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Abstract. In recent years, strategies based on combination of multiple
classifiers have created great interest in the character recognition
research community. A huge number of complex and sophisticated
decision combination strategies have been explored by researchers.
However, it has been realized recently that the comparatively simple
Majority Voting System and its variations can achieve very robust
and often comparable, if not better, performance than many of these
complex systems. In this paper, a review of various Majority Voting
Systems and their variations are discussed, and a comparative study of
some of these methods is presented for a typical character recognition
task.
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1 Introduction

Combination of multiple classifiers is now accepted as a very important method
in achieving robustness and accuracy in many recognition tasks, especially in cha-
racter recognition problems (Ho et al.[1], Huang et al.[2], Rahman and Fairhur-st
BI4J5], Lam et al.[6], Kittler et al.[7]) etc.). Despite huge advances, the recogni-
tion of handwritten characters is still an unsolved problem. With the advent of
new computer technologies and the explosion in Internet-based on-line data ma-
nipulation applications, automatic conversion of written and spoken information
into computer readable forms is becoming increasingly important. Against this
backdrop, researchers are exploring various ways of combining decisions from
multiple classifiers as a viable way of delivering very accurate and robust per-
formance over a wide range of applications. This has resulted in the design of
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many decision combination algorithms. In recent years, attention has been refo-
cused on using more simple techniques, e.g. Majority Voting Systems, precisely
because of their simplicity and very high level of accuracy and robustness which
can be achieved in appropriate circumstances (Lam and Suen[8[9]. In this pa-
per, a review of various multiple classifier approaches exploiting the principle of
majority voting is presented. In addition, a comparative study of some of these
methods on a typical handwritten character recognition task is also reported.

2 Majority Voting and Its Variations

Majority Voting Systems have quite a number of variations in terms of appli-
cation and methodology, although the underlying principle is the same. A basic
issue to be addressed here concerns two potentially conflicting strategies for
achieving decision combination, which may be broadly identified as:

— Should the decision agreed by the majority of the experts (in some fashion)
be accepted without giving due credit to the competence of each expert?
or,

— should the decision delivered by the most competent expert be accepted,
without giving any importance to the majority consensus?

This ultimately amounts to a choice between selecting either the “consensus
decision” or the “decision delivered by the most competent expert”, yet both
strategies could contribute overall to a successful decision, and ideally require
careful integration within the decision making process. Moreover, by their very
nature, these two considerations are often contradictory and hence most mul-
tiple expert decision combination algorithms emphasize either one or other of
the strategies. This section presents some of the principal techniques based on
Majority Voting System.

2.1 Simple Majority Voting

If there are n independent experts having the same probability of being correct,
and each of these experts produces a unique decision regarding the identity of
the unknown sample, then the sample is assigned to the class for which there is
a consensus, i.e. when at least k of the experts agree, where k can be defined as:

k:{g+1ifniseven,

B if s odd. (L)

Assuming each expert makes a decision on an individual basis, without being
influenced by any other expert in the decision-making process, the probabilities
of various different final decisions, when x + y experts are trying to a reach
a decision, are given by the different terms of the expansion of (P, + P.)**¥,
where, P, is the probability of each expert making a correct decision, P. is
the probability of each expert making a wrong decision, with P. + P. = 1.
Bernoulli[I0] is credited with first realizing this group decision distribution. The
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ol (P,)e (P, )Y
and the probability that they arrive at the wrong decision is (ZT;’!)I (P)Y(P.)*.
So in general, the precondition of correctness (Condorcet[IT]) of the combined
decision for > y can be conveniently expressed as:
ey

probability that x experts would arrive at the correct decision is

(2)

Reordering Eq[2 and assuming the fraction of the experts arriving at the correct
decision to be fixed, (e.g. z and y to be constant), it is possible to show that,

0K 9 (pP,)z—v-1
5P, =K (l’*y)W(PchPe) (3)
Since (x —y —1 > 0), 5571?0 is always positive. Thus when x and y are given,

as P, increases k increases continuously from zero to unity. This demonstrates
that the success of the Majority Voting Scheme (like most decision combina-
tion schemes) directly depends on the reliability of the decision confidences
delivered by the participating experts. It is also clear that as the confidences
of the delivered decisions increase, the quality of the combined decision increases.

