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Abstract  We establish the existence, uniqueness and asymptotic behavior of the
solution to a class of difference equations in a real Banach space, namely
(1.1) below. The operator A which governs the problem is m-accretive.
This equation is of interest because it is the discrete analog of a class of
evolution equations studied by many mathematicians.
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1. Introduction
We are concerned with the difference equation

Uit1 — (1 + 01) u; + O;u;-1 € c;Au;, 1> 1
up = a, sup ||| < oo, (1.1)
i>1

where A is a nonlinear m-accretive (possibly multivalued) operator in a
real Banach space (X,||.||), ¢ € X is a given element, 6; > 1, ¢; > 0,
(V)i > 1 are two given sequences of real numbers. The existence of the
solution to (1.1) and some convergence properties of the solution are
investigated in this paper.

G. Morosanu [12] established the existence and uniqueness of the so-
lution for the boundary value problem

Ujr1 — 2u; + Ui € AU, 12>1

Uy = a, sup ||ui]| < oo, (1.2)
i>0
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which corresponds to the case 6; = 1 in (1.1) . E. Mitidieri and G. Mo-
rosanu [11] analyzed the asymptotic behavior of the solution of problem
(1.2) . Problem (1.2) was considered in a Hilbert space, where A is a
maximal monotone operator. It is the discrete analog of the boundary
value problem
u" € Au, t € (0,00)
{ 4 (0) = a, sup|ju(t) ]| < oo, (1.3)
£0

which was studied by V. Barbu [7], [8]. The equation of problem (1.3)
with the condition u' (0) € 97 (u(0) —a) instead of u(0) = a (where
function j : H — (—o00, +00] is convex, lower-semicontinuous and proper
and J0j is its subdifferential), was investigated by H. Brézis [10].

The existence and asymptotic behavior for (1.2) in the case when A
is an m-accretive operator in a Banach space, were proved by E. Poffald
and S. Reich [14], [15] and by S. Reich and I. Shafrir [16].

A generalization of equation (1.3) is

pu’ +ru' € Au+f, t€(0,T) (T < o). (1.4)

In both cases T' < oo and T = oo, functions p and r are in W1 (0,T).
Papers concerned with this equation with different boundary conditions
are due to L. Véron [17], N. Pavel [13], A. Aftabizadeh and N. Pavel
(1], [2], N. Apreutesei [3], [4], [5].

A discretization of (1.4) with f =0 is

s (ui+1 — 2’Ll,z' + ’LLZ'_1) -+ T3 ('Ufi—}—l - uz-) = kiAui, ) Z 1,

withp; > ¢> 0, k; > 0, (V)7 > 1. Denoting by 6; = Pi ,Ci = -
pit T Py + 1y
we find the equation of (1.1). Suppose that (6;);», is nonincreasing,
0; > 1, for all 7. In Hilbert spaces, this equation was studied by N.
Apreutesei [6] .
Recall some notions we need in the following sections.
Let X be a real Banach space with the norm ||.||, X* its dual space

and (.,.) the pairing between X and X*. Denote by J : X — X*,

J (z) = {z* € X*, (z,2") = |lal|* = ||=*|*} (1.5)

the duality mapping of X. It is obvious that J is monotone. J is single-
valued if and only if X is smooth. In this case we say that J is strongly
monotone if there is a positive constant M such that

(z—y,Jz — Jy) > Mljz — y|2, (V)z,y € X. (1.6)
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A subset A of X x X with the domain D (A) and the range R (A) is
called accretive if for any y; € Az;, i = 1,2, there exists 7 € J (z1 — z2)
such that

(y1 —y2,7) 2 0. (1.7)

The accretive operator A C X x X is m-accretive if R(I + A) = X,
where I is the identity operator of X. It follows that R (I+AA)=X,
(V) A > 0. The operator A C X XX is said to be strongly accretive if there
is a constant w>0 with the property: (V)y;€Az;, 1=1,2, (3)j€J(z1—22),
such that

(1 — y2,5) > wllz1 — 2| |, (1.8)

It is known that if A C X x X is m-accretive, then A is closed. If in
addition X* is uniformly convex, then A is demiclosed (strongly-weakly
closed in X x X).

