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Abstract 

In t h i s  p a p e r  we s h o w  t h a t  t h e  n o t i o n  of b i s i m u l a t i o n  fo r  a c l a s s  of l a b e l l e d  t r a n s i t i o n  

s y s t e m s  ( t h e  c l a s s  of no*zdet, e ~ i s i ~ , c  processes) m a y  b e  r e s t a t e d  a s  o n e  of " r e d u c i b i l i t y  

to a same system" via a simple reduction relation. The reduction relation is proven to 

enjoy some desirable properties, notably a Church-Rosser property. We also show that, 

when restricted to finite nondeterministic processes, the relation yields unique minimal 

forms for processes and can be characterised algebraically by a set of reduction rules. 

I. Introduction 

Labelled transition systems [K,P] are generally reeognised as an appropriate model for 

nondeterministic computations. The motivation for studying such computations stems from 

the increasing interest in concurrent programming. 

When modelling communication between concurrent programs, some basic difficulties have 

to be faced. A concurrent program is inherently part of a larger environment, with which 

it interacts in the course of its computation. Therefore a simple input-output function is 

not an adequate model for such a program. The model should retain some information 

about the internal states of a program, so as to be able to express the program's 

behaviour in any interacting environment. Also, nondetermivtacy arises when abstracting 

from such parameters as the relative speeds of concurrent programs: as a consequence, 

we need to regard any single concurrent program as being itself nondeterministic. 

The question is then to find a model for nondeterministic programs that somehow 

accounts for intermediate states. On the other hand, only those intermediate states 

should be considered which are relevant to the "interactive" (or extevmal) behaviour of 

the program. Now one can think of various criteria for selecting such significant states. 

In this respect labelled transition systems provide a very flexible model: by varying the 

definition of the transition relation one obtains a whole range of different descriptions, 

going from a full account of the structure of a program to some more interesting 

"abstract" descriptions. However, even these abstract descriptions still need to be factored 

by equivalence relations (for a. review see [B] or [DEN]). 

A natural notion of equivalence, bisimulation equivalence, has been recently proposed by 

D. Park [Pa] for transition systems: informally speaking, two systems are said to 

bisi~vt~late each other if a full correspondence can be established between their sets of 
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states in such a way that from any two corresponding states the two (sub)systems will 

still bisimulate e a c h  other. 

In this paper we show that the notion of bisimulation for a class of labelled transition 

s y s t e m s  ( t he  c l a s s  of nonde te rmin i s t i c  processes) m a y  be  r e s t a t e d  as  one  of " r educ ib i l i t y  

to  a s a m e  s y s t e m "  via a s i m p l e  r e d u c t i o n  r e l a t i o n .  The r e d u c t i o n  r e l a t i o n  is p r o v e n  to 

en joy  s o m e  des i rab le"  p r o p e r t i e s ,  n o t a b l y  a C h u r c h - R o s s e r  p r o p e r t y .  We a l so  s h o w  t h a t ,  

when  r e s t r i c t e d  to  f in i t e  n o n d e t e r m i n i s t i c  p r o c e s s e s ,  t h e  r e l a t i o n  y ie lds  u n i q u e  m i n i m a l  

f o r m s  f o r  p r o c e s s e s  a n d  c a n  be  c h a r a c t e r i s e d  a l g e b r a i c a l l y  by  a s e t  of r e d u c t i o n  ru l e s .  

The p a p e r  is o r g a n i s e d  a s  fol lows.  In s e c t i o n  2 we p r e s e n t  o u r  c o m p u t a t i o n a l  mode l ,  t h e  

c l a s s  of nonde tevmin i s t i c  processes.  In s e c t i o n  3 we a r g u e  t h a t  t h i s  b a s i c  m o d e l  is n o t  

a b s t r a c t  e n o u g h ,  p a r t i c u l a r l y  w h e n  s y s t e m s  a r e  a l lowed unobsevvable t r a n s i t i o n s  as  well as  

o b s e r v a b l e  o n e s .  We t h e r e f o r e  i n t r o d u c e  abstract ion homomorphisms  [CFM] as  a m e a n s  of 

s imp l i fy ing  t h e - s t r u c t u r e  of a p r o c e s s  by  m e r g i n g  t o g e t h e r  s o m e  of i t s  s t a t e s :  t h e  r e s u l t  

is a p r o c e s s  wi th  a s i m p l e r  d e s c r i p t i o n ,  b u t  " a b s t r a c t l y  e q u i v a l e n t "  to  t h e  o r ig ina l  one.  We 

c a n  t h e n  i n f e r  a red~ct ion  re la t ion  b e t w e e n  p r o c e s s e s  f r o m  t h e  e x i s t e n c e  of a b s t r a c t i o n  

h o m o m o r p h i s m s  b e t w e e n  t h e m .  We p r o v e  s o m e  s i g n i f i c a n t  p r o p e r t i e s  of t h i s  r e l a t i o n ,  s u c h  

as  i n v a r i a n c e  in  c o n t e x t s  a n d  t h e  a n n o u n c e d  C h u r c h - R o s s e r  p r o p e r t y .  Based  on  t h e  

r e d u c t i o n  r e l a t i o n ,  we def ine  an  abstract ion equivalence r e l a t i o n  on  p r o c e s s e s :  two 

p r o c e s s e s  a r e  e q u i v a l e n t  iff t h e y  a re  b o t h  r e d u c i b l e  to a s a m e  ( s i m p l e r )  p r o c e s s .  

In s e c t i o n s  4 a n d  5 we s t u d y  t h e  r e l a t i o n s h i p  b e t w e e n  o u r  n o t i o n s  of r e d u c t i o n  and 

a b s t r a c t i o n  and  t h e  n o t i o n  of bis imula t ion  b e t w e e n  t r a n s i t i o n  s y s t e m s .  The c r i t e r i o n  we 

u s e  fo r  i d e n t i f y i n g  s t a t e s  of a p r o c e s s  via a b s t r a c t i o n  h o m o m o r p h i s m s  is s i m i l a r  to t he  

one  u n d e r l y i n g  t h e  d e f i n i t i o n  of b i s i m u l a t i o n :  we s h o w  in  f a c t  t h a t  a n y  a b s t r a c t i o n  

h o m o m o r p h i s m  is a s ing le -va lued  bis imulat ion .  We f ina l ly  p r o v e  t h a t  t h e  a b s t r a c t i o n  

e q u i v a l e n c e  is s u b s t i t u t i v e  in c o n t e x t s  and  t h a t  i t  c o i n c i d e s  wi th  t h e  largest  ( subs t i tu t ive)  

b is imulat ion .  Our e q u i v a l e n c e  c a n  t h e n  be  r e g a r d e d  as  a s i m p l e  a l t e r n a t i v e  f o r m u l a t i o n  

fo r  b i s i m u l a t i o n  e q u i v a l e n c e .  

In s e c t i o n  6 we c o n s i d e r  a sma l l  language fo r  de f in ing  f i n i t e  n o n d e t e r m i n i s t i c  p r o c e s s e s :  

e s s e n t i a l l y  a s u b s e t  of R. Milner ' s  CCS (Calcu lus  of C o m m u n i c a t i n g  S y s t e m s )  [M1]. We find 

t h a t  o u r  r e s u l t s  c o m b i n e  n e a t l y  wi th  s o m e  e s t a b l i s h e d  f a c t s  a b o u t  t h e  l a n g u a g e .  On t h i s  

l a n g u a g e  o u r  e q u i v a l e n c e  is j u s t  Milner ' s  observational  congruence, fo r  wh ich  a c o m p l e t e  

f in i te  a x i o m a t i s a t i o n  h a s  b e e n  g iven in [HM]. So, on  t h e  one  h a n d ,  we ge t  a r e a d y - m a d e  

a l g e b r a i c  c h a r a c t e r i s a t i o n  fo r  t h e  a b s t r a c t i o n  equ iva l ence ;  on  t h e  o t h e r  h a n d ,  o u r  

c h a r a e t e r i s a t i o n  p r o v e s  h e l p f u l  in w o r k i n g  o u t  a c o m p l e t e  s y s t e m  of reduct ion  rules fo r  

t h a t  l a n g u a g e .  We c o n c l u d e  by  p r o p o s i n g  a d e n o t a t i o n a l  tree-model  fo r  t h e  l anguage ,  

wh ich  is i s o m o r p h i c  to  t h e  t e r m - m o d e l  in [HM]. 

