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Abstract. We present a language and semantics-independent, compo-
sitional and inductive method for specifying formal semantics or seman-
tic properties of programs in equivalent fixpoint, equational, constraint,
closure-condition, rule-based and game-theoretic form. The definitional
method is obtained by extending set-theoretic definitions in the context
of partial orders. It is parameterized by the language syntax, by the
semantic domains and by the semantic transformers corresponding to
atomic and compound program components. The definitional method
is shown to be preserved by abstract interpretation in either fixpoint,
equational, constraint, closure-condition, rule-based or game-theoretic
form. The features common to all possible instantiations are factored
out thus allowing for results of general scope such as well-definedness,
semantic equivalence, soundness and relative completeness of abstract
interpretations, etc. to be proved compositionally in a general language
and semantics-independent framework.

1. Introduction

Program semantics as well as program proof and analysis methods can be pre-

sented in many different styles:

— Fixpoint definitions have been introduced to define the denotational semantics
of programming languages (see e.g. [14]);

- Equational definitions are of common use e.g. in context-free grammars [3],
abstract interpretation [6], etc;

— Constraint-based definitions are used e.g. in set-based program analysis [11]
or in type inference {15};

— A typical use of closure-condition-based definitions is to define sets of terms
(see e.g. [19], p. 681);

- Rule-based definitions are used e.g. in Hoare-logic [12], in structured opera-
tional semantics [17], type inference [10], program analysis [16];

— Game-theoretic definitions have been used to prove full abstraction for PCF

[1].
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We would like to compare these methods for defining program semantics, proofs
and program analyses compositionally, by induction on the program syntax both
in a language-independent way and in an order-theoretic setting (rather than in
the context of set-theory as in [2]).

As far as the language-independent modeling of the semantics of program-
ming languages is concerned, transition systems are a simple model of the op-
erational semantics. No equivalent exists for notions such that Hoare logic or
Scott-Strachey denotational semantics. In order to proceed compositionally by
induction on the program syntax, these notions are often introduced using a
simple programming language [4, 14]. Reasonings using this particular example
are not general enough. It follows that, with the notable exception of opera-
tional semantics modeled by a (labeled) transition system, formal semantics and
program analyses are difficult to present in the abstract, independently of a par-
ticular programming language. In this paper we propose a method to cope with
such problems.

We show that using a meta-syntax scheme and a meta-semantics scheme,
it is possible to propose a general framework for defining the semantics, proofs
and analysis of programs compositionally by induction on the meta-syntax. We
show that the fixpoint, equational, constraint, closure-condition, rule-based, and
game-theoretic styles of definition of the meta-semantics are not fundamentally
different but a simple matter of presentation with equivalent interpretations. We
next show that this definitional method is preserved by abstract interpretation.
This means that the abstraction of a semantics can be presented in the same
style as the semantics. Finally this definitional method is shown to be useful
for proving general language-independent results such well-definedness, semantic
equivalence, soundness and relative completeness of abstract interpretations.

a
2. Introductory example

Let us first illustrate the definition of the semantics § [uX -0 + aX] of the y-ex-
pression pX+0+ aX [13] in equivalent fixpoint, equational, constraint, closure-
condition, rule-based and game-theoretic form. For the sake of conciseness the
behaviors of p-expressions are described by sets of finite sequences of actions.
In fixpoint form, the semantics § [#X+ 0 + aX] is the subset of the set {0, a}*
of finite strings on the alphabet {0,a} defined as:
SuX-04aX] EfpAX-{0} U {ac: 0o € X}
In equivalent equational form, this is the C-least solution to the equation:
X ={0}U{ac:0€ X}
In equivalent set-constraint form, this is the C-least solution to the constraint:
& 2 {0}
{ X D{ac:0€ X}
This can also be written as the C-least X satisfying the closure-condition:
leXx
{0' EX = ac e X
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The semantics § [pX+ 0+ aX] can also be inductively defined by a formal system
with the following axiom and rule schema:

o€ S[pX:-0+aX]

0€S[EX-0+aX
Sk X e SX 07 ax]

which stands for the formal system with rule instances —g— and {o} , 0 € {0,a}*
ao

P

where the rule instance — means that from the set P of premises one can infer
c

the conclusion e.