Section 2 is dedicated to the existence of the solution to problem
(1.1) . First we establish the existence for an auxiliary finite difference
equation and then we use this result to the study of the problem (1.1).
If X has a strongly monotone duality mapping, then (1.1) has a unique
solution, for any a € X. Section 3 is concerned with the asymptotic
behavior of the solution. First we give a weak convergence theorem.
The Hilbert spaces case is separately studied. Finally we establish a
strong convergence result under the hypothesis that A is m-accretive
and strongly accretive.

2. Existence results

In this section we shall study the existence and uniqueness of the
solution for the difference inclusion (1.1).
We begin with an existence result for the auxiliary problem

{ wirr — (L+60;) u; + Oju;—y € Au; + fi, 1<i< N 2.1)

Up = a, un+1 = b,

where N is a positive integer, ¢; >0, 6; > 1land f; € X, 1 <i < N. We
work in the product space XV = X x ... x X provided with the norm

N 1/2
lw=(§]mw> , (Du=(uy,..,un) XV (22)
=1

Ifu=(ug,...,uny) € XN and u* = (uf, ...,u}y) € (X*)¥, then we denote

N

(,u")y = D (ui,uf) . (2.3)

=1
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Theorem 2.1. If X is a Banach space, ACXxX is an m-accretive
operator, (6;)1<;<n @ nonincreasing sequence, 6;>0, ¢;>0, 1<i<N, a,b
are in X and (fi);<;<y € X, then (2.1) has a unique solution in XV.

Proof. Denote by A CX” x X% the operator
Au = {(c1v1, ...,envN) , v; € Au;, 1 <i < N} + (610,0,...,0,b),
where u = (u1, ...,uy) € D (A)" and by B : X¥ — XV the operator

Bu = ((1 +01) u1 — up, —b2uy + (14 62) ug — us, ...,
—On_1uny—2+ (1 +0n-1) un—1 —un, —Onun—1+ (1 +6n)un).

The operator A is m-accretive in XV and B is continuous, everywhere
defined and strongly accretive. Indeed, since B is linear, to show the
strong accretivity of B it is sufficient to prove that (3) « > 0, such that

(Bu,u*)y > alu)*, (Vue XV, (V)u* € Ju. (2.4)
But
N N-1
(Bu,u)y = Y (1+6i) (wiyuf) = Y [(wir,u5) + Oir (wiuipa)]

where u} € Ju;, uj | € Juzy1. Since (6;);;<, is nonincreasing, by
2(wi1, 1) Vil [P+ (/v sl 2, 200, wfyg ) il lwicea | P+ (L /) sl
for all v; > 0, we find

(Bu,u®)y = Z%”WH ) (2.5)

with

1
= 6 —_——
a1 1+ 1 271 (1 + 02),

i o .
=140 o (1 0i) - B (1+0), 2<i<N -1,

an = (1 +0x) (1—”; 1).

Taking, for example v; = i (i +2) / (i +1)?, we get o5 >0, 1 <4 < N.
Denoting o = min{e;, 1 <¢ < N} > 0, from (2.5) one deduces

(Bu,u™) 5y > a|u|2, (2.6)
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i.e. B is strongly accretive. This implies that A+ B is m-accretive and
coercive, and consequently surjective: R (A+B) = X. This means that
problem (2.1) has a solution. It is easy to show the uniqueness of the
solution.

Now we are going to study the difference equation (1.1), supposing
that X has a strongly monotone duality mapping J. For 8; = 1, this
problem was studied by G. Morosanu [12] in Hilbert spaces and by E.
Poffald and S. Reich [14] in Banach spaces. Recall that J is strongly
monotone if and only if X is uniformly convex with a modulus of con-
vexity of power type 2 ([14]).

We state the following existence and uniqueness result.

