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Abstract. We propose a tv.' o-step algorit.htn tl1at. efficiettly constrncts 
a sclιc~dιιle of rninirnnrn ιnakespan for tlιe precedence rnιιltiproce.s.sor con­
strained sc heduling problωn in t.l1e presence of l1ierarhical comnnmica­
tion.s and task dnplication for UET-υCT graplιs. 

1 lntroduction. 

Μ::ιη:γ v;rorks dσal with thσ mιιltiρωcessoΓ schedιιling ρωblem V\7ith commιιnica­
tion (lela:γs ([4],[5],[7]) . Usωιll:γ the p;ιrallell)rogram is rφresente(l by a (lirα:t<)d 
a<;:γ<:li<: gΓaρlΊ v;rlΊσr<) c)<t<:h V<)rtex <:orτc)S1)0Π(ls to a task and e<ι<:h ;η·<; to ;ι (ρoten­
tial) ωmmunication bet'v een a ρredecessor-task and a snccessor-task. Theob­
,jectiνe is to find a feasit>le sc-11edule minimizing the comρletion time (makesρan). 

Last yc)ars the notion of hier·archic:a1 p;n·allel ;n·<;lΊitec:tnrc) beωωes a ΓCalit:γ 
\\'ith the adva,rH.:ι~ of IIl<J.ny parallel rnachines 'νhich α,η: based on this conceρt. 
Ρ arallel ardιitectιn·es of this tyρe include ρarallel machines constituted l>y differ­
ent mnltiρrocessors, bi-ρrocessors connected by m_yτinet S\\'itches, arc hitectnres 
\\'here the ρωcessω·s are connected l>:γ hierarchical l>nsses, ω· ρoint-to-ρoint ar­
c:hite<;tιιres where eaι:h veιtex of th e topology is a cluster of processoι·s. In this 
ty·pe of aΓchitectιιΓes, it is c:lear- that thι)n) :ιΓe tw oleYσls of coωmιιnications: 
the in trac;lnster-commιιniι:::ιtions bσtV\reen tw ο pι·ocessoι·s of a same maιbine, and 
the in tσrρl'Oα)SSOΓ-<:Olnmιιnic:a.tions l)CtV\' <)<)η t V\' ο pΓ<κessor·s of' (liffc)rιtJπnachines, 

that V\'C c:a1l in V\'l1at follOV\'S intσrcluster-ωmωnni<;;ιtions. Hσn<:e, tl1erσ is a nc)σd 
for an extension of the classical schednling model \\7ith homogeneons commnnica­
tion delays in order to take into acconnt this imρortant technological evolntion. 

\\'c) stΨly hc)rC thc) simρlσst <:asσ v;rlΊσr<) tl1e t;ιsks l1a.v σ nnit c)xα:ntion timσs , 

the intCΓ<;lnster-ωmπunic:ation delay t;ιkσs also a nnit of tiωe (c.:,; :=: 1) v;rhilc) 
the intraclnster-commnnication dela_y· is equal to zι~rυ (εij = 0). \Ve focns on 
the case 'νhere the rωrnber of clnsters is unrestricted, the η niiber of ρn)(:es­
sω·s \Vithin θa(;h clnsteι- is θ(!Ual to t'νο, and task duρlication is allo '" edEx­
tending the standard threσ-field notation of 161 , οuι· problem can be denoted as 
P,2lρΓec; (c~;j,tij) = (l,O);Pi = l ;dupiCrrιa-; · This pωblem h::ι..ς alΓead:γ bσen 
stndiσd in thι) ι: ::ι..ςσ wheΓe the duρlication of tasks is not allOV\' ed([1] ,[2 j). In 

\f;) 
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I2J, the aιιthor·s pωve<l that thc ρωblcm of dcciding whcthσr· aπ instan<;σ of 
Ρ, 2 lτπec; (c:;j, ευ)= (1, Ο);ρ; = liCrrιaJ: h:1.ς a sι~hcdulc of lcngth at most ±ΌuΓ is 
NP-comρlctc. As a coωlla.Γy, no ρolynomial-time algoΓithm cxists v;rίth ρσrfoΓ­
ιnall(:e bon11d sιnallcr tha11 ~ n11lcss Γ = 1\1 Ρ. In [lj, a hαιl'isti( v.rith ;ι Γσlativc 
ρcr·fol'ιnanα~ gωn·ante<) of ~ has be<)11 ρroρos<)(l. 

