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n t r o d u c t i o n  

The g r o w i n g  i n t e r e s t  f o r  L o g i c  P r o g r a m m i n g  and in  p a r t i c u l a r  
f o r  P r o l o g  t o g e t h e r  w i t h  i t s  r e l a t i v e l y  p o o r  p e r f o r m a n c e  m o t i v a t e s  t h e  
s t u d y  o f  m e t h o d s  f o r  i m p r o v i n g  t h e  e f f i c i e n c y  o f  t h e  t r a n s l a t o r s  o f  
t h i s  l a n g u a g e .  

One o f  P r o l o g ' a  d r a w b a c k s  i s  c e r t a i n l y  i t s  b a c k t r a c k i n g  m e c h a -  
n i sm s i m p l e ,  b u t  b l i n d  : on an u n i f i c a t i o n  f a i l u r e ,  i t  goes  back  to  
t h e  s t a t e  p r e c e d i n g  t h e  l a s t  r e s o l u t i o n  s t e p .  

In  t h i s  p a p e r  we s h a l l  d e s c r i b e  an i n t e l l i g e n t  b a c k t r a c k i n g  
m e t h o d  ( IB  m e t h o d  f o r  s h o r t )  i n i t i a l l y  d e v e l o p e d  by T.  P i e t r z y k o w s k i  
S. N a t w i n  and P. C o x ,  [ P i e 8 2 ,  N e t S 2 ,  M a t 8 3 ,  C o x 8 4 ] .  The IB m e t h o d  
c o n s i s t s  in  r e p r e s e n t i n g  t h e  r e s u l t  o f  t h e  r e f u t a t i o n  p r o c e d u r e  in  a 
way d i f f e r e n t  f r o m  t h a t  used in  P r o l o g  and w h i c h  a i l o w s  a p r e c i s e  
a n a l y s i s  o f  t h e  c a u s e s  o f  t h e  u n i f i c a t i o n  f a i l u r e .  In t h e  IB m e t h o d  
one d e t e r m i n e s  a s e t  o f  b a c k t r a c k  p o i n t s  such  t h a t  i t  i s  s u r e  t h a t  t h e  
c o n t i n u a t i o n  o f  t h e  c o m p u t a t i o n  f r o m  any o f  them does  n o t  l e a d  t o  t h e  
" s a m e "  u n i f i c a t i o n  f a i l u r e .  The n o r m a l  b a c k t r a c k i n g  o f  P r o l o g  does  n o t  
g i v e  such  a g u a r a n t e e  and t h e  " same"  u n i f i c a t i o n  f a i l u r e  may be 
r e p e a t e d  s e v e r a l  t i m e s .  

S i n c e  i t  c o n s t r u c t s  s e v e r a l  b a c k t r a c k  p o i n t s  (a p r i o r i  e q u i -  
v a l e n t )  f r o m  each  o f  w h i c h  an i n d e p e n d e n t  c o m p u t a t i o n  can be s t a r -  
t e d ,  t h e  IB m e t h o d  p r e s e n t s  t h e  f o l l o w i n g  a d v a n t a g e s  ( b e s i d e s  s k i p -  
p i n g  use ess  d e d u c t i o n  / b a c k t r a c k i n g  s t e p s )  : 

( i )  i t  ends  i t s e l f  n a t u r a l l y  t o  a p a r a l l e l  i m p l e m e n t a t i o n  : a 
p r o c e s s  s a s s o c i a t e d  to  each  b a c k t r a c k  p o i n t ~  a l l  t h e  p r o c e s s e s  
b e i n g  i n d e p e n d e n t  , 

( i i )  i t  a l l o w s  to  p r e s e r v e  as f a r  as p o s s i b l e  t h e  a l r e a d y  done 
d e d u c t i o n  w o r k  a v o i d i n g  in  t h i s  way  t h e  r i s k  o f  d e l e t i n g  some d e d u c -  
t i o n s  t h a t  mus t  be r e d o n e  l a t e r  on .  T h i s  r i s k  i s  p r e s e n t  i f  one 
c h o o s e s  o n l y  one o f  t h e  b a c k t r a c k  p o i n t s  f o r g e t t i n g  a b o u t  t h e  o t h e r  
ones  (& la  P r o l o g  o r  & la  [ B R U 8 4 ] ) .  
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The pape r  is  o r g a n i z e d  as f o l  lows.  In the  f i r s t  p a r t  the  
b a s i c  c o n c e p t s  o f  the  IB method a r e  d i s c r i b e d  and an i m p o r t a n t  
r e d u n d a n c y  p r o b l e m  i n h e r e n t  to  the  method  i s  p o i n t e d  ou t  : s i n c e  
the  t o t a l  d e d u c t i o n  work  i s  p e r f o r m e d  by i n d e p e n d e n t  c o m p u t a t i o n s  

i t  can happen t h a t  some d e d u c t i o n s  a re  done more than  once.  In the  
second  p a r t  o f  the  a r t i c l e  a s o l u t i o n  to  t h i s  p r o b l e m  is p r e s e n t e d .  

1. B a s i c  d e f i n i t i o n s  

We w i l t  assume the  r e a d e r  f a m i l i a r  w i t h  t he  f u n d a m e n t a l s  o f  
l o g i c  p r o g r a m m i n g ,  see [ L I e 8 4 ] .  From now on we w i t l  c o n s i d e r  a log  c 
p rog ram to  be a p a i r  <S,G>, where  S is  a s e t  o f  d e f i n i t e  c l a u s e s  
and G is  a c l a u s e  o f  the  form ~ A t , . . . , A q ,  q ) 1 c a l l e d  the  goa 

o f  the  p r o g r a m .  

