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Abstract: The existence of solution to membrane shell equation is studied
in a bounded open connected domain w (Lipschitzian when w has a boundary
v) in a C™! midsurface for homogeneous Neumann boundary conditions or
homogeneous Dirichlet boundary conditions on a part yo of v. It is proved that
its tangential part is solution of the reduced membrane shell equation in H' (w)™
(resp. H;O (w)N ) unique up to an element of a finite dimensional subspace, while
its normal component belongs to a weighed L?(w) space by the pointwise norm
of the second fundamental form. It is also shown that the reduced equation is
equivalent to the equation for the projection onto the linear subspace of vector
functions whose linear change of metric tensor is orthogonal to the second
fundamental form of the midsurface.

1 INTRODUCTION

In recent papers ([8, 9, 11, 12]) it was established that the polynomial P(2,1)
model is both pertinent and basic in the theory of thin shells. It was shown in
(8] that its solution converges to the solution of a coupled system of variational
equations. For the plate and the bending dominated shell it yields (as the
thickness 2h goes to zero) the membrane shell equation and the asymptotic
bending equation.

The first variational equation of the asymptotic coupled system coincides
with the variational equation characterizing the asymptotic P(0,1) model. It
was shown in [8] that this equation decomposes into two equations: a first
equation containing the Love-Kirchhoff group of terms and a second equation
which coincides with the classical membrane shell equation. The detailed cor-
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respondence with the covariant form of the classical membrane shell equation
is given in [10]. The decomposition is achieved by variable elimination which
results in the introduction of an effective compliance Cep associated with the
initial three dimensional compliance C'.

In this paper the membrane shell equation is studied in a bounded open
connected domain w (Lipschitzian when w has a boundary v) in a C!'! sub-
manifold of codimension one for homogeneous Neumann boundary conditions or
homogeneous Dirichlet boundary conditions on a part vy of ¥ when v, has non-
zero Hy_» Hausdorff measure. This paper is a companion paper to [8] where
the spaces of solution E° and E¥ corresponding to the respective asymptotic
P(0,1) model and the membrane shell equation are defined as completions of
appropriate quotient spaces. It gives a complete characterization of the space
EP without extra condition on the second fundamental form. Such a charac-
terization is currently available for the plate and uniform strong elliptic shells
in [13, 5, 6, 7]. It also shows that we can always associate with the vector
functions of the space EF a class of tangential components which turns out to
be solutions of the reduced membrane shell equation. This reduced equation
is also connected with a projection onto a linear subspace of elements of EP
whose linear change of metric tensor is orthogonal to the second fundamental
form. Another consequence of the characterization of EF is the fact that in the
asymptotic convergence of the solution of the P(2,1) model we now know that
the tangential component of the displacement of the midsurface strongly con-
verges in H'(w)" and the normal component in a weighed L?(w) space by the
pointwise norm of the second fundamental form. The characterization given in
this paper and the one of E°! given in [9] for the P(2,1) model sharpen the
abstract results of [8].

For N = 3, this extends to arbitrary D?b the available existence of solutions
obtained by [1, 3] for g° = 0, homogeneous Dirichlet boundary conditions on
the whole boundary, the special constitutive law C~l¢ = 2pue + Atre I and
the uniform ellipticity of the 2-dimensional C?-midsurface w. However in the
case of uniform elliptic shells uniqueness does not so far follows directly in an
obvious way. The first existence and uniqueness result seems to be due to [13]
under relatively strong conditions. For a domain w with a C® boundary ¥
in an analytic midsurface, the existence and uniqueness of solutions (92, 92) in
H}(w)® x L?(w) was established by [6, 7]. The conditions were relaxed by [1, 3]:
the midsurface is of class C? and the boundary « is Lipschitz for the existence
(midsurface C® and the boundary « of class C* for existence and uniqueness).

Notation and Background Material. The inner product in R" and the
double inner product in L(RN;RN) (space of N x N matrices or tensors) are
denoted as

N N N
Toy=) oy @b, A-B=)0 )00 Aij Bij
*M denotes the transpose of of an arbitrary k¥ x m matrix M.

