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Abstract. Estimating the parameters of a pencil of lines is addressed.
A statistical model for the measurements is developed, from which the
Cramer Rao lower bound is determined. An estimator is derived, and its
performance is simulated and compared to the bound. The estimator is
shown to be asymptotically efficient, and superior to the classical least
squares algorithm.

1 Introduction

Identifying straight lines and estimating their common point of intersection is a
frequent task in image processing applications. The particular problem of esti-
mating the parameters of a single line from two dimensional measurements has
been studied in [1], [4], [8]. When multiple lines are known to intersect at a com-
mon point, however, parameter estimates for a given line can be improved owing
to the common information available from the other lines. Moreover, the struc-
ture of the estimator changes from that presented in [I] and [§]. It is the purpose
of this paper to present the line parameter estimation problem by providing a
parameterized statistical model of the measurements, analyzing the limitations
imposed by this model on the line parameter estimates, and finally by proposing
an estimator for the line parameters.

The analysis begins in Section 2] where the measurements of points on a
line are statistically modelled by the parameters of interest. In Section Bl pa-
rameter estimation is addressed by using the parameterized statistical model of
Section [ to determine the Fisher information matrix for the line parameters.
From the Fisher information matrix, the Cramer-Rao lower bounds for line pa-
rameter estimates are determined explicitly in terms of the line parameters and
the statistical parameters influencing the measurements. Section [ addresses the
problem of estimating line parameters from a pencil of lines when each of these
lines is modelled according to Section 21 The methods of Section [ are used to
find the Fisher information matrix for the totality of line parameters and their
point of intersection. The performance benefit attained by using a mutual point
of intersection is reflected in the Cramer Rao lower bound, which is compared
with the results of Section[3. An estimator for the point of intersection and the
respective line parameters is then developed in Section[Bl In Section[6] the perfor-
mance of this estimator is simulated and compared with the Cramer Rao lower
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bounds from Sections Bland [ In addition, the proposed estimator is compared
with the least squares estimator for the point of intersection when the lines are
parameterized independently of each other.

2 The Line Data Model

One method for fitting two dimensional point measurements to a line is proposed
by Ponce and Forsyth in [T]. The N line measurements (z,,y,), n =1,..., N in
the coordinate system (z,y) are modelled as a rotation by ¢ of points (xn, V¥n),
n = 1,...,N in an initial coordinate system (x,~). In (x,7) coordinates, a
line is assumed to be described by v = A, although the measurements ~,, are
perturbed from A by zero mean noise v,. Thus, line modelling begins with the
transformation by coordinate rotation

][t el [
EIRA
s ] 8

where the rotation matrix S is given by

s=| ) @

and
a sin ¢
b| = |cos¢ (3)
c —A

In this notation, a line is described in (z,y) coordinates by az + by + ¢ = 0.

In order to model the points (x,,y,) statistically, it is sufficient to charac-
terize xp and vy, as (Zn,y,) are related to these by the linear transformation
1)). For simplicity of analysis, assume the noise samples v, to be zero mean,
independent, and identically distributed Gaussian random variables with vari-
ance 02, and denote this distribution by v, ~ N(0,02), n =1,..., N. Similarly,
the coordinates x, are assumed to be independent and identically distributed
samples from a Gaussian distribution having mean pu, and variance Ui, such
that X, ~ N (fy, ai), n=1,...,N. As 02 is the measurement noise and ai the
spread of the points on the line, it must be that o’i >> o2,

As the two random variables v,, and y,, are Gaussian and independent, they
are jointly Gaussian [3]. Thus, the vector z, = [z yn}T has Gaussian distri-
bution z,, ~ N(u,, C,) with mean vector pu, = E {z,} found from (I)) as

uzz—S[“X} (4)

C
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The correlation matrix C, is found from equations () and (@), and
by noting that by the independence of x, and v,, E{(xn —fy)Vn} =

E {xn — iy} E {v} = 0.

T
CZE{S {xn—ux} {xn—ux} ST}
—VUn —Un

—S[UiO}ST

2
0 o

= SAS” (5)

Since the matrix S is unitary and diagonalizes C., it holds the eigenvectors of
C.. From (B) and (H), the eigenvector [a b]T of S is associated with the eigenvalue
o2, the variance of the measurement noise.