Recently, it has been demonstrated that although majority vote is by far the
simplest of the variety of strategies used to combine multiple experts, properly
applied it can also be very effective. Suen et al.[12] presented a method for deci-
sion combination incorporating different types of classifiers based on a straight-
forward voting scheme. A detailed study of the working of the majority voting
scheme has been presented by Lam and Suen[8]. Ng and Singh[13], have discus-
sed the applicability of majority voting techniques and have proposed a support
function to be used in the combination of votes. Researchers have also used
various types of classifiers in these majority voting schemes. Stajniak et al.[14]
presented a system having three voting nonlinear classifiers: two of them ba-
sed on the multilayer perceptron (MLP), and one using the moments method.
Belaid and Anigbogu[T5] reported a character recognition system using six clas-
sifiers built around first and second order hidden Markov models (HMM) as well
as nearest neighbor considerations. Parker[I6] has reported voting methods for
multiple autonomous agents. Ji and Ma[I7] have reported a learning method to
combine weak classifiers, where weak classifiers are linear classifiers (percept-
rons) which can do little better than making random guesses. The authors have
demonstrated, both theoretically and experimentally, that if the weak classi-
fiers are properly chosen, their combinations can achieve a good generalization
performance with polynomial space- and time-complexity.

2.2 Weighted Majority Voting

A simple enhancement to the simple majority systems can be made if the
decisions of each classifier are multiplied by a weight to reflect the individual
confidences of these decisions. In this case, Weighting Factors, wy, expressing
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the comparative competence of the cooperating experts, are expressed as
a list of fractions, with 1 < k < n, 22:1 wr = 1, n being the number of
participating experts. The higher the competence, the higher is the value of
w. So if the decision by the k' expert to assign the unknown to the i*" class
is denoted by d;r with 1 < i < m, m being the number of classes, then the
final combined decision d{°" supporting assignment to the ith class takes
the form of: df*™ = 37, _,, , wk * di. The final decision d°*™ is therefore:

com __
d = max;=1,2,....m

Lam and Suen[9] have studied the performance of combination methods inclu-
ding a Bayesian formulation and a weighted majority vote with weights obtained
through a genetic algorithm. Alpaydin[I8] has employed a weighted majority vo-
ting scheme by adopting a Bayesian framework where ‘weights’ in voting may be
interpreted as plausibilities of the participating classifiers. Additional discussion
of the weighted majority voting technique may be found in Kittler et al.[19] and
Lam et al.[6].

2.3 Class-Wise Weighted Majority Voting Scheme

The Class Confidence Index, §;;, 1 <7 < n, 1 < j < m, where n is the number
of decisions and m is the number of classes under consideration, denotes the
ranking of the different decisions on a class by class basis. The higher the class
recognition rate, the higher the ranking. These class-wise confidences can then be
conveniently converted to suitable weight values w!, expressing the comparative
competence of the decisions on a class-wise basis, are expressed as a list of
fractions, with, 1 < k < n, Y7 , wi = 1, n again being the number of the
decisions being combined. So if the k" decision to assign the unknown pattern
to the it" class is denoted by dir with 1 < i < m, m being the number of
classes, then the final combined decision d$°™ supporting assignment to the "
class takes the form of: df*™ =37, _,, wi * d;x,. The final decision d®™ is
therefore: d°°™ = max;—1,2,...m d;°™.