Finally, the semantics $f{uX-0+ aX] can also be inductively defined by the
game with rules (presented in tabular and set of pairs forms):

I I
00 {(0, 0),
acl{o} (a0, {o}) | o € {0,a}*}

The game starts with player I choosing ¢ = o € {0, a}*. If after n moves player
I chooses o, € {0,a}* then player II must choose some X,, such that (o,, X,)
is allowed by the rules. The answer of player I must be some 0,41 € X,,. A
player who is blocked has lost. If the game goes on for ever, player II has lost.
The semantics §[pX+0+4 aX] is the set of initial ¢ for which player II has a
winning strategy in the game.

Such set-theoretic definitions are now extended in the context of partial-
orders to proceed compositionally, by induction on the syntax of programs.

3. Syntax Scheme

Following {7], we let £ be a non-empty set of program components (or fragments)
and P C L be the non-empty subset of complete programs. We let I'[[] € £ —
#(L) define the set of immediate strict components of a program fragment. This
set must be finite:

Vr € L: I"'[7] is finite.

No program fragment can be indeﬁnitely decomposed into strictly smaller com-
ponents:
There is no infinite chain 7o, my,...,7;,...in L such that Vi > 0: w41 €
I [7(’,’].
Subcomponents of a program fragment are all different (this can be obtained
e.g. by labeling):
If there are chains 7p,..., 7y, and #(,..., 7, in £ such that for all 0 <
i<m:my € Mm} forall 0 < j < n:afy, €rir], 7o = np and
Tm =, then m=n and Vi € [0,n] : m; = #l.
The set of all subcomponents I™ [-] € £ — (p(L) — {#}) of a program fragment

is:
FE]E{r :In>0:3m,...,m € L: (7= m) A

(Vi € [0,n]: miy1 € I'[m]) A (7n = ')}
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The set of all atomic subcomponents I'f [-] € £ — (p(L) — {8}) of a program

fragment is: r*[x] det (v € I*[r]: ' [«'] = 0}
The set of all compound subcomponents I'*[-] € £ — (p(L)) of a program

reement II € I [ T [F] £ 0}

Erample The immediate components of the p-expression pX-0 + aX are
I'[pX-0+ aX] = {0+aX}. Its subcomponents are I'* [uX -0 + aX] = {uX 0+
aX,0+aX,0,aX,a, X} Its atomic components are I'F [ X+ 0+ aX] = {0,q,X}.
Its compound components are I'* [pX:0+ aX] = {pX-0+ aX,0+ aX,aX}.
Depending upon the structural induction which is used other decompositions
may also be used. %]

The following proposition is useful to justify definitions and proofs by structural

induction on the syntax of programs:
det

Proposition 1. For all programs II € P, the binary relation ' < # = =’ €
def

el and o' <o = (#' < 7) V (2/ = 7) is a well-founded partial ordering on
I~ {mj.

4. Semantic Domains Scheme

The definition of the semantic scheme of program II € P is parameterized by
a semantic domain D, associated with each component x € I'* [IT] of program
II € P, such that:

Hypothesis 2. The semantic domain Dy, # € I'*[II] is a complete partial

order (cpo) (Dx,C, L, ]) so that C-increasing chains have a least upper-bound
(lud) denoted | .

5. Semantic Transformers Scheme

The definition of the semantic scheme of program IT is parameterized by mono-
tonic semantic transformers F, associated with each subcomponent 7 of IT.
Their signatures are defined by induction on the syntax of the program II:
Hypothesis 3. The semantic transformers Fr of all components w € I'* [II] of
program II € P satisfy:

- for atomic program components v € I'* [T}, Fr € Dy +— Dy

— for compound program components = € I'¥ [IT}:

Fr € (Hw,erm 'D,,,) = (Dr ¥ Dy)

6. Semantic Scheme

The semantic scheme of a program I associates an element of the semantic
domain D, to each component 7 of II. We consider several styles of presentation
of this semantics by structural induction on the syntax of the program and prove
them to be equivalent.
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6.1 Fixpoints

The fixpoint definition of the semantics uses the least fixpoint operator lfp €
(L += L) ~= L such that given ¥ € L +— L on the poset (L,C):

FfpF)=1lfpF if F(X)= X then UpF C X (1)

For all monotonic operators F' € L —— L on a cpo (L,C, 1,] ]), ifp exists and is
such that (O is the class of ordinals) fp F' = | | o F" where the approzimants

def

are F* = F (U,\ <x F") where U = L. Let us also recall the fixpoint induction
proof method. For all X € L:

F(X)CX=>WpFCX ()

6.2 Fixpoint semantic definition scheme

The fixpoint semantic scheme is parameterized by semantic domains Dy and se-
mantic transformers F, associated with each program subcomponent = € I'* [IT]
according to Hyp. 2 and Hyp. 3. It is defined compositionally, by induction on
the syntax of the program I7.