1.1 Fundamenta l  s t r u c t u r e s  

tn the  e x i s t i n g  P r o t o g  i n t e r p r e t e r s  the  e x e c u t i o n  o f  a tog c 
p r o g r a m  c o n s i s t s  ( a b s t r a c t l y )  o f  a d e p h t - f i r s t  s e a r c h  o f  a S L D - t r e e  

t h a t  is  r e a l i z e d  in p r a c t i c e  by means of  a push -down  s t a c k .  In the  
i n t e l l i g e n t  b a c k t r a c k i n g  method  ( IB  method)  t h a t  we p r e s e n t  the  
e x e c u t i o n  o f  a l o g i c  p r o g r a m  <S,G> c o n s i s t s  o f  d y n a m i c s  l y  b u i l d i n g  

the  two g r a p h s  d e s c r i b e d  in p o i n t s  (a) and (b) b e l o w  : 

(a) A p i a n  f o r  <S,G> ~ t h a t  c o n t a i n s  the  p u r e l y  d e d u c t  ve p a r t  o f  
t he  p r o o f ,  i s  a t r e e  P whose r o o t  is  l a b e l l e d  by G and whose o t h e r  
nodes a re  v a r i a n t s  o f  c l a u s e s  o f  S. M o r e o v e r ,  e v e r y  a r c  ( n l , n  2) o f  
P (where n 1 is  the  f a t h e r  and n~ the  son) is  l a b e l l e d  by a t r i p l e  

< s i t , m >  d e f i n e d  as f o l l o w s  : 

( i )  i f  n l  = A ~ A 1 . . . .  Aq (or ~ A 1 j . . . , A q  i f  n I is  the  r o o t  of  P) 
and n2 = B ~ B l j . . . , B k ~  t h e n ,  f o r  some i E [ 1 , q ] , s  = A i and t = B; 
A i  w i l t  be c a l l e d  the  s o u r c e  o f  t he  a r c  and B i t s  t a r g e t ,  

( i i )  m is  an i n t e g e r  u n i q u e l y  i d e n t i f y i n g  the  a r c  in the  p l a n .  

An a r c  ( n t , n 2 )  o f  P r e p r e s e n t s  a r e s o l u t i o n  s t e p  be tween  the  two 

c l a u s e s  n 1 and n 2 and the  s o u r c e  and t a r g e t  o f  the  a r c  a r e  the  
o p p o s i t e  u n i f i a b l e  l i t e r a l s  chosen f o r  the  s t e p  (see Example  1 b e l o w ) .  

(b) The Dynamic  c o n f l i c t  ~ raph  a s s o c i a t e d  to  the  p l a n  P, 
d e n o t e d  DCG(P),  t h a t  r e c o r d s  the  b i n d i n g s  among a l l  v a r i a b l e s ,  is  
an o r i e n t e d  g raph  whose v e r t i c e s  a r e  non o r i e n t e d  and c o n n e c t e d  
g r a p h s .  Each o f  t h e s e  l a t t e r  g r a p h s  r e p r e s e n t s  a s e t  o f  v a r i a b l e s  t h a t  
a r e  bounded  to  the  same v a l u e .  T h e i r  nodes a r e ,  t h e r e f o r e ,  v a r i a b l e s  
or  f u n c t i o n s  s y m b o l s  and each a r c ,  say ( X , Y ) ,  is  l a b e l e d  by an i n t e g e r  
i d e n t i f y i n g  the  a r c  o f  P (see p o i n t  (a) ( i i ) ) w h i c h  is  r e s p o n s a b l e  
o f  t he  b i n d i n g  be tween  the  2 ( v a r i a b l e s  or  f u n c t i o n )  s y m b o l s  X and 
Y. These non o r i e n t e d  g r a p h s  a r e  ( i m p r o p e r { y )  c a l l e d  c ~ a s s e s .  The 
o r i e n t e d  a r c s  o f  DCG(P) r e p r e s e n t  the  f u n c t i o n a l  d e p e n d e n c i e s  among 
the c l a s s e s ~  see Example  1. C l e a r l y ,  a t  each moment o f  the  c o m p u t a t i o n  
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DCG(P) r e p r e s e n t s  t h e  s u b s t i t u t i o n  c o r r e s p o n d i n g  to  t h e  d e d u c t i o n s  
c o n t a i n e d  in  P. 

E x a m p l e  1 : A t  t h e  p l a c e  o f  t h e  c l a s s i c a l  p r o o f  t r e e  o f  F i g . l ( a )  
he IB m e t h o d  c o n s t r u c t s  t h e  p l a n  and t h e  c o r r e s p o n d i n g  DCG shown 
n F i g .  1 ( b ) .  

(a) 

(b) 

~p(a,Y)~q(a,Y)~ _/p(X,f(X))~r(X) 
{a/X,f(a)/Y} 

plan P 
('~p(a J) ;'q(a,Y) 

(( p(X,f"('X)) ~ r(X) 

~q(a,f(a))'~r(a) 
-) 

) 

(y_l f )  

"I 
( x ± a  ) 

Figure 1 . An example of a plan and its DCG 

In t h e  DCG(P) o f  F i g . l ( b ) ,  t h e  o r i e n t e d  a r c  i s  l a b e l e d  by Y 
n o r d e r  t o  remember  t h a t  Y has been  i n s t a n t i a t e d  t o  f ( X )  

m o r e o v e r ,  t h e  f a c t  t h a t  t . h i s  a r c  r u n s  f r om  f t o  X (and n o t  l u s t  
f r o m  one c l a s s  to  t h e  o t h e r  one)  i s  an i m p o r t a n t  i n f o r m a t i o n .  

tn E x a m p l e  2 we c o n t i n u e  t h e  d e d u c t i o n  o f  E x a m p l e  1 in  o r d e r  
t o  e x p l a i n  in  w h a t  a d e d u c t i o n  s t e p  c o n s i s t s .  