In this paper the submanifold I' of codimension one is specified as the bound-
ary of a subset Q of RV, It is assumed that w is a bounded open subset of T'
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and that T is of class C1'! in a neighbourhood of w. This is equivalent to say
that the algebraic distance function b of Q is C! in that neighborhood. Its
gradient Vb coincides with the unit exterior normal n to I' on w and its Hessian

matrix D2?b to the second fundamental form. Finally P 4f I _ n*n will denote
the orthogonal projection onto the tangent plane to w ([n*n}i; = nin;). For
a detailed account of the intrinsic differential calculus on a C''!-submanifold,
the reader is referred to the now available lecture notes [10, 8]. Finally it will
be convenient to introduce the following notation for the decompositions of an
N x N matrix 7 into its tangential and normal parts along w

P prp rrnon, [t)r=1F+ (Prn)*n+n*(Prn) + tapn*n
and the spaces of symmetrical matrices

SymN = {TEL: RN;RN)*r =71}
SymP def {r € Symy:7n =0} & V1 €Symy, ¥ € SymN

2 MEMBRANE SHELL EQUATION

It was shown in [8] that the membrane shell equation can be obtained by de-
composition of the variational equation of the asymptotic P(1,0) model which
also yields the typical group of terms occurring in the Love-Kirchhoff condi-
tion. It involves an effective compliance C.p which retains the properties of
the three-dimensional compliance C. So for the purposes of this paper it is
convenient to start with the following assumption on the effective compliance.

Assumption 2.1 The effective compliance is a linear bijective and symmetri-
cal transformation of Symﬁ such that there erists a constant a > 0 for which

vrP € Symf, CprP P > a||rP)|?

The membrane shell variational equation is given by: for all v° € H(w)N
[ Cape ) ef ) dr = £7(6°) (1.1

where the right-hand side is specified by a linear functional ££. Associate with
ef the space

VE (ve 2wV e H' (W)} c HE L2(W)V (1.2)

and define EF as the completion of the quotient space V/ ker 5{3 with respect
to the norm associated with the inner product

/ R (u)--ef (v) dT. (1.3)
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Similarly for homogeneous Dirichlet boundary conditions on a part vy of v,
denote by Efo the completion of the quotient space

def

Voo /ker ef, {velL?(w)N:vr e HL (W)}

with respect to the norm generated by the scalar product (1.3). By Assump-
tion 2.1 on Cep, the bilinear term in (1.1) is continuous and coercive in EF.

Theorem 2.2 Let Assumption 2.1 on C.p be verified.
(i) Given £f € (EF)', that is there exists ¢ > 0 such that for allv® € H'(w)
1€ (v°)] < cllef (v)lLaw) (1.4)

the variational equation: to find ©° € EF such that for all v° € H'(w)N
JiCaet @ ef () dr = £7) (1.5)

has a unique solution 1° in EF.

(ii) Assume that w is connected and that vy is a subset of v with strictly
positive Hy_y measure. Given ££ ¢ (Efo)’, that is there exists ¢ > 0
such that for all v* € H3 (w)V

€7 ()] < cllef (v¥)llz2w) (1.6)

the variational equation: to find ?° € EY such that for allv° € HL (w)V
Yo Yo

ek @)-eE 00 dar = e ) (1.7)
has a unique solution ?° in E,fo.

3 REDUCED MEMBRANE SHELL EQUATION

The membrane shell equation can be further decomposed into a system of two
equations. For test functions v € V, that is (v3,48) € H!(w)N x L?(w),

ef (v°) = ef (vf) + vp Db
Je>0,V8 € HY(w), |€F (28 n)] < c||v0 D2b||L2 w) < ¢ |lvallL2w)
= 3fP € L?(w) such that 7 (10 n) =[f w0 dI’

It will be convenient to define the function

et [ fP(X)/IID*6(X)|l, i |D*6(X)|| #0
fa (X) d—f{ 0, if || D2b(X)|| = 0

By construction fF ||D?b|| € L?(w).
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Denote by H}(w)™ (resp. HJ ,(w)") the subspace {v € H'(w)N (resp.
H%o (w)N) : v-n =0} of tangential vectors. The decomposition yields the two
equations