Most of t h e  r e s u l t s  will be  s t a t e d  w i t h o u t  p roo f .  F o r  t h e  p r o o f s  we r e f e r  to  t h e  c o m p l e t e  

v e r s i o n  of t h e  p a p e r  [C]. 

2. Nondetermin i s t i c  Sy s t e m s  

In t h i s  s e c t i o n  we i n t r o d u c e  o u r  b a s i c  c o m p u t a t i o n a l  mode l ,  t h e  c l a s s  of nondeter ' ,ninist ie 

systems. Nondeterministic systems are essentially labelled transition systems with an 

in i t ia l  state. 
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Let  A be, a s e t  of e l e m e n t a r y  ac t ions  or  t r a n s i t i o n s ,  c o n t a i n i n g  a d i s t i n g u i s h e d  s y m b o l  -r 

w h i c h  d e n o t e s  a h i d d e n  or  unobser"vable t r a n s i t i o n .  We wil l  u s e  ~, u . . .  t o  r a n g e  o v e r  A, 

a n d  a, b . . .  t o  r a n g e  o v e r  A - IT t. 

D e f i n i t i o n  B.I:  k nondetev~r~i~is~ic s y s t e m  (NDS) o v e r  A is  a t r i p l e  S = (Qu~r~, A, >), 

where Qu~rl is the set of states of S, r~Q is the initial state (or root) of S, and 

> c_c_ [ (Qulr~)  x A x (Qutr~)  ] i s  t h e  trar~sitio~% rel=~io~% on S. 

We wi l l  u s e  q, q' t o  r a n g e  o v e r  Q u t r  I, a n d  w r i t e  q~U_>q, f o r  (q, ~,  q ' ) e  ---> . We i n t e r p r e t  

q_a__> q, as :  S m a y  e v o l v e  f r o m  s t a t e  q t o  s t a t e  q' v i a  a t r a n s i t i o n  ~. 

We wi l l  a l s o  m a k e  u s e  of t h e  t r a n s i t i v e  a n d  r e f l e x i v e  c l o s u r e  ---->* of ----> , w h i c h  we c a l l  

t h e  d e r i v a t i o n  r e l a t i o n  on  S. Fo r  a n  NDS S = (Qu t r  I, A, >), we wi l l  u s e  Qs ' r s  ' - - ->s  

i n s t e a d  of Q, r ,  > w h e n e v e r  a n  e x p l i c i t  r e f e r e n c e  t o  S is  r e q u i r e d .  

A c c o r d i n g  to  o u r  d e f i n i t i o n ,  a n  NDS S is  a m a c h i n e  s t a r t i n g  i n  s o m e  d e f i n i t e  s t a t e  a n d  

e v o l v i n g  t h r o u g h  s u c c e s s i v e  s t a t e s  by  m e a n s  of e l e m e n t a r y  t r a n s i t i o n s .  On t h e  o t h e r  h a n d ,  

e a c h  s t a t e  of S m a y  be  t h o u g h t  of a s  t h e  i n i t i a l  s t a t e  of s o m e  NDS: t h e n  we m i g h t  r e g a r d  

S as  g i v i n g  r i s e  to  new  s y s t e m s ,  r a t h e r  t h a n  g o i n g  t h r o u g h  s u c c e s s i v e  s t a t e s .  

In f a c t ,  if we c o n s i d e r  t h e  c l a s s  S of a l l  NDS's, we m a y  n o t i c e  t h a t  S i t s e l f  c a n  be  

d e s c r i b e d  a s  a t r a n s i t i o n  s y s t e m  ( a l t h o u g h  n o t  a n  NDS, s i n c e  S is  o b v i o u s l y  n o t  r o o t e d ) .  

Let  ---->s be  t h e  a s s o c i a t e d  d e r i v a t i o n  r e l a t i o n :  we s a y  t h a t  S' is  a d e r i v a t i v e  of S 

w h e n e v e r  S ---->s S'. Now i t  is  e a s y  to  s ee  t h a t ,  fo r  a n y  SE S, a o n e - t o - o n e  c o r r e s p o n d e n c e  

c a n  be  e s t a b l i s h e d  b e t w e e n  t h e  s t a t e s  a n d  t h e  d e r i v a t i v e s  of S. We s h a l l  d e n o t e  by  S t h e  
q 

d e r i v a t i v e  c o r r e s p o n d i n g  to  t h e  s t a t e  

d e r i v a t i v e  S'. 

q a n d  by  qs' t h e  s t a t e  c o r r e s p o n d i n g  to  t h e  

In t h e  f o l l o w i n g  we wil l  o f t e n  a v a i l  of t h i s  c o r r e s p o n d e n c e  b e t w e e n  s t a t e s  and  

( s u b ) s y s t e m s .  

We a s s u m e  t h e  c l a s s  S t o  be  c l o s e d  w.r . t ,  s o m e  s i m p l e  operators:  a n u l l a r y  o p e r a t o r  NIL, 

a s e t  of u n a r y  o p e r a t o r s  ~. (one  fo r  e a c h  #EA),  a n d  a b i n a r y  o p e r a t o r  +. The i n t e n d e d  

m e a n i n g  of t h e s e  o p e r a t o r s  i s  t h e  fo l lowing :  NIL r e p r e s e n t s  t e r m i n a t i o n ,  + is  a f r ee -cho ice  

o p e r a t o r ,  a n d  t h e  ~ ' s  p r o v i d e  a s i m p l e  f o r m  of s e q u e n t i a l i s a t i o n ,  c a l l e d  p r e f i x i n g  by  t h e  

a c t i o n  p~. 

The t r a n s i t i o n  r e l a t i o n  of a c o m p o u n d  NDS m a y  be  i n f e r r e d  f r o m  t h o s e  of t h e  c o m p o n e n t s  

by  m e a n s  of t h e  r u l e s :  

i) ~ s  ~u_> s 

i i)  s J~---> s '  i m p l i e s  S + S" ~ > S' , S" + S ~ S' 

The o p e r a t o r s  wi l l  b e  g i v e n  a p r e c i s e  d e f i n i t i o n  f o r  a s u b c l a s s  of S, t h e  c l a s s  of 

nondefe'rrr~inistic p r o c e s s e s  t h a t  we wi l l  i n t r o d u c e  i n  t h e  n e x t  s e c t i o n .  

2.1 N o n d e t e r m i n i s t i c  p r o c e s s e s  

As t h e y  a r e ,  NDS's h a v e  a n  i s o m o r p h i c  r e p r e s e n t a t i o n  a s  ( r o o t e d )  labe l led  d i r e c t e d  graphs ,  

w h o s e  n o d e s  a n d  a r c s  r e p r e s e n t  r e s p e c t i v e l y  t h e  s t a t e s  a n d  t h e  t r a n s i t i o n s  of a s y s t e m .  