E x a m p l e  2 -  in o r d e r  t o  e x p a n d  t h e  p l a n  P o f  F i g . l ( b )  by p e r f o r -  
m i n g  a d e d u c t i o n  s t e p ,  assume to  have  t h e  c l a u s e  c : q ( X , f ( X ) )  (= . 
In P t h e r e  a r e  2 l i t e r a t s  w h i c h  a r e  n e i t h e r  s o u r c e  no r  t a r g e t  o f  
any  a r c  : q ( a , Y )  and r ( X ) .  Such l i t e r a t s  a r e  c a l l e d  o p e n .  We w a n t  
t o  e x p a n d  t h e  l i t e r a l  q ( a , Y )  (hence  e x p a n d i n g  P) r e s o l v i n g  i t  
a g a i n s t  c l a u s e  c .  Such a d e d u c t i o n  s t e p j  a p p l i e d  to  P, p r o d u c e s  
t h e  p l a n  P' w h i c h  i s  shown in  F i g . 2  t o g e t h e r  w i t h  D C G ( P ' ) . .  

(Y J'-& f )  C a p(a,Y):'"""q(a,Y) -~) 
p, :~  ~ DcG~P') : Y '!'~2 
CE(x,qx)) ~ ~(x)) ~(z,f(z)) ~ ) ( x L ~  

2 
Figure 2. A deduction step. 

[3 
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A p l a n  w i t h o u t  open  l i t e r a l s  i s  s a i d  to  be c l o s e d .  

Remark  : C o n s i d e r  any  l o g i c  p r o g r a m  <S,G>.  L e t  I be an a tom o f  G 
o r  o f  t h e  p r e m i s e  o f  a c l a u s e  o f  S. The s e t  { s / s  i s  a c l a u s e  o f  S 
w h o s e  c o n c l u s i o n  i s  u n i f i a b l e  w i t h  I }  i s  c a l l e d  t h e  s t a t i c  s e t  
e~ p o t e n t i a l s  o f  I ,  d e n o t e d  S S P ( I ) ,  and e a c h  e l e m e n t  o f  t h i s  s e t  
i s  c a l l e d  a p o t e n t i a l  o f  I .  To each  l i t e r a l  I o f  a p l a n  f o r  <S ,G> ,  
a t  e a c h  moment  o f  t h e  c o m p u t a t { o n ,  i s  a s s o c i a t e d  a s u b s e t  o f  S S P ( I )  
t h a t  i s  c a l l e d  i t s  a c t u a l  s e t  o f  p o t e n t i a l s ,  s h o r t l y  A S P ( I ) .  When t h e  
l i t e r a l  I i s  f i r s t  a d d e d  t o  t h e  p l a n  t h e n  A S P ( I ) = S S P ( I )  and a l o n g  t h e  
d e d u c t i o n  A S P ( I )  d e c r e a s e s .  C l e a r l y ,  i f  1 i s  an o p e n  l i t e r a l  t h e  
m e a n i n g  o f  A S P ( I )  i s  t h a t  o n l y  t h e  c l a u s e s  c o n t a i n e d  in t h i s  s e t  can  
be used  f o r  e x p a n d i n g  I .  Hence  in t h e  d e d u c t i o n  p r o c e s s  d e s c r i b e d  in  
e x a m p l e s  1 and 2 ,  c l a u s e  c was in  A S P ( Q ( a , Y ) )  in  t h e  p l a n  P shown in  
F i g .  l ( b ) ,  b u t  no more  in  t h e  p l a n  P' o f  F i g . 2 .  T h u s ,  w h e n e v e r  we have  

a p l a n  w i t h  an open  l i t e r a l  I such  t h a t  A S P ( I )  ~ ~ t h e  d e d u c t i o n  can  

c o n t i n u e  w i t h  t h e  e x p a n s i o n  o f  i .  Fo r  k n o w i n g  w e t h e r  t h e  e x e c u t e d  
d e d u c t i o n  s t e p  i s  s u c c e s s f u l  o r  n o t ,  one has t o  e x a m i n e  t h e  DCG 

p r o d u c e d ,  as  e x p l a i n e d  b e l o w .  

1 . 2  S u c c e s s  and f a i l u r e  o f  a d e d u c t i o n  s t e p .  

A d e d u c t i o n  s t e p  may f a i l  b e c a u s e  o f  2 r e a s o n s  ~ t e t  P be t h e  

p l a n  p r o d u c e d  by t h e  d e d u c t i o n  s t e p ,  

(a) a c l a s h  i s  f o u n d ,  i . e . ,  a t  l e a s t  one c l a s s  o f  DCG(P) c o n t a i n s  

more  t h a n  one f u n c t i o n  s y m b o l ,  

(b) an i n f i n i t e  t e r m  i s  c o n s t r u c t e d ,  i . e . ,  DCG(P) c o n t a i n s  a c y c l e .  

A s e t  o f  a r c s  o f  P p a r t e c i p a t i n g  in  t h e  c o n s t r u c t i o n  o f  a c l a s h  or  
o f  an i n f i n i t e  t e r m  i s  c a l l e d  a c o n f l i c t .  T h i s  n o t i o n  i s  e x p l a i n e d  

in  t h e  f o l l o w i n g  e x a m p l e .  