Definition 4. The fixpoint semantics S; [r], # € I' [II] of program IT € P is
defined such that:

— for atomic program components 7 € I'* [IT], S; [7] = Mfp Fir;

— for compound program components # € I'* [IT]:

5111210, ([0 1)

The fixpoint semantics Sy [IT] is well-defined:
Proposition 5. For all # € I'* [IT], Ss [7] € Dx.

6.3 Equational semantic definition scheme

The definition of the equational semantics S., [7], # € I'* [II] uses variables Xr
associated with each component 7 of program IT chosen such that 7 # 7' <=
Xr # Xp. This definition is compositional, by induction on the syntax of the
program II.

Definition 6. The equational semantics S, [}, = € ' [I] of program II € P

is the C-least solution to the following system of equations:

— the semantic equation corresponding to an atomic program component 7 €
IF) is Xx = Fr(Xx);

— the semantic equation corresponding to a compound program component x €

r*[myis:
Xy = f,( 11 x,,,)(x,)

#’'er fr]

Proposition 7. For all 7 € I [IT]], the equational definition of the semantics
of program component m is equivalent to its fizpoint definition: S., [7] = Ss [7].
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6.4 Constraint-based semantic definition scheme

By the fixpoint induction proof method (2), ip F is the C-least solution to the
constraint X 2 F(X). This remark leads to the definition of the constraint-
based semantics S., [7], # € I'™*[II]. Again the definition is compositional, by
induction on the syntax of the program:

Definition 8. The constraint-based semantics S., [r], 7 € I'* [IT] of program
II € P is the C-least solution to the following system of semantic constraints:
- the semantic constraint corresponding to an atomic program component 7 €

] is Xr 3 Fu(Xr);
— the semantic constraint corresponding to a compound program component

T E F:I[H] is Xy 3 Fy (HW‘EP[W] X”')(X")'

Usually the constraint can be decomposed into a system of more elementary
set-constraints using simple set-theoretic algebraic identities. For example:
XUUYEZ < XCzZAYLCZ
and, in a complete lattice, if F(X) = [ [{g9(z) : f(z) C X} then:
XJAFX) <= Vz: f(e) CX=>g9(z)C X
Proposition 9. For all program components w € I'*[IT], the constraint-based
definition of the semantics of w is equivalent to its fizpoint definition: S, 7] =

Ss [7].

6.5 Closure semantic definition scheme

Given a poset (L,C), a closure-condition is C € p(L x L) which is monotonic in
its second component, that is, for all 2, X,Y € L, C(z, X)AX CY = C(z,Y)
where C(z, X) is true if and only if (z, X) € C. A closure-definition has the
form:

X is the C-least element X of L satisfying: Ve € L : C(z, X) 2>z C X

The closure-definition is said to be well-formed if X exists. This order-theoretic
definition generalizes the usual set-theoretic definition [2] of the least set X of
LsuchthatVee L :C(z, X) =z € X.

A closure-definition can be presented in fixpoint form:
Proposition 10. If (L,C) is a cpo and 5(X) £ Lz € L : C(z,X)} is well-
defined then the closure-definition is well-formed and X = lfp 5.
Reciprocally, a fixpoint definition can be presented as a closure-definition:
Proposition11. If L(C, 1, ]) is a cpo and F € L += L then the closure-
definition with condition C(x,X) = 2 C F(X) is well-formed and defines ifp F.
This leads to the compositional definition of the closure-condition-based seman-
tics S, [7], € I'* [II], by induction on the syntax of the program:

Definition 12. The closure-condition-based semantics S, [7], # € I'* [IT] of
program II € P is the C-least element Xy of D, satisfying the following closure-
condition Cyr(z, Xx):
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— the closure-condition Cr(x, Xx) corresponding to an atomic program compo-
nent 7 € I'* [IT] is £ C Fr(Xy);

— the closure-condition Cy(z, X, ) corresponding to a compound program com-
ponent 7 € I'x [II] is ¢ C Fr (Hw'er[ﬂ X,,/)(X,,).