On t h e  o t h e r  h a n d ,  a n y  NDS m a y  be  u n f o l d e d  i n t o  a n  acyc l i c  g r a p h .  We s h a l l  h e r e  

c o n c e n t r a t e  on  a c l a s s  of a c y c l i c  NDS's t h a t  we c a l l  n o n d e t e r m i n i s t i c  p r o c e s s e s  (NDP's). 
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Basical ly ,  NDP's a r e  NDS's w h o s e  d e r i v a t i o n  r e l a t i o n  ---->" is a par t ia l  ordering. Each  s t a t e  

of a p r o c e s s  is a s s i g n e d  a label, t h a t  r e p r e s e n t s  t h e  s e q u e n c e  of o b s e r v a b l e  a c t i o n s  

l ead ing  f r o m  t h e  r o o t  to  t h a t  s t a t e .  To m a k e  s u c h  a l abe l l ing  c o n s i s t e n t ,  we only allow 

two p a t h s  to  jo in  in t h e  g r a p h  if t h e y  c o r r e s p o n d  to t he  s a m e  o b s e r v a b l e  d e r i v a t i o n  

s e q u e n c e .  The l abe l l ing  is s u b j e c t  to  t h e  fol lowing f u r t h e r  r e s t r i c t i o n :  f o r  a n y  l abe l  a, 

t h e r e  a r e  a t  m o s t  f in i t e ly  m a n y  s t a t e s  l abe l l ed  

s u b s e q u e n t l y ,  t h i s  a m o u n t s  to  i m p o s e  a g e n e r a l  

s y s t e m s .  

In t h e  f o r m a l  de f in i t ion ,  we will u s e  t h e  fol lowing 

s e q u e n c e s  ove r  A, wi th  t h e  u s u a l  p r e f i x - o r d e r i n g ,  

by  a. As i t  will be  m a d e  c l ea r  

i m a g e - f i n i t e n e s s  c o n d i t i o n  on  the  

n o t a t i o n :  A* is t h e  s e t  of f in i te  

a n d  wi th  e m p t y  s e q u e n c e  e . For  

s i m p l i c i t y  t h e  s t r i n g  <]~> will be  d e n o t e d  by  ~. The covering re la t ion  --C a s s o c i a t e d  to  a 

p a r t i a l  o r d e r i n g  < is g iven  by: x--Cy iff x < y  a n d  ~ z s u c h  t h a t  x<z<y .  Also, we m a k e  t h e  

fol lowing c o n v e n t i o n :  T a c t s  as t h e  i d e n t i t y  over  A and  will t h u s  be r e p l a c e d  by  e when 

o c c u r r i n g  in s t r i n g s .  

Def in i t ion  2.1.1: A nondeterrn, in i s t i c  process (NDP) over  A is a t r i p l e  P = (Qul r  ], <, 1) 

where :  

(Qu t r  I, <_) is a rooted pose r :  Yq, r <_ q 

h Qu ~r] > A* is a monotonic l abe l l ing  f u n c t i o n ,  s a t i s fy ing :  

l(r) = 

q--Cq' i m p l i e s  l (q ' )=l(q)4~,  # 6  A* 

V o" 6 A*, ~q I l(q) = a I is f i n i t e  

Note t h a t  a n  NDP is v e r y  n e a r l y  a labelled t ree:  i t  only  d i f fe r s  f r o m  a l abe l l ed  t r e e  in t h a t  

i t  m i g h t  h a v e  s o m e  c o n f l u e n t  p a t h s .  The r e a s o n  we do n o t  d i r e c t l y  a d o p t  l abe l led  t r e e s  as  

a m o d e l  is p u r e l y  t e c h n i c a l  ( t he  p r o o f  t h a t  t h e  m o d e l  is c losed  w.r . t ,  r e d u c t i o n s  would  be  

r a t h e r  t r i cky) .  However  we i n t e n d  t h a t  t r e e s  a r e  o u r  r ea l  ob jec t  of i n t e r e s t :  in  p a r t i c u l a r ,  

o u r  e x a m p l e s  will a lways  be  c h o s e n  f r o m  t r e e s .  

As p o i n t e d  o u t  a l r e a d y ,  we labe l  n o d e s  wi th  s e q u e n c e s  of a c t i o n s ,  r a t h e r  t h a n  label l ing  

a r c s  wi th  s ing le  a c t i o n s :  t h i s  m i n o r  v a r i a t i o n  w.r . t ,  t h e  s t a n d a r d  n o t a t i o n  ( see  e.g. Milner 's  

synchron i sa t ion  frees) will m a k e  i t  e a s i e r  to  c o m p a r e  d i f f e r e n t  s t a t e s  of a p r o c e s s .  

It  is e a sy  to see  t h a t  any  NDP P is a l so  an  NDS, wi th  ---->p g iven by --c. More p rec i se ly ,  

fo r  a n y  ]~eA, t h e  r e l a t i o n  ~ >p will be  g iven by  } (q,q ')  I q-<=q' a n d  l(q ')  = l(q).]~ ~. 

Note  t h a t ,  b e c a u s e  of o u r  c o n v e n t i o n  t h a t  T = ~, a T - t r a n s i t i o n  will be  r e p r e s e n t e d  in an  

NDP by t h e  r e p e t i t i o n  of t h e  s a m e  labe l  on  t h e  two /---> r e l a t e d  n o d e s .  More gene ra l ly ,  t h e  

label  of a n o d e  will now r e p r e s e n t  t he  s e q u e n c e  of observable a c t i o n s  l ead ing  to it. For  

examp le :  

the tree / ~ k ~  will be in  our notation: A ~  

/ \ / \ a 

ab a 
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In w h a t  fo l lows ,  n o n d e t e r m i n i s t i c  p r o c e s s e s  will a l w a y s  be  c o n s i d e r e d  u p  to  i s o m o r p h i s m .  

F o r m a l l y ,  a n  i s o m o r p h i s m  b e t w e e n  two NDP's: P1 = (Q1u~rl]'<-I ' l l ) '  P2 = (Q~u~rfl'<--e' 12) is  a 

o n e - t o - o n e  c o r r e s p o n d e n c e :  @ : Q1u~rl] - - -> Qeu~rfl s , t .  

i) iz(@(q)) = li(q) 

ii) @(q)<m@(q') iff q<lq' 

The operators NIL, ~. and + can be formally defined on NDP's. Let T i denote the NDP 

(QIu~ri~' -<-i' li)" T h e n  we h a v e  t h e  fo l lowing  : 

D e f i n i t i o n  2.1.2:  (Operators  on NDP's) 

NIL = (IrNi fl ,  ~(rNIL, rNIL) I, I(rNIh, e) l )  is  t h e  NDP w i t h  j u s t  a r o o t  rN~ L a n d  a n  

e m p t y  s e t  of  s u b s e q u e n t  s t a t e s  

MP1 is  t h e  NDP P = (Qu~r],  <, l), w h e r e  r d o e s  n o t  o c c u r  in  Q1u[rf l ,  a n d :  

Q = q l u ~ r f l  

<_ = ~ l  U ~(r,q) I q E q t  

e, i f q = r  
l(q)  = 

;z.l i(q) o t h e r w i s e  

P i  + P2 is  t h e  NDP P = (Qu~rt ,  <,  1) , w h e r e  r d o e s  n o t  o c c u r  in  QiuQ~, a n d :  

Q = Q1U Qe ( d i s j o i n t  u n i o n )  

5_ = _<l~ql u <_s~Q2 u ~(r,q) I qEq]  

1 = ll~Q t u 12~Q 2 u ~(r, ~)] 

Let  P c_ S d e n o t e  t h e  c l a s s  of all  NDP's: in  w h a t  fo l lows  o u r  t r e a t m e n t  of  n o n d e t e r m i n i s t i c  

s y s t e m s  will be  c o n f i n e d  to  P.  

