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SUMMARY

Let N be a planar undirected network with distinguished vertices s, t, a
total of n vertices, and each edge labeled with a positive real (the edge's cost)
from a set L. This paper presents an algorithm for computing a minimum (cost) s-t
cut of N. For general L, this algorithm runs in time O(nlogz(n)) time on a

O(l), the

{uniform cost criteria) RAM. For the case I contains only integers <n
algorithm runs in time O{n log(n)loglog{n))., Our algorithm also constructs a mini-

mum s-t cut of a planar graph (i.e., for the case L={1}} in time O(n log(n)).

The fastest previous algorithm for computing a minimum s-t cut of a planar un-
directed network [Gomory and Hu, 1961} and [Itai and Shiloach, 1979] has time
O(n2 log{n)) and the best previous time bound for minimum s-t cut of a planar graph

{Cheston, Probert, and Saxton, 1977] was O(nz).

1. Introduction

The importance of computing a minimum s-t cut of a network is illustrated by
Ford and Fulkerson's [1962] Theorem which states that the value of the minimum s-t
flow of a network is precisely the minimum g~t cut. The best known algorithms
{Galil, Naamad, 1979; Shiloach, 1978} for computing the max flow or minimum s-t cut
of a sparse directed or undirected network (with n vertices and Of{n) edges) has
time o(n2 1og2(n)). This paper is concerned with a planar undirected network N,

which occurs in many practical applications.

Ford and Fulkerson [1956] have an elegant minimum s-t cut algorithm for the
case N 1is (s,t)—planar {(both s and t are on the same face) which efficiently
implemented by Gomory and Hu [1961] and Ital and shilcach [1979] has time
O(n log(n)). Moreover, O(n) executions of their algorithm suffices to compute the
minimum s-t cut of an arbitrary planar network in total time o(n” log(n)). Also,
Cheston, Probert, Saxton [1977] have an O(nz) algorithm for the minimum s-t cut of

a planar graph.

Let QL(n) be the time to maintain a queue of O{n) elements with costs from

a set L of nonnegative reals, and with ©O(n) insertions and deletions. For

*This work was supported in part by the National Science Foundation Grant NSF-MCS79-~
21024 and the Office of Naval Research Contract N00014-80-C-0647.
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simplicity, we assume QL{OEn)) =O(QL(n}}. For the general case, QL(n)=<)Olng(n)}
{see [Hopcroft and Ullman, 1974]). For the special case L is a set of positive

0(1)

integers <€n [Boas, Kaas and Zijlstra, 1977}, QL(n)==O(n loglog(n)}. It is

obvious that if L={1}, QL(n) =0{(nj.

A key element of the [Ford and Fulkerson, 1956] algorithm for (s,t)-planar net-
works was an efficient reduction to finding a minimum cost path between two vertices
in a sparse network. Dijkstra [1959] gives an algorithm for a generalization of this
problem (to find a minimum cost path from a fixed "source" vertex s to each other
vertex). Dijkstra's algorithm may be implemented (see [Aho, Hopcroft and Ullman,
19741) in time O(QL(n)) for a sparse network with n wvertices, and L is the set

of nonnegative reals labeling the edges.

Our algorithm for computing the minimum s-t cut of a planar undirected network
has time O(QL(n)log(n)). This algorithm also utilizes an efficient reduction to
minimom cost path problems. Our fundamental innovation is a divide and conquer

approach for cuts on the plane.

The paper is organized as follows: The next section gives preliminary defini-
tions of graphs, networks, min cuts, and duals of planar networks. Section 3 gives
the Ford-Fulkerson Algorithm for (s,t)-planar graphs. Section 4 gives an efficient
algorithm for minimum cut graphs containing a given face. Our divide and conquer
approach is described and proved in Section 5. Section 6 presents our algorithm for

minimum s~t cuts of planar networks. Finally, Section 7 concludes the paper.

2. Preliminary Definitions

2.1 Graphs. Let a graph G= (V,E) consists of a verter set V and a collec-
tion of edges E. Each edge e€E connects two vertices u,vEV f{edge e is a
Zoop if it connects identical vertices). We let e=={u,v} denote edge e connects
u and v. Edges e, e' are multiple if they have the same connections. Let a
path be a sequence of edges PEegseees®y such that ei=={vi_1,vi} for i=1,...,k
(we say p traverses vertices vO,...,vk) . Let p be a cyele if Vo= Ve (cycles
containing the same edges are considered identical). A path p' 1is a subpath of p
if p' is a subseguence of p. Let G be a standard graph if G has no multiple
edges nor loops. Generally we let n be the number of vertices of graph G. G is
sparse if the number of edges is 0{n). If G is planar, then by Euler's formula

G 1is sparse and contains at most 6n- 12 edges.

2.2 Networks. Let an undirected network N= (G,c) consists of a graph
G= (V,E) and a mapping ