HIERARCHY AMONG AUTOMATA
ON LINEAR ORDERINGS

Véronique Bruyeére

Institut d’Informatique, Université de Mons-Hainaut,
Le Pentagone, 6 avenue du Champ de Mars,

B-7000 Mons, Belgium

Veronique.Bruyere@umh.ac.be

Olivier Carton

Institut Gaspard Monge, Université de Marne-la- Vallée,
5 boulevard Descartes,

F-77454 Marne-la-Vallée Cedex 2, France

Olivier.Carton@univ-miv.fr

Abstract In a preceding paper, automata and rational expressions have been in-
troduced for words indexed by linear orderings, together with a Kleene-
like theorem. We here pursue this work by proposing a hierarchy among
the rational sets. Each class of the hierarchy is defined by a subset of
the rational operations that can be used. We then characterize any class
by an appropriate class of automata, leading to a Kleene theorem inside
the class. A characterization by particular classes of orderings is also
given.

1. Introduction

The first result in automata theory and formal languages is the Kleene the-
orem which establishes the equivalence between sets of words accepted by au-
tomata and sets of words described by rational expressions. Since the seminal
paper of Kleene [8], this equivalence has been extended to many kinds of struc-
tures: infinite words, bi-infinite words, finite and infinite trees, finite and infinite
traces, pictures, etc.

In (3], we have considered linear structures in a general framework, i.e.,
words indexed by a linear ordering. This approach allows to treat in the same
way finite words, left- and right-infinite words, bi-infinite words, ordinal words
which are studied separately in the literature. We have introduced a new notion
of automaton accepting words on linear orderings, which is simple, natural and
includes previously defined automata. We have also defined rational expressions

R. Bacza-Yates et al. (eds.), Foundations of Information Technology in the Era of Network
and Mobile Computing © Springer Science+Business Media New York 2002



108

for such words. We have proved the related Kleene-like theorem when the
orderings are restricted to countable scattered linear orderings. This result
extends Kleene’s theorem for finite words (8], infinite words [4, 10], bi-infinite
words (7, 11] and ordinal words [5, 6, 16].

Another jewel of formal languages is the characterization of star-free lan-
guages by first-order logic [9] or by group-free semigroups [14]. A set of finite
words is star-free if it can be described by a rational expression using concate-
nation, union and complementation only. The class of star-free sets is thus
obtained by restricting the rational operations. The star iteration is replaced
by complementation which is weaker when union and concatenation are already
allowed.

In this paper, we propose a hierarchy among rational sets of words on linear
orderings. As for star-free sets, this hierarchy is obtained by restricting the
rational operations that can be used. Each class contains the rational sets that
can be described by a given subset of the rational operations.

The rational operations introduced in [3] include the usual operations of
union, concatenation and star iteration. They also include the omega iteration
usually used to construct infinite words and the ordinal iteration introduced
by Wojciechowski [16] for ordinal words. Three new operations are added: the
backwards omega iteration, the backwards ordinal iteration and a last operation
which is a kind of iteration for all countable scattered linear orderings. The
lowest class of the hierarchy contains sets that can be described by rational
expressions using union, concatenation and star iteration. This is of course the
class of rational sets of finite words. The greatest class contains sets that can
be described by rational expressions using all rational operations introduced in
[3]. It contains all rational sets of words on scattered linear orderings. Some
other classes of words already studied in the literature appear naturally in our
framework. Sets of words on ordinals introduced by Biichi [5] or sets of words
on ordinals smaller that w* studied by Choueka [6] form two classes of our
hierarchy.

We give a characterization of each class of the hierarchy by a corresponding
class of automata. A set of words belongs to the given class if and only if
it is recognized by an automaton of the corresponding class. Each of these
characterizations is thus a Kleene theorem which holds for that class. For well-
known classes, these Kleene theorems were already proved by Wojciechowski
[16] for words on ordinals or by Choueka [6] for words on ordinals smaller than
w®. In each case, the corresponding class of automata, is obtained naturally by
restricting the kind of transitions that can be used. For instance, the automata
for words on ordinals do have left limit transitions but no right limit transitions
as there were defined by Biichi [5].