Example_3_ : F i g . 3 ( a )  shows a p ! a n  w h o s e  DCG c o n t a i n s  a c l a s h .  The  c l a s s  
3 3 

in  w h i c h  2 d i f f e r e n t  f u n c t i o n  s y m b o l s  a p p e a r  i s  (b -- x -- a ) ,  c a l l  i t  
c l a s s  1, b u t  t h e  c l a s h  p r o p a g a t e s  t o  t h e  e t h e r  c l a s s ,  c a l l  i t  c l a s s  2 : 
t h e  d i f f e r e n t  t e r m s  f ( a )  and f ( b )  a r e  a s s o c i a t e d  t o  c l a s s  2. A c o n f l i c t  
c a u s  ng t h e  c I a s h  i s  f o u n d  by  c o l l e c t i n g  t h e  l a b e l s  o f  t h e  a r c s  o f  a 
p a t h  ( i n  t h e  DCG) c o n n e c t i n g  a and b and t r a v e r s i n g  b o t h  c l a s s e s  : 

1 ¥ 1 2 3 Z 

f o r  n s t a n c e ,  f o r  t h e  p a t h  : a ...... × ~ ...... f ' ¥ . . . .  Z f ) b ~ t h e  
c o n f  i c t  i s  { 1 , 2 , 3 } .  C l e a r l y ,  no o t h e r  c o n f l i c t  can  be f o u n d  f o r  t h i s  
c l a s h .  O b s e r v e  t h e  u s e f u l n e s s  o f  t h e  v a r i a b l e s  l a b e l i n g  t h e  d i r e c t e d  
e d g e s  o f  t h e  DCG : t h e y  s p e c i f y  t h a t ,  i n  c l a s s  2,  c y c l e s  c o n n e c t i n g  

Z ,Y  and f mus t  be c o n s i d e r e d .  
In F i g . 3 ( b )  a p l a n  whose  DCG c o n t a i n s  an i n f i n i t e  t e r m  i s  g i v e n .  The 
u n i q u e  c o n f l i c t  i s  { 1 , 2 }  w h i c h  i s  c o n s t r u c t e d  by c o l l e c t i n g  t h e  l a b e l s  

1 1 2 2 

o f  t h e  a r c s  o f  t h e  p a t h  : V - -  f ) X - -  U - -  Z - -  g ) V. 
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Ca) 

(f p~f (x>,x) ~ <w, 3_ w 
i, J, 

3 

Z--Y-- f) 

' /t 2 Y 

( ~ a) 

• p(X,f(X) ,Y) ") (V .j_l f} 

I 
' ' Z 

(b) ~ 2 (y l!_w) 

~{Z,Z) t~ Figure 3 

From now on r p  is  t h e  s e t  o f  a l l  c o n f l i c t s  o f  DCG(P).  
O b s e r v e  t h a t  in  case  o f  f a i l u r e  t h e  a r c  added  to  t h e  p l a n  in  t h e  
l a s t  d e d u c t i o n  s t e p  is  an e l e m e n t  o f  e v e r y  c o n f l i c t .  A p l a n  P is  
u n i f i a b l e  i f  DCG(P) has n e i t h e r  a c l a s h  no r  an i n f i n i t e  t e r m .  A 
d e d u c t i o n  s t e p  i s  s u c c e s s f u l  i f  t h e  p l a n  i t  p r o d u d e s  i s  u n i f i a b l e .  

1 . 3  S o l u t i o n s  o f  t h e  c o n f l i c t s .  

In t h e  case  o f  a n o t  u n i f i a b l e  p l a n ,  one has to  b a c k t r a c k ,  
t h a t  is  t o  d e t e r m i n e  t h e  s e t  o f  p l a n  a r c s  whose  r e m o v a l  r e s t o r e s  t h e  
u n i f i a b i l i t y  o f  t h e  p l a n .  

D e f i n i t i o n  : L e t  P be a non u n i f i a b l e  p l a n  and Fp i t s  c o n f l i c t  s e t ,  
a s o l u t i o n  S o f  r p  i s  a s e t  o f  l a b e l s  o f  a r c s  o f  P s . t . ¥ ¥ E £ ,  ~nS~ ~.  

L e t  ~ o ( £ p )  be t h e  s e t  o f  a l l  s o l u t i o n s  o f  r p .  To each  
s o l u t i o n  S = { a t , . . . , a  n }  c o r r e s p o n d s  & p i a n  PS e q u a l  t o  t h e  
i n i t i a l  p l a n  P l e s s  t h e  e l e m e n t s  o f  S (and t h e i r  d e s c e n d a n t s )  ; 
t h e s e  p l a n e  a r e  c a l l e d  b a c k t [ a c k  p o i n t s .  

13 

L e t  " P r e s e n t p "  be t h e  u n a r y  p r e d i c a t e  such  t h a t  P r e s e n t p ( m )  i s  
t r u e  i f  P c o n t a i n s  t h e  a r c  l a b e l e d  by m. O b s e r v e  t h a t  P$ s a t i s f i e s  : 

S=A~D (~Pr e s e n t p  ( a i ) )  
i=1  
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n 
H e n c e f o r t h  we n o t e  P r e s e n t p ( a i )  s i m p l y  by a i and hence S=AND~ai . 

i=1 
Our o b j e c t i v e  is  to  d e l e t e  as l i t t l e  as p o s s i b l e  t he  o r i g i n a l  p l a n .  
To t h i s  end we c o n s i d e r  in  a f i r s t  t i m e  the  p a r t i a l  o r d e r  <p on 
the  a r c s  o f  t h e  p l a n  d e t e r m i n e d  by i t s  t r e e  s t r u c t u r e  d e f i n e d  as 
follows : 
l e t  a and b be two a r c s  o f  the  p l a n  P, t hen  
a <pb ~-4 the  ( u n i q u e )  p a t h  f rom the  r o o t  o f  P to  t he  s o u r c e  o f  a 
c o n t a i n s  the  a r c  b. 
For each c o n f l i c t  ~ o f  Fp, we c o n s t r u c t  a r e d u c e d  c o n f l i c t  ~' 
c o n t a i n i n g  o n l y  t he  a r c s  o f  ~ m i n i m a l  w . r . t .  <p : 

