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Devwudfw1 Zh sursrvh wkh vlpxodwlrq ri rlo uhfryhu| e| phdqv ri d

prohfxodu w|sh dssurdfk1 E| xvlqj d ÿqlwh vhw ri sduwlfohv xqghu wkh

lqwhudfwlrq ri d Ohqqdug0Mrqhv w|sh srwhqwldo zh vlpxodwh wkh ehkdylru

ri d þxlg lq d srurxv phgld/ dqg zh vkrz wkdw xqghu fhuwdlq frqglwlrqv

wkh ÿqjhulqj skhqrphqd dsshduv1

4 Lqwurgxfwlrq

Lq wklv zrun zh sursrvh wkh vlpxodwlrq ri rlo uhfryhu| e| phdqv ri d prohfxodu
w|sh dssurdfk1 Wklv phdqv wkdw zh frqvlghu wkh pdwhuldov wr eh frpsrvhg ri
d ÿqlwh qxpehu ri sduwlfohv/ zklfk duh dssur{lpdqwv iru prohfxohv1 Srurxv þrz
lv vwxglhg txdolwdwlyho| xqghu wkh dvvxpswlrq wkdw sduwlfohv ri urfn/ rlo dqg wkh
þrrglqj þrz lqwhudfw zlwk hdfk rwkhu e| phdqv ri d frpshqvdwlqj Ohqqdug0
Mrqhv w|sh srwhqwldo1 Zh dovr frqvlghu wkh v|vwhp wr eh xqghu wkh lqþxhqfh ri
judylw|1 Zh vwxg| plvfleoh glvsodfhphqw lq dq rlo uhvhuyrlu iurp ydulrxv vhwv ri
lqlwldo gdwd1 Wkh yhorflw| dqg wkh udwh ri lqmhfwlrq ri wkh lqjrlqj sduwlfohv suryhg
wr eh dprqj wkh prvw lpsruwdqw sdudphwhuv wkdw fdq eh dgmxvwhg wr lqfuhdvh
wkh udwh ri surgxfwlrq1 Lw lv dovr qrwhg wkdw wkh ÿqjhulqj skhqrphqrq lv uhdglo|
ghwhfwhg1 Wklv vlpxodwlrq whfkqltxh kdv ehhq xvhg lq ^405Á dqg ^7Á wr vlpxodwh
vhyhudo sk|vlfdo v|vwhpv1 Ghwdlov ri wklv phwkrg dssolhg wr wkh vwxg| ri srurxv
þrz fdq eh irxqghg lq ^6Á1

5 Prgho irupxodwlrq

Frqvlghu d uhfwdqjxodu uhjlrq U/ zklfk lv d srurxv phglxp1 Zh dvvxph wkdw lq

wklv uhjlrq zh kdyh d uhvlghqw ÿxlg ru rlo1 Zh vkdoo lqwurgxfh d glþhuhqw nlqg ri

ÿxlg zklfk/ dv d pdwwhu ri frqyhqlhqfh/ zloo eh fdoohg zdwhu/ dowkrxjk lw lv dq

dtxhrxv vroxwlrq zklfk frxog eh d sro|phulf vroxwlrq/ vxuidfwdqw vroxwlrq ru d

eulqh1 Wkh sk|vlfdo v|vwhp frqvlvwv riQ @Q4.Q5.Q6 sduwlfohv/ S4> S5> ===> SQ >

zlwk pdvvhv p4>p5> ===>pQ 1 Wkh sduwlfohv

S4> S5> ===> SQ4
> Uhsuhvhqw urfnv/

SQ4.4> S5> ===> SQ5
> Rlo/ dqg

SQ5.4> S5> ===> SQ Lqfrplqj zdwhu
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Iru sxusrvhv ri lqmhfwlrq ri zdwhu dqg surgxfwlrq ri rlo/ wzr zhoov duh rshqhg/

rqh lq wkh erwwrp ohiw fruqhu ri U/ iru lqmhfwlrq/ dqg rwkhu lq wkh gldjrqdoo|

rssrvlwh fruqhu iru surgxfwlrq/ vhh Ilj1 41 Wkh yduldeohv dw wlph w @ nÿw duh=

ul>n Frruglqdwhv ri wkh sduwlfoh/

ul>m>n Glvwdqfh ehwzhhq wkh sduwlfohv Sl dqg Sm>

yl>n Yhorflw| ri wkh sduwlfoh/

dl>n Dffhohudwlrq ri wkh sduwlfoh/

I l>m>n Orfdo irufh h{huwhg rq Sl e| Sm >

I
ÿ

l>n Orfdo irufh dfwlqj rq Sl gxh wr wkh rwkhu sduwlfohv/
i l>n Orqj udqjh irufh dfwlqj rq Sl +olnh judylw|,/
I l>n Wrwdo irufh rq sduwlfoh Sl>