The last rational operation defined in [3] works like an iteration for all count-
able scattered linear orderings. It is binary. In this paper, we consider a simpler
definition of this iteration as a unary operation. This simplified definition seems
to be more natural but it turns out to be weaker. The results of this paper
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show that the binary operation is really needed to obtain the Kleene theorem
of [3]. This question was actually the original motivation of our work.

We also give a characterization of each class of the hierarchy by a correspond-
ing class of orderings. A set of words belongs to the given class if and only if
the length of each of its words belongs to the corresponding class of orderings.
For some classes as the class of sets of words on ordinals, this characterization
is straightforward. However for some other classes, suitable classes of orderings
have to be defined. These definitions are inspired by the characterization of
countable scattered orderings due to Hausdorff.

To summarize, the results of the paper establish a hierarchy among rational
sets of words on linear orderings, with connections between natural classes of
orderings, rational operations and the types of transitions in automata.

The paper is organized as follows. In Sections 2, 3 and 4, we briefly recall the
new notions introduced in [3]: words on linear orderings, automata and rational
expressions. We refer the reader to [13] for a complete introduction to linear
orderings. The different classes of the hierarchy are described in Section 5.
This hierarchy is summarized on Figure 6 and illustrated by some examples.
The proofs are given in the Appendix.

2. Orderings and Words

A linear ordering J is an ordering < which is total, that is, for any j # k
in J, either j < k or k < j holds. Given a finite alphabet A, a word (a;)jey is
a function from J to A which maps any element j of J to a letter a; of A. We
say that J is the length |z| of the word z. For instance, the empty word ¢ is
indexed by the empty linear ordering J = @. Usual finite words are the words
indexed by finite orderings J = {1,2,...,n},n > 0. A word of length J = w is
a word usually called an w-word or an infinite word. A word of length J = ( is
a sequence ...a_2a-1aga1az ... of letters which is usually called a bi-infinite
word.

Given a linear ordering J, we denote by —J the backwards linear ordering
obtained by reversing the ordering relation. For instance, —w is the backwards
linear ordering of w which is used to indexed the so-called left-infinite words.
For a class V of linear orderings, we denote by —V the class {-J | J € V}.

Given two linear orderings J and K, the linear ordering J + K is obtained
by juxtaposition of J and K, i.e., it is the linear ordering on the disjoint union
J U K extended with j < k for any j € J and any k € K. For instance,
the linear ordering ¢ can be obtained as the sum —w + w. More generally,
let J and Kj for j € J, be linear orderings. The linear ordering 2 icg Kjis
obtained by juxtaposition of the orderings K in respect of J. More formally,
the sum 3. ; K is the set L of all pairs (k, j) such that k € K;. The relation
(k1,51) < ()762,.12 holds iff j; < ji or j; = j» and ky < kg in K]1

The sum operation on linear orderings leads to a notion of product of words
as follows. Let J and Kj for j € J, be linear orderings. Let z; = (ax,;)rek; be
a word of length K, for any j € J. The product []; jeJ Tj is the word z of length

L= EJGJK equal to (ax,j)(x,j)er- For instance, the word a¢ = a~¥ - a¥ of
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length ( = —w + w is the product of the two words a™* and a“ of length —w
and w respectively.

In this paper as in [3], we only consider linear orderings which are countable
and scattered, i.e., without any dense subordering. This class is denoted by
S and its elements are shortly called orderings. We use notation A for the
subclass of S of finite linear orderings and O for the subclass of countable
ordinals. Recall that an ordinal is a linear ordering which is well-ordered, that
is, without the subordering —w.

The following characterization of the class S is due to Hausdorff [13]. No-
tation 1 is used for the finite ordering with one element and notation 8 < a
means the usual ordering on ordinals.

Theorem 1 (Hausdorff) S = ¢ Ua where the classes U, are inductively
defined by

1 U ={2,1};
2 U, = {EjEJKj | J € NU{w,-w,(} and K; € Us<a Us}-

For instance, the ordinal w belongs to U becausew =} ;¢ K; with K; =1 €
Up. More generally one can check that the ordinal w™ belongs to Uy, \ Un-1, for
all n > 1. Finally, w* belongs to U, since it equals . K; with K; = w’ €
Uj, but it belongs to no U, (see Chapter 5 of [13]).