~(' = 4 a 6 ~ ' / f o r  no a ' 6 ~  w i t h  a ' ~  a a ' < ? a }  

Hence we o b t a i n  t he  r e d u c e d  c o n f l i c t  s e t  F ~ = { ~ ' / ¥  E F p } .  As 
p r e v i o u s l y ,  one can now compu te  ~ (F~)  and o b v i o u s l y  ~ ( F ~ ) ~  ( F p ) .  
We w i l l  c o n s i d e r  o n l y  s o l u t i o n s  in  ~ (F~) d i s r e g a r d i n g  t h o s e  in  
B = ~ (Fp)  - ¢ (F~) : the  b a c k t r a c k  p o i n t s  c o r r e s p o n d i n g  to  s o l u t i o n s  
in  B a r e  e v e n t u a l l y  r e a c h e d ,  by b a c k t r a c k i n g ,  in t he  d e d u c t i o n s  o f  t he  
b a c k t r a c k  p o i n t s  c o r r e s p o n d i n g  to ~ (F~) ( i f  t h e s e  d e d u c t i o n s  do 
no t  l o o p ) .  In o r d e r  to  f u r t h e r  r e d u c e  the  number o f  s o l u t i o n s ,  we 
c o n s i d e r  a l s o  the  p a r t i a l  o r d e r  among the  s o l u t i o n s  d e t e r m i n e d  by 
s e t  i n c l u s i o n .  
L e t  ¢ (F~ )= {SE~  ( F ~ ) / V S ' E ~  ( F ~ ) ,  S ' c  S ~ S ' = S } .  A g a i n ,  o n l y  t he  
b a c k t r a c k  p o i n t s  c o r r e s p o n d i n g  to  t he  s o l u t i o n s  in ¢ (F~) a r e  
c o n s i d e r e d  because  t h e y  w i l l  g e n e r a t e ,  by b a c k t r a c k i n g ,  t he  p l a n s  
c o r r e s p o n d i n g  to  t he  s o l u t i o n s  in c ( ~ ) - ~  (F? ) .  

Exemp le  4 : Assume t h a t  a f t e r  a few s t e p s  o f  c o m p u t a t i o n ,  we have 
the  p l a n  P shown -in F i g u r e  4 t o g e t h e r  w i t h  DCG(P). I t s  c o n f l i c t  
s e t  i s  rp=4{1,2,4},43,4}}. S i n c e  a r c  2 is  n o t  m i n i m a l  w . r . t .  
<#,F~-~- 4 4 1 , 4 } , 4 3 , 4 } }  and thus~ 
¢ (r~)={{1,3;4}{1,3},{1,4},{4,3},{4}} and the  m i n i m a l  ones ( w . r . t . g _ )  
a r e  ¢ ( £ ~ ) = 4 { 1 , 3 } , { 4 } } .  

C ~ p ( X ) , q ( X )  ) (~  3__ Z 3__ U __4 T 4__ f ) 

- 1 i  • ' 
~p(a) 4=) (q(y~_r(U,~V) m(Y,U.,f(V)) ') ( a I X 2_. y 4__ b) 

C ~(z ' z )  _ m(b'T'Ti' ' ) 

Figure 4. A non unifiable plan and its DCG 
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t . 4  D e d u c t i o n / b a c k t r a c k i n #  a I q o r i t h m  

to  a s 
by  i s o  

The i n i t i a l  p l a n  Pini f o r  a l o g i c  p r o g r a m  <S,G> i s  r e d u c e d  

n g l e  node : a v a r i a n t  o f  G. And t h u s ,  D C G ( P i n i )  i s  f o r m e d  
a t e d  c l a s s e s ~  each  o f  them c o n t a i n i n g  o n l y  a v a r i a b l e  o f  G. 

in  t h e  f o l l o w i n g  a l g o r i t h m ,  t h e  " s t o r e "  c o n t a i n s  t h e  p r e s e n t  
c o l l e c t i o n  o f  p l a n s .  

D e d u c t i o n / b a c k t r a c k i n q  a t q o r i t h m  

B e g i n  
Send  t h e  o r i g i n a l  p l a n  P i A i  t o  t h e  s t o r e  
W h i l e  s t o r e  ~ 
D_&o T a k e  a p l a n  P f r o m  t h e  s t o r e  

I f  3 open  l i t e r a l  I such  t h a t  A S P ( I ) = ~  

Then  B a c k t r a c k  1 (*  s e e  b e l o w  f o r  d e t a i l s  * )  

E l s e  w h i l e  £~=~  and P i s  n o t  c l o s e d .  

D__&o c h o o s e  an open  l i t e r a l  t o f  P and  a c l a u s e  
c E A S P ( I )  and p e r f o r m  a d e d u c t i o n  s t e p  
e x p a n d i n g  I w i t h  c ,  c f .  e x a m p l e  2 

O__~d 

Then  G e n e r a t e  t h e  u n i f i a b l e  p l a n s  c o r r e s p o n d i n g  t o  t h e  
s o l u t i o n s  in  ~ 1 ( £ ~ )  and send  them to  t h e  s t o r e  
E l s e  SUCCESS 

B a c k t r a c k  2 ( ~  see b e l o w  f o r  d e t a i l s  * )  
F__jL 

F_jL 
O_~d 

End 

B a c k t r a c k  1 : 3 open  l i t e r a l  such  t h a t  A S P ( I )  = ~.  

L e t  { a l , . . . ~ a n }  be t h e  s e t  o f  t h e  a r c s  o f  P 
l e a d i n g  to  c l a u s e s  c o n t a i n i n g  a t  l e a s t  one s u c h  
l i t e r a l  : g e n e r a t e  a t l  t h e  p l a n s  c o r r e s p o n d i n g  t o  
t h e  s o l u t i o n s  o f  t h e  c o n f l i c t s ,  £ # = { { a l }  . . . . .  { a , } }  
and s e n d  them t o  t h e  s t o r e .  

B a c k t r a c k  2 : SUCCESS 

In o r d e r  t o  f i n d  mo re  s u c c e s s e s  : g e n e r a t e  a l l  t h e  p l a n s  
c o r r e s p o n d i n g  t o  t h e  s o l u t i o n s  o f  £ p = { { a / a  i s  an a r c  
l e a d i n g  t o  a l e a f  o f  P } }  and s e n d  them to  t h e  s t o r e ,  

1 . 5  ~ e d u n d a n c y  p r o b l e m .  