Proposition 13. For all program components m € I'* [IT], the closure-condition-
based definition of the semantics of m is equivalent to its fizpoint definition:

Sa 7] = Ss[x].

6.6 Rule-based formal systems

The semantics can also be specified by a formal system based on a poset (L, C)

with rule instances :
R {’* ‘eA}
=4 — 1
C;

such that for all i € A, P; € L and C; € L [8]. By definition, this denotes:
Ifp P 3)

where the R-operator & is @ & AX. LHCi 3 € A: P, C X}. Ris well-defined
if and only if:

VXEL:U{C;:HiEA:P;!;X}exists (4)
which is the case e.g. if (L, ) is a complete lattice.
Proposition 14. (4) implies that & is monotonic hence that (3) is well-defined.

This generalizes the set-theoretic formal systems considered in [2] where L is
(p(U),C,0,U,U,N) for a given universe U. Rules in [2] are written:

P;
{——:ieA}
¢

where P, C U and ¢; € U. Their meaning is defined to be lfp @ where ¥ =
AX-{¢;: i€ A: P; C X}. In an order-theoretic setting, we would write them:

{{:}:ieA}

with equivalent meaning Ifp @ since: ¢ = AX- | H{{c;}:F € A: P, C X} =V.

6.7 Rule-based semantic definition scheme

Again, the rule-based semantics 8,, [/T] is defined compositionally, by induction
on the syntax of the program II. In practice the formal system uses axioms (with
P = 1) and rule schemata which are interpreted as rule instances.

Definition 15. The rule-based semantics S,, [7], # € I'* [/T] is defined by the
following rule instances:
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~ for atomic program components = € I'¥ [IT]:

P
C ®
PC Dy ACC F(P)
— for compound program components w € I'* [II]:
P

-7

PCD,ACLC Fy (Hw,e S [[r']]) (P)

Proposition 16. For all # € I'* [II], the rule-based definition of the semantics
of program component 7 is equivalent to its fizpoint definition: S,, [7] = Sx [].

6.8 Games

Given a poset (L, T), a game is defined by rules R C L x L. The rules are
well-defined if and only if VX € L : | {C : 3(C, P) € R : P C X} exists.
The corresponding R-operator & is & £ AX.|J{C : 3(C, P) € R: P C X}.
The game G(R, a) with rules R starting from initial position a € L is played
by two players I and II. Player I must start by choosing zg = a. If player I
chooses z, in the n-th move, then player II must respond by X,, € p(L) such
that z, = (| J X,). For the next move, player I must choose some z,41 € Xp,.
A player who is blocked has lost. If the game goes on forever then player II has
lost. We define W(R) as the set of initial winning positions for player II:

W(R) £ {a € L : player II has a winning strategy in game G(R, a)}
Proposition 17. If the rules R are well-defined then lfp® = | |W(R)
Now a fixpoint definition can be given an equivalent game-theoretic form:

Proposition 18. If (L, C) is a cpo and F € L v L is monotonic then lfp F
= |JW(R) for the game with rules R = {(C, P): P € LAC CC F(P)}.

6.9 Game-theoretic semantic definition scheme

Again, the game-theoretic semantics S,, [/7] is defined compositionally, by in-
duction on the syntax of the program IT.
Definition 19. The game-theoretic semantics S, [7], 7 € I'* [IT] is defined by
the following rules R,:
~ for atomic program components 7 € I'*x [IT]:

Ry ={(C, P): PCL D, ACLC Fr(P)}
~ for compound program components 7 € I'¥ [IT]:

—_ . /
R, ={(C, P): PCD,ACC %, (Hﬂerm Splr ]) (P)}
Proposition 20. For all # € I'*[IT], the game-theoretic definition of the se-
mantics of program component T is equivalent to s fizpoint definition: S,, [r]

=8 [x].
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6.10 Equivalence of the semantic definitions
We conclude that the fixpoint, equational, constraint-based, closure-condition-
based, rule-based and game-theoretic semantic definitions are all equivalent:

Proposition 21. For all components « € I'* [II} of program IT € P, Sy [r] =
S I7] = Seo 7] = Salzl= S.. [7].