The joint statistics of z, can be expressed succinctly in terms of the con-
catenation vector Z given by

Z=[2T2F 25" (6)

The measurements z,, are jointly Gaussian, so the vector Z has Gaussian dis-
tribution Z ~ N(puz, Cz). The mean pz = E{Z} is given by the 2N x 1
vector

pz=[pl ... pul]" (7)

By virtue of the independent and identically distributed nature of the ran-
dom variables v, and Xy, E {VnVm} = 020n—m and E {(xn — ft) (Xm — Hx)} =
028, _m, where §,, is the Dirac function. The 2N x 2N covariance matrix Cz is
then given by

C.0 -0
0 C, 0

Cz=| . S (8)
0 0-..-C,

3 Cramer Rao Bounds for Line Parameter Estimates
Given a Single Line

Having statistically characterized the joint distribution of the samples (2., Yn),
n=1,..., N, the influence of this statistical model on parameter estimates can
be determined. First, note from equations (@), @) and (&) that the mean vector
- and covariance matrix C, are seen to be functions of the parameters ¢, c,
oy 0)2(, and o2, denoted by the vector 8 as

0=1[¢cuao]” (9)
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Since the random vectors z, have the Gaussian distribution z, ~ N(u (0),
C. (0)) for any choice of 8, the random vector Z, by (@) and (B), is also sta-
tistically parameterized as Z ~ N(uz (0), Cz (0)). The random vectors z,,
n=1,...,N and Z are therefore called Generalized Gaussian random vectors
[2]. The significance of this characterization lies in the fact that the parameters
6 are assumed deterministic and unknown, like the line parameters in (@), for
example, which are being estimated. Estimates of fixed parameters, like the com-
ponents of @, have their minimum variance bounded by the Cramer Rao Lower
Bound (CRLB), which is determined by relating the K x K covariance matrix
C, of the K unbiased parameter estimates 6 to the inverse Fisher information
matrix 171 (9) as [2]

Cy>17(0) (10)

So that for each estimate 6; of the true parameter 6;, the variance 0 _is given by

C,(i,4), and the CRLB by I"! () (i,4). For the case of a Generahzed Gaussian
random vector X ~ N (ux (0),Cx (8)), the elements of I(0) are given by [2],
equation (3.31)

T
o), = | 2] ox o) | 2]
+;t [C (9)6(35(91()03(1(0)8(35(419)} (11)

where tr [D] denotes the trace of the matrix D, and dux (0) /06, is the partial
derivative of every element in the mean vector px (6) with respect to the j**
element of the parameter vector 0, just as 9C x (6) /00; is the partial derivative
of every component of the covariance matrix Cx (8) with respect to the 7*?
element of 6.

Applying (1) to the measurements Z ~ N (uz (0),Cz (0)) with (7)) and
(B), then the elements [I(0)],; are found as

(3

10), = N [W]T o) [apge( >]
rytr o0 T Port @ 70 (12)

Equation ([I2]) states that the Fisher information matrix for N measurements z,
is that for a single measurement scaled by N.
Noting from () that ST = S, the following identities from () make deter-
mining the components of (1) straightforward
0C, 0S 0S8

90— agAS+SAL (13)

T T o 10
ss” =s s_[OJ (14)
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0S8 0-1
511 0] )
0s 01
- [
C.;'=SA'S (17)

By applying the identities (3] through ([{7) in (2] for all combinations of the

parameter elements in (@), it can be shown that the Fisher information matrix
takes the form

_[T(deny) O }

I1(0)= X 18

(©) { 0 1(c202) (18)

The block diagonal structure of (I8]) implies that the inverse of (IJ)) is similarly

block diagonal, so that to find the bounds on estimating the line parameters ¢,

¢, and pu,,, one need only consider the Fisher information matrix I (¢, ¢, u, ). This
matrix is found as

2
N ai,ui + 02012, + (U?, — 0)2() ,uxai —cag
I(¢7C7MX) = 0202 MXU% O'>2< 0 (19)
voX —coy 0 o2
and the inverse is given by
» 1 0)2(012, —uxoioz co2o?
I(p,c,y) o —uxaiaf K1 —cuxaiaf (20)
N (Ju - Ux) 00)2(03 —c,uxaio?, K2
where k1 = 02 [aiui + (02 — oi)z} and Ky = 02 [620'3 + (02 - 03)2]. From