3. A b s t r a c t i o n  H o m o m o r p h i s m s  

The  N D P - m o d e l ,  t h o u g h  p r o v i d i n g  a h e l p f u l  c o n c e p t u a l  s i m p l i f i c a t i o n ,  d o e s  n o t  a p p e a r  y e t  

a b s t r a c t  e n o u g h .  It  s t i l l  a l lows ,  e.g. ,  f o r  s t r u c t u r a l  r e d u n d a n c i e s  s u c h  as :  

a,/ a 
M o r e o v e r  we w a n t  to be  ab le ,  in  m o s t  c a s e s ,  to i g n o r e  z' .nobservable t r a n s i t i o n s .  S u c h  

t r a n s i t i o n s ,  b e i n g  i n t e r n a l  to  a s y s t e m ,  s h o u l d  o n l y  be  d e t e c t a b l e  i n d i r e c t l y ,  o n  a c c o u n t  of  

t h e i r  c a p a c i t y  of  a f f e c t i n g  t h e  observable  behav io~r  of t h e  s y s t e m .  

We will t h e r e f o r e  i n t r o d u c e  a s i m p l i f i c a t i o n  o p e r a t i o n  on  p r o c e s s e s ,  w h i c h  we cal l  

a b s t r a c t i o n  h o m o m o r p h i s m .  E s s e n t i a l l y  a n  a b s t r a c t i o n  h o m o m o r p h i s m  will t r a n s f o r m  a 

p r o c e s s  in  a s t r u c t u r a l l y  s i m p l e r  ( b u t  s e m a n t i c a l l y  e q u i v a l e n t )  p r o c e s s  b y  m e r g i n g  

t o g e t h e r  some of i t s  s t a t e s .  
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The  c r i t e r i o n  f o r  i d e n t i f y i n g  s t a t e s  is  t h a t  t h e y  be  e q u i v a l e n t  in  s o m e  r e c u r s i v e  s e n s e :  

i n f o r m a l l y  s p e a k i n g ,  two s t a t e s  will be  e q u i v a l e n t  iff  t h e y  h a v e  e q u i v a l e n t  h i s tor i e s  

( d e r i v a t i o n  s e q u e n c e s )  a n d  equ iva len~  f u t u r e s  o r  p o t e n t i a l s  ( s e t s  of  s u b s e q u e n t  s t a t e s ) ,  

F o r m a l l y :  

D e f i n i t i o n  3.1: Given  two NDP's P1 = (Qlu~rl  ]' <-1' 11)' Pe = (Qeu~re ~' <-e' le) 

r 1 ~ r 2 
a f u n c t i o n  h: is  a n  abs t r ac t i on  h o m o m o r p h i s m  (a .h . )  f r o m  P1 to  P~ iff: 

QI > Qe 

i) i2(h(q))  = 11(q) 

ii) s u c c  (h (q ) )  = h ( s u e c 1 ( q )  ) 

w h e r e  s u c c ( q )  = ~ q' [ q<-q' ~ is t h e  s e t  of s u c c e s s o r s  of q, i n c l u s i v e  o f  q. 

E x a m p l e s  

1) 

:t q' q" h ( q ' )  = h ( q " )  

F r o m  t h i s  e x a m p l e  we c a n  s e e  w h y  s u c c ( q )  m u s t  i n c l u d e  q i t se l f :  q" is a p r o p e r  s u c c e s s o r  

of q', w h e r e a s  h ( q " )  w o u l d  n o t  be  a p r o p e r  s u c c e s s o r  of h (q ' ) .  

----> h (q )  

Note  t h a t  t h e  s e t  of  p r e d e c e s s o r s  of  q i s  no t  p r e s e r v e d  b y  t h e  h o m o m o r p h i s m ,  

A 3) a a - - >  

a b  a ab  

4) ~ --~ 
a ~ 

b a b 

C o u n t e r e x a m p l e s  

This  e x a m p l e  s h o w s  t h a t  a p r o c e s s  of t h e  f o r m  ~rP c a n  o n l y  be  t r a n s f o r m e d  i n t o  a p r o c e s s  

of t h e  s a m e  f o r m .  Th i s  p o i n t  will s u b s e q u e n t l y  be  m a d e  m o r e  p r e c i s e .  
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a ]> 
a /  \ b  

Th i s  is  n o t  a n  a .h .  b e c a u s e  i t  w o u l d  i n c r e a s e  t h e  s e t  of s u c c e s s o r s  of q. 

A b s t r a c t i o n  h o m o m o r p h i s m s  i n d u c e  t h e  fo l lowing  reduction relation a b e )  o n  p r o c e s s e s :  

D e f i n i t i o n  3.~. : P ~ P' iff 3 a .h .  h: P----> P'. 

S i n c e  t h e  i d e n t i t y  f u n c t i o n  is  a n  a .h .  a n d  t h e  c o m p o s i t i o n  of two a . h . ' s  i s  a g a i n  a n  a .h . ,  

t h e  r e l a t i o n  a~> s a t i s f i e s  t h e  fo l lowing:  

P r o p e r t y  1: abb is  r e f l e x i v e  a n d  t r a n s i t i v e .  

Also,  i t  c a n  e a s i l y  b e  s h o w n  t h a t :  

P r o p e r t y  2: ~ is  p r e s e r v e d  b y  t h e  o p e r a t o r s  /~. a n d  +. 

We t u r n  n o w  to  w h a t  is  p e r h a p s  t h e  m o s t  i n t e r e s t i n g  f e a t u r e  of o u r  r e d u c t i o n  r e l a t i o n ,  

n a m e l y  i t s  confluent b e h a v i o u r .  C o n f l u e n c e  of a . h . ' s  c a n  be  p r o v e d  by  s t a n d a r d  a l g e b r a i c  

t e c h n i q u e s ,  o n c e  t h e  n o t i o n  of congruence a s s o c i a t e d  to  a n  a .h .  is  f o r m a l i s e d .  

D e f i n i t i o n  3.3: Given  a n  NDP P = (Qu~r~, <_, 1), we s a y  t h a t  a n  e q u i v a l e n c e  r e l a t i o n  ~ on  Q 

is a congruence o n  P iff, w h e n e v e r '  q N q,: 

i) l(,q) = l (q  °) (labels a r e  p r e s e r v e d )  

ii) q < p i m p l i e s  3 p '  ~ p s . t .  q' < p '  

(successors a r e  p r e s e r v e d )  

iii) q <_ p <__ q' i m p l i e s  q ~ p ~ q' 

(antisymmetry of <_ is  p r e s e r v e d )  

It can be shown [C] that there is a one-to-one correspondence between congruences and 

abstraction homomorphisms on a NDP P: any congruence on P is the kernel ~h of some 

a.h. h on P, and any a.h. on P is the natural ~.apping h associated to some congruence 

~ on P. Then the following fact is (almost) standard: 

Theorem 3.1 : (Confluence of abstraction homomorphisms) 

If P, PI '  P2 a r e  NDP's,  a n d  h i : P > PI ' h2 : P ---> P2 a r e  a . h . ' s ,  t h e n  3 NDP Ps '  3 a . h . ' s  

h13 : P1 ; P3 ' h23 : P2 ---> P3 s . t .  t h e  fo l lowing  d i a g r a m  c o m m u t e s :  

P 

P1 P~ 
p 

s 

h i s  ~ ' "  h2a 

P 
S 
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Hir~ f o r  proof:  f o r  t h e  c o m p l e t e  p r o o f  we r e f e r  to [C]. We will j u s t  m e n t i o n  h e r e  t h a t ,  if 

~l and  ~ a r e  t h e  k e r n e l s  of h i and  h 2 , t h e n  t h e  a.h~ h i hi3 = h2h23 is t h e  n a t u r a l  

mapping associated to the congruence ~3 = [ ~i u ~2 ]° [3 

Coro l l a ry  3.1: ( ~b5 is C h u r c h - R o s s e r )  

If P, Pi '  P2 a re  NDP's, and  P1 ~ P ~bs> P2 

then 3 NDP Ps s.t. Pi ~ Ps ~ P2 

3 . 1  A b s t r a c t i o n  e q u i v a l e n c e  

The r e l a t i o n  abk~ gives  us  a c r i t e r i o n  to r e g a r d  two p r o c e s s e s  as  " a b s t r a c t l y  t he  same" .  