iru l @ 4>5> ===>Q dqg n @ 3>4> ===

Wkh orfdo irufh I l>m>n h{huwhg rq Sl e| Sm lv

I l>m>n @plpm

%
Kl>m

u
tl>m
l>m>n

ÿ

Jl>m

u
sl>m
l>m>n

&
um>n ÿ ul>n

ul>m>n

> +4,

zkhuh wkh ydoxhv ri wkh sdudphwhuv Kl>m/ Jl>m/ tl>m dqg sl>m ghshqg rq wkh

sduwlfohv zklfk duh lqwhudfwlqj1 Wkh wrwdo orfdo irufh I
ÿ

l>n dfwlqj rq sduwlfoh Sl

gxh wr wkh rwkhu sduwlfohv lv jlyhq e|=

I
ÿ

l>n @

Q[

m@4>m 9@l

I l>m>n +5,

Wkhuhiruh/ wkh wrwdo irufh dfwlqj xsrq wkh sduwlfoh Sl lv

I l>n @ I
ÿ

l>n . i l>n= +6,

Wkh dfhohudwlrq ri Sl lv uhodwhg wr wkh irufh e| Qhzwrq*v Odz

I l>n @pldl>n= +7,

Lq jhqhudo v|vwhp +7, fdq qrw eh vroyhg dqdo|wlfdoo| iurp jlyhq lqlwldo srvl0
wlrqv dqg yhorflwlhv/ wkhuhiruh lw pxvw eh vroyhg qxphulfdoo|1 Iru hfrqrp|/ vlp0
solflw| dqg uhodwlyho| qxphulfdo vwdelolw| zh xvh wkh ÿohds iurjþ irupxodh/ zklfk
kdv vhfrqg0rughu dffxudf| lq wlph/

yl>4@5 @ yl>3 .
4

5
dl>3ÿw

yl>n.4@5@yl>nÿ4@5 .
4

5
dl>nÿw

ul>n.4@ul>n .
4

5
yl>nÿ4@5ÿw

iru l @ 4>5> ===>Q> n @ 4> 5> === =

Wkh qxpehu ri fdofxodwlrqv uhtxluhg wr hydoxdwh +4, dw hdfk lwhudwlrq lv
R+Q5,1 Krzhyhu wklv qxpehu lv pxfk vpdoohu li wkh srwhqwldo lv wuxqfdwhg iru d

glvwdqfh juhdwhu wkdq uf 1
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6 Erxqgdu| Frqglwlrqv

Zh dvvxph wkdw wkh sduwlfohv ri wkh ÿxlgv orrvh hqhuj| zkhq wkh| lqwhudfw zlwk

wkh zdoov ri wkh uhjlrq U/ wkhuhiruh lw zloo eh qhfhvvdu| wr prgho wkh kdugqhvv ri

wkh zdoo uhodwlyh wr wkh uhÿhfwlrq ri wkh lqwhudfwlqj ÿxlg/ dqg lw lv grqh e| xvlqj

wkh iroorzlqj gdpslqj idfwruv dfwlqj rq wkh yhorflw| ri wkh uhÿhfwhg sduwlfohv1

ÿl @ 3=7 iru l @ Q4 . 4> ===>Q4 .Q5 > dqg

ÿl @ 3=; iru l @ Q4 .Q5 .4> ===> Q=

7 Lqlwldo frqglwlrqv

Wkh urfn dqg rlo sduwlfohv/ iru wzr dq wkuhh glphqvlrqv> zhuh vhw xs dw wkh lqlwldo

wlph lq vxfk d zd| wkdw wkh| vdwlvÿhg dq htxloleulxp vwdwh/ dv vkrzq lq Ilj1 4

dqg 51

Ilj1 41 Lqlwldo frqÿjxudwlrq lq wzr glphqvlrqv

8 Qxphulfdo uhvxowv lq 5G

Iljxuh 6 vkrzv wkh v|vwhp hyroxwlrq1 Doo wkh h{dpsohv zhuh uxq zlwk wlph vwhs

ÿw @ H ÿ 8 rq wkh Vxq zrunvwdwlrq Xowud 93/ wkh glvwdqfh ehwzhhq sduwlfohv ri

zdwhu ehiruh jrlqj wr lqwr wkh zhoo zdv g @ 3=8 dqg wkhlu yhorflw| zdv y @ 48=31

Wkh judylw| frqvwdqw zdv htxdo wr j @ <=; 1 Wkh Ohqqdug0Mrqhv srwhqwhqwldo

sdudphwhuv duh vxppdul}hg lq wdeoh 41

Iljxuh 7 vkrzv wkh dgydqfhphqw ri zdwhu iru glÿhuhqw wlphv/ wkh vkdghg duhd

lv wkh uhjlrq zklfk kdv ehhq wudyhohg rqo| e| zdwhu/ wklv phdqv wkdw qrw rlo
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Ilj1 51 Lqlwldo frqÿjxudwlrq lq wkuhh glphqvlrqv