2.4 Restricted Majority Voting

Sometimes it is important to shift the emphasis of decision combination in sel-
ecting the best appropriate classifier from an array of classifiers. The Overall
Confidence values, vy, expressing the comparative competence of the classifiers,
are expressed as a ranking list, with 1 < k < n, and n being the number of
experts. The higher the recognition rate, the higher the ranking. It is straight-
forward to convert this ranking to a set of weighting factors. These weighting
factors, wy, expressing the comparative competence of the cooperating classi-
fiers, are expressed as list of fractions, with 1 < k < n, 22:1 wr = 1, n again
being the number of classifiers. The best representative expert for a particular
problem domain can then be noted by finding the maximum weighting factor
Wi, 80 that, wy, = maz(w). The final decision by this method is then expressed
by7 dBest = dm
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Gang et al.[20] have described such a modularized neuroclassifier. This classifier
combines four modularized classifiers using MLP modules. The same idea of
identifying the best classifier in a voting scheme can be further extended in
a more generalized framework (Rahman and Fairhurst[21]). Defining 7, 1 <
k < n, as Overall Confidence Indices, representing the ranking of the experts
(ve = 1,2,...,n), Bij, (1 <i<n,1<j<m, where m is the number of classes
under consideration), as Class Confidence Indices, denoting the ranking of the
different experts (8;; = 1,2,...,n) on a class by class basis, and finally «;;x, as
Sample Confidence Indices, denoting the confidence value assigned by the ith
expert to the kth sample of the jth class in the test set, this generalized decision
combination framework selects the best final combined decision by the following
logical structure: The decision associated with the highest sample confidence
index is accepted as the final decision, provided the sample confidence index
is greater than or equal to a threshold value from the nearest confidence value
assigned by a competing expert, so that, |yuwt — Qpwt| > ¥, where u and v
denote the top two competing experts, w is the class under consideration, ¢ is the
sample in question and ). is the threshold. In circumstances where this criteria
is not met, a decision combination is attempted based on |8y — Btw| > 0., where
s and t denote the top two competing experts, w is the class under consideration
by that particular expert and 6, > 0. The motivation behind using this criterion
is to give due preference to the strengths of particular experts in recognizing
a particular class of characters. In the unlikely event of a failure to draw a
final decision at this stage, the criterion |ys — y,| > ¢, can be applied, where
s and w are the top two competing experts and ¢, > 0. If no decision can
be achieved at this stage, this denotes a classifier redundancy and an arbitrary
decision of accepting the decision of the first expert in the array is taken. The
characters which are rejected by one or more of the experts are channelled to
the re-evaluating expert. If a sample is rejected, then the expert rejecting the
character is excluded from the decision making process. Hence, if a sample is
rejected by u experts out of a total of n experts, then the decision combination
problem is reduced to a simpler problem of combining n-u decisions according
to the decision-making algorithm of the decision fusion expert. In the extreme
case, where the test sample is rejected by all the experts, no decision can be
taken and the sample is finally rejected (Rahman and Fairhurst[22]).

2.5 Class-Wise Best Decision Selection

The Class Confidence Index, 3; ;, 1 <i < n,1 < j < m, where n is the number of
decisions and m is the number of classes under consideration, denotes the ranking
of the different decisions 3; ; = 1,2,...,n on a class by class basis. The higher
the class recognition rate, the higher the ranking. These class-wise confidences
can then be conveniently converted to suitable weight values w}, expressing the
comparative competence of the decisions being combined on a class-wise basis,
are expressed as a list of fractions, with 1 < k <mn, >7_, w,i =1, n, n, again
being the number of decisions. In this case, the best decision is selected based
on the class confidence indices rather than on the overall confidence indices.
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Therefore, the best representative decision for a particular problem domain for
a particular class can then be noted by finding the maximum weighting factor
w;, , so that w},, = maxwj,. The final decision is then expressed by dpes: = dy,.

2.6 Enhanced Majority Voting

Simple and weighted majority voting are very robust provided adequate num-
ber of classifiers are available to reach the correct consensus. There are various
ways in which qualitative enhancement can be added to this framework. Rovatti
et al.[23] have discussed a form of cooperation between the k-nearest neighbors
(NN) approach to classification and their neural like property of adaptation. A
tunable, high level k-nearest neighbor decision rule is defined that comprehends
most previous generalizations of the common majority rule. ENCORE (Enhan-
ced Consensus in Recognition) has been proposed by Fairhurst and Rahman[24].
This approach implements a decision consensus approach, but the quality of the
consensus is evaluated in terms of the past track record of the consenting experts
before it is accepted. The logical structure of this approach can be summarized
as follows:

— Find the class w(X) having the consensus support of the experts for any
arbitrary pattern X.

— Find the corresponding sample confidence indices «;j;r, which denote the
confidence of the i*" expert in identifying the k' sample coming from the
4t class.

