PROOF OF MASSEY'S CONJECTURED ALGORITHM

Cunsheng Ding
Department of Applied Mathematics
Northweat Telecommunication Engineering Institute
Xian, People's Republic of China

ABSTRACT: Massey's conjectured algorithm for multi-sequence shift register
synthesis is proved, and its sunitability for the minimal realization of any

linear system is alsoc verified.

I . INTRODUCTION

It is well known that the SLFSR(shortest linear feedback shift register)
aynthesis of single—sequence im of great importance in practice(1)(2). The
Berlekamp-Massey algorithm gives an efficient one(2). The problem of synthe-—
8izing multi-sequence with LFSR has been given much concern by many scholars in
information and control society. J.L. Massey gave a conjectured algorithm for
the SLFSRsynthesis of multi-sequence in 1972. In 1985 Fen Gweiliang and K.K.
Tzeng also gave another one(3). In this paper we are going to prove Massey's
conjectured algorithm, and verify that it is an universal one and is suited for

the minimal realization of any linear system.

II . PROOF OF MASSEY'S CONJECTURED ALGORITHM

.. a,,y i=l, ... , M, be M sequences of length N in the field F

Let Bi- a. iN

i1~
t t i -~ []
and si-(a1i Byy eee ali) ’ ss(B1 By «eo BM) » 87=3,...5,. Then the Massey's

conjectured algorithm in Fig. 1 can be stated as
MASSEY'S CONJECTURE: Assume that (fi,li) ig the SLFSR which generates Sl,

and d.=f (s**!) is the i*" discrepancy, i=0, ... , n. Then

(1) if d =0, then 1 .=1 and f . =f.

(ii) if d X0, and is a linear combination of d,, i=0, ees , n-1, let d yeo-

dkvbe a basis of d; : 0O=i=n-l1 such that ma.x{n-ki+1 t 1=<i=r} is minimal

k;

and (kl, Kyy een kr) ig maximal in alphabetic order. Let

T
d = - > wd , I= {i: w0, 1si=r}

n rys SRR St
L n-k,
= - s 3 = . *Of
then 1n+1 max {ln, max n ki*’lk-‘ :iel}, fo= 12.,1 u, x K,
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(iii) if d is not a linear combination of d,, i=0, ... , n-1, then 1 ., =
n+l and f _, can be any polynomial in F{x] of degree n+l.

First, we give some notations and simple results:

Let fo= L+f, \X + wou + £, <l

i 1,1 , and ffi-(o aee O fi’l fi,lil 0 ... 0)

11{
t t
be a vector of length n+l. Denote Dn+1‘(d0 4 eee dn) s An+l'(sl By ene sn+1)

and F_, =(£f, £f, ... ffn)t. Then it is easy to know that
(i) F ., is a lower triangular matrix, and is invertable.

(ii) D, =F G

-1 . ;
where Gn+1‘ Fn+1’ and is also a lower triangular matrix.

n+l Ager An+1 = “n+l Dn+l'

Let us spiit the matrices Fn+l’ Gn+l’ Dn+1 and partition them by writing

Define matrix U(,,L_.1,+1)><(n+1) as

(00 ... 0 up ees wy 1
B 1

00 eeemy ey 10

0@ wee ity 10 eve 0
L 1 Upiha ©

LuL... 1 00 «.. 0

where Be(0 vee 0 u, oo u.)¥, 0= (0 ... 0)%. By definition, it is apparent that
L 1

the following theorem 1 holds.

Theorem 1. Let f(x) = 1 + ujx + ... + uLxL'(L<:n+l), then (f,L) generates

n+l . .
S if and only if U(n—L)x(n)GnDn = 0 and BGnDn + gnDn + dn = Q.
Theorem 2. If (f,L) can generate Sn+1, L<n+l, then there must exist a vector

u such that
fef +5 2 ra e, 4 aw Ao Tl
n i=0 “i i’ “n n i=0 "i°i
Theorem 3. Assume that (fi,L) is the SLFSR which generates SY, 1=0, ees 4 1.

Then 1n+1=n+1 if and only if dn is not a linear combination of di’ 120y wee

n-1.
Th A 2 X t £ 3 n—k“ F 0 fe 1
n Z il 1 kl 1

Let 1; be the shortest L such that (fi’L) can generate st. If (g,L) generates
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Snﬂ', then we have

Lamax.{l;l, n—klﬂ‘;;. y srey n-—ksfli(s} = max {1 , n“klﬂk. s eee n-ksﬂ.ks}
In order to prove theorem 4, we now prove the following lemmas

-k
Lemma: Assume G = f_ + ulxIn ‘fkl ’ ul'-‘FO, k,<m, and (fmylm)’ (fk. !]k‘) are

1

ki respectively, then if (g,L) generate s= ’

the SLFSR's which generate S™ and S
we have

L2 max {1, m-klﬂk‘} = max {1m, m-k,+ 1k.}
: I3
Proofs From the definition of l‘m and lm’ we obtain that lm-lm and lk.' lk. .
Because L;lm, 80 L)lm- 1m' Suppose lms L<m—k1+ ILkl . Let j be the last j such
that fk X 0.
[
1) if j+n—kls l'm, because LBl;n, a0 L—m+k1>1'm-m+klaj. Put LI.-L—m+k1 and

Xtaseth xj, where h

1 3

m-k, R .
g(x)-fm+ u,X h(x), isLL<y .

h(x)=l+h g0 =1y eeey 3o Then
?