7. Example

p-expressions {13] provide a simple example of semantics definition. p-expres-
sions are defined by the following grammar:

E:::OlXI(IEIEl-FEzl/lX'E

where a € A is an action and X € V is a variable.
The immediate strict components I"[E] of u-expression E are:

rjoy=19 I'[aE} = {E} rixi=e
T'[E1 + E2] = {E4, Ez} rfa]=1¢ rfpX. E} = {E}
We define the following semantic domains:

a: A Z{0}UA action alphabet
o: S At nonempty finite strings
v: V = p(8) values
p: E EVV environments
op: D EE-V semantic domain
¢: Ts ED2D atomic semantic transformer domain

def . .
¢:T,"=D"+—= T, n>0, compound semantical transformer domain

The semantic domain (D, C, Ap- 0,2p°S, U,N) is a complete lattice hence a cpo
for the pointwise partial ordering C.
In the definition of the fixpoint semantics S; [E] € D of u-expression E, we

have p[X := v}(X) = v while p[X :=v}(Y) = p(Y) when X £V

Safo] & Ap+{0} Ss [E1 + EJ] A [E:]US: [E:2)

Sa [X] £ Ape 0o(X) S [pX+ E] = Up AX- Ap 8 [E]0[X = X(p))
Su[0E) & Xp+{ao : o € Ss[E]p}
These fixpoint definitions can be written in the form required by Hyp. 3:

S: [6] = ifp Fo Sa[E1 + E2) = Up Fr,+5,({Ss [E1], Su[E2]))
Sq [X] € ifp Fx S [pX- E] € lip Fux- 5(S: [E])
S [aE) = Hp Fup(S [E])
by defining the following semantic transformers:
Fo = AX- Ap-{0} Feiam = Mo, 9)-AX- 009
Fx EAX- 2pe p(X) Fuxe B = M) A+ Ape p(p[X := X(p)])

def

Far = M) XX+ Ape{ao : 0 € p(p)} (5)
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In the equational definition of the semantics, we use the usual convention of
naming [E] the variable associated with program component E:
[0] = 2p-{0} [E: + E2] = [E] U[E:]
(X1 = Apr p(X) [eX- E] = Xp: [E]P[X := [uX - E](p)]
[aE} = dp{ac : o € [E]p}
For the constraint-based definition we use simple identities such as Ap-{z} C
X if and only if Vp : # € X(p) and free variables are universally quantified:
0 € [0o}e [E:] C [E: + E2)
p(X) C [X]p [E:]1 C [E: + EBn]
{ac: 0 €[E]p} Cafle  [F]P[X := [uX- E])(p)] C [#X- E]p
For the closure-condition-based definition we use the identity X C Y if and
only if Ve € X : ¢ € Y. Free variables are universally quantified:
0 € [o]p o € [E1} = o € [E1 + E2]
g €p(X)=>ae[X]p o € [E2] = o € [E1 + E2]
c€fFlp=>ac€faElp o €[E)[X :=[uX E}(p)) = o €[uX -E]p

For the rule-based definition of the semantics S,, [E] of u-expression E, the
axioms and rule schemata of the formal system are:

o € p(X) o € SnlElp o € Sw[Ei]o
KSRV [1) 2 :
o € 8. [X]p ao € S, [aE]p o €S [E1 + Exlp
0 € S [E2)p 0 € S [E]P[X = Seu [uX - E](p)]
K sru [-El + EZ]P S Sru [“X’ E]p

The interpretation of these axioms and rule schemata in terms of rule instances,
the meaning of which is provided by (3), is as follows:

] ¢ '
0 X o B
{2p-{0}} {Ape p(X)} {Ap+{ao : 0 € S..[E]p}}
—0——E1+Eg ——LE1+E, -———P——px- g forall PCS and
S [ 1} Sw[£2] {Ap- 0} 0 € Sn[E)P[X := P)

For the game-theoretic definition of the semantics S,, [E] of p-expression E,
the rules are:

Ro = {({2p-{0}}, )}  Rx = {{{xp- p(X)}, 0)}
Rap = {({Ap-{ac : 0 € Se. [E]p}, 8)} Rpi4E; = {{Sea [E1], ), (Sea [£2], )}
Rux.e={{{dp:5}, PY): PCS A o€ S.[E}P[X := P]}

8. Abstraction Scheme

We now show that abstract interpretation preserves the fixpoint, equational,
constraint, closure-condition, rule-based and game-theoretic definitional method
for specifying abstract semantic properties of programs.
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8.1 Galois Connections

The abstraction process is formalized using Galois connections between posets
6, 9] .