— Apply the following rule:

e The decision associated with the highest sample confidence value « is
accepted as the final decision, provided the highest sample confidence
value is not separated from the next highest confidence value assigned by
a cooperating expert by an amount greater than (or equal to) a threshold,
so that, ,

Oyt ~ Oyt < Pe (4)
where u and v are the top two cooperating experts, w is the class under
consideration, ¢ is the sample in question and 1/),0 is the threshold.

e In circumstances where the criteria of Eqn.( ) are not met, it is deemed

that the top two cooperating experts show an unacceptable confidence
gap and alternative solutions should be sought. In this case, the se-
cond group of consensus decisions are considered and the same process
of applying Eqn.(#) to the corresponding sample confidence values is
attempted. This process is repeated until all the consensus groups are
exhausted.
When this process has been exhausted, the consensus decision approach
is abandoned and the decision combination approach changes. Now the
top two decisions having the maximum sample confidence index are
examined in terms of Eqn. ). In circumstances where the criteria of
Eqn.[ ) are not met decision combination is attempted based on the
criteria of Eqn.(B) so that,

ﬁsw ~ ﬁtw < 0’0 (5)
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where (3 is the class confidence index, s and ¢ are the top two competing
experts, w is the class under consideration by that particular expert and
d. is the threshold value. The motivation behind using this criterion is to
give due preference to the strengths of particular experts in recognizing
a particular class of patterns.

e In the event of a failure to reach a final decision at this stage, the criterion
of Eqn.(@l) can be applied.

Vs ~ Y < Pe (6)

where ~y is the overall confidence index, s and w are the top two com-
peting experts and éc is the corresponding threshold. If no decision can
be arrived at even at this stage, either an arbitrary decision of accepting
the decision of the first expert in the array is taken, or the pattern is
rejected.

2.7 Ranked Majority Voting

It is entirely possible to include additional information derived from participa-
ting classifiers in reaching the final consensus. Instead of only using the final class
labels to which a sample is estimated to belong, it is also possible to produce
a ranked list of suggested decisions covering multiple classes. These ranked lists
can then be manipulated to reach a final consensus. A very interesting approach
to majority voting has been put forward by Ho et al.[I]. In this case, decisions by
the classifiers have been represented as rankings of classes so that they are com-
parable across different types of classifiers and different instances of a problem.
The rankings are combined by methods that either reduce or re-rank a given set
of classes. An intersection method and a union method have been proposed for
class set reduction. Three methods based on the highest rank, the Borda count,
and logistic regression are proposed for class set re-ranking. Elsewhere, Ho et
al.[25] emphasis the re-ranking of the ranked outputs delivered by the coopera-
ting classifiers. In [26], Ho et al. described a concise and focused version of the
ideas presented in [1], again emphasizing the substantial improvements achieva-
ble from these multiple expert systems. Duong[27] has discussed the problem of
combination of forecasts employing a ranking and subset selection approach. The
ranking and subset selection approach is suggested as a statistical procedure for
ranking alternative forecasts. This simple method is shown to compare favorably
with those based on other optimality criteria when applied to some real data.

2.8 Committee Methods

Mazurov et al.[28] have discussed theorems concerning the existence of p-
commit-tee for an arbitrary finite system of sets and for the finite systems of
half-spaces. The existence theorem for a discriminating committee consisting of
affine functions which were used in the solution of the problem of pattern re-
cognition has been presented in detail. Yu et al.]29] report a multiple expert
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decision combination method based on stacked generalization and committee
methods. Kimura and Shridhar[30] have combined two algorithms for uncon-
strained handwritten numeral recognition. The first of their algorithms employs
a modified quadratic discriminant function utilizing direction sensitive spatial
features of the numeral image. The other algorithm utilisers features derived
from the profile of the character in a structural configuration to recognized the
numerals.

2.9 Regression

Ho et al.[3T] described in detail the regression approach to the combination of
decisions by multiple character recognition algorithms. Ho[32] reported an inve-
stigation on different strategies to coordinate and combine different alternative
classifiers that can adapt to certain conditions in the input which concern both
accuracy and speed. The design of such strategies is based on a detailed analysis
of the classifiers’ performances on test data using a parameterized defect model.