1=fy,

L+l

Because (g,L) generates S” and L=1, so g(s™)m vee =g(5" " )m0, and £(s)= ...

a£(s¥*"1)e0, Thus n(s¥ )= ... =h(S"*1)u0.This meas that (h,LL)=(g,LL) generate

Sk' , but LL<11C‘ « It is contrary to the minimality of l{(' , henoce Lam-k1+ 1.;_. =

max {ll’n, m-k1+ lic.} = max {lm, m—k1+ l‘k.}.

2) if j+n—k as polynomials of degree m,

. m-k,
1>1,» Tegard g(x) and £t = .fk,

m=<n. Then the degenerating terms of fm+ xm-k' fk is m~{m=k_+j), so oL <m-{m—
1

1
k1+J). Put Ll=L-m+k , then j<LL <1 . For the same reason we know that (h(x),
t

LL) generates Sk' s but LL<IL1( « TPhis is also contrary to the minimality of li(‘ .
4

Thus L=max {l;n, mk, + L;(‘} = max {1, m—kl+1k‘} .

PROOF OF THEOREM 4: By using the above lemma and induction on s, it is not
difficult to see that Theorem 4 is true.

i+l
Theorem 5. Let (fi,li) be the SLFSR which generate si, and di=fi(5 )y i=

0y e+ay n=1, n, If dn(xo) can be expressed as a linear combination of 4./, i=0,

eve y m-l, say d = —uD . = —Zuidi. Let I = {o<izn-1 3 ui:’FO) . Put

n—
1n+1 = min max {111’ n—i*i'l‘l s ie Iu} cee (&)

d_=-ub
n n



n-l , _n-i
-fn+ i‘C'ui): fi

where uw' = (ub, cee u;_l) is the vector which makes the right side of (&) take
1

its minimal value. Then (f ) is a shortest LFSR that generate S™ ',

fn+1

n+1’1n+1

Proof: Let L denote the right side of (&). It is obvious that 1, =L. Let
1

(f'1n+1) is a SLPSR that generate S" -, and 1 ,,<n+l. By theorem 2 there must

exist a vector u such that
n-1 n-i n-1
fot v 3 ign X £, 4 . D = =D T ud,

Then theorem 4 tell us that 1, =max {1n, n_ki+1k4’ i eIu} >L, therefore LY

=« L. Thus (f } 1s a SLFSR which generate S.

n+1’1n+1

From the base chosen in Massey's algorithm and Theorem 5 we can easily con-
clude that the part (i i) in Massey's algorithm is true. Part (iii) has been
proved in theorem 3. Part (i) is apparently true. Thus we have comletely proved
Massey's oconjectured algorithm until now.

Let V be a veotor space over the field F, S=s ceeBy be a vector sequence of

1
length n. the problem of finding a pair (fn(x),ln) such that (fn,ln) generates

s® and 1n is minimal is refered to as the problem of minimal realization for

vector sequence.
Notice that the proofs of all the theorems and lemma is independent of what

the si's are, but only require that s,'s belong to a vector space over F. So

i
all the results are true for vector sequence, This means that Massey's algorithm
is an universal one, it is suited for the minimal realization of any 1linear
system. We now give some special cases of the universal algorithm:

1) If V = F, then it is the B+M algorithm.

2) If£ V = Fm, then it is the Massey's one for multi-sequence LFSR synthesis.
3) 12V = ann’ then it gives a minimal realization algorithm for matrix

sequence.
4) If F = GF(q), V = GF(qY, then it gives a minimal realization algorithm
for the sequence in GF(q™) over GF(q).
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START
o(D) =1 n=1 COMMENT: any c(D)=l+c, D+...+c poti
L «— 0 e=0 1 n+l

can be used at the point marked @ .

Ligen

ld‘”cosn+ R +°L°n-LJ
798 [3m0 ? 22 emh? R
] 1O solve for a y esey a_ such that
Does there exist Bys eoe s e 3} + d;.
taae
a_ such that dea &+...+ | I°8 *1%1 Ze”e
°¢* i A R I+ {i 1 a %0}
e ? lfk-m{l..gfxi 1 1€1}
4no T
e=-p+tl d'e-.—d. (D) =—o(D)
. e od -
°e(D) <(p) D: L o(D)=—o(D)=a, 0™ F(D)- 4uu —
x -0 o(D)=1 ® x.l 1
-
L<—n+1 a,D ce(D)
1
X, aX,+1, i=1l, ev. , e | - L?
-'{ 1 3 J" no yes
Fota [0 7 B, 0 Tget
neN ? L -1 dﬁ"_d
no yes X0 c?}(D) -+ T(D)

Fig.l Massey's Conjectured Algorithm for Multi-sequence Shift
Synthesis.,