Definition 22. A Galois connection between posets (L, C) and (L', C') is a
pair {a, v) of functions « € L — L* and vy € L' + L such that for all z € L and

y€ L* a(z) C' y <= = C ¥(y) which is denoted as (L,C) ——> (L, Y.
In a Galois connection, « is surjective if and only if v is injective if and only if
a oy =1 (where 1 = Az-z).

8.2 Abstract Domains Scheme

Given a semantics Sy [7] € Dx, # € I'* [IT] of program II € P, we consider an
abstract interpretation given by Galois connections [6]:

Hypothesis 23. The abstract semantic domains D%, = € I'*[II] are posets
(DL, C") such that (D,,C) % (DL,C").

In a Galois connection, « preserves lubs so that if (L,C) is a cpo and (L,C) =
(L*,C*) then (a(L),Z") is also a cpo . It follows that by restricting D% to ax(Dx),
Hyp. 23 implies that all abstract semantic domains are cpos:

Proposition 24. For all # € I'*[I], if D% £ a,(Dr) (where p(L) = {p(z) :
z € L}) then (DL, ', 1*,LI*) is a cpo with 1' = oy (L) and ! X = a,r( |__| r(2)).

8.3 Abstract Transformers Scheme
The abstraction (ay, vx) can be lifted to higher-order monotonic functionals:
(Dr 25Dy ) S5 (DL 2 D,E)
by defining the functional abstraction [5}:
Gr E AFragoF oy e EAF ey 0 F' o 0y

The same way for products:
N ) & ' '
((HW'GP[F] Dr )’ C_:) £ ((HW’EF[W] D"’)’ )
we define the product abstraction [6]:
ﬁf A ’ ! . d—ei i #
T = AX H""EF[W} a" (X"r ) 77" A HW’EF [7',] ’YT (X‘II")

Combining the product and functional abstractions:
(( II p,.) V= (D 2 D), g) <= (( II v;,) V2, (DE 2 DY), g“)

merin} w'er|n]

we define:

in

T EAFGroFoyr  Fp = A'Fro F'o iy
It follows that the semantic transformers F,, # € I'* [IT] associated with the

program [T can be abstracted compositionally into %, # € I'* [IT], by induction
on the program syntax:
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Definition 25. The abstract semantic transformers F} associated with compo-
nents 7 € I™* [/T] of program II € P are defined such that:

~ for atomic component 7 € I'* [IT] of I, Ft = Gx(Fr);

~ for compound components 7 € I'* [IT] of IT, Ft = &, (Fr). (6)

Observe that the abstractions of Hyp. 23 completely determine the semantic
transformers for all program subcomponents. We will show that this construction
ensures the soundness of the abstraction. For completeness, we say that:

Definition 26. The abstraction a is ezact, faithful or complete if and only if
for all w € I'* [/T] and & = [[1¢px) Su [7']:

O o Fr = Flooyg if w e IX{]
ay o Fu(P) = FHax(P)) o ar i melF[I]

8.4 Abstract semantic definitions

The abstract semantics is defined compositionally, by induction on the syntax
of the program II in the same way as the concrete semantics:

Definition 27. S} [IT] is defined as in Def. 4 (respectively S* [II] as in Def. 6,
St [IT] as in Def. 8, 8!, [IT] as in Def. 12, S* [IT] as in Def. 15 and S, [II] as
in Def. 19) using the abstract semantic transformers F! in place of the concrete
transformers Fp, 7 € I'™ [IT].