However ,  be ing  e s s e n t i a l l y  a s imp l i f i c a t i on ,  ~ is n o t  s y m m e t r i c  and  t h e r e f o r e  does  not ,  

fo r  e x a m p l e ,  r e l a t e  t h e  two p r o c e s s e s :  

S 

a a b a b b 

or  t h e  p r o c e s s e s :  

Based on  ~ - ~ ,  we will t h e n  de f ine  on  NDP's a m o r e  g e n e r a l  r e l a t i o n  ~ 
abs '  

a s a m e  p r o c e s s :  

~ = ~-~.~- Def in i t ion  3.1.1 : abs def 

of r e d u c i b i l i t y  to 

To sum up, we have now a sz~bstit~ive equivalence ~ab~ for NDP*s that can be split, when 

required, in two reduction halves. The equivalence ~abs will be called abstraction 

equivalence. In the coming section we will study how abstraction equivalence relates to 

bisimulation equivalence, a notion introduced by D. Park [Pa] for general transition 

systems. 

We can  i m m e d i a t e l y  p r o v e  a few p r o p e r t i e s  fo r  
abs" 

P r o p e r t y  I :  ~ b s  is a n  equ iva l ence .  

Proof: T r a n s i t i v i t y  fe l lows  f r o m  t h e  f a c t  t h a t  a ~  is C h u r c h - R o s s e r ,  w h i c h  c a n  be r e s t a t e d  

a s :  [~bbu~b~ ]'= "%.~ o 

P r o p e r t y  2: "~abs is p r e s e r v e d  by  t h e  o p e r a t o r s  Fz. a n d  +. 

P roof :  Consequence of ab~ and ~-k-~ -I invariance in ~. and ÷ contexts. [3 
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4. B i s i m u l a t i o n  r e l a t i o n s  

A n a t u r a l  m e t h o d  fo r  c o m p a r i n g  d i f f e r e n t  s y s t e m s  is  to c h e c k  to w h i c h  e x t e n t  t h e y  c a n  

b e h a v e  li,Ee e a c h  o t h e r ,  a c c o r d i n g  to  s o m e  d e f i n i t i o n  of b e h a v i o u r .  

Now, w h a t  is  to  be t a k e n  as  t h e  b e h a v i o ~ r  of a s y s t e m  n e e d  n o t  be  k n o w n  a p r i o r i .  One 

c a n  a l w a y s ,  i n  f a c t ,  h a v i n g  f i x e d  a c r i t e r i o n  fo r  d e r i v i n g  s u b s y s t e m s ,  l e t  t h e  b e h a v i o u r  of 

a s y s t e m  be  r e e u r s i v e l y  d e f i n e d  in  t e r m s  of t h e  b e h a v i o u r s  of i t s  s u b s y s t e m s .  

B a s e d  on  s u c h  a n  i m p l i c i t  n o t i o n  of b e h a v i o u r ,  one  g e t s  a n  ( e q u a l l y  i m p l i c i t )  n o t i o n  of 

e q u i v a l e n c e  of b e h a v i o u r ,  or  b i s i m u l a t i o n ,  b e t w e e n  s y s t e m s :  two  s y s t e m s  a r e  s a i d  t o  

b i s i m u l a t e  e a c h  o t h e r  iff a n y  s u b s y s t e m  of e i t h e r  of t h e  two,  s e l e c t e d  w i t h  s o m e  c r i t e r i o n ,  

r e c u r s i v e l y  b i s i m u l a t e s  a s u b s y s t e m  of t h e  o t h e r ,  s e l e c t e d  w i t h  t h e  s a m e  c r i t e r i o n .  

Fo r  a n  'NDS S, t h e  t r a n s i t i o n  r e l a t i o n  p r o v i d e s  a n  o b v i o u s  c r i t e r i o n  fo r  d e r i v i n g  a 

s u b s y s t e m  S': S' i s  a ~ - s u b s y s t e m  of S iff S ~ >S'  f o r  s o m e  ~. However ,  if we a r e  to  

a b s t r a c t  f r o m  i n t e r n a l  t r a n s i t i o n s ,  a w e a k e r  c r i t e r i o n  wil l  be n e e d e d .  To t h i s  p u r p o s e  t h e  

f o l l o w i n g  w e a k  t r a n s i t i o n  r e l a t i o n s  ~ a r e  i n t r o d u c e d :  

n m 

=: !__~_~__>.L__~ n, m>O 
n 

= 2--> n>_O 

S' is  c a l l e d  a ~ - d e r i v a t i v e  of  S i ff  S ~ S ' .  We c a n  t h e n  f o r m a l l y  d e f i n e  b i s i m u l a t i o n s  on  

NDS's a s  fo l lows:  

D e f i n i t i o n  4.1:  A (weak)  b i s i m u l a l i o n  r e l a t i o n  is  a r e l a t i o n  Rc_(S ×S) s u c h  t h a t  RcF(R),  

w h e r e  (S1,Ss) E F(R) iff  ¥ p~ E A: 

i) S 1 ~=> S' 1 implies 3 S' 2 s,t .  S s ~=> S'~ , S' 1 R S~ 

i i)  S e ~  S~ i m p n e s  3 S '  s . t .  S ~ S' l ,  S '  R S' z 

Now we k n o w  t h a t  F h a s  a m a x i m a l  f i x e d - p o i n t  ( w h i c h  is  a l s o  i t s  m a x i m a l  p o s t f i x e d - p o i n t )  

g i v e n  by  u c_r(R)~R ~. We wil l  d e n o t e  t h i s  l a r g e s t  b i s i m u l a t i o n  by  <~> ,  a n d ,  s i n c e  <~> t u r n s  

o u t  t o  b e  a n  e q u i v a l e n c e ,  r e f e r  to  i t  a s  the b i s i m u l a t i o n  equ iva lence .  

U n f o r t u n a t e l y ,  < ~ >  is  n o t  p r e s e r v e d  by  a l l  t h e  o p e r a t o r s .  P r e c i s e l y ,  < ~ >  is  n o t  p r e s e r v e d  

by  t h e  o p e r a t o r  +, as  s h o w n  by  t h e  e x a m p l e :  

< ~ >  NIL , b u t  <•> 
a 

On t h e  o t h e r  h a n d  t h e  r e l a t i o n  <~>+,  o b t a i n e d  by  c l o s i n g  <~>  w.r . t ,  t h e  o p e r a t o r  +: 

S 1 <;~>+ S~ iff Y S: S + S 1 < ~ >  S + S s 

c a n  be  s h o w n  to  be  a s u b s t i t u t i v e  e q u i v a l e n c e ,  a n d  in  f a c t  to  be  t h e  l a r g e s t  s u c h  

e q u i v a l e n c e  c o n t a i n e d  in  <~,>. (For  m o r e  d e t a i l s  on  < ~ >  a n d  <~>+ we r e f e r  t o  [MS]). 

To c o n c l u d e ,  <~>+  s e e m s  a c o n v e n i e n t  r e s t r i c t i o n  on  <~,> to  a d o p t  w h e n  m o d e l l i n g  NDS's. 