Theorem 2.2. Let X be o Banach space with a strongly monotone
duality mapping J and ACX xX an m-accretive operator, with 0€R (A) .
Let (¢;);>1, (0:);>1 be two sequences, ¢; > 0, 6; > 1, (V) i > 1, 6;
nonincreasing. Then, for every a € X, problem (1.1) has a unique
solution (u;);>q , with u; € D (A) for all i > 1.

Proof. By Theorem 2.1, the sequence of approximating problems

{ ul = (1 +60)ul +0ul | € cAu), 1<i< N
N _

. iy (2.7)

has a unique solution (ufv )1 <<y EX N,

For a given w € A~1(0) , we set w = u —w, 0 < i < N+1. By the
accretivity of A, for every i € {1,..,N}, there is a j; € J (w}'), such
that

(wis — (L +0:) wi + 6;w 5, 5i) > 0.

This implies

0;
ol < g lhdall + gt 1<, 29
hence
[w]] = [lu) — w|| < max ([wd ||, [wiil]) =lla—w|l, 1<i<N
and thus
" [] < J|w]l + [l — w]l, 1 <i<N. (2.9)

We prove now the convergence of u as N — oo (uniformly for i
belonging to every finite set of natural numbers) to an element u; which
verifies (1.1).

Let Ny < N; < Ny be positive integers and v; = ufv2 — uz].vl, 0<:i<
N1 + 1. Since A is accretive, for each ¢ there is a {; € Jv; such that

(1)14_1—(1—}-(9)’02-{-9’1}1 1,l)>0
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Hence
(Vi1 — v i) — 65 (v —vim1,lim1) > 65 (v —vim1,li —li21)  (2.10)
and, since J is strongly monotone (say of constant M), we get
MO;||v; — vi1|* < (vig1 — vi, ls) — 0; (vi — vi—1,li—1) (2.11)

for 1 < ¢ < Nj. One multiplies (2.11) by 6...0;+1 and one sums from
i=1toi=k, withk € {1,..,N;}, to find

k
MZQ/CG,_H@,H’U, — ’l)i_l‘lz S (vk+1 — ’Uk,lk) - Ok..ﬂl (111 - ’Uo,lo) .

=1

Since Iy =0 and 6; > 1, i > 1, it follows

k
1
MY i —vial* < 3 (lvesall? = llvell?), 1<E< N (212)
=1

Since Jlogl| = 32 (osll — Iloi-1])) < i v — -], (2.12) implies

=1

k
forl? < 5 (llomal® = flow]2) (213)

We sum from k£ = Ny to k = Ny, to get with the aid of (2.9)

N1

1 1
> EHWH2 <o (llow 41112 = 1o |1?) < C. (2.14)
k=No

By (2.13) we have ||vg|| < ||vg+1]], for all 1 < k < N;. Hence for every
i < N,

Nl 1 N1 1
il | > 5] < 20 il <G, (2.15)
k=N k=Ny
SO
N 1
" =P < C/( Y 7), 1<i< Mo, (2.16)
k=Nop

Therefore, there exists the limit u; = ]\;im ufv , for all ¢ belonging to
—r00

every finite set of natural numbers. Since A is m-accretive in X, we may
pass to the limit in (2.7) to deduce that (u;);, is a solution of problem
(1.1) . The uniqueness follows easily in the same manner.
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3. Asymptotic behavior

In this section, we give some weak convergence and strong convergence
results for the solution of the problem (1.1) . Let’s begin with an auxiliary
result.

Proposition 3.1. Under the hypotheses of Theorem 2.2, if (ui);~q s

the unique solution of problem (1.1), then (V)w € A~1(0), the sequence
(JJui — wl|);>; s noincreasing. Moreover, there exists the limit

h(w) = lim {fu; ~ wl]. (3.1)
N N

Proof. We pass to the limit as N — oo in (2.8), where w;’ = u;' —w,

1 < i < N. Since the limit u; = A}im ufv exists uniformly for 7 belonging
. —00
to every finite set of natural numbers, we get

1 .
fus =l < gl ol + g s —wll, i =1 (32

1 + 0;

Since (uz)z>1 is bounded, this inequality shows that (||u; — w||);>; is
nonincreasing. The monotonicity and the boundedness of ||Ju; — w|| lead
us to the conclusion that the limit (3.1) exists.

