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Abstract The study of almost periodic measures depending on the parameter 
t E JR suggested to consider some cases of Cauchy problem. The solu
tions are functions belonging to C1 (JR, ap( G)), where ap( G) is the space 
of almost periodic measures on a locally compact abelian group G. A 
generalization of these cases is given by replacing ap( G) with a locally 
convex space. 
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1. Introduction 

Let X be a locally convex space, Y a Banach algebra and. : Y X X -t X 
a bilinear mapping. Consider y E Y and the linear operator A : X -t X, 
where Ax = y. x, x E X. In our paper we give hypotheses for solving 
the Cauchy problem 

{ = Au(t), t E JR, 

u(O) = uo, 
(1.1) 

where Uo E X and u E C1 (JR, X). We also give some applications for 
functions which have values in the space of almost periodic measures 
ap(G). The set ap(G) , of all almost periodic measures on a locally 
compact abelian group 0, is a locally convex space with respect to a 
topology which is called the product topology. If v is a bounded measure 
and fl, is an almost periodic measure, their convolution, v * fl" is also an 
almost periodic measure. These considerations allow us to discuss the 
Cauchy problem 

{ du(t) _' . (t) lID dt - v * u , t E 1&, (1.2) 
u(O) = uo. 

Here u E C1(JR, ap(G)), v is a bounded measure on G and Uo E ap(G). 
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2. Preliminaries 

Consider a Hausdorff locally compact abelian group G and let A be the 
Haar measure on G. Let us denote by C (G) the set of all bounded 
continuous complex-valued functions on G, and by Cu(G) the subset 
of C(G) containing the uniformly continuous functions. The sets C(G) 
and Cu(G) are Banach algebras endowed with the supremum norm. 
Throughout this paper, II . lIu denotes the supremum norm on C(G). 
For I E C(G) and a E G, the translate of I by a is the function 
Ia(x) = I(xa) for all x E G. Denote by K(G) the linear space of 
all continuous complex-valued functions on G, having a compact sup
port. We denote by m(G) the space of complex Radon measures on G. 
That is, the space of all complex linear functionals f-L on K(G) satisfying 
the following: for each compact subset A of G there exists a positive 
number mp"A such that I f-L(f) I:::; mp"Allillu whenever I E K(G) and 
the support of I is contained in A. We use mp( G) to denote the sub
space of m( G) consisting of all bounded measures, i.e. all linear func
tionals which are continuous with respect to the supremum norm on 
K(G). The action of a measure f-L E m(G) on a function I E K(G) 
will be denoted either f-L(f) or IGI(x)df-L(x). Corresponding to a mea
sure f-L E m ( G), one defines the variation measure I f-L I E m (G) by 
1f-L1(f) = sup{If-L(g) I : 9 E K(G), Igl:::; J} for all I E K(G), I :2: O. For 
the Borel functions I, 9 and the measures f-L, v E m(G), we can define 
their convolutions 1* g, 1* f-L, v * f-L, when that is possible. A translation
bounded measure is a measure f-L E m( G) with the property that for every 
compact set A G, mp,(A) = SUPxEG I f-L I (x A) < 00 (L. N. Argabright 
and J. G. Lamadrid [1974]). The linear space of the translation-bounded 
measures will be denoted by mB(G). We identify an arbitrary measure 
f-L E mB(G) with an element of the space [CU(G)]K(G) in the following 
way: f-L == {f * f-L}fEK(G)· From this identification we have the inclusion 
mB(G) C [CU(G)]K(G). The space [CU(G)]K(G) has the product topology 
defined by the Banach space structure on Cu(G), hence, mB(G) is a 
locally convex space of measures with the relative topology. A system 
of seminorms for the product topology on mB(G) is given by the family 
{11·llf }fEK(G), where, for a function I E K(G), Ilf-Lilf = III * f-Lllu, for all 
f-L E mB(G). Next we give the definition of an almost periodic function 
(see E. Hewitt and K. A. Ross [1963]). 
Definition 2.1 A function 9 E C(G) is called an almost periodic func
tion on G, if the family of translates of g, {ga : a E G} is relatively 
compact in the sense of uniform convergence on G. 