(20), the CRLB for any estimate ¢ of the rotation angle ¢ is given by the first
diagonal entry
2
S0 P o
To find the CRLB for the parameter estimates of a = sin ¢, b = cos ¢, and
¢ = c from (B)), we use [2] p45 (3.30)
_ 0g(0) 1, 98(6)"
I'(g(0) = I
(2(0) = 5717 (0) B
which determines the inverse of the Fisher information matrix for estimating
the functions g (0) = [g1(0) g2(0) - - - g-(8) | of the parameter vector 6 from the

inverse of the Fisher information matrix for 6 itself. The matrix dg(0) /00 in
([22) is the r x p Jacobian matrix
091(0) 091(0) .. 991(0)
001 002 00,
992(0) 992(8) . 9g2(0)
g (0) _ | o0 Toe. a0, (23)
00 : Do :

(22)

99-(0) 9g-(0) . 9g-(8)
20, 903 20,
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Letting g (6) = [a b c] as in (B), then substitution into ([23) yields

B[abc] cos¢p 00
0 10

Applying (22) with (20) and (24) and noting (21]) yields

cos?p  —singcosd  —pu, cos P
I"!(a,b,¢) = CRLB (@ “singoosg  sin” ¢ i sin (25)
—Hosd psing 1+ SeREEE)

The terms along the main diagonal in (25)) are the Cramer Rao lower bounds on
the variance of the line parameter estimates a, b, and ¢, respectively.

b2>CRLB (¢
> a?CRLB (¢ (26)
}2CRLB (¢>)+%

O NS R N

4 Cramer Rao Bounds for Line Parameter Estimates
Given a Pencil of Lines

The results of the previous section can be extended to find the influence of a
common point of intersection (zg,yo) on line parameter estimates for a pencil
of L lines. In this case, each line ¢, £ = 1, ..., L has associated with it a distinct
group of data Z, of the form (B), each having N, two dimensional data points
Zn,- The fact that the data families Z,, £ = 1,..., L are all distinct means that
the noise models that generate them, as in (), are all independent. The vectors
Zy, £ =1,..., L are jointly Gaussian with

E {(Zz —bz,)(Zk - sz)T} =0,-1Cz, (27)
where Cgz,, £ =1,..., L are of the form (). A vector Q defined as the concate-
nation of the measurements Z,, £ = 1,..., L such that

T
Q=[z{ - z]] (28)
is therefore distributed as Q@ ~ N(pug, Cg) with mean vector pg = E{Q}
T
no =[pz, - nz, ] (29)
and, using (27), the covariance matrix Cgq is
Cz, 0 --- 0
0 Cz, O
Co=| . L (30)

0 0 ---Cg,
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By substitution of @ in (), and using ([29)) and (3Q), its not hard to show that
the elements of the Fisher Information matrix are given by

S ] o e
(‘w]
09

Ne

+tr [Cz[ (9) 9C-, (9) (’9)0—1 (9)

T (31)
where p,, and C,, are from () and (B). The parameter vector 9 holds the
parameter vectors 8, defined in (@) for each family of line data £ =1, ..., L. This
parameter space is reduced for the pencil of lines by noting that the common
point of intersection (zg,yo) lies on each of the L lines, and thus satisfies asxo +
beyo+ce=0,0=1,..., L. Thus, ¢, = —ayxo — bpyo and the parameter vector ¥
is given by

9= [¢1 iy, Op, 0%, - DL Hyy, Oy Ox, To Yo (32)

It should be clear from @I and the definitions (@) and (@) that Op.,/09; =0
and 0C,/0V; = 0 for i # j where 0); are the line parameters of the 4P line,
excluding zg and yo. By applying the identities (I3) through (I7) in @I, it’s
straightforward to show that parameter estimates of ¢¢, fiy,, To and yo are
independent of those for 03 and O'X 0 =1,...,L, exactly as for (I¥). The
Fisher information matrix for the reduced parameter vector 19’

9 = [¢1 by, -+ DL fix, To Yo (33)
is then given by
[ I¢17¢>1 I¢17MX1 0 - 0 0 I¢>1>930 I¢1,yo i
I#xlvﬁf’l Iﬂxl’#xl 0 0 0 I,qu,:co If‘x1vyo
0 0 . .

