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Abstract 
Reliability analysis and reliability-based design of monolithic vertical wall breakwaters 
are considered. Probabilistic models of the most important failure modes, sliding failure, 
failure of the foundation and overtuming failure are described. Relevant design variables 
are identified and reliability-based optimization problems are formulated. Results from 
an illustrative example are given. 

1. Introduction 
Coasta! structures are normally designed on a deterministic hasis using level 1 codes. 
However, the design wave which defines the dominating load on the structures is esti­
mated on a probabilistic hasis, for example as the characteristic significant wave height 
having a return period of 100 years. All other uncertainties are taken into account using 
safety factors or partial safety factors. 

Breakwater structures are used under quite different conditions. The expected lifetime 
can be from 5 years (interim structure) to 100 years (permanent structure) and the 
accepted level of probability of failure in the expected lifetime can vary from a very 
small number, e.g. 10-4 if failure of the breakwater results in significant damage to large 
probabilities, e.g. 0.5 if the consequences are insignificant, see Burcharth [1]. Further a 
number of serious failures of breakwaters have been reported during the last 20 years. 
In order to obtain more rational and consistent estimates of the reliability of breakwater 
structures and in order to be able to perform a reliability-based design optimization, 
the paper describes a probabilistic model of the failure modes of typical vertical wall 
breakwaters and of the uncertainties related to these failure modes. 

As an example monolithic vertical wall breakwaters built of reinforced concrete caissons 
filled with sand are considered. Important failure modes for this type of breakwaters 
are identified, namely sliding failure, failure of the foundation and overtuming failure. 
Limit state functions are formulated and stochastic models for the uncertain variables 
are identified in section 2. Next reliability-based design optimization of breakwaters are 
considered in section 3. Results of a reliability analysis and a reliability-based design of 
a monolithic vertical wall breakwater are presented in section 4. 
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2. Failure modes for monolithic vertical wall breakwaters 
Vertical wall breakwaters can be constructed in a number of different ways. The most 
common types are shown in figure la and lb, namely one type where the caisson is placed 
on a thin bedding layer and one type where the caisson is placed on a rubble mound. 
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Figure la and 1 b. Main types of vertical wall breakwaters. 

M odelling of wave load by the Goda model 

Figure 2. Wave induced pressure under a wave crest modelled by the Goda model. 

Models for estimating the wave load on vertical wall breakwaters have been developed by 
Goda (2] and Goda et al. (3]. The wave load is used to formulate safety margins for the 
most important failure modes for vertical wall breakwaters, namely sliding, foundation 
failure and overturning. Failure of the caisson structure and hydraulic stability failure of 
the armour layer and mound are not considered in this paper. 

Figure 2 shows the wave pressure model suggested by Goda for the case of a conventional 
vertical front where wave breaking is not enhanced by a steep sea bed or structural 
configurations. The model is based on model tests and includes the effect of breaking 
waves to the extent of normal accidental (non-provoked) wave breaking. A detailed 
description is given in Goda (4] and Burcharth et al. (5]. PI, P2, pa and p,. in figure 2 are 

PI = 0.5(1 +cos /3)( a1 + a2 cos2 f3)Pw9H d 

Pa= aaPI 

(1) 
(2) 
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(3) 

(4) 

where ry* = 0.75(1 +cos ţ1)Hd, J1 is the angle of incidence of waves, Pw is the mass density 
of sea water, Hs is the significant wave height, Hd is the wave height to be used in 
the Goda formula defined as the highest wave in the design sea state just in front of 
the breakwater. Hd is taken as 1.8 Hs, see Goda [4]. However, Hd cannot be larger 
than the wave breaking height, see [4]. a1 = a1(Hs,d,h.,L), a2 = a2(Hs,d,h.,L), 
a 3 = a3(Hs, d, h., hc, L), see [4] and Lis the wave length corresponding to that of the 
significant wave. 

On the hasis of the wa ve pressures defined by P1 , P2, P3 and Pu and the ti da! elevation ( 
the resultant horisontal force FH = FH(Hs, (, d, h., hc, Br) and the vertical (uplift) force 
Fu= Fu(Hs,(,d,h.,hc,Br) can be determined. Also the corresponding resultant mo­
ments about the heel of the caisson can be determined: MH = MH(Hs, (, d, h., hc, Br) 
and Mu = Mu(Hs, (, d, h., hc, Br)· It should be noted that the Goda model can be 
modified to take into account impulsive forces, see Takahashi et al. [6]. 

Sliding failure 

Stability failure by sliding can be modelled by the limit state function 

g =(Fa- ZFu)!l- ZFH (5) 

where Il is the coefficient of friction between the bedding layer and the caisson, Fa = 
Fa( (, hw, Br) is the weight of the caisson reduced for boyancy and Z is a stochastic 
variable modelling the model uncertainty connected with the Goda model, see van cler 
Meer et al. [7]. 