L e t  us now see  a s e r i o u s  d r a w b a c k  o f  t h e  16 m e t h o d  : t h e  
r e s o l u t i o n  o f  c o n f l i c t s  g e n e r a t e s  p l a n s  w h o s e  s e a r c h  s p a c e s  may 
have  o v e r l a p p i n g  p a r t s .  Hence  some c o m p u t a t i o n s  can  be r e d u n d a n t ,  



322 

ExampJe 5 : Assume we have  t he  n o n u n i f i a b t e  p l a n  P (shown 
s c h e m a t i c a l l y  in  F i g . 5 )  w h e r e  t h e  a c t u a l  p o t e n t i a l s  o f  t h e  l i t e r a t s  o f  
P a r e  r e p r e s e n t e d  by d o t t e d  l i n e s .  Assume a l s o  t h a t  F ~ = { { 1 , 2 } } .  t s  
m i n i m a l  s o l u t i o n s  a r e  ~ 1 ( £ ~ ) = { { 1 } , { 2 Y } .  The n e x t  s t e p  ( c f .  1 . 4  
a b o v e )  i s  t o  g e n e r a t e  t h e  two p l a n s  Pt  and P2 o f  F i g . 5  . Assume 
t h a t  P1 and P2 have  c o n f l i c t s  r & = { { l ' , 2 } )  and r ~ = { { 1 ~ 2 ' } } ,  and 
hence  s o l u t i o n s  ~ l ( r & ) = { { l ' } , { 2 } }  and ~ l ( r & ) = { { 1 } , { 2 ' ) } ,  r e s p e c t  - 
r e l y .  Fou r  p l a n s  w i l l  be g e n e r a t e d ,  two o f  w h i c h  c a n n o t  be e x p a n d e d  
f u r t h e r  as 1' and 2' a r e  w i t h o u t  p o t e n t i a l s .  Thus  t h e  p l a n  P' o f  

F i g . 5  i s  p r o d u c e d  t w i c e  : r e d u n d a n c y  ! 

P : 

. . . .  ° , , ° ° . °  ) 

2, 
C ........... ) C  ) C . . . . . . . . . . .  ) C ; :  . . . . . . . .  ) 

P2 

{-.. . . . . .  i . . . . ' )  

..... -) ...... 

C . . . . . .  ",,,,, °°°  ) 

) C: / ' )  "ii] , ° , , , °  . . . .  ° ° , , , , °  

Figure 5. An example of redundancy 

2 - G e t t i n ~  r i d  o f  t h e  r e d u n d a n c y  

Assume t h a t  a r e d u c e d  c o n f l i c t  s e t  F~ o f  a p l a n  P has n 
s o l u t i o n s  S I ~ . . . , S n .  We r e c a l l  t h a t  f o r  each  S i  ~ t h e  c o r r e s p o n d i n g  

p l a n  PSi (P i  f o r  s h o r t )  s a t i s f i e s  S i  ( c f . 1 . 3 ) .  The i n t u i t i v e  i dea  to  
g e t  r i d  o f  r e d u n d a n c y  is  t o  f o r c e  a p a r t i t i o n  o f  t h e  s e a r c h - s p a c e  
o f  t h e  l o g i c  p r o g r a m  <S,G>.  To a v o i d  r e d u n d a n c y  b e t w e e n  Pi  and t h e  

p l a n s  P1, . . . .  P i - l ~  Pi  must  s a t i s f y  t h e  f o r m u l a  F i  = AND ~ S j  A S i .  

The p r o d u c t  : j = l  

i - 1  
AND ~ S j  i s  c a l l e d  a c o n s t r a i n t  and is  n o t e d  C i  ; 
j=t 

_ n j  i - 1  n j  

As S j  = AND ~ a k ( J ) ,  we have  Ci  = AND ( OR o k ( j ) ) .  
k = l  j = l  k = l  

Of c o u r s e ,  we w a n t  t h i s  p r o p e r t y  o f  P i  t o  be t r a n s m i s s i b l e  t o  i t s  
s u b s e q u e n t  e x p a n s i o n s .  Hence a l l  t h e  p l a n s  g e n e r a t e d  f r om  P l  w i l l  
n o t  be r e d u n d a n t  w i t h  t h o s e  g e n e r a t e d  by P j ,  j < i (and a l s o  j ~ i ) .  

in  w h a t  f o t I o w s ,  we w i l l  e x p l a i n  how we can p r o d u c e  e f f i -  
c i e n t l y  a s e q u e n c e  o f  s o l u t i o n s  S = < S 1 j . . . , S n  > such t h a t  each  f o r m u l a  
F i~  i E [ 1 , n ] ~  can be r e d u c e d  to  an i r r e d u c t i b l e  e q u i v a l e n t  f o r m u l a  
I R R ( F i )  w h i c h  i s  j u s t  a c o n j u n c t i o n  o f  I i t e r a l s  (a o r  ~a w h e r e  
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a i s  an a r c  o f  t h e  p l a n  P) For  t h e  momen t ,  l e t  us see  how to  use 

( i )  f o r  e a c h  a E t R R ( F i ) ,  r e m o v e  f r o m  P t h e  a r c  a (and a t /  

i t s  d e s c e n d a n t s ) .  

( i i )  f o r  e a c h  ~ a E I R R ( F i ) ,  b l o c k  in  P t h e  p a t h  f r o m  t h e  
r o o t  to  a ( i n c l u d e d ) ,  i . e .  : e l i m i n a t e  a l l  p o t e n t i a l s  f o r  each  l i t e r a l  
u o f  an a r c  o f  t h e  p a t h ,  (now,  ASP(u )  = ~ ) .  K e e p i n g  an a r c  i n d e e d  
i s  e q u i v a l e n t  to  keep  a l l  a r c s  f r o m  t h e  r o o t  t o  i t .  

in  t h i s  way a l l  s u b s e q u e n t  e x p a n s i o n  o f  P i  w i l l  s a t i s f y  
I R R ( F i )  and h e n c e  F i -  C l e a r l y ,  i f  I R R ( F i )  i s  u n s a t i s f i a b l e  no p l a n  
i s  g e n e r a t e d .  