We propose two new families of classes to characterize S. The class S is
equal to J,co Vo Where the classes V, are inductively defined by

1 Vo={o,1}
2 Vo= {ZjeJ K]' ‘ JeoOu {‘W,C} and Kj € Uﬁ<a Vﬁ}

JEW

It is also equal to |J,cp Wa where the classes W, are inductively defined by
1 Wy = {@, 1};
2 Wy = {ZjeJKJ' | JeOU-0and K; e Uﬁ<an}.

The ordinal w* belongs to V; and W;. The backwards ordinal —w“ belongs to
V. and to Wi. More generally, O C V; and OU -0 C W;. It can be proved
that the ordering (“ (see [13] for a precise definition) belongs to W, but not
to Un<w Wﬂ'

3. Automata

Automata accepting words on linear orderings are a natural extension of
finite automata. As above they are defined as A = (Q, A, E,I, F). The set E
is composed with three types of transitions: the usual successor transitions in
Q x A x E, the left limit transitions which belong to P(Q) x Q and the right
limit transitions which belong to @ x P(Q).
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0- {1}

_.@_. a {2} =0

Figure 1.  An automaton on linear orderings

Example 1 The automaton depicted in Figure 1 has one left limit transition
{2} = 0 and one right limit transition 0 — {1}.

The notion of cut is needed to define a path in such an automaton. A cut
of an ordering J is a pair (K, L) of intervals such that J = K U L and for any
ke Kand!l € L, k <l. The two subsets must be disjoint and they form a
partition of the set J. The set of all cuts of the ordering J is denoted by J.
The set J can be linearly ordered as follows. For any cuts ¢; = (K1,Ly) and
¢z = (Ka, Lz), define the relation ¢; < ¢; iff K; C K2. Note that J has always
a least cut (@, J) denoted cmin and a greatest cut (J, @) denoted cmax.

See Figure 2 where each element of J is represented by a bullet, and each
cut by a vertical bar.

||.|.|.|'|.|.|.||

Figure 2. Ordering JU J for J = ¢ + (.

A word z = (aj)jes of length J is accepted by A if it is the label of a
successful path. A path 7 is a sequence of states v = (gc).c; of length J
verifying the following conditions. For two consecutive states in v, there must
be a successor transition labeled by the letter in between. For a state q €
which has no predecessor on <, there must be a left limit transition P — ¢
where P is the limit set of v on the left of g. Right limit transitions are used
similarly when ¢ has no successor on 4. A path is successful if its first state
Qemin 18 initial and its last state ¢, is final.

More precisely, for any cut ¢ € J, define the sets lim.- v and lim+ vy as
follows:

limy={geQ|Vd <c3k ¢ <k<candq=q},
pe
limy={g€Q|Ve<c' 3k c<k<c andqg=gl.
[4

For any consecutive cuts ¢; and c;' of J, q,- *& ¢+ must be a successor
J 3

transition. For any cut ¢ # cmin in J which has no predecessor, lim,-y — ¢
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must be a left limit transition. For any cut ¢ # cmin in J which has no successor,
gc — lim+ y must be a right limit transition.

l cob|bla]b|b--- | cob|bla]b|b--- |
ofl} 1 1 2 2 {2}o{1} 1 1 2 2 {2}y

Figure 3. The word (b~“ab”)? is accepted

The notion of path y we have introduced for words on orderings coincide
with the usual notion of paths considered in the literature for finite words [12],
w-words [15] and ordinal words [2]. For a Muller automaton accepting w-words,
a left limit set P is computed at the end of the path. It is nothing else than
the states appearing infinitely often along the path. In our context, the path
then ends with an additional left limit transition to a state ¢ which is final.

4. Rational Expressions

We now introduce the notion of rational sets of words on linear orderings.
The rational operations of course include the usual Kleene operations for finite
words which are the union +, the concatenation - and the star operation x.
They also include the omega iteration w usually used to construct w-words
and the ordinal iteration § introduced by Wojciechowski [16] for ordinal words.
Three new operations are also needed: the backwards omega iteration —w, the
backwards ordinal iteration —f and a last binary operation denoted o which is
a kind of iteration for all orderings.