Definition 3.1. The multivalued operator A C X x X is said to be
injectiv if Az1 N Azy # © implies 11 = zo.

We state now a weak convergence theorem.

Theorem 3.1. Let X be a Banach space with a strongly monotone
duality mapping J and let its dual X* be uniformly convez. Suppose
a € X is o given element and A C X x X is injectiv and m-accretive,
0€ R(A). Let (cl)l>17 (0;);51 be like in Theorem 2.2, 0,...05 [c; < K,
(V) ¢ > 1 (K is a positive constant). Then, the solutwn (ui)i>1 of
problem (1.1) converges weakly as i — oo to a zero of A.

Proof. Denoting by (c);»; the sequence o = 1, o; = 1/6:...0;, (V)
i > 1, observe that a;_1/a; = 6;, so

1
Uit — (14 60;) us + Gjui—q = ” [ (Uip1 — ui) — i1 (ws — ui—-1)].
T
Thus problem (1.1) can be written as
1 .
(pit1 — i) € Au;, 021

QG (3.3)
uy = @, sup ||u;]| < oo,
i>1
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where ¢; = a;—1 (u; — ui—1) = aj—1 (w; — w;_1) . Here w; = u; —w, with
a fixed w € A7 (0). Since 4 is accretive, for every i, there is j; € Jw;

such as
(wig1 — (1 + 6;) w; + G;wi—q,5;) > 0.

This is equivalent with

1 . . 1 . .
— [(@it1, i) — (wisJi-1)] 2 — (@3, Ji — Ji-1) =
“ o i (3.4)
= =1 (w; — wim1, i — ji-1)

@

and since J is strongly accretive (of constant M), for every positive
integer N, we get

N N
MY aiallus = uwial | <D [(pir, 5i) = (pisGi-1)] =
i=1 i=1 (3.5)

- %]l (lwnsl? = JJwn])?) + %lenﬁ + gllwollz.

Using the estimation for w; in the proof of Theorem 2.2, one obtains

N
5
Mzai—ﬂluz- — w1 < Slla - w||?. (3.6)

=1

Passing to the limit as N — oo, one finds that o;_1|ju; — ui—1]|*> — 0.
Since a;—1 < 1, we have a;_1 (u; — u;—1) — 0 strongly in X.

Let u be a weak limit of a weakly convergent subsequence (u;,) of
(43);>1 - By the assumption 6;...0;/c; < K, (V)i > 1, since A is demi-
closed, we may pass to the limit in (3.3) (as ¢, — 00) and obtain 0 € Au.

If u, @ are two such weak limits of some weakly convergent subse-
quences of (u;),~; , then from the injectivity of A, we deduce that u = .
So there is an element u € A~! (0) such that u; — u, i — oo.

In Hilbert spaces, we have the following result, which for §; = 1 was
proved by G. Morosanu [12].

Theorem 3.2. Let H be a real Hilbert space, a € H be given and
A : D(A) ¢ H — H be a mazimal monotone operator in H, with
0€ R(A). If (ci)j>1, (0:);>1 satisfy the conditions of Theorem 3.1 and,
in addition, there is a constant ¢ > 0 such that ¢; > ¢ > 0, then the
solution u; of problem (1.1) is weakly convergent to a zero of A.
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We give now a strongly convergence result. The proof is similar to
the Hilbert spaces case (see N. Apreutesei [6]).

Theorem 3.3. Let X be a Banach space with a strongly monotone
duality mapping J, a € X be a given element and A C X X X an
m-accretive, strongly accretive and univogque operator with 0 € R(A).
Let (¢i);>1, (0i);>; be two sequences such that (0;);5, is nonincreasing,

o0
¢>0,0,>1 (V) i>1and Zci/Hi = 00. Then, the solution (ui)i21
i=1
of problem (1.1) is strongly convergent as i—oo to the only element
of A~'0.
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