L e t  us now e x a m i n e  how we can  c o n s t r u c t  a s e q u e n c e  o f  
s o l u t i o n s  S : < S ~ , . . . , S n >  such  t h a t  f o r  e a c h  F i ,  i E [ 1 , n ] ,  one can 
e a s i l y  c o n s t r u c t  an e q u i v a l e n t  c o n j u n c t o n  o f  I t e a l s  I R R ( F i ) .  

2 .1  C o n f l i c t  t r e e .  

F o r  a non e m p t y  c o n f t i c t  s e t  £ we d e f  ne a t r e e ~  c a l l e d  a 
c o n f l i c t  t r e e  f q [  ....... £, each  b r a n c h  o f  w h i c h  i s  a c o n f l i c t .  R a t h e r  
t h a n  g i v i n g  a f o r m a l  d e f i n i t i o n  we n t r o d u c e  t h i s  c o n c e p t  by  means 
o f  an e x a m p l e .  

Ex__ample 6 : L e t  ? = { { 5 , 1 j 2 } , { 5 , 1  4 } ~ { 5 , 2 , 3 } ~ { 5 ~ 3 , 4 } .  The two 
t r e e s  o f  F i g . 6  a r e  p o s s i b l e  c o n f l i c t  t r e e s  f o r  £ .  

/ '  \ / ' \  
1 / \  / \  / \  / \  

Z 4 2 4 1 3 1 3 

F i q u r e  6. Two c o n f l i c t  t r e e s .  

2 . 2  C u t  l a n q u a g e  

A g a i n  we use an e x a m p i e  f o r  i n t r o d u c i n g  a new c o n c e p t ,  t h a t  
o f  c u t  I ~nQuaqe  o f  a t r e e .  In F i g . 7  t h e  c u t  l a n g u a g e  o f  t h e  f i r s t  
t r e e  o f  F i g . 6  i s  g i v e n .  As shown in  F i g . 7  e a c h  e l e m e n t  o f  C u t ( t )  
i s  a t r a n s v e r s a l  c u t  o f  t h e  t r e e .  

t :  

==:1---, . . . . .  "-- C u t ( t ) =  { 5 , 1 . 3 , t . 2 . 4 , 2 . 4 . 3 , 2 . 4 . 2 . 4 }  

F i Q u r e  7. An e x a m p { e  o f  a c u t  l a n g u a g e .  
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For ~ECut ( t ) ,  ~ = ~l~*-.~n, we d e f i n e  S ~ = { ~ i / i E [ 1 , n ] ) .  Le t  t be a 
c o n f l i c t  t r e e  f o r  a s e t  o f  c o n f l i c t s  £.  I t  i s  easy  to  see t h a t  f o r  
~ E C u t ( t ) , S ~  i s  a s o l u t i o n  o f  £ and t h a t  the  m i n i m a l  s o l u t i o n s  o f  £ 

( w i t h  r e s p e c t  to  ~) a re  c o n t a i n e d  in { S ~ / m E C u t ( t ) } ,  in g e n e r a l ~  
t o g e t h e r  w i t h  nonm}nima~ s o l u t i o n s .  

O b s e r v e  t h a t  a t o t a l  o r d e r  can be n a t u r a l l y  d e f i n e d  on the  
c u t  l a n g u a g e  : f o r  two e l e m e n t s  o f  C u t ( t ) ,  we d e t e r m i n e  the  f i r s t  
b r a n c h  o f  t ( f rom the  l e f t )  on w h i c h  t h e y  d i f f e r ,  the  c u t  w i t h  the  

" h i g h e r "  node on t h i s  b r a n c h  is  the  i n f e r i o r  one w i t h  r e s p e c t  to  t h i s  
o r d e r .  In the  p r e v i o u s  e x a m p l e  the  e l e m e n t s  o f  C u t ( t )  a re  w r i t t e n  in 
i n c r e a s i n g  o r d e r .  U n f o r t u n a t e l y ,  t h i s  o r d e r  does n o t  d i r e c t l y  i n d u c e  

one on { $ ~ / ~ E C u t ( t ) }  as one can have S~= S~ and ¢ ~ e,  f o r  ¢ and 

a E C u t ( t )  as shown in F i g . 8 .  

F = { { 1 , 3 , 5 } ,  
{ 2 , 3 , 5 } ,  

{ 1 , 2 , 4 , 5 } }  

5 

3 ~ 1 - - ¢ = 1 . 2 . 1  

, I  
~-2-- I~=1.2 .2  

F L.qure 8. Two c u t s  ¢ and ~ such t h a t  S~=S~ 

T h i s  p r o b l e m  is  easy  to  s o l v e .  Le t  t be a c o n f l i c t  t r e e  f o r  a s e t  

o f  c o n f l i c t s  £. Le t  ¢ l ~ - - - J ~ n  be the  sequence  o f  t he  e l e m e n t s  
o f  C u t ( t )  w th  r e s p e c t  to  the  o r d e r  d e f i n e d  above .  L e t  S '=<S¢ j . . . ~ S ~  >. 
F i n a l l y ,  S s o b t a i n e d  f rom S ~ e l e m i n a t i n g  any S~ such 1 n 

J 

t h a t  t h e r e  s an S~ w i t h  i < j  such t h a t  S~ c S~ . S is  the  sequence  
i i j 

of  s o l u t i o n s  t h a t  we w i l l  use f o r  s o l v i n g  £. 