Ι11 this μaμ<)r, W<) allow tl1c clnμliι:atio11 of tasks ancl w<~ ρropos<) an cxt<)11Si011 
of the approach ρroρosed i11 [4]. c;oli11 and (jhretie11ne i11 14] defi11ed an oρtiιnal al­
gorithιn for the so-called sιnall (hoιnoge11eons) coιnιnιι11ication tiιnes case (S<~τ), 
\Yhere the ιnίηiιnιιιn executio11 tiιne of a11y task is greater tha11 or eφιal to the 
biggest coιnιnιι11ication delay. \Ye focus 011 the hieι'archical coιnιnu11ication-case 
a11d ιnore ρrecisel:γ on the Ρ, 2 lρrer:; (cij, ευ)= (1, O);J?; = 1; dtφiC.::'max pωbleιn, 
and v.re pωρose an optimal schcduling algω·ithm. ΟιιΓ algoΓithm is in two stcps: 
wc fiΓst compute fοΓ cach task an ea.Γliest star·ting time of any· of its coρics, v.rσ 
ωnstruι:t a critical gr;ψh, and th<)11 wc bniω ιιp a11 caΓlicst oρtiιnal sc:lΊcdul<). 
τl1<~ ρroofs l1avσ bσcn oιnitt<)(l l)α:ans<~ of sρa(C liιnitations. 

2 Problem definition. 

\νc consid<)r a dil'α:tcd <H:)'(lic: gr;ψh Ο = (V; Ε) v.rl1ich ιnodcls thc ρrα:σ­
de11ce constrai11ts. Ciiven a gι'aρh (i a11d a task i, \ve denote l>y Preda(i) (resρ. 
8υ.cr:o(i)) the set of iιnιnediate ρredecessors (resp. successoι's) of the task i i11 G. 
l\1ore ge11erallγ, \ve define Predι(i) = Predt;; 1 (P7·edo(i)), \vheι'e integer l > 1, 
a11d P7·ed~;(i) = Preda(i). Pred(;(i) de11otes the tι'ansitive closιιre of Predc:(i). 
Ι11 thc following, if no c:onfnsio11 ariS<)s, wc v.rill ι1sc tl1c 110tatio11 Pred(i) i11st<)ad 
of Prc;du(i) . 

\ν<) ιnay assιnnc w.l.o.g. that all tl1c ι:ορi<~s of any task i Ε Ί/ start tl1cir 
execntion at the san1e tiιne, de11oted t;. Let ns de11ote b:γ Πi the set of clusteι-s 
011 \\'hich \VC execnte the copies of task i . In ordeι- to siιnplif:γ the pι-ese11tatio11 
\\'he11eveι· t\\'0 tasks i,j (ω· theiι- copies) snch that (i,j) Ε Ε, aι-e 11ot executed i11 
ωnseαιtive tiιne u11its, v.re consideΓ v;r.l.o.g. that they arc cxecuted 011 diffeι-e11t 
<;lnstcι'S. Any feasible schcdnle mnst satisfy the ±Όllov.ring constraints: 

1. ::ιt ::ιny time, a clustcr execιιtcs at most tv;ro ωpics; 
2. if (i,j) is a11 aτc of G thcn: 

tj 2: t; + 2 if Π; η Πj = g 

t ; 2: tj + 1 if Π; η Πj -j. g 

Οω· ob,jcctivc is to find a fσ:1.ςible sι~hσdιιlc v.rith a minimιιm makespan. 

3 An optimal sched ule 

3.1 Finding t.he release tillles of the tasks 

The algol'ithm v;rorks i11 two steρs; the fiΓst steρ is th e ρωcedιιι·e RT (Release 
Times), v.rhich compntes a lov.rer bonnd of the staι-ti11g time of' any ι.:ομy of'task i , 
cle11otι)d by l>i , and a cr-itical graph, denoted in what follows as (Jc = (1/, Ec). Τhι) 



second step of the algorithm is the procedure ES (Earliest Scheduling), which

uses the critical graph to build up a schedule in which any copy of a task starts

at its lower bound.

Procedure RT can be stated as follows:

Let Gc = (V;Ec) be the critical graph of G = (V;E). Initially, Ec = ?.

For every task i 2 V without predecessor, let bi = 0.