The set AP( G) of all almost periodic functions on G is a Banach alge
bra with respect to the supremum norm, closed to conjugation. Denote 
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by G the dual of G and by [aJ the linear space generated by G in C(G). 
It is easy to see that [aJ c AP(G). The almost periodic measures are 
introduced and studied by L. N. Argabright and J. G. Lamadrid (J. G. 
Lamadrid [1973], L. N. Argabright and J. G. Lamadrid [1990]). 

Definition 2.2 The measure J-t E mB(G) is said to be an almost perio
dic measure, if for every f E K(G), f * J-t E AP(G). 

The set ap( G) of all almost periodic measures is a locally convex space 
with respect to the product topology. If v EmF ( G), J-t E ap( G) then 
v * J-t E ap(G). Also, if f E AP(G) and J-t E ap(G), then the measure 
fJ-t, defined by fJ-t(g) = J-t(gf), 9 E K(G) is an almost periodic measure 
(see J. G. Lamadrid [1973]). It is also proved that there exists a unique 
linear functional M : ap( G) -t C such that M is continuous on ap( G), 
M(J-t) = M(5x * J-t), for all x E G, J-t E ap(G) and M(A) = 1 (see J. G. 
Lamadrid [1973]). We used the notation 5x for the the Dirac measure at 
x E G. If J-t E ap(G) we define the mean value of J-t as being the above 
complex number M (J-t). 

3. A Cauchy problem 

The framework of this section has been suggested by some concrete cases 
of the Cauchy problem, which are presented in the next section. Let X be 
a locally convex space with a sufficient family of semi norms P, (Y,II·II) 
a commutative Banach algebra with the unit element denoted by O. We 
also consider the Banach algebra 8(Y) of bounded linear operators on 
Y and a bilinear mapping .: Y X X -t X such that 

{ 
(C1) O. x = x, Vx E X, 

(C2 ) y.(z.x)=yz.x, Vy,zEY, VxEX, 

(C3 ) Vp E P, p(y. x) :::; Ilyll p(x), Vy E Y, Vx E X. 

The following proposition contains simple consequences of the properties 
regarding the series in commutative Banach algebras. 

Proposition 3.1 Consider y E Y. Then for every t E lR, the sequence 

o + t + ... + tn is a Cauchy sequence in the Banach space Y and 

the limit, which is denoted by ety , has the following properties: 
(a) ety = 0 for t = 0,-
(b) e(t+s)y = etYeSY for t, s E lR; 
(c) lim Ilety - 011 = 0; 

t-->O 
ety - 0 

(d) lim II - yll = O. 
t-->O t 
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Next we consider y E Y and we associate to y the bounded linear ope
rator A E B(Y), Az = yz, z E Y and the family of bounded linear 
operators depending on parameter t E JR, T(t), where for all t E JR, 
T(t)z = etyz, z E Y. Then T(t), t E JR is a group of bounded linear 
operators on Y and A is its generator. 

Proposition 3.2 Consider the Cauchy problem 

{ 
= yu(t), t E JR, 

u(O) = un, 
(3.3) 

where y, Uo E Y and u E C1 (JR, Y) is the unknown function. Then there 
exists a unique solution and that is u(t) = etyuo, t E R 

Proof. We observe that if we consider the function A : Y ---t Y, A(z) = 
yz we have that A E B(Y), therefore, according to the general theory 
(see J. A. Goldstein [1985]), the solution of (3.3) is u(t) = T(t)uo, t E JR, 
where T(t), t E JR is the group associated to A. In fact we can represent 
the solution in the form u(t) = etyuo, t E R • 

A function u E C1 (JR, X) is called solution of the Cauchy problem 

{ 
= Y • u(t), 

u(O) = un, 

t E JR, 
(3.4) 

if u satisfies the differential equation and the initial condition, which 

form this problem. The derivative (t) of the function u : JR ---t X is 

defined taking the limit of differences quotient in the topology of the 
locally convex space X. We say that u E C1 (JR, X) if there exists the 

d · . du 1IJ) X d h· . . f· envatIve dt : ---t an t IS IS a contmuous unctIon. 