Overturning failure 

Failure by overturning can be modelled by the limit state function 

g =Ma- ZMu- ZMH (6) 

where Ma= Ma((,hw,hc,Br) is the moment of the weight of the caisson about the 
heel. 

Foundation failure 

If it is assumed that the soi! consists of clay only, figure 3 shows some of the most 
important kinematic admissible foundation failure modes corresponding to the two types 
of structures shown in figure 1. FR is the resultant wave load from Fa and FH. As 
an example a limit state function is described in the following for foundation failure 
by rotation of the caisson placed on a bedding layer. Figure 4 describes the rotation 
mecllanism. The centre of rotation is O(xo, zo). The failure mecllanism is based on the 
assumption of plane strain conditions in the soil, i.e. a two-dimesional solution for the 
equilibrium of the considered slip surface in the soi!. Note that it is assumed that tensile 
stresses cannot occur under the caisson base plate. 
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Figure 3. Foundation failure mechanisms. 

Figure 4. Rotation mechanism. 

The increment of the externa! work W E is calculated as the moment from the pressures 
defined in figure 2 around the centre of rotation O( x 0 , z0 ) multiplied by a unit increment 
of the rotation angle b. 

The total increment of the interna! work W1 covers the rim of aU fracture zones and the 
contribution from the Prandtl and Rankine fracture zones, i.e. W1 = W1 + W2 + W3 + 
W4 + W5 where W1 , W2 and W3 are the works along the rim of the fracture zones AB, 
BC and CD. W4 and Ws are the interna! works in the Prandtl zone and in the Rankine 
zone. 

Interna! work along the rim of the fracture zones can be calculated from the point of 
rotation O( xo, zo): 

(7) 

where Cu is the undrained shear strength of the clay. R, R1 , 80 and 81 are defined in 
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figure 4. The internal work from the Prandtl and Rankine fracture zones are 

{R' ~~-8, 
W4 = liR1 Jo Jo 4 c,..( a, 8)d8 da 

{R' {R,-a 
Ws = C Jo Jo cu( a, l)dl da (8) 

The rotation point is determined as the point where the ratio between total internal 
work W1 and external work W E is a minimum. In the reliability analysis it is taken 
into account that the rotation point O( xo, zo) is dependent on the stochastic variables 
modelling the loading and the strength of the soil. 

The undrained shear. strength of the clay is modelled as a log-Gaussian stochastic field 
{ cu(x, z)}, see e.g. Keaveny et al. (8] and Andersen et al. (9]. If only uncertainty related 
toc,.. is considered and the correlation lengths for {cu(x,z)} are small compared to the 
integration intervals it follows from the centrallimit theorem that the total internal work 
can be approximated by a normal distributed stochastic variable W1 with mean value 
ţtw1 and standard deviation ow1 • The limit state function is written 

where uw is a realization of a normal distributed stochastic variable Uw with mean O 
and unit standard deviation. 

Further e.g. the mean value of w4 is 

(10) 

where E(cu(a,B)] is the expected value of Cu at the position described by (a,8) and the 
variance of W5 is 

(11) 

where Cov(cu( a~, lt), cu(a2, l2)] is the covariancefunction of Cu at the positions correspon­
ding to (a1 ,li) and (a2,l2). 

3. General formulation of optimization (design) problem 
In design of breakwaters the main objectives are usually that the breakwaters are as 
inexpensive as possible and have a satisfactory reliability. These two contradictory re­
quirements can be treated by formulating reliability-based optimization problems on a 
decision-theoretical basis, see Enevoldsen & S!llrensen (10]. The design ( decision) variab­
les are denoted b = (bi, ... , bN ), i.e. the number of design variables is N. The design 
variables can e.g. be the height and the width of the breakwater, see below. If the 
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objective function is chosen as the total expected costs Cr of the structure during the 
lifetime the optimal design can be found as the solution to the optimization problem 

mm 
b 

,i = 1, ... ,N 

(12) 

(13) 

where b: and b't are lower and upper bounds to b;. Cr is the initial/construction costs, 
C F is the costs of failure and Pp is the probability of failure during the expected lifetime 
of the brea.kwater. If more than one failure mode has to be considered then failure of 
the structure has to be modelled by a system for which Pp can be estimated using First 
Order Reliability Methods (FORM), see Madsen et al. [11]. If only one failure mode is 
considered then Pp = <P( -/3) where the reliability index f3 is evaluated by FORM on the 
hasis of a limit state function g(x) =O where x is a realisation of the stochastic variables 
X = (X 1 , .•. , X n) <P is the standard normal distribution function. 

In the optimization problem (12)-(13) design ( decision) variables and costs related to 
inspection, maintenance and repair can be included, see [10]. The optimization problem 
(12)-(13) can alternatively be formulated as an optimization problem with reliability­
based constraints. 