Table 1. Performance of the individual classifiers

Expert Accepted Recognized Error Rejected

FWS 97.35 78.76  18.59 2.65
MPC  97.62 85.78 11.84 2.38
BWS  95.50 72.31  23.19 4.50
MLP  95.13 82.31 12.82  4.87

Table 2. Performance of various majority voting systems

Combination Method Accepted Recognized Error Rejected
Simple Majority Voting 96.59 90.59 6.00 3.41
Weighted Majority Voting 96.85 90.64 6.21 3.15

Class-wise Weighted Majority Voting 96.86 90.70 6.16 3.14
Restricted Majority Voting (Top Choice) 95.68 88.97 6.71 4.32
Class-wise Best Decision Selection 96.76 89.64 6.79 3.24
Restricted Majority Voting (Generalized) 96.54 90.63 591  3.46
Enhanced Majority Voting (ENCORE)  97.14 90.91 6.23 2.86
Ranked Majority Voting (Borda Count)  96.99 90.77 6.22  3.01
Committee Methods 95.98 89.63 6.35  4.02
Regression Methods 97.68 90.85 6.83 2.32

3 A Sample Problem Domain

In order to compare some of these widely differing multiple classifier decision
combination methods implementing forms of majority consensus, a sample pro-
blem domain of handwritten character recognition has been chosen. The source
of the handwritten characters (numerals) was the database compiled by the
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U.S. National Institute of Standards and Technology (NIST) [33], which con-
tains samples of numerals 0 to 9. Four experts were chosen to be combined in
the framework of the various chosen methods, which included a Binary Weigh-
ted Scheme (BWS), which employs a technique based on n-tuple sampling or
memory network processing (Rahman and Fairhurst[34]), a Frequency Weighted
Scheme (FWS), which calculates the relative frequencies of the sampled features
indicating the probability distribution of the group of points or n-tuples (Rah-
man and Fairhurst[5]), a Multi-layer Perceptron Network (MLP), the familiar
multilayer perceptron neural network structure, employing the standard error
backpropagation algorithm (Rahman and Fairhurst[35]) and a Moment-based
Pattern Classifiers (MPC), which is a maximum likelihood classifier, employ-
ing the nth order mathematical moments derived from the binarized patterns
(Rahman and Fairhurst[36]).

4 Performance

Before reporting the performance of the proposed structure, it is important to
assess the performance of the chosen experts individually on the selected pro-
blem. Table [0 presents the optimum performance achieved on the chosen data-
base. Table Bl presents the results of decision combination using various decision
combination schemes based on majority voting. It is clearly seen that some of
these methods offer very high levels of top choice recognition (e.g. ENCORE,
Regression Methods), and some offer very low levels of error rates (Restricted
Majority Voting: Generalized Framework). Depending on what is required from
the decision combination system, different methods can be selected in different
problem domains.

From the short discussion presented so far, it is clear that the performances of
these various approaches are directly related to their design emphasis. In some
of these approaches, emphasis is given to assess how a consensus can be reached
given the often conflicting opinions of these classifiers. Simple and Weighted
Majority Methods are examples of this approach. On the other hand, other
methods try to assess the ‘appropriateness’ or the ‘suitability’ of a classifier
over other classifiers and favor its opinion over others. So it is seen that there
are two ways of looking at this problem. One is to assume that the classifiers
are cooperating with each other in reaching a final decision, the other is to
assume that the classifiers are competing with each other to win an argument.
Either of these approaches can be the ‘most appropriate’ solution to a particular
problem, given that the best solution depends on the localized nature of the
problem, and in this respect there is no global winner. However, a combination
of these two approaches has been found to offer some advantages (ENCORE,
for example, can be treated as a combination of Simple Majority and Restricted
Majority techniques). Combination of decision combination methods is not a
new concept (Paik et al.[37], Anzai et al.[38] etc.), but the use of this concept
is relatively unexplored and preliminary results are very encouraging (Rahman
and Fairhurst[24]).
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A final note about the applicability of these majority voting techniques on docu-
ment analysis applications. In addition to the obvious applications to character
level recognition used an example in this paper, these techniques have been used
in word level recognition, cursive recognition, signature recognition, PDA appli-
cations, automatic segmentation, automatic check processing, layout analysis,
mail sorting, archiving, indexing and many more similar applications.

5 Conclusion

The main objective of the paper is to revisit the issue of Majority Voting in
classifier design, to illustrate huge number of variations that are possible on
the theme of majority voting, and to demonstrate their applicability in typical
task domains. A discussion of the various multiple expert decision combina-
tion strategies implementing some form of majority voting in the context of
character recognition has been presented. The review includes short descripti-
ons of various methods and how they are related in terms of the underlying
design philosophy. A comparative study of these methods on a typical hand-
written character recognition problem is also included to show how, even with
this apparently narrowly-defined framework, different strategic strands can be
productively identified.
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