Lemma 3.1 Consider the functions u E C1(JR, Y), v E Cl(JR, X). Then 
we have the formula 

! [u(t). v(t)] = u'(t) • v(t) + u(t) • v'(t), t E R (3.5) 

Proof. Let pEP and t E R Using (C3 ) it follows that for all h E JR, 
h t= 0 we have 
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p [u(t + h) • v(t +hh) - u(t) • v(t) _ u'(t) • v(t) _ u(t) • V'(t)] 

::; -u'(t)llp[v(t+h)] 
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+llu(t)11 p [V(t + - v(t) _ V'(t)] + Ilu'(t)11 p[v(t + h) - v(t)]. 

Therefore we obtain 

lim p [u(t + h) • v(t + h) - u(t) • v(t) _ u'(t) • v(t) _ u(t) • v'(t)] = O. 
h----+O h 

Consequently, formula (3.5) has been proved. • 
Theorem 3.1 Let y E Y and consider the family of linear operators on 
X, T(t), t E JR, where for every t E JR, T(t)x = ety • x, x E X. Then 
for all x E X we have that 

d 
dt T(t)x = y. T(t)x, t E R (3.6) 

Proof. Let p be in P, t E JR and x E X. For all h E JR, hi- 0 we have 

( T(t+h)X-T(t)X ) (e(Hh)Y • x-ety • x t 
P h -y. T(t)x =p h - ye Y • X) 

e(t+h)y - ety ehy - e 
::; II h - yetYl1 p(x) ::; IletYlll1 h - yll p(x). 

Therefore 

lim p (T(t + h)x - T(t)x _ y. T(t)X) = 0, for all pEP 
h----+O h 

and this shows (3.6). • 
Corollary 3.1 Consider y E Y, uo E X and the Cauchy problem 

{ 
= y. u(t), t E JR, 

(3.7) 
u(O) = uo, 

where u E C1 (JR, X) is the unknown function. Then (3.7) has a unique 
solution u E C1(JR, X) and u(t) = ety • Uo, t E R 

Proof. From Theorem 3.1 it follows that the function u(t)=eyt.uo, 
t E JR verifies the differential equation contained in (3.7) and from Propo
sition 3.1 it results that this function satisfies the initial condition. Con
sider t > O. We now prove that if u E C1 (JR, X) is a solution of (3.7) 
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then the function s E [0, t] -> e(t-s)y e u(s) E X has the property that 

d 
ds[e(t-s)Yeu(s)]=Ox, SE[O,t]. (3.8) 

From Lemma 3.1 and Proposition 3.1 it results that 

d _[e(t-s)y e u(s)] = _ye(t-s)y e u(s) + e(t-s)y e u'(s), s E [0, t]. (3.9) 
ds 

Combining (3.7) and (3.9) we obtain (3.8). Taking into account that 
P is a sufficient family of seminorms on X it results that function 
s E [0, t] -> e(t-s)y e u(s) E X is constant. The equality u(O) = u(t) 
gives us that u(t) = ety euo, and from the fact that t > ° is arbitrary we 
obtain u( t) = ety e Uo, t E [0,00). Finally, similar arguments for t < ° 
lead us to the conclusion that u(t) = ety e Uo, t E R • 

4. Particular cases of Cauchy problem 

In this section we present some particular cases of the Cauchy problem 
(3.7). In the first case Y is the Banach algebra mF(G) of bounded 
measures on a locally compact abelian group G. We remind that mF(G) 
is a commutative Banach algebra with respect the usual norm of bounded 
measures which is denoted by II . II. The third operation of mF(G) is 
the convolution of bounded measures and the unit element is the Dirac 
measure 5e E mF(G), e being the unit element of the group G. On the 
other hand X is the locally convex space (ap(G), {II· II! }!EK(C)) of all 
almost periodic measures on G. The bilinear mapping e: Y X X -> X 
is given by the convolution between a bounded measure and an almost 
periodic measure which is an almost periodic measure. We start by 
giving the following lemma which will play an imporant role in proving 
Corollary 4.l. 