We wil l  see  in  t h e  n e x t  s e c t i o n  t h a t  <~>+ c o i n c i d e s ,  on  NDP's, w i t h  o u r  a b s t r a c t i o n  

e q u i v a l e n c e  ~bs"  
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5. Relating Bisimulations to Abstraction Homomorphisms 

Looking back at out relations a~ and ~abs' we notice that they rely on a notion of 

eq~$v~le~ce of states which, like bisimulations, is rec~rsive. Moreover, the recursion 

builds up on the basis of a similarity requirement (equality of t~bels) that reminds of the 

criterion (equality of obse~vmble c~eriv~f~ovt sequences) used in bisimulations to derive 

"bisimilar" subsystems. All this indicates there might be a close analogy between 

abstraction equivalence and bisimulation equivalence. 

In fact, since we know that ~bs is substitutive, we shall try to relate it with the 

substitutive bisimulation equivalence <~>+. To this purpose, we will need a direct 

(recursive) definition for <~>+. 

Note that <~>+ only differs from <~> in that it takes into account the p~-eerrtpt~xe 

cmi~c~cifies a system can develop when placed in a sum-context. Such preemptive 

capacities depend on the system having some silently reachable state where, informally 

speaking, some of the "alternatives" offered by the sum-context are no more available. 

This suggests that we should adopt, when looking for a direct definition of <~>+, the more 

~'est~,ct~.ve t r a n s i t i o n  re~at~o~s ~==>: 

m 

= z___> ~ > _z__> n ,m>O 

In particular, we will have ~ = .>, n>O. Note on the other hand that, for aEA, it will 

be: ~ = ~. 

However, <~.>+ is ~-est~ct~e with respect to <~> only as far as the first =~ derivation 

s t e p s  a r e  c o n c e r n e d :  a t  f u r t h e r  s t e p s  <~>+ b e h a v e s  l ike  <~>,  a s  i t  c a n  b e  s e e n  f r o m  t h e  

e x a m p l e :  

So, if we are to recursively define <~>+ in terms of the transitions ~=>, we will have to 

somehow counteract the strengthening effect of the ~'s at steps other than the first. 

To this end, for any relation RC_ (S x S), a relation R ("almost" R) is introduced: (S I, $2) 

E R iff (St,S2) E R, or (7Si,S2) E R, or (SI,7S~) E R 

Then we can define a-bisimulation ("almost" bisimulation) relations on NDS's as follows: 

Definition 5.1: A (~ea/c) a-b£s~m~a~io~ relation is a relation Rc (Sx S) such that RcFa(R ), 

where (SI,Sz) E Fa(R ) iff V /z E A: 

i) s~ ~=~ s'~ implies 3 S~ s.t. s~ e=~ s~. s'~ R s~ 

ii) S 2 ~=> S~ i m p l i e s  3 S', s . t .  S 1 ~ S' 1, S' 1 R S~ 

Again, F has a maximal (post)fized-paint which is an equivalence, and which we will 

denote by <~,>a. The equivalence <~>" has been proven to coivtcide with <~>+, Both the 
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d e f i n i t i o n  of <~;>a a n d  t h e  p r o o f  t h a t  < ~ > a  = <~>+ a r e  d u e  to  M. H e n n e s s y .  

It  c a n  b e  easi ly '  s h o w n  t h a t ,  if R is  a n  a - b i s i m u l a t i o n ,  t h e n  R is  a n  o r d i n a r y  b i s i m u l a t i o n .  
a 

In p a r t i e u l a r ,  f o r  t h e  m a x i m a l  a - b i s i m u l a t i o n  < ~ > a  i t  i s  t h e  e a s e  t h a t  <~>~ = <~> .  
a 

Now, i t  c a n  b e  p r o v e d  t h a t :  

T h e o r e m  5.1: abs) is  a n  a - b i s i m u l a t i o n .  

The  p r o o f  r e l i e s  o n  t h e  two fo l lowing  l e m m a ' s :  

L e m m a  5.1:  If P i  a-k-~P2 t h e n :  

Pl~=~,P'l i m p l i e s  3 P'2 s . t .  P2~=>P'2 w h e r e  

eith.er P'i~b--k~P' or P'iab--k~P'2. 

L e m m a  5.2:  If P i  a-k~P2 t h e n :  

P2[~=~P'2 implies 3 P' s.t. Pi~=>P'i where 

ei ther  P ~ b S P '  s or  P ' i~-k~ ' rP ' .  

Note  t h a t  i n  l e m m a ' s  5.1 a n d  5.2 we do n o t  n e e d  c o n s i d e r  t h e  c a s e  TP'  1 ab.) P'2" The  

r e a s o n  t h i s  c a s e  d o e s  n o t  a r i s e  is t h a t  a . h . ' s  a r e  s ing le -va lued  r e l a t i o n s .  

C o r o l l a r y  5.1:  sb.> c_ < ~ > s  

Proof: <~:>a is t h e  m a x i m a l  a - b i s i m u l a t i o n  [] 

T h e o r e m  5.3:  ~ : < ~ > a  
~ b s  

Proof of &-: F r o m  c o r o l l a r y  5.1 we c a n  i n f e r  t h a t  ~ab~ : [ " - ~  . _ ~ - l ]  C_ < ~ > "  , s i n c e  <~>~ 

is  s y m m e t r i c a l l y  a n d  t r a n s i t i v e l y  c l o s e d .  

Proof of -~: S u p p o s e  P1 < ~ > a  p~ . We w a n t  to  s h o w  t h a t  3 P3 s . t .  Pl  abs) P3 xah~- Pz " 

Let  R b e  a n  a - b i s i m u l a t i o n  b e t w e e n  P i  a n d  P . T h e n  R c a n  be  w r i t t e n  as :  

R = (P.  P~) - R~ [(s h-  P1) x ( sp -  P~)] 

Now c o n s i d e r :  

R' : (Pl '  P~) u R [ [ ( S p -  P1) × (Spa- P2) ] 
1 

Moreover, we have the following eharacterisation for a.h.'s: 

Terrni~zolo.gy: F o r  a n y  NDP P, l e t  Sp = Sp = IP' I P )*  P']  . We s a y  t h a t  a b i s i m u l a t i o n  

( a - b i s i m u l a t i o n )  r e l a t i o n  R is  between Pi  a n d  P2 iff (P l '  P2 ) E R a n d  Rc__ (SPiX Sp2 ). 

T h e o r e m  5.2: An a b s t r a c t i o n  h o m o m o r p h i s r n  f r o m  Pi  to  P2 is a s ing le -va lued  r e l a t i o n  

w h i c h  is  b o t h  a bis imula t ion  a n d  a n  a-bis imula t ion  b e t w e e n  P l a n d  P2" 

We n o w  c o m e  to  o u r  m a i n  r e s u l t ,  c o n c e r n i n g  t h e  r e l a t i o n s h i p  b e t w e e n  t h e  a b s t r a c t i o n  

e q u i v a l e n c e  ~sbs a n d  t h e  s u b s t i t u t i v e  b i s i m u l a t i o n  e q u i v a l e n c e  < ~ > a  . I t  t u r n s  o u t  t h a t  

t h e s e  two e q u i v a l e n c e s  c o i n c i d e :  
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It  is e a sy  to see  t h a t  R' is b o t h  a b i s i m u l a t i o n  and  an  a - b i s i m u l a t i o n  b e t w e e n  P1 and  P2" 

However  R' will no t ,  in gene ra l ,  be s ing le -va lued .  Let t h e n  ~ be t h e  e q u i v a l e n c e  i nduced  

by  R' on  t h e  s t a t e s  of P2: 

qph ~ qp~ 

iff 3 P'l 6 Spi s . t .  b o t h  (P'f P~) and  (P'i' P~) e R' . 