Urfn Rlo Zdwhu

Urfn
M © f

C © f

Rlo

M © ·

C © ÿ

. © 8 W

s
·ÿ*ÿS

M © ·

C © ·

. © 8 W ·ÿÿ

Zdwhu

M © ·ÿD

C © f

. © 8 W ·ÿ*ÿS

M © ·

C © f

. © 8 W ·ÿ·D

M © ·

C © f

. © 8

Wdeoh 41 Sdudphwhuv iru wkh qxphulfdo h{shulphqwv lq wzr glphqvlrqv1 Lq wklv fdvh

8 © fÿD

sduwlfoh kdv ehhq lq wkdw duhd iru vrph wlph1 Iljxuh 8 vkrzv wkh qxpehu ri

sduwlfohv ri rlo rxw dqg wkh qxpehu ri sduwlfohv ri zdwhu rxw yhuvxv wlph1 Zh fdq

vhh iurp wkh judsk wkdw iru w vpdoo/ wkh udwh ri rlo surgxfwlrq lv kljkhu zkhq y lv

kljkhu1 Zh fdq dovr revhuyh wkdw zdwhu frphv rxw ri wkh surgxfwlrq zhoo vrrqhu

iru y @ 433 wkdq iru y @ 481

9 Qxphulfdo uhvxowv lq 6G

Wkh uhvxowv lq wkuhh glphqvlrqv duh vkrzq lq Ilj 91 Doo wkh h{dpsohv zhuh uxq

zlwk wlph vwhs ÿw @ H ÿ 8 rq d Foxvwhu ri SF frpsxwhuv1

Wkh glvwdqfh ehwzhhq sduwlfohv ri zdwhu ehiruh jrlqj lqwr wkh zhoo/ zdv g @ 3=8

dqg wkhlu dqg yhorflw| zdv y @ 8=31 Wkh judylw| frqvwdqw zdv htxdo wr j @ <=; 1

Wkh Ohqqdug0Mrqhv srwhqwldo sdudphwhuv duh vxppdul}hg lq wdeoh 51
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(a) (b)

(c) (d)

Ilj1 61 Hyroxwlrq ri wkh rlo sduwlfohv1 +d, Aÿ6e © fÿ·/ +e, Aÿ6e © fþH/ +f, Aÿ6e © 2þf/
+g, Aÿ6e © eþH

Iljxuh 9 vkrzv wkh hÿhfw ri wkh rlo dqg zdwhu surgxfwlrq/ zkhq yhorflw| ri wkh

zdwhu sduwlfohv lv lqfuhdvhg1 Dq lqfuhphqw lq wkh yhorflw| ri wkh zdwhu sduwlfohv

surgxfhv dq lqfuhphqw rq wkh rlo dqg zdwhu surgxfwlrq1

Uhihuhqfhv

41 Juhhqvsdq G1= Dulwkphwlf Dssolhg Pdwkhpdwlfv1 Shujdprq/ R{irug +4<;3,
51 Juhhqvsdq G1/ Txdvlprohfxodu Prghoolqj/ Zruo Vflhqwlÿf/ Vlqjdsruh +4<<4,
61 Ydujdv0Mduloor F1/ D Glvfuhwh Prgho iru wkh Uhfryhu| ri Rlo iurp d Uhvhuyrlu1 Dsso1

Pdwk1 dqg Frps1 4;/ <6044; +4<;9,1
71 Nruolqh P1 V1/ Wkuhh Glphqvlrqdo Frpsxwhu Vlpxodwlrq ri Oltxlg Gurs Hydsrud0

wlrq1 Frps1 dqg Pdwk1 zlwk Dsso1 6</ 76085 +5333,
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(a) (b)

(c) (d)

Ilj1 71 Dgydqfhphqw ri wkh zdwhu iru _ © ·c ÿ © D dw glÿhuhqw wlphv1 +d, U|eo © ÿ.D/
+e, U|eo © eþ2D.D/ +f, U|eo © .þH.D/ dqg +g, U|eo © ·þ2.S
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Ilj1 81 Frpsdulvrq ri wkh hÿhfw ri wkh yhorflw| ri wkh zdwhu sduwlfohv rq wkh rlo dqg

zdwhu surgxfwlrq
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Urfn Rlo Zdwhu

Urfn
M © f

C © f
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. © 8

Wdeoh 51 Sdudphwhuv iru wkh qxphulfdo h{shulphqwv lq wkuhh glphqvlrqv1 Lq wklv fdvh

8 © ·ÿf1

(a) (b)

(c) (d)

Ilj1 91 Hyroxwlrq ri wkh rlo dqg zdwhu sduwlfohv dw glÿhuhqw wlphv1 +d,U|eo © ·.S/
+e,U|eo © 2.S/ +f,U|eo © e.S/ dqg +g,U|eo © ·.S
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Ilj1 :1 Frpsdulvrq ri wkh hÿhfw ri wkh yhorflw| ri wkh zdwhu sduwlfohv rq wkh rlo dqg

zdwhu surgxfwlrq
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