Lemma 4.1 ffv E mF(G), J-t E ap(G) and 1 E K(G) we have that 

Ilv * J-tll! ::; 11J-t11!llvll· 
Proof. We notice that 

Ilv * J-tll! = 111 * v * J-tllu = sup I r 1 * J-t(xy-l)dv(y) I . 
xEC Jc 

Consider x E G. Well-known properties of the integral yield 
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Hence IIv * ttll! ::; Ilttll!llvll· -
Corollary 4.1 Consider vEmF(G), uoEap(G) and the Cauchy problem 

{ 
= v * u(t), t E JR, (4.10) 

u(O) = un, 

where u E C1 (JR, ap(G)) is an unknown function. Then (4.10) has a 
unique solution and this is u E C1 (JR, ap(G)), u(t) = etv * un, t E R 

Proof. The properties of the convolution between a bounded measure 
and an almost periodic measure and Lemma 4.1 enable us to see that 
the bilinear mapping * : mF(G) x ap(G) -t ap(G), satisfies conditions 
(C1 ), (C2 ), (C3 ) from the preceding section. So, the Cauchy problem 
(4.10) is a particular case of (3.7). In what follows we can apply Corollary 
3.1 and we find the conclusion. _ 

Remark 4.1 In the previous corollary we can replace the locally convex 
space ap( G) by the Banach space AP( G) and we obtain, in the same 
manner, a similar result. So, if v E mF(G), Uo E AP(G), then the 
Cauchy problem 

{ 
= v * u(t), 

u(O) = un, 

t E JR, (4.11) 

has a unique solution and this is UEC1 (JR, AP(G)), u(t)=etv*uo, tER 

In the second case Y is the commutative Banach algebra AP( G) of 
all almost periodic functions on G and X is the locally convex space 
of all almost periodic measures on G, (ap(G), {II'II}!EK(G»)' The unit 
element of the AP(G) is the constant function denoted by 1, which takes 
the value 1 for all x E G. This time, the bilinear mapping associates to 
an almost periodic function 9 E AP(G) and an almost periodic measure 
tt E ap( G) the almost periodic measure having the density 9 and the 
base tt. 

Lemma 4.2 If 9 E AP(G), tt E ap(G) and f E K(G) we have that 

Ilgttll! ::; IIgllu III f I * Itt Illu. 

Proof. We have that Ilgttll! = Ilf*gttllu = sup 11 f(xy-1)g(y)dtt(y) I . 
xEG G 

Consider x E G. Clearly, the following inequalities hold 

IfaJ(xy-1)9(y)dtt(y) I::; fa I f(xy-1) II g(y) I d I tt I (y) 

::; Ilgllu fa I f(xy-1) I d I tt I (y)::; Ilgllulllfl * Ittillu. 



130 ANALYSIS AND OPTIMIZATION OF DIFFERENTIAL SYSTEMS 

Therefore IlgJkII! :S Ilgllu III f I * I Jk Illu. • 
Corollary 4.2 Consider gEAP(G), uoEap(G) and the Cauchy problem 

{ 
du(t) _ (t) 11)) dt - gu , t E m., 

u(O) = un, 
(4.12) 

where u E Cl(JR, ap(G)) is an unknown function. Then (4.12) has a 
unique solution u E C1 (JR, ap( G)) and u( t) = etguo, t E R 

Proof. We consider the bilinear mapping which associates to an almost 
periodic function 9 E AP( G) and an almost periodic measure Jk E ap( G) 
the almost periodic measure having the density 9 and the base Jk. It is 
easy to see that this bilinear mapping verifies (Cl), (C2 ) but does not 
satisfy (C3 ). However, there exists a unique solution and this is u E 