Generally the reliability requirements for different failure modes are not the same. Ther­
efore it is of interest to consider the element reliability-index based optimization problem 

min Cr(b) (14) 
b 

s.t. {3;(b) ~ /3'iin ,i = 1, ... ,M (15) 

B;(b) ~O ,i = 1, ... ,m (16) 

b: ~ b; ~ b't ,i = 1, ... ,N (17) 

where {3; is the reliability index for failure mode i and f3iin is the corresponding lower 
bound on the reliability index. The above optimization problems are usually non-linear 
and non-convex. The optimization problems can be solved effectively using non-linear op­
timization algorithms and FORM, see [10]. The reliability indices in (25) are determined 
on the hasis of limit state functions written as g;(x(b ), b) =O, i = 1, ... , M. 

In a traditional deterministic design the design (optimization) problem the constraint 
(15) is exchanged by the deterministic constraint 

B;(b) = g;(xD(b, 1), b) ~ 0 ,i = l, ... ,M (18) 

where xD are design values calculated using the statistica! parameters for the stochastic 
variables X and e.g. partial safety factors 'Y· Typically the design variables b will be 
related to the expected value of the stochastic variables. 

Examples of design variables for vertical wall brea.kwaters are the main geometrica! quan­
tities de:fining the structures shown in :figure 1. 
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4. Example 
A vertical wall hreakwaters placed on a hedding layer is considered, see figure 1. The 
following data are used: h, = 13 m, d = 9.5 m, hc = 5.5 m, hw = 17 and Pw = 
1. The tidal elevation ( is modelled as a stochastic variahle with distrihution function 

F,( () = - ~ arccos (fa - 1) - 1 where (o =0. 75 m. The average mass density of the 

caisson Pc including sand hallast is assumed to he normal distrihuted with mean value 
2.15 t/m3 and a coefficient of variation of 5 %. The friction coefficient ţ.t is assumed to he 
normal distrihuted with mean 0.636 and a coefficient of variation of 15 %, see Takayama 
(12]. 

The wave direction is assumed head-on to the hreakwater. The maximum significant wave 
height H~L in the design lifetime TL is modelled as a stochastic variahle on the hasis 

of measurements with the distrihution function FH;L (h) = [ 1- exp(- ( hA.B) k) rTL 
where .>. is the average numher of Hs data values availahle per year. In this example 
B = 1.55. To model the statistica! uncertainty k and A are assumed to he stochastic 
variahles. k is in this example normal distrihuted with mean 2 and standard deviation 
0.18. A is normal distrihuted with mean 2.5 and standard deviation 0.3 (corresponding 
to a data sample of size 30), see Burcharth et al. (5]. Based on model tests the model 
uncertainty variahle Z in (5) and (6) is assumed normal distrihuted with mean 1 and 
standard deviation 0.2, see van der Meer et al. (7]. 

The undrained shear strength of the clay c,. is modelled hy a log-Gaussian stochastic field 
{c,.(x,z)}. The mean value function and covariance functionare in this paper assumed 
to he (with c,. is in kPa and (x,z) is in meters) 

E(c,.(x, z)] = 150 + 3x 

2 ( XI - X2l) ( (ZI - Z2 )2) Cov(c,.(xbzi),c,.(x2,z2)] =41 exp -1--g:o-- exp - 30:() 

Reliability analysis 

With a design lifetime of TL = 50 years and a width of the caisson of Br = 16.4 m a relia­
hility analysis gives the results: .Bsliding = 0.89, .Boverturning = 2.43 and .Brounda.tion = 0.91. 
The reliahility levels are seen to he rather low compared with e.g. structural systems. 
But compared with ohserved failure rates for hreakwaters the reliahility levels are re­
alistic. As expected sliding and foundation failures are the critica! failure modes. For 
sliding failure the uncertainties connected with the wave climate are dominating whereas 
for foundation failure the uncertainty in the shear strength of the clay is dominating. 

Reliability-based design 

A reliahility-hased optimization prohlem is formulated on the hasis of (14)-(17). The 
ohjective function models the cost of the caisson which is assumed to he proportional to 
the weight of the caisson. As design variahle only the width of the caisson is reasonahle 
here. For caissons placed on ruhhle mounds the design variahles indicated in figure 5 can 
he used. The lower limit on the reliahility indices for the three failure modes are taken 
as 1.28 ( ~ a prohahility of failure equal to 0.1 ). The result is an optimal b* = Br = 18.5 
m and the corresponding weight is c· = 4544 t/m. 
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5. Conclusions 
It is shown how reliability analysis and reliability-based design of monolithic vertical 
wall breakwaters can be formulated. Probabilistic models for sliding, foundation failure 
and overturning are described. Relevant design variables are identified and reliability­
based optimization problems are formulated. As an illustrative example is considered a 
vertical wall breakwater with the caisson placed on a bedding layer and with clay in the 
foundation. 
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