Given two sets X and Y of words, we define

X+Y = {z|zeXuUY},
XY = {z-y|lzeX,yeY},
X = {Hje{l,...,n} zj|n€ N, zj € X},
Xw = {HjszJ' Izj € X})
X = A{llje-uzi |z € X},
Xt = {H]eamJIaGOwJGX}
Xt = {[ljc-a®i|a€ 0,z € X},

XoY = {HEJUJ.z,IJGSzjeleJEJa.ndz,eYlfjeJ‘}

The last operation needs some explanation. Notation J* is used for the set
J\{(®,7),(J,2)}. A word z belongs to X oY iff there is an ordering J such
that « is the product indexed by the ordering JU J* of words where each word
indexed by an element of J belongs to X and each word indexed by a cut in J*
belongs to Y (see Figure 4). We use notation X° for the set X oe. When
operation o is used as a unary operation, we also use notation o;. When it is
used as a binary operation, we use notation ¢,.
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. .|.’{l>‘.|.... JuJ*

Y
Figure 4. The operation X oY

Note that the definitions for the operation * and { are closed to each other.
The only difference is that the products are over any J € N for operation *
whereas they are over any J € O for operation f.

Example 2 The set of all words over the alphabet A is the rational set A° =
Aoe. The set of words accepted by the automaton of Figure 1 is the rational
set (b~“ab¥)*.

In [3], we show that a set of words on countable scattered linear orderings is
accepted by an automaton iff it can be described by a rational expression. This
result extends the well-known Kleene theorem on finite words, its extension to
w-words [4] and to ordinal words [16].

Theorem 2 ([3]) Over countable scattered linear orderings, X C A® is recog-
nizable iff it is rational.

The proof that any rational set of words is recognizable is by induction on the
rational expression denoting the set by giving the corresponding construction
for the automaton. The constructions for the union, the concatenation and
the star iteration are very similar to the classical ones for automata on finite
words [12]. The proof that any set of words accepted by an automaton is
rational is a generalization of McNaughton and Yamada algorithm. It is based
on a induction on the number of states of the automaton and the type of
transition that is used. The base of the induction is Kleene’s theorem on finite
and w-words. This part of the proof is the most difficult.

Example 3 The automaton pictured in Figure 5 accepts the set denoted by the
rational expression a¢ ob. The part of the automaton given by state 2 and the
two limit transitions 0 — {2} and {2} — 1 accepts the word a¢ whereas the
part given by the successor transition from state 1 to state 0 accepts the word
b. Any occurrence of a¢ is preceded and followed by an occurrence of b in the
automaton. Thanks to the limit transitions 0 — {0, 1,2} and {0,1,2} = 1, the
occurrences of a(A are indezed by an ordering J, the occurrences of b are indezed
by the ordering J* and they are interleaved according to the ordering J U J*.
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0- {2}
0- {0,1,2}
{2} -1

{0,1,2} » 1

Figure 5.  Automaton accepting the set a ob

5. Hierarchy

We now come to the main result of this paper. We introduce a hierarchy
among rational sets of words on countable scattered linear orderings. Each class
of this hierarchy is obtained by restricting the rational operations that can be
used. It turns out that each of these classes can be characterized by automata
with a particular form. These classes of automata are defined by restricting
the limit transitions of the automata. In other words, a Kleene-like theorem
holds for each class of the hierarchy. Finally, each class of rational sets of our
hierarchy can be characterized by a class of orderings. For any rational set of
a given class, the lengths of all its words belong to the corresponding class of
orderings.

For instance, rational sets with operations restricted to +, - and * correspond
to automata without any limit transitions. The corresponding orderings are the
finite ones.

The different classes of the hierarchy are summarized on Figure 6. Let us
give a precise description of each class.

0 This class corresponds to Kleene theorem [8] on rational sets of finite
words. The rational operations are the usual Kleene operations: union,
concatenation and star iteration. The automata are the usual automata
on finite words with no limit transitions. The orderings are the finite
ones.

1 This class corresponds to Choueka theorem [6] on rational sets of words
of length an ordinal smaller than w®. The rational operations are the
Kleene ones and the omega iteration. Automata considered by Choueka
are a special kind of automata on ordinals introduced by Biichi. It can
be shown [1] that these automata are equivalent to automata with no
right limit transitions and such that the left limit transitions are of the
form P — g with ¢ ¢ P. The corresponding orderings are the ordinals
smaller than w®.