C1(JR, ap(G)), u(t)=etguo, t E R First let us see that, by Proposition 
3.1 and Lemma 4.2 it results that for all f E K(G), t E JR, hi=0 we have 

Hence, for all t E JR and f E K(G) we obtain that 

(t+h)g tg 
1· II e Uo - e Uo tg II 0 1m - ge Uo ! = 
h--'>O h 

and this means that u(t) = etguo, t E JR verifies the differential equation 
contained in (4.12). By virtue of the properties of the variation measure 
and taking into consideration Lemma 4.2 we can establish that for a 
fixed t > 0 we have 

Here, we have denoted by Oap(G), the null measure on G. Thus, similar 
arguments as in the proof of Corollary 3.1 lead us to the conclusion 
u(t) = etguo, t E JR is the unique solution of (4.12). • 

5. Examples and applications 

To illustrate the technique of finding the solution for the Cauchy pro
blems (4.10) and (4.11), we considersome examples. The solution of our 
first example is a function u E C1(JR, AP(JR)). 
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1 x 2 

Example 5.1 Consider f(x) = r..-=e- z , x E lR, uo(x) = cos x, x E lR 
v27f 

and v = fA where A is the Lebesgue measure on R It is obvious that 
v E mF(lR) and Uo E AP(lR). With these notations (4.11) becomes 

{ (x) = k u(t)(x - y) dy, x, t E JR., (5.13) 

u(O)(x) = cos x, x E JR., 

where u E C1(JR., AP(JR.)). For all t E lR we have that 
tv fA nf[n]A 

e = 60 + t- + ... + t -- + ... 
1! n!' 

where f[n] = f * f * ... * f. Some calculations give us that 
[ ] 1 x 2 

fn (x) = x E JR., n E N*, 
v2n7f 

f[n]A * uo(x) = r cos(x - = cosx, x E JR., nEN*. 
v 2n7f JIR 

Finally we obtain n 
00 e-?:tn t 

u(t)(x) = cosx + L --, - cos x = eve cos x, x, t E lR. 
n. 

n=l 

In the second Cauchy problem, the solution is a function UEC1(lR, ap(JR.)). 
1 x 2 

Example 5.2 Consider f(x) = r..-=e- z , x E JR., Uo = COS(')A and 
v27f 

v = fA, where A is the Lebesgue measure on R It is obvious that 
v E mF(JR.) and Uo E ap(JR.). With these notations (4.10) becomes 

{ ('1') = 1 (1 <p(x + y)d[u(t)] (x) ) dy, t E JR, 

u(O) = cos(·)" 

where <p E K(lR) and u E C1(lR, ap(JR.)). In a similar manner by that 
used in Example 5.1 we obtain that 

u(t) = [eJe cosO] A, t E R 

Finally, we establish equalities for the mean of some classes of almost pe
riodic measures depending on the parameter t E R Let u E C1 (lR, ap( G)). 
It is easy to see that the function t E lR --t M[u(t)] E C satisfies the 

equality d [d ] 
dt M[u(t)] = M (t) , t E R (5.14) 

Next, we apply (5.14) to the solutions of the Cauchy problems (4.10) 
and (4.12). Consider v E mF(G), JL E ap(G) such that M(f-L) =1= 0 and 
9 E AP(G). First, from (5.14) we deduce the equality 

d 
dt M[e tv * f-L] = [v(G)]M[etv * f-L], t E R (5.15) 
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We use a property of the mean, respectively, the equality 

M(etv * J-l) = etV(G)M(J-l), t E lR, 

and we obtain that the following equality holds true: 

![etV(G)] = v(G)etV(G), t E R 

On the other hand, from (5.14), it also follows that 

d 
dtM[et9J-l] = M[get9 J-l], t E R 

In the same manner we obtain that for all n E N* we have, 

dn 
dtn M[etv * J-l] = [v(G)]n M[etv * J-l]' t E lR, 

:t: [etV(G)] = [v(G)]n[etv(G)], t E R 
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