It  c a n  be  s h o w n  t h a t  ~ is a c o n g r u e n c e  on  Pz and  t h e r e f o r e  3 P3 s. t .  h : Pz- - ->Ps  is an  

a.h.. So Pz a ~  Ps" 

Also, by  t h e o r e m  5.2, h c a n  be r e g a r d e d  as a b i s i m u l a t i o n  R" b e t w e e n  Ps and  Ps .Consider  

now t h e  c o m p o s i t i o n  R"R": th i s  is by  c o n s t r u c t i o n  a single-'ualzLed r e l a t i o n  c o n t a i n e d  in 

(Sp x Sp ) and  c o n t a i n i n g  ( P f  Ps). Moreover  R"R" is a b i s i m u l a t i o n  a n d  a n  a - b i s i m u l a t i o n ,  

bec iauseSbo th  R' a n d  R" a re .  So, by  t h e o r e m  5.2 a g a i n , P  i a.bs> p . 

Summing up, we have Pi ~-~ Ps ~ P2 " 0 

In view of the last theorem, ~,bs can be regarded as an alternative definition for <~>a = 

<~>+. In the next section, we will see how this new eharacterisation can be used to derive 

a set of reduction rules for <~,>+ on finite processes. 

6. A l a n g u a g e  f o r  f in i t e  p r o c e s s e s  

In this section, we study the subclass of finite NDP's, and show how it can be used to 

model terms of a simple language L. 

The language is essentially a subset of R. Milner's CCS (Calculus of Communicating 

Systems[M]]). In [HM] a set of axioms is presented for L that exactly characterises the 

equivalence <z>a (and therefore Nabs) on the corresponding transition systems. We show 

here that the reduction a_~ itself can be characterised algebraically, by a set of 

reductio~z rules.  These  r u l e s  yield normal  f o r m s  which  co inc ide  wi th  t h e  o n e s  s u g g e s t e d  in 

[HM]. 

Finally,  we e s t a b l i s h  a n o t i o n  of m i n i m a l i t y  fo r  NDP's and  u s e  it to  def ine  a d e n o t a t i o n a l  

m o d e l  fo r  L, a c l a s s  of NDP's t h a t  we call Representa t ion  Trees. The m o d e l  is s h o w n  to be 

i s o m o r p h i c  wi th  H e n n e s s y  and  Milner ' s  t e r m - m o d e l .  

We sha l l  now i n t r o d u c e  t h e  l a n g u a g e  L. Fol lowing t h e  a p p r o a c h  of [HM], we def ine  L as t he  

t e r m  a l g e b r a  T z ove r  t h e  s i g n a t u r e :  

Z = A u ~ NIL, + ] 

If we assume the operators in E to denote the corresponding operators on NDP's ( A will 

denote the set of unary operators ~.), we can use finite NDP's to model terms in T E. For 

a term t, we will use Pt for the corresponding NDP. 

We shall point out, however, that the denotations for terms of T~ in P will always be trees, 

i.e. NDP's P = (Q~.~rl,<_, I) obeying the further constraint: 

confl~ence-free~zess: 3 q" s.t. q<q" and q'<_q" 

implies q<_q' or q'<q 
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C o n s i d e r  now the set of axioms: 

E 
c 

- s u m - l a w s  

El. x + x' : x' + x 

E 2 .  x + (x '  + x " )  = (x  + x ' )  + x "  

g 3 .  x + NIL : x 

- r - l a w s  

E 4 .  ~ - x  = ~ x  

E 5 .  T x  + x : v x  

E6 .  # (x  + r y )  + /zy  = u (x  + r y )  

- a b s o r p t i o n  l a w  E T . x + x = x  

Let =c be the equality generated by E . It has been proved [HM] that E is a sound and 
c c 

complete axiomatisation for Milner's ebservatior~al congrueTzce ~c [MI] , namely that: 

c Pt' t :c t' iff Pt 

T h e  r e l a t i o n  ~c i s  d e f i n e d  a s  t h e  c l o s u r e  w . r . t ,  s u m - c o n t e x t s  o f  t h e  r e l a t i o n  ( M i l n e r ' s  

observational  equivalence)  

= ( ~  r n ( p  × P )  
n 

w h e r e  ( P  × P )  i s  t h e  u n i v e r s a l  r e l a t i o n  o n  N D P ' s  a n d  F is  t h e  f u n c t i o n  o n  r e l a t i o n s  

i n t r o d u c e d  i n  s e c t i o n  4 .  

F o r  i m a g e - f i n i t e  s y s t e m s * ,  t h e  r e l a t i o n s  z a n d  ~c  h a v e  b e e n  s h o w n  [HM] t o  c o i n c i d e  w i t h  

t h e  r e l a t i o n s  < ~ >  a n d  < ~ > s  i n t r o d u c e d  i n  t h e  p r e v i o u s  s e c t i o n s .  In  p a r t i c u l a r ,  we  c a n  

a s s u m e  ~c  t o  b e  d e f i n e d  a s  < ~ > a  o n  f i n i t e  N D P ' s .  C o m b i n i n g  t h e s e  f a c t s  t o g e t h e r ,  w e  h a v e  

that: 

t = c  t '  i f f  P t  ~abs Pt '  

SO = c  iS a n  a l g e b r a i c  a n a l o g u e  f o r  ~abs" N o t e  o n  t h e  o t h e r  h a n d  t h a t ,  a l t h o u g h  e a c h  a x i o m  

of  E c o u l d  b e  v i e w e d  a s  a r e d u c t i o n  r u l e  ( w h e n  a p p l i e d  f r o m  l e f t  t o  r i g h t ) ,  t h e  c 
c o r r e s p o n d i n g  r e d u c t i o n  r e l a t i o n  w o u l d  n o t  c h a r a c t e r i s e  ~_b~. C o n s i d e r  f o r  e x a m p l e  t h e  

t e r m s  t = a N I L + r ( a N I L + b N I L ) ,  t '  = ~ - (aNIL+bNIL) .  T h e n  t h e  t r a n s f o r m a t i o n :  t - - - >  t '  w o u l d  

not b e  a l l o w e d ,  w h e r e a s  w e  h a v e  P t  a _ ~  P t '  ' 

H o w e v e r ,  u s i n g  t h e  a x i o m a t i s a t i o n  E a s  r e f e r e n c e ,  w e  a r e  a b l e  t o  d e r i v e  a n e w  s y s t e m  of  

r e d u c t i o n  r u l e s ,  w h i c h  o h a r a e t e r i s e s  c sbs>. 

We f i r s t  n e e d  t o  d e f i n e  t h e  r e l a t i o n s  ~ o n  t e r m s  o f  Tz: Y /~ E A*, l t ~  i s  t h e  least 

r e l a t i o n  s a t i s f y i n g  t h e  r u l e s :  

i) /~t ~t_÷ t 

i t )  t -L> t '  i m p l i e s  t + t "  ~ U , t "  + t _a__> t '  

*Our restriction on the labelling for NDP's corresponds to the g~n~ra~ image-finitenexs condition: Vq,V/*, ~q' I q~qq is finite 
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T h e  w e a k  r e l a t i o n s  ~ a r e  d e r i v e d  f r o m  t h e  ~ ' s  j u s t  a s  i n  s e c t i o n  4.  

L e t  n o w  ---->¢ b e  t h e  r e d u c t i o n  r e l a t i o n  g e n e r a t e d  b y  t h e  f o l l o w i n g  s e t  of  r e d u c t i o n  r u l e s  

R e ( w h e r e  ( > s t a n d s  f o r  ( > ( ~ _ _ _ > - l ) ) :  

R¢ 

- s u m l a w s  

R1. x + x '  < > x '  + x 

Re. ( x + x ' ) + x "  < > x +  ( x ' + x " )  

R3. x + NIL - - ->  x 

- 1 s t  r - l a w  R4. /z ' rx ~ # x  

- g e n e r a l i s e d  R5. x + /~x' ----> x , w h e n e v e r  x ~ x '  
a b s o r p t i o n  l a w  

T h e n  i t  c a n  b e  p r o v e d  [C] t h a t :  

T h e o r e m  6 .1 :  t ____>c t '  i f f  P t  ~ Pv 

C o r o l l a r y  6 .1 :  Rc i s  a r e w r i t i n g  s y s t e m  f o r  t h e  e q u a t i o n a l  t h e o r y  E c. 

