-measure zero.
Definition 4: The statistic 7' is called a sufficient statistic (Halmos and Savage,
1949) if for every Ae A there exists a function f(A4|¢) which is independent of ¢ and
which satisfies equation (1) for every @e9.
Let G be the class of all real valued, essentially bounded, and 4-measurable
functions on .

Definition 5: The family of probability measures {P%} is said to be boundedly
complete (Lehmann and Scheffé, 1950) if for any ge@ the identity

j g(t)}dPF =0 for all fe0 o (2)
T
implies that g(t) = 0 excepting possibly for a set of P}-measure zero for all 6. {P%}
is called complete if the condition of essential boundedness is not imposed on the inte-
grand in (2). The statistic 7T is called complete (boundedly complete) if the corres-
ponding family of measures {Pf} is so.

3. SUFFICIENCY AND INDEPENDENCE

For any two statistics 7'y and 7' we have for any B,e&3,

P§By) = Py(Ti*By) = [ f(T*By| )P}, . (3)
N4
Now if T' be a sufficient statistic then the integrand is independent of 6 and if, more-
over, T, is stochastically independent of 7' then the integrand is essentially indevendent
of ¢ also. Thus, the right hand side of (3) is independent of § and so we have

Theorem 1: Any statistic T} stochastically independent of a sufficient statistic
T is independent of the parameter 0.

That the direct converse of the above result is not true will be immediately
apparent if we take for the sufficient statistic 7' the identity mapping of (&, ) into
itself. No statistic 7'; independent of ¢ will then be stochastically independent of
T excepting in the trival situation where 7} is essentially equal to a constant. We,
however, have the following weaker but important converse.

Theorem 2: If T be a boundedly complete sufficient statistic then any statistic
Ty which is independent of 0 is stochastically independent of T.
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Proof: Since T is sufficient the integrand in (3) is independent of 6. It is also
essentially bounded. Now the left hand side of (3) is independent of 6 since 7', is
independent of §. Hence, from bounded completeness of {P§} it follows that the
integrand in (3) is essentially independent of ¢ as well. That is, 7', is stochastically
independent of 7.

In the next section we demonstrate how the above theorem may be used to get
a few interesting results in distribution theory.

4. SOME CHARACTERIZATIONS OF DISTRIBUTIONS WITH LOCATION
AND SCALE PARAMETERS

Let 2 = (;, %5, ..., ¥,) be a random variable in an n-dimensional Euclidean
space whose probability distribution involves an unknown location parameter 4 and
a scale parameter 0>0. Then any measurable function f(z,, #,, ..., #,) which is inde-

pendent of change of origin and scale, i.e.

(P ) =

for all @ and b>0 is independent of the unknown parameter (x, o). Now, if there
exists a boundedly complete sufficient statistic 7" for (#, o) then f must be stochastically
independent of 7. For example, if z,, #,, ..., z,, are independent observations on
a normal variable with mean g and s.d. o then it is well known that 7' = (%, s) is a suf-
ficient statistic (¥ is the sample mean and s the sample s.d.). The completeness of
T follows from the unicity property of the bivariate Laplace transform. It then
follows from Theorem 2 that any measurable function g(Z, s) of # and s is stochastically
independent of any measurable function f(x,, x,, ..., x,) of the observations that is
independent of change of origin and scale. The functions g and f need not be real
valued. For instance, we may have

g = (Z2F, T xx;)
i

and

f= (E(x;;f)a , (e, —7) ) .

st

Again the stochastic independence of # and s follows from the fact that, for any fixed
o, the statistic Z is a complete sufficient statistic for x and that s, by virtue of its being
independent of change of origin, is independent of the location parameter s.

Now let ®;, s, ..., %,, be independent random variables with joint d.f.
Fy(z,—0), Fy(x,—0),..., F (x,—0).* Since 0 is a location parameter it follows that any
linear function Ta,x; with ¥a; = 0Oisindependent of 6. If $b;x;is a boundedly complete
sufficient statistic for 6 then from Theorem 2 it follows that a,x; is independent of

Tbx;.

* For the sake of notational convenience, we make no distinction between random variables and
tho values that they may assume.
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Now, since Xb,x; is a sufficient statistic it follows that every b, = 0. For,
if possible, let b, = 0. Then w; is stochastically independent of Xb; and so from
Theorem 1 z; is independent of the parameter 6 which contradicts the assumption
that the d.f. of z; is F(x;—6). Again, we can take all the a,’s different from zeros. Thus,
the two linear functions Zax; and bz, (with non-zero coefficients) of the independent
random variables 2, «,, ..., 2,, are stochastically independent. Therefore, all the x;’s
must be normal variables. We thus have the following:

Theorem 3: If x;.,, ..., x,, are independent random variables such that their
joint d.f. involves an unknown location parameter O then a necessary and sufficient
condition in order that Zbx; is a boundedly complete sufficient statistic for 6 is that b,>0
and that x; is a normal variable with mean 0 and variance by* (1 = 1, 2, ..., n).

Let us now turn to the case of the Gamma variables. Let x;,z,, ..., z,, be in-
dependent Gamma variables with the same scale parameter § > 0, i.e., the density
function of z; is

filx)dzx = Ww”%‘*l e/0 dx (x>0, 0>0, m>0).
1: 1

It is clear then that X, is a sufficient statistic for 0 and its completeness follows from
the unicity property of the Laplace transform. Thus, we at once have the well known
result that Xa; is stochastically independent of any function f(z,,2,, ..., ,) that is
independent of change of scale (i.c. independent of ).

Recently it has been proved by R. G. Laha that if ;. ..., «,, are independent
and identically distributed chance variables and if Xx; is independent of Xax;/(Xx;)?
then (under some further assumptions) all the ;s must be Gamma variables. Using
this result we can immediately get a characterization of the Gamma distribution ana-

logous to Theorem 3.
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