For all program subcomponents, the abstractions of Hyp. 23 ensure the sound-
ness of the abstract semantics Def. 27:

Proposition 28. Let S[] be either Sx[], Sea [T, Seo ['], Sal]) Seu[[] o7 Sea [
and S*[] be respectively either SL[1, S!.[1 S.L[1 SLI1, SLIT or SETT.
The abstract semantics S* [] is sound i.e. for all 7 € I'*[[I], we have S* [x]
£ ax(S[7])-

Proposition 29. Moreover, if the abstraction is complete, then the abstract
semantics S' [r] is also complete i.e. for all # € I'*[IT], we have S'[r] =

ax (S [7]).

9. Example

As a very simple example of abstraction, we consider the collecting of letters
occurring in the sentences of a language and apply it to approximate the seman-
tics of p-expressions. This illustrates the formal compositional derivation of the
abstract semantics from its definition.

The theory of abstract interpretation provides various ways of approximating
each constructor (sum, lift, (smash) product, function space, powerset/domain,
etc.) of set/domain theory [6, 9]. Since semantic domains are defined inductively
using these constructors, abstraction can be lifted compositionally to abstract se-
mantic domains, in general by induction on the rank (measuring the complexity)
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of the semantic domain. For example, in the case of y-expressions, the basis is
given by the abstraction of a language L by the set of letters z appearing in sen-

tences o of L. a,, € p(S) — p(A) is defined as o, (B) =' 0, ay (L) = U, e @s(0)
where a,(a) = {a} and a,(ac) & {a} U a,(d). Let us define the abstract value
domain V! = p(A). Since a, is a complete U-morphism, there exists a unique
v» such that

v,Q) = (V',9) (7)

is a Galois connection. Defining abstract environments E* =V — V* and the
pointwise abstraction:

ac(p) E AX 0 (p(X))  7e(p") £ AX-7,(p"(X)) (8)

we get the Galois connection:
(EQ) 5 (B, ©)
The abstract semantic domain D' = E* — V' is defined with the functional

abstraction:
de; &
Ap) Eavopore 1p) Eroptoa (10)

which is a Galois connection (D, C) % (D*,C). The abstract atomic trans-

former domain is T4, = D* = D*. The correspondence with the concrete atomic
transformer domain is defined by the functional abstraction

dp) € aopor Y@ Eyeploa (11)

This is a Galois connection (T,, C) %» (T2, ). Finally, the abstract compound

m

transformer domains are T¢" = D' +=s T for n > 0. The correspondence with
the concrete transformer domains is defined by the functional abstraction:

A'P) T GoBoit  FNP) E Fod o (12)
where:
¢"((z1,... n)) d=“( (21), ... ¢(zn)) (13)

This is a Galois connection (T," ,C) = (T", 8).

Prop. 28 provides the foundation for designing the abstract semantics compo-
sitionally. The only remaining work consists in designing the abstract predicate
transformers.

The abstract predicate transformers can be derived formally from their spec-
ification Def. 25 by algebraic computation. We illustrate this derivation for:

C Fly.p €T

-

=@ (Fux-B) by definition (6)
=doFuxEoH by definition (12) of @'
= Me')- @(Fux- 5(1 (")) since ¢ o ¢ = Az- p(3h(z))

= X" a@(Fux- 2)({(7(¢"))) by definition (13) of 4!
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= Alg') @M} A p(6IX = XED((r(@)) by def. (5) of Fux-
= Mg GO ()X = () since Aa)-ex((en)) = eale = €3]
= Mp" a0 AX Ao (") (P[X = X(p)]) o v by definition (11) of &
= A(¢ ) AT a(AX - Ap- 7 (") (P[X = X (p)])(v(X"))) by po ¢ = Az- p(3h(2))
< 1Y AR A 1(@)PLX = AN since Az ex(ea) = erle = es)
P Ve AX e ay 0 Aps (") (PIX = y(X*)(p)]) o e by definition (10) of «
)+ A Apte oy (Ap 7 (") (PLX = Y(X) () (7e(p"))) ;
since @ o ¥ = Az+ p(P(x))
= Mp') A At au (Y(2°) (7 (P)IX = 1 () (re(6* D)
since A(z)-e;((e2)) = e1[z 1= ey]
= Me')- AX Aph o (1o 0 @' 0 e (7e(0")[X = Y(XP)(7e(p*))))by def. (10) of v
= Me')e A" Apt o (ae (e (P)X = 7(?(“)(%(/) D)
since o, is surjective so a, o Yy = 1 by (7)
() AL gt (a7 (M)IX 1= 70 0 X0 (7o) by def. (10) of ¥
M) A& Apte o (@re1e(P) X = 70 0 X*(p")]))
since a. is surjective so ae o 7 = 1 by (9)
= MpH)e AXT Apf e M (e(AZ 1, (P (Z))X = o o X*(p"})]})) by def. (8) of 7,
= Me') MY Apte oM (@e(AZ+(Z = X Ty 0 X(0") - 1(p*(2)))))
since AZ+ k(Z2)[X := v} = AZ(Z = X Tv:k(Z))
= M) A At M (AY 2 0y (AZ(Z = X T 7, 0 X(p*) : 7 (p*(2)))(Y)))
by definition (8) of c,
= Mp') M AP AT (Y = X 7y 0 X0 s 3 ((V)))))
since Az- eq(e2) = e1]z := e5)
= ME) M A POV a0 (Y = X2 X YD)
since (b 7 p(e1) : p(e2)) = o((b 7 €1 : €2))
M) AZH At FOY (Y = X 7 20(61) 1 pH(Y)))
since o, is surjective so &, 0 7, = 1 by (7)
@'y AT Apte o (P [X = X (p")])
since AY (Y = X ?v: k(Y)) = k[X = v]