We c a n  m a k e  u s e  of o u r  n e w  a x i o m a t i s a t i o n  f o r  =c t o  c h a r a e t e r i s e  n o r m a l  f o r m s  f o r  

t e r m s  i n  T~. We s a y  t h a t  a t e r m  i s  i n  normal  f o r m  if  n o  p r o p e r  r e d u c t i o n  (R3, R4 o r  R5) 

c a n  b e  a p p l i e d  t o  i t .  I t  c a n  b e  s h o w n  t h a t :  

T h e o r e m  6 .2 :  A t e r m  t = ~ i  /~itf i s  a normal  f o r m  i f f  ( H e n n e s s y - M i l n e r  c h a r a c t e r i s a t i o n ) :  

i )  n o  t i i s  of  t h e  f o r m  x t '  

i i )  e a c h  t i i s  a n o r m a l  f o r m  

i i i )  f o r  i / t  j , t i  ~ > t ;  Y t:j s . t .  /zjtj ~ t I 

C o r r e s p o n d i n g  t o  n o r m a l  f o r m s ,  we  h a v e  a n o t i o n  of m i n i m a l i t y  f o r  p r o c e s s e s .  We s a y  

t h a t  a p r o c e s s  P i s  irreducible o r  m i n i m a l  i f f  P ab5 P '  i m p l i e s  P = P ' .  T h e n  t h e  f o l l o w i n g  

i s  t r i v i a l :  

T h e o r e m  6 .3 :  F o r  a n y  f i n i t e  NDP P, 3 ! m i n i m a l  NDP P'  s . t .  P ~ b s  P ' '  

Proof: f o r  u n i q u e n e s s ,  u s e  ~ ' s  C h u r c h - R o s s e r  p r o p e r t y  O 

h 
We s h a l l  d e n o t e  b y  P t h e  u n i q u e  m i n i m a l  p r o c e s s  c o r r e s p o n d i n g  t o  t h e  NDP P. 

h A 
C o r o l l a r y  6 .2 :  P ~~bs P '  i f f  P = P' ,  [] 

As we  m e n t i o n e d  e a r l i e r ,  t h e  d e n o t a t i o n  P t  of  a t e r m  t i s  a l w a y s  a t r e e .  H o w e v e r  i t s  
^ 

" a b s t r a c t "  d e n o t a t i o n  P t  m i g h t  n o t  b e  a t r e e .  We s h a l l  n o w  p r o p o s e  a tree-model f o r  t e r m s  

of'  T z, w h i c h  i s  i s o m o r p h i c  t o  t h e  t e r m - m o d e l  Tz/=c. 

N o t e  f i r s t  t h a t  a n y  NDP w h i c h  i s  n o t  a t r e e  h a s  a unique  u n w i n d i n g  i n t o  a t r e e .  T h e  t r e e -  

u n w i n d i n g  of  a n  NDP P ( w h i c h  i s  n o t  d e f i n e d  f o r m a l l y  h e r e )  w i l l  b e  d e n o t e d  b y  U(P) .  
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Let now R T  ( r e p r e s e n t a t i o n  t rees)  be t h e  c lass :  RT = f U(P) I P is a m i n i m a l  NDP ] .The  
h 

d e n o t a t i o n  T t of a t e r m  tE T in RT is de f ined  by: T t = U(Pt) . 

I t  c a n  be  s h o w n  t h a t :  

T h e o r e m  6.4: t =c t ~ iff T t = Tt, 

We sha l l  f ina l ly  a r g u e  t h a t  o u r  m o d e l  RT is i s o m o r p h i c  to t he  t e r m - m o d e l  Tr /=  c : 

RT is a ~ . -a lgebra  s a t i s f y i n g  the  a x i o m s  E c (by t h e o r e m  6.4), wi th  t h e  o p e r a t o r s  def ined  by: 

A 
~v(p)  = v(~p) 

v(pl)  + u(P 2) = V ( ~ + ~ )  

T h e r e f o r e ,  s i nce  T / =  ¢ is t h e  in i t ia l  ~ - a l g e b r a  s a t i s f y i n g  t h e  a x i o m s  E¢, we know tha t :  

3 ! ~ - h o m o m o r p h i s m  ~ : T J =  ¢ ---> RT 

A 
It  is eas i ly  s e e n  t h a t  x~ is g iven by: ~I,([t]) = U(Pt) = T t. Also, by  t h e o r e m  6.4 again ,  • is a 

b i j ec t ion  b e t w e e n  T~ and  RT. 

C o n c l u s i o n  

We have  p r o p o s e d  a n  a l t e r n a t i v e  de f in i t i on  fo r  t h e  ( s u b s t i t u t i v e )  b i s i m u l a t i o n  equ iva l ence  

<~>+ fo r  a c l a s s  of t r a n s i t i o n  s y s t e m s .  Note t h a t  t h e  o r d i n a r y  b i s i m u l a t i o n  e q u i v a l e n c e  

cou ld  be  c h a r a c t e r i s e d  j u s t  as  easi ly ,  by s l igh t ly  c h a n g i n g  t h e  d e f i n i t i o n  of 

h o m o m o r p h i s m :  in f a c t  i t  wou ld  be e n o u g h  to d r o p  t h e  r e q u i r e m e n t  t h a t  p r o p e r  s t a t e s  

s h o u l d  be  p r e s e r v e d .  Also, u s i n g  o u r  de f in i t ion ,  we h a v e  b e e n  ab le  to  der ive  a 

d e n o t a t i o n a l  m o d e l  fo r  t h e  l a n g u a g e  L, wh ich  is i s o m o r p h i c  to H e n n e s s y  a n d  Milner ' s  t e r m  

m o d e l  f o r  t h e  s a m e  l a n g u a g e .  

Our a p p r o a c h  is i n t e n d e d  to  e x t e n d  to  r i c h e r  l a n g u a g e s ,  fo r  p r o g r a m s  which  a r e  both 

n o n d e t e r m i n i s t i c  a n d  c o n c u r r e n t  ( m e a n i n g  t h a t  t h e  a c t u a l  c o n c u r r e n c y  is n o t  i n t e r p r e t e d  

n o n d e t e r m i n i s t i c a l l y ) .  S o m e  s i m p l e  r e s u l t s  h a v e  a l r e a d y  b e e n  r e a c h e d  in  t h a t  d i r ec t i on .  

A c k n o w l e d g e m e n t s  

The d e f i n i t i o n  of a b s t r a c t i o n  h o m o m o r p h i s m  and  t h e  idea  of u s i n g  it  t o  c h a r a c t e r i s e  

Milner ' s  n o t i o n s  of o b s e r v a t i o n a l  e q u i v a l e n c e  and  c o n g r u e n c e  s t e m s  f r o m  a j o in t  work  wi th  

U. M o n t a n a r i  a t  P isa  Univers i ty .  I would like to t h a n k  h i m  for  i n s p i r a t i o n  and  for  

s u b s e q u e n t  d i s c u s s i o n s .  I would  a lso  like to t h a n k  m y  s u p e r v i s o r  M. H e n n e s s y  fo r  t h e  

s u b s t a n t i a l  he lp  he  gave  m e  all a long,  and  R. Milner fo r  h e l p f u l  s u g g e s t i o n s .  Many t h a n k s  

to m y  c o l l e a g u e s  F r a n c i s  Wai and  T a t s u y a  Hagino fo r  he lp ing  m e  wi th  t h e  w o r d p r o c e s s i n g  

of t h e  p a p e r .  
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