2 The rational operations of Class 2 are the Kleene ones, the omega it-
eration and the backwards omega iteration. The automata have left
limit transitions P — q with ¢ ¢ P and right limit transitions ¢’ = P’
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+, 5 KW, —Ww, n) "u: Q2
P—gq,qd =P

S
+, 0% W, —w, n: -ﬁ, Q1
Condition (1)
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No Limit tra,nsmons

Figure 6.  Classes of the hierarchy
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with ¢' ¢ P'. The associated orderings are the orderings belonging to
Un<w Un where the classes U, have been defined in Theorem 1.

This class corresponds to Wojciechowski theorem [16] on rational sets
of words on ordinals. The rational operations are the Kleene ones, the
omega iteration and the ordinal iteration introduced by Wojciechowski.
The automata are those on ordinals introduced by Biichi [5]. They have
any left limit transitions of the form P — ¢ but they have no right limit
transitions. The related orderings are exactly those of the class O of all
countable ordinals.

The rational operations of Class 4 are the Kleene one, the omega it-
eration, the backwards omega iteration and the ordinal iteration. The
automata have any left limit transitions P — ¢ but right limit transi-
tions ¢' — P’ limited by the condition ¢' ¢ P’. The associated orderings
are the orderings belonging to |J, ., Vn where the classes V;, have been
defined just after Theorem 1.

n<w

In this class, all rational operations are allowed except the operation o.
The automata have left and right limit transitions P — q and P’ — ¢
restricted by the following condition: if ¢ € P and ¢' € P', then one has
P # P'. The related class of orderings is equal to |J, ., Wn (see the
definition of Wy, just after Theorem 1).

In this class, all rational operations are allowed but the operation ¢ can
only be used as a unary operation, that is the operation X ¢Y must be
restricted to the case Y = {e}. The automata have left and right limit
transitions P — ¢ and ¢' = P’ of a particular form.

Condition (1). Let P — ¢ be a left limit transition and ¢’ — P’ be a
right limit transition. If ¢ € P, ¢’ € P’ and P = P’, then ¢ = ¢' and for
any R C P with ¢ € R, the left and right transitions R — ¢ and ¢ & R
must appear among the transitions of the automaton.

We do not know a characterization by a particular class of orderings.

7 This class corresponds to the Kleene theorem of [3] for all countable

scattered orderings. The operation ¢ is here used as a binary operation.

Let us illustrate by examples some classes of the hierarchy.

Example 4 The set (b~“ab”)* of Ezamples 1 and 2 belong to the Class 2. The
related orderings are K,, = Zje {1} § which belong to U,. Since the linear
ordering ¢ is neither an ordinal nor a backwards ordinal, the set (b—“ab”)*
cannot belong to a lower class.

Example 5 The automaton of Figure 7 accepts the rational set (a+ bb)°. The
operation o is unary and the automaton satisfies Condition (t). Hence it is
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a 0 - {0}

. ; 0 {0,1)
oW O {0} 0

b {0,1} >0

Figure 7. Automaton accepting the set (a + bb)°

an ezample of Class 6. Note that it does not belong to Class 5. Indeed, the
condition on the limit transitions of the automaton is not respected. Moreover,
the set (a + bb)° contains the word [[;c; a of length J = (“ and we have seen
in Section 2 that J belongs to W,, but not to |J,,,, Wn.

{1}-0 2 {1}
{0,1} >0 2-{0,1}
{1,2} =0 2 {1,2}

{0,1,2} =0 2 {0,1,2}

Figure 8.  Automaton accepting the set €0 A

Example 6 The automaton pictured in Figure 8 accepts the set denoted by
the rational expression € o A where A = {a,b}. Recall that a linear ordering
is complete if any subset which is upper bounded has a least upper bound (or
equivalently if any subset which is lower bounded has a greatest lower bound).
It can be shown that a scattered linear ordering J is complete iff there is a
scattered linear ordering K such that J = K. Therefore, the automaton of
Figure 8 accepts words the length of which is a complete ordering.

This automaton does not satisfy Condition (t). Indeed there exist left and
right limit transitions P — q and P' = ¢' such thatq€ P,q' € P' and P = P'
but ¢ # ¢'. Take P = P' = {0,1,2}, q = 2 and ¢' = 0. It can be shown that
any rational ezpression with a unary o denotes a set which contains words with
a non complete length. Therefore the set € o A does not belong to Class 6.
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