= A(so

The other abstract semantic transformers are obtained constructively in the
same way:

F = A 21+ {0) Fhyves = M, $9): 220 1 Dy
Fh = A% Aot pM(X) Fhxe g = Mo AP A pbe (0 X = X (pY)])

Fro = X" AT Ap' e {a} U

It should be noted that the method for designing the abstract semantics is sys-
tematic as opposed to empirical conception with a posteriori verification of the
soundness.
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The abstract fixpoint semantics S [E] of p-expression E is:

SL[0] £ Ap*-{0} SLIE: + B;] = SL[EJUSE[E:]
SEIX] = 2t pH(X) Sk [uX - E] £ lip Ax*- Apt- SL[E]P'[X = X*(p")]
8% [aE] & Mt -{a} USL[E]

The equivalent abstract equational semantics 8!, [E] of pu-expression E is the
C-least solution to the system of equations:

[o]" = A/*-{0} [E: + B) = [EA] O[B!
[XT = Mot p(X) [X- B} = A+ [EF #[X = [uX- BF ()]
[«E] = Ap*-{a} OLET
The equivalent abstract constraint-based semantics S*, [E] of p-expression E is
the C-least solution to the system of constraints:

0 € [o]'s* [E\] € [E + B
P(X) CIXT P! [E2)' C [B1 + E2)
a € [aE]'p"  [EVP[X = [uX- EF(o*)] C [uX- ET'/*
[EY C [ET
The equivalent abstract closure-condition-based semantics S}, [E] of p-expres-
sion FE is the C-least solution to the closure-conditions:

0e |[0]”p“ T € [E1]”p“ >z €[E+ Ez]up“
z € /(X)) > z € [X]'S z € [E2])'0" = z € [E1 + E21'6°
c€MEMY =€ [BAIX = [bX- BF ()] = © € [uX- BJ'p*

z € [E})'p* = z € [« E]'p

The equivalent abstract rule-based semantics S', [E] of y-expression E is defined
by the following formal system:

€ (X z € 8L [E]p*
0 € St, [0]0* ——z—pi a € S}, [aE]p’ __&
z € 8L, [X]p' z € 8! [aE]o*
z € 8}, [Er]p* z € Sk [E2] z € 8% [ElF'[X = S!, [uX - E)(p")]
z € L [Er + E2]0* z € 8! [E1 + E2]0 z € 8!, [uX- E]

Finally, the game-theoretic abstract semantics S}, [E] of p-expression E is de-
fined by the rules:

Ry ={{{2-{0}}, )} B = {({Ap-p(X)}, 0)}
Rep ={{{Ap-{a} USL[E]p, 9)} Ry, = {(SL[E1], 9), (Se[E2], 0)}
Rl x.p ={({xp-2}, P): PCS A z €S [E]P[X := P]}
Proposition 30. The abstraction o defined in (10) is complete.

Corollary 31. For all p-expressions E, SL[E] = St [E] = S, [E] = S'[E]
= SLIE] = S, [E] = «(S: [ED).
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