34
: : Iy, .60 I¢LaMxL Iy, 20 1oy, ( )
0 0 0o -1,

xrPL I)U’XLHU’XL IHL’IO IHXL »Y0
IE07¢1 Izo,uxl I5607¢2 T Iro,¢L IZOV#XL Ixoyﬂﬂo Iro,yo
L Lo, Iyoauxl Lyopo -+ Tyo,or IymILxL Lyozo Tyoyo |

. -b i
where the elements of (B4) are given by Iy, 4, = Ng((“”f—;ﬂwo) +
ve

(arzo+beyo)? ve 9x _ azxo-i-b/zyo _ _
0)2(2 + nggie ) I¢e Hxe — IiU‘X@ [T = Ny Xe I¢eﬂ70 - IIO,W -

N az(bﬁ,xo a/y()*ux,,) I _ Y bl’.(bém(!*a%yﬂ*l’*xg) _ 1
L 0-12% s Lo yo — Lyo,pe — £ ag[ b THxgsMx, T 0')2% )
qug,wo = Iwo,uxg = IMXZ,yo = Iyo,uu =0, Ipgep = 2521 oz, Looyo = Iyoze =

L ayby _ L b?
Py o2, and Ly, y, = 2 2y o2,
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The Fisher information matrix for line parameter estimates of ag, by, £ =
1,...,L and (zg,yo) is found from (22) using the transformation g (9’) of the
parameter vector ¥ given by

g(¥) = [sinqSl cos ¢1 sin ¢y cos ¢y - - - sin ¢y, cos ¢, xg yo] (35)
Then
sy 08(0) o, g (9)T
1 g (0) = B ) 2810 (36)

where I7! (19) is from (34), and the matrix dg (9') /09’ is determined by apply-
ing (23) to (B9) in the same manner as was done for (24)). The bounds afforded
by (30) can be compared to the bounds of (26) for unassisted line parameter
estimation. Figure[dlillustrates the improved performance of joint estimation by
plotting the minimum variance 0?11 as a function of the number of lines L using
B8) and (Z6). The simulation parameters are zo = 1000.0, yo = 0, N = 64,
py =0, 02 =1, 0'>2< =16, and A, = 7/6.

10” T T T T
— Gg » CRLB for Joint Parameter and Intersection Estimation

o ci‘, CRLB for Single Line Parameter Estimates
v

:\‘0“’04 L

I I I
0 5 10 15 20 25 30 35
Number of Intersecting Lines

107 L L L

Fig. 1. Comparison of CRLBs from (36) and (26) for estimating parameter a; from a
pencil of L lines.

5 A Point of Intersection Estimator

To motivate an estimator for the point of intersection (&g, o) of L lines, consider
a particular line £, whose measurements are of the form ({I), such that

[mn,e} _ { cos ¢ sinaﬁe} {xn,e] (37)

Yn,b — sin ¢y cos ¢y Tn,l
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Multiplying both sides of (B7) by a test vector [sin by cos (;ASA yields

Sin ey, ¢ + COS Ppyp, ¢ = sin (d)é - W) Xn,¢ + COS (Gge - fbtz) Yne  (38)

The variance of the left hand side of (38) is the same as the variance of the right
hand side of (B8], which is given by

sin? ((ﬁg - @) Ui)z + cos? (qgg - ¢4) ooy (39)

As aie < U>2<,€ by assumption, (B9) is minimized when b¢ = ¢¢. Thus, defining
ag Ag = |sin Ag cos Ag and a constant ¢, for £ = 1,..., L, then these are line
ag b d tant ¢ for £ = 1 L, then th 1
parameters as in (B]), with the constraint

o 2 .- qla
W+%:M”dhﬂ:1 (40)
In addition, these lines are constrained to intersect at (&g, go)

apio + betio + ¢ = 0 (41)

Now, the likelihood function pe (@), where Q is from (28], can be expressed

2

2
Z Z (aplneer/yneJr%) +(*bz1’n1{+agyng*u><e)
=1 n=1 2@

)
pe (Q) = Coe *7xe (42)
with @ =[ay1 by ¢1 ... ap by cL xo yo]. Given the variance (39), the constraint
(A0), and the assumption o7, < o2, choosing @ to minimize the double sum

over the first squared term in the exponent of (2) will maximize pg (Q). Thus,
a suitable cost for an estimator of @ is

@3

L L
30 (acdo +hego+0) + Y pe (248 -1)  (13)
(=1 (=1

N 2
gf»’: (dewn,e + beYn,e + ée)

n=

2
20}

—=

To decouple the parameter estimates for the separate lines in the minimization
of (43), the point of intersection (g, 7o) is viewed as a known parameter. The
minimization of (@3] with respect to the parameters ag, by, and & of line £ is

then ) o
_209p¢ | Gy 0oy | (&0 — fﬂe)}
A = £ Il I D 44
Z[be} Ny [be} Ny [(yoyz) (44)

As in [1], Ay is the modal matrix of the data associated with the ¢! line.