PEF( )] Dzb_fP:f,fHDZb“
vop € H W)V, [, [Copef (3°)]-ef (vp) dT = £°(vf)

where by condition (1.4) on £
e >0, Vop € Hi (@)™, 1€7(vp)] < ellef (vP)llz2(w)

In the case of the plate (D?b = 0), ef (v°) = ef (v2) + v2 D?b = ef(v) and
there is only the variational equation

Vop € H'(w)N, [, [Copef ()] ef (vp) dT = €7 (v)

(1.8)

which completely specifies 3. € H}(w)™ /keref (resp. H} ,(w)N) and 93 is
arbitrary. There is a generalization of this result without adding new conditions
on D?b. The second equation (1.8) specifies the tangential part 92 of 4° up to
an element of some appropriate equivalence class providing a natural decom-
position of the membrane shell equation into an equation for the equivalence
class of 92 and an equation for 93 again modulo another equivalence class. In
the case of the plate the corresponding equivalence class for f) is so big that
there is no information on 93 and we have uniqueness for 9% in the case of
homogeneous Dirichlet boundary conditions on a part of the boundary.
Denote by [v]g the equivalence class of v in EF (resp. EF). Let

wo &« {z €w : D?(z) = 0} and wy ef w\wp.

For v € V (resp. V,,) define the function
Cpef(v)-D?b .
rs(w) & VT o b o ™ MW (1.9)
v, n wo

Using the identity ef (v) = el (vr) + v, D?b, it is easy to verify that for all
v €V (resp. V,,)

ef(v) — Coper(v)-D’b fyoy inw
Ems(w) =4 T~ Epmom Db mer ()
ef (v), in wo
For each vr € H} (w)" (resp. H;ot(w)N) define the tensor
P Coper(vr)- 2
2 or) & e m(ur) = | )~ Ep s D mes gy
ek (vr), in wo

the quotient space

yP H} ()N /keréf (resp. V= o H (w )N/ ker €F) (1.12)
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and the space

UE rs(H w)N) (resp. Uyy & ms(HL,(w)V)) (1.13)

Consider the reduced membrane shell equation: to find v € VP (resp. V.F)
such that for all wr € H} (w)" (resp. H ,(w)™)

/ C.péF (vr)-€F (wr) dT = £F (s (wr)) (1.14)
By condition (1.4) on £¥ there exists ¢ > 0 such that for all wr € H} (w)V

|€F (ms (wr)| < cllef (ms(wr))l|z2(w) = cllER (wr)]|z2@w)

and equation (1.14) has a unique solution in the completion of the quotient

space VP = V/ ker €& with respect to the topology generated by the norm
|IEF (vr)||z2(w)- We now give a sharper existence theorem for the reduced mem-
brane shell equation and the membrane shell equation. This theorem is based
on a characterization of the elements of the spaces E¥ and Ef; .

Theorem 3.1 Let Assumption 2.1 on Cep and (1.4) on £F be verified.

(i) There exists a solution or in H}(w)™ (resp. H2 ,(w)N) to the reduced

membrane shell equation (1.14) unique up to an element of ker 5F and
[rs(ir)]e = [rs(9)]e (1.15)

where [0]g is the solution of the membrane shell equation (1.5) (resp.
(1.7)) in EP (resp. EF, ).

(ii) There exists a solution @ such that @r € H} (w)N (resp. H%ot(w)N) and
n||D?b)| € L%*(w) to the membrane shell equation (1.5) (resp. (1.7))
which is unique up to an element of ker ef.

(iii) ker &R is finite dimensional. When D?b # 0 almost everywhere in w,
ker ef is also finite dimensional and

D%
keref = {v : vp € keréF and v, = —%} (1.16)

This theorem necessitates the following theorem on the structure of the spaces
spaces EP and Ef; which follows from a sequence of lemmas. The proofs will
be omitted for lack of space and will be given in a subsequent paper.

Theorem 3.2 Let Assumption 2.1 on Cep be verified.