2 .3  C o m p u t a t i o n  o f  the  constraint__~s 

Fac t  1 : U s i n g  the  sequence  S o f  s o l u t i o n s  o f  a s e t  o f  c o n f l i c t  £ 

d e f i n e d  a b o v e ,  each f o r m u l a  Fi  -- (Si A C i )  r e d u c e s  bo_o lean l y  to  a 
c o n j u n c t i o n  IRR(F i )  o f  n e g a t i v e  a r c s  ( a l l  t h o s e  o f  S l )  and p o s i t i v e  

ones (some o f  t h o s e  o f  C i )  

R e c a l l  t h a t  an a r c  a or  ~ a r e p r e s e n t s  the  I i t e r a t  P r e s e n t p ( a )  

and ~ P r e s e n t p ( a )  j r e s p e c t i v e l y .  
We w i l l  no t  g i v e  the  p r o o f  o f  Fac t  1 here  ( i t  can be found  in 
[ C o d B 5 ] ) ,  bu t  s i m p l y  remark  t h a t  i t  does no t  h o l d ,  in g e n e r a t ,  
f o r  a sequence  o f  t he  m i n i m a l  s o l u t i o n s  o f  a s e t  o f  c o n f l i c t s .  T h i s  
i s  the  1s t  r e a s o n  f o r  c h o o s i n g  the  sequence  S (where t h e r e  may be 
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n o n m i n i m a l  s o l u t i o n s )  o v e r  the  m i n i m a l  s e q u e n c e s .  The 2nd r e a s o n  is  

t h a t  f o r  S the  I R R ( F i ) ' s  can be computed  v e r y  e f f i c i e n t l y ,  as e x p l & i -  

ned b e l o w .  

Le t  us now c a r a c t e r i z e  the  p o s i t i v e  e l e m e n t s  o f  IRR(F i )  : 

l e t  S iES and ~ be the  m i n i m a l  e l e m e n t  o f  C u t ( t )  such t h a t  S~=Sio 
A l a b e l  b i s  an a n c e s t o r  o f  S1 i f  t h e r e  e x i s t s  a b r a n c h  o f  t 
on w h i c h  a node l a b e l e d  by b is  " h i g h e r "  t han  the  one t h a t  b e l o n g s  
to  ~ ( o b v i o u s l y ,  e E C u t ( t )  i m p l i e s  t h a t  ~ has an e l e m e n t  on 
each b r a n c h  o f  t ) .  

Fac t  2 • b a n c e s t o r  o f  S i E S ¢=~ b p o s i t i v e  f a c t o r  o f  IRR(F i )  ; 

and thus  IRR(F i )  : S i  /k AND(b/D is  an a n c e s t o r  o f  S i ) .  

[3 

The c o n s t r a i n t  Ci o f  a s o l u t i o n  $ i  is  then  e a s i l y  c o m p u t a b l e  

as o n l y  the  a n c e s t o r s  o f  S i  have to  be known. The c o n s t r u c t i o n  o f  
S=<S 1 . . . .  ,Sn> is  done by a s e a r c h  o f  the  c o n f l i c t  t r e e j  and the  
s i m u l t a n e o u s  u p d a t i n g  o f  a s t a c k  o f  a n c e s t o r s  g i v e s  us the  
c o n s t r a i n t s  C 1 , . . . , C ~ .  

2 . 4  C o m p l e t e n e s s .  

The IB method w i t h  c o n s t r a i n t s  (now c a l l e d  C lB method)  is  
c o m p l e t e ,  w i t h  r e s p e c t  to  the  tB m e t h o d ,  f o r  no t  l o o p i n g  d e d u c t i o n s ;  
in t h e  case  o f  a p l a n  g e n e r a t i n g  an i n f i n i t e  d e d u c t i o n , t h e  s u c c e s s  
s e t  may be d i f f e r e n t j  I C e d 8 5 ] .  The ClB method  may m iss  c e r t a i n  

s u c c e s s  b e c a u s e ,  i n t u i t i v e l y ,  i t  r e l i e s  more on b a c k t r a c k i n g  : in 

the  ( r e d u n d a n t )  tB method  s e v e r a l  c o m p u t a t i o n  s e q u e n c e s  can l ead  to  
the  same s u c c e s s ,  o n l y  the  f i n i t e n e s s  o f  one o f  them is  r e q u i r e d  to  
a c t u a l l y  have t h i s  s u c c e s s .  

In any case  the  method  ( w i t h  or  w i t h o u t  c o n s t r a i n t s )  is. no t  
c o m p l e t e  ( j u s t  as t he  b l i n d  b a c k t r a c k  o f  P r o l o g )  because  i t s  ( d e p t h -  

f i r s t )  s e a r c h  s t r a t e g y  c a n n o t  h a n d l e  the i n f i n i t e  d e d u c t i o n s .  

2 . 5  C o n c l u s i p n s  

The ClB method  seems more s u i t e d  to  imp lemen t  b o t h  OR and 
AND p a r a l l e l i s m  than  the  usua l  way o f  e x e c u t i n g  P r o l o g  : 

( i )  f o r  the  OR p a r a l l e l i s m  a p r o c e s s  can be a s s o c i a t e d  to  each 

u n i f i a b l e  p l a n  g e n e r a t e d  by the  b a c k t r a c k  method  (each p r o c e s s  
i n d e p e n d e n t  f rom the  o t h e r s ) .  

( i i )  f o r  AND p a r a l l e l i s m  the  DCG g r a p h  o f  a p l a n  P w i t {  s u r e } y  be 
u s e f u l  in c o o r d i n a t i n g  the  wo rk  o f  s e v e r a l  p r o c e s s e s  e x p a n d i n g  P. 
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For  t hese  r e a s o n s  i t  is  s u r e l y  v e r y  i n t e r e s t i n g  to e x p l o r e  
the  u s e f u l n e s s  o f  t he  CtB meh tod  in  p a r a l l e l  i m p l e m e n t a t i o n s  o f  l o g i c  
p r o g r a m m i n g .  
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