_ (967? — w72) (TeTe — Teyp)

A= — (45)
(YeTe — Toye) (yf - WZ)
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where the notation Z means

K
D k=1 %k
K
Clearly, A, tends asymptotically to C,, from (§). In addition, note the identity

(46)

7z =

0?/\[
Ny

which is the result of minimizing ([@3]) with respect to ¢, and helps to realize the

form ([44]).

To complete the solution for dg, by, denote the (column) eigenvectors of A,
by 1o, and 1,, and the matrix ¥, = [1)o, ¥1,] such that

Ay =T ATT (48)

Cp = —0pT¢ — bely —

(47)

where A, is the associated diagonal matrix whose entries are the eigenvalues fp,
and (3, of Ay. The relevant parameters can all be defined then as

[ (&0 — T2) (90 — Vr) ]T = WP,d, (49)

[a by])" = o fy (50)
Using (50) and (#9), equation (@4) may be written
)\@O’?

WA fo=cu¥rfo— TZ‘I’ede (51)

where oy = —202py/N,. By multiplying both sides of (51l) by ¥7, noting that
W?@g = I5«2 and then rearranging, its not hard to show that the solution for
(Ge,be) is given by

N 1
Qyp )\gag Boo—ar 0
A === 0,6~ d 52
[b£:| Ne ‘ [ 0 51,21*012 ‘ ( )

The Lagrangian multipliers oy and Ay in (52) must now be determined. ay is
found from backwards substitution of (52)) into ([@I)). Using ([#T) and after some
manipulation, it can be shown that

dg n i,
(Bou — ) (Bre— )
Equation (B3] yields the Lagrangian multiplier oy

=1 (53)

1
ar =3 (Bo,e + Bre + dg,e + die)

1 2
iz\/@o,z + Bre+dg, + d%,v;) -4 (dagﬂu +d3 Boe + 50,1651,@) (54)

2
(ﬂo,z + Bre+dg, + d%g) \/(5075 — Bre+dg, — die) + 4d3,zdi{z
= + 55
5 5 {55)
1

1
P 56
PR (56)
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where (B5) shows that the discriminant is always positive, so that ay is always
real and positive.

The second Lagrangian multiplier Ay is found from the constraint ([@0) which
can be rewritten using (52)) as

() * (o) | - o

This yields Ay as

AL (Bo,e — ) (Bre — cw)
A==+
- 2
7t \/d%,e (Bie — ag)® + a3 (Boe — )’

(58)

The denominator of (58) can be put in a more useful form substituting (53] into
(B7) for each of the ratios in dy and dy. After some algebra, and substituting
([ER) for Mg, it can be shown that

3, (Bre — ae)’ +d3 4 (Boe — ) = £ (Boe — o) (Bre — ) & (59)

with & from (BE). The parameters (ag, be) in (52 can then be rewritten with

(BER) and (BY) as

doe (B0 — ap)
oL [dm (Bo,e — ae)]

[Zﬂ - vV (Bo,e — ae) (Bre — ) &

(60)

Returning to the cost ([@3) and observing that (ds,by) implicitly satisfy the
constraints, its not hard to show that

o B (L) 6] ) ]

2
202,

c@) = (61)

(=1

Substituting (60) into (61]), noting (@) and (49) and making prudent use of
equation (53)), it can be shown that this cost reduces to

L
0@ =Y ysa (62

The «p which minimize (62) are found from (B4) by subtracting the radical.
To find the point of intersection (&, 7o), ([62Z) can be minimized using Newton
Raphson, but an initial guess for (Zg, §o) is required. Noting from (B5) that for
any d, given by (@), min (8o ¢, f1.¢) < o < max (8o, 51,6), the choice of d;
such that oy = min (8o ¢, f1,¢) occurs when the vector [(Zo — Z¢) (g0 — Fe)] from
(E9) projects entirely onto the eigenvector ¥yax corresponding to the maximum
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eigenvalue Bpax. To minimize C (Q), this condition should be satisfied for as
many lines as possible, so that if [a, Z;z] are the components of the eigenvector
Ymin corresponding to the minimum eigenvalue Spin, then ap(Zo — o) + Bg(gjo —
¥e) = 0. A point (&g, Jo) that seeks to minimize every ay is thus found from

ax 1:71 1
az by 5 Co
o VO} 1. (63)
: Y :
&N EN 5N
where ¢y = —apT, — l;gﬂg. Since ay, E@, and ¢ minimize oy and (G2) for L = 1,

the parameter estimators of a single line from [I are in fact a special case of the
current approach.
With the initial guess (£, §o), the Newton-Raphson method computes [2]