(1) keréR is finite dimensional and the space VP = V/ker &k (resp. Vfo’ =
Vyo/ ker €R) is complete for the norm ||€F (vr)||L2(w)
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(i1) The space E¥ (resp. EX) is equal to

. ur € Hy ()N (resp. Hy (w)V) P
{ur+unn " and up | D2 ELZ(W)’Y /kerer (1.17)

Specifically for each [v]g € EF, there exists a unique [vp]y € VP =
H}(w)N /ker €R (resp. V.P = H} (w)N/ker€R) such that

[rs(ur)le = [7s(v)]E (1.18)

and for each ur in the equivalence class [vr]y the normal component

def C'E‘sI’?(v—up)~~D2b in w
€ =1 0
n = cZD%-D%

0, in wy

is such that u, ||D?b|| € L?(w) and
[ur + up n]g = [v]E.
Conversely for all ur € H} (w)N and u, ||D?b|| € L?(w)
[ur + u, n)g € EF.

(iii) When D?b # 0 almost everywhere in w, then keref is finite dimensional.

Define the closed linear subspace

sP & {ve EFY : Cpef(v)-- D* =0}

1.19
(resp SE, def {veEL : CpeR(v)-- D% = 0}) (1.19)
of EP (resp. Efo) We first make sense of the map 75 on EF.
Lemma 3.3 The map
[v]g = 7s([v]g) & [rs(v)]e : EX — SF (1.20)
1s well-defined, linear and continous. Moreover
EF EF
ms(V)/kerek = mg(V/kereR) = S* (1.21)
Vo e SP, el (ns(v)) = ek (v). (1.22)

and s is a projection, that is [15(v)]g = [7s(7s(v))]E in EF.

Lemma 3.4 The map 75 : H} (w)N — U is a continuous linear bijection and
U 1is closed for the topology generated by the norm

1/2
lullo = {lleR (w)I2aguy + llerliZagey + lun D28l }
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The space V¥ is complete for the norm ||EF (vr)||L2(w) and ker &l is finite
dimensional.

Lemma 3.5 The map

[orly = [ Jv) & [rs(v)]
= S( v _)Hl(wsgv/lferﬁf—)U/kerEI@ (1.23)

is a well-defined isomorphism, where [v]y denotes the equivalence class of v
in VP, VP is endowed with the topology generated by the norm ||EE (vr)|| and
U/keref by the norm |k (v)|| on E¥. Moreover

=U/keref = ns(H} (w)V)/ keref = ns(V7F).

Lemma 3.6 For each v € EF, the projection [rs(v)]g is the unique solution
in ST of the variational equation: for all w € H(w)N

/ Copef(ns(v) —v)-eR(w)dl' =0 (1.24)

and there is a solution vpr € H} (w)"N unique up to an element of keréF to the

variational equation: for all wr in H}(w)N

/Cepep vr)- &R (wp) dT" = /CPEF )--ef (ms(wr)) dr. (1.25)
Moreover

[rs(v)]e = [7s(vr)]e- (1.26)

All this remains true for Dirichlet boundary conditions on a part vyo of the
boundary with H} ,(w)™ in place of H} (w)N and EL in place of EP.

Lemma 3.7 (i) The space EF is equal to
{ur+unn : ur € H (w)" and u, || D?b|| € L*(w)} / keref (1.27)

Specifically for each [v]g € EF, there exists a unique [vrly € VF =
HY(w)N /ker R (resp. VP %t( w)N /keréR) such that

[7s(vr)le = [7s(v)]E (1.28)

and for each ur in the equivalence class [ur]y the normal component

def eP [‘(U -—ur) D b in w
Uy = C-AD%.-D2% 0 (1.29)
0, in Wy

is such that u, ||D?b|| € L?(w) and

[ur + un n]g = [v]E-
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Conversely for all ur € H} (w)V and u, ||D?|| € L?(w)
[ur+u,,n]E € EF.

(ii) When D?b # 0 almost everywhere in w, then ker ek is finite dimensional.
The lemma remains true for Dirichlet boundary conditions on a part vy of

the boundary with H , (w)" and EF, in place of H!(w)™ and H2 ,(w)".
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