While there is a task i which has not been assigned a lower bound and whose

all predecessors have been assigned their release times, do the following:

Let bP (i) = maxfbknk 2 Pred(i)g, and Si = fknbk = bP (i)g.

- If jSij = 1 then bi := bP (i) + 1, and if Si = fkg, then Ec = Ec

S
f(k; i)g

- else if jSij � 3 then bi := bP (i) + 2;

- else if jSij = 2 then w.l.o.g., let Si = fj; kg

� if for every l, jPredlGc

(j)
S
Pred

l
Gc

(k)j � 2, then bi := bP (i) + 1, and

Ec = Ec

S
f(k; i); (j; i)g

� else bi := bP (i) + 2;

We proved in the full version of the paper [3] that RT computes the lower

bounds of the starting times of any copy of each task.

Lemma 1. Let bi be the starting time computed by procedure RT . For any fea-

sible schedule of G the starting time of any copy of task i is not less than bi.

3.2 Construction of the earliest schedule.

The second step of the algorithm consists in building up an earliest schedule,

that is, a schedule such that each copy is scheduled at its lower bound.

We de�ne an arc (i; j) of E to be a critical arc, if bi + 1 = bj . From this

de�nition, it is clear that if (i; j) is a critical arc, then in any earliest schedule

every copy of task j must be preceded by a copy of task i executed on the same

cluster. The critical graph Gc = (V ;Ec) is de�ned as the partial graph of G

induced by the critical arcs. According to the construction, it is easy to see that

the following lemma is true.

Lemma 2. Every vertex in the critical graph has at most two critical predeces-

sors.

In the following, for every terminal task i in the critical graphGc (i.e. a vertex

such that SuccGc
(i) = ?), we denote by Ci the critical subgraph of Gc = (V ;Ec)

de�ned as follows:

C
i = f[i]; [PredGc

(i)]; [Pred2Gc

(i)]; : : : g = Pred
�

Gc

(i):

The tasks inside the brackets ([ ]) can be (potentially) executed simultane-

ously. According to the construction of Gc = (V ;Ec), it is clear that for every i

and l, we have jPredlGc

(i)j � 2. Notice also that a critical subgraph cannot be
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a pωpcr subgraρh of anotheΓ CΓitical subgΓaρh. So, v;rσ h:1ve :1t most η ι~Γitiα1l 
subgraρhs where η is the nιιrnbeΓ of tasks, and in a(l(lition eveΓy task in thσ 
initial gΓaph G is aπ element of at least one critical sιιbgraρh. 

lt is obvions that tl1e aitiι:al sιιl)gΓaρlΊs an: in on<)-to-one ωrτ<:sρoncl<)nα: 
v.rith tl1e tσΓminal tasks of Ο c, ;ι ρr<ψ<)rt:γ th;ιt v.rill l)<) HS<)(l in thσ sα:ond stσ1) of 
thσ algoritl1m. This is clon<) b:γ alloι:ating on<) ι:lnstσr to σach ι:ritiι:al sιιbgra1)l1 
and ρrocessing all the corresρonding copies at their tΌlease times. 

The seι:oncl st<φ of thσ algoΓithιn is tl1σ μΓοα:clιιl'C ES whiι:l1 ι:an ι() stated 
siωρly as follows: 

- Assign ea<'.h critical sul>gι·aρh of (i c = (ι/; Ec) to a distinct clιιster; 
- Staι·t executing each cορ:γ of the tasks at its lo•νer bound. 
Accω·ding to the constΓUction, it is not difficιιlt to v-erify t hat the obtained 

sι~hedulc is a fcasible oρtimal schedulc (see [3] tΌr the ρroof). 

Tlιeoι·em 1. The 8chedυ.lin,q ,qiυen aboυe i8 fea8ible. 

4 Conclusion and future works. 

An optimal Ο(τι2 ) algoΓithm for· the mιιltiρωccssor· schcduling in the ρrcscnce of 
hieΓan;hical ωmmιιnications and task dιιρlication has been presentcd. \\Γe h:1ve 
ωnsid<)rαl heΓe th<) ιιnit-<)xeωtion-tiιn<) ιιnit-ωιnωιιniι:ation-tiιn<: ρrοω<)Π1. \'Vσ 
are nov;r v.rorking to extencl 0111· stncl:γ in th<) ι:ase of sιn;ιll hi<:r;ιrι:l1ical ωιnωιιηi­

ι:atiοη dela:γs. 
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