. . ’c(@) 2’°C(Q) ac
0 0 9°C(Q) 9°C(Q) 20(Q)
Jo[n + 1] Yo [n] 5030 O B

Eo=&o[n],Jo=7o[n]

An algorithm for the point of intersection estimator is given by

1. Estimate the initial point of intersection (Zo[0], §0[0]) from (G3)

2. Compute the modal matrices A, from (45]) and the resulting eigen-
vectors W, and eigenvalues By, B1,¢ for each family of line data
¢=1,...,L.

3. Determine dy from ([@9) using (&[n], Go[n])

4. Compute C (Q) from (62) and its partial derivatives in terms of ay

from (B4) to construct (G4).

5. Repeat from Bl until [©2) is minimum

6 Simulation and Discussion

In keeping with the figures of Section H] simulations are performed with the same
parameters: 02 = 1, 0'>2< =16, puy, = 0, £o = 1000, fo = 0, and 10, 000 iterations.
When multiple lines intersect at (Zo,%o), they do so by equally dividing an
angle of m/6. Figure [2 illustrates the error variance of the proposed intersection
estimator (64]) for the estimate of coordinate &y when only two lines intersect,
one coincident with the = axis and the second with angle of intersection /6.
As seen from the figure, for N as low as 16, the simulated variance is within
an order of magnitude of the CRLB from (B6). Moreover, the estimator (64) is
seen to asymptotically attain the CRLB, consistent with the expected behavior
of maximum likelihood estimators [2].

The line parameter estimate a; from the pencil is found by substituting the
point of intersection estimate (&g, o) from (64)) into (60) using (B4) for ay. The
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10 T T
— (Si , Maximum Likelihood Estimator

o2, CRLB

X
10° F . 4
10° J

7
10 ¢ El
%
10° & E
10° £ E
10° | E
10° I I I I I I
[ 20 40 60 80 100 120 140

Number of Points per Line

Fig. 2. Simulated o3, as estimated from (6Z) and CRLB from (BG) versus number of
points N.

curves of figure Bldepict simulations of the estimator variance 021, 0?11 and the
CRLB from (B6) as a function of the number of intersecting lines L. As can
be seen from the figure, a; provides a clear improvement over the alternative
of estimating the line parameter a; from its line data alone, confirming the

predictions of figure[I] The number of points per line in the simulation is N = 64.

10 T T
—_— of ,» Maximum Likelihood Estimator

— GXQO, Least Squares
o7, CRLB
0

I I I I
0 5 10 15 20 25 30 35
Number of Intersecting Lines

Fig. 3. Simulated U?DO, as estimated from (64), Least Squares, and the CRLB from
([B6), versus the number of lines L.
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T T
— 62, Maximum Likelihood Estimator
— css', Least Squares
%', CRLB
a'

4 I I I I
0 5 10 15 20 25 30 35
Number of Intersecting Lines

Fig. 4. Simulated o7 , by applying (B0) to estimates (&0, Jo) from (64)), the Single Line

a
parameter estimator from [I], and the CRLB from (Bf), versus the number of lines L.

10 T T
—— Simulated 65 from Newton-Raphson
o2 CRLB °
o

Fig. 5. Simulated o7, from (64) and the CRLB from (BB) versus w, from (E5).

The performance of (B4)) using the least squares estimate of (2, go) from (63)
is simulated in figure [l as a function of the subtending angle wy

|
—

Ws = max {wg’k = cos™ ! (agay + beby), L,k - ,L} (65)

The simulation parameters are L = 16, Ny = 64, 07, = 1, 02, = 16 and w, is

equally divided by the L intersecting lines. It is apparent from the figure that
as wg becomes increasingly small, the performance of the method degrades. The

large variance 0%0 of the estimator results from a small number of very large
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outliers. These outliers result both from increasingly poor estimates afforded by
the initial guess (63), and the existence of local minima to which (64]) converges.
It may be possible to improve performance by using several initial points (Zg, go),
each obtained from the intersection of different groups of line parameters ay, be,
and ¢g, but further investigation is required to present a definitive solution. Note
that the simulated variance O’%O is within an order of magnitude of the CRLB

for ws/m =1/32, or about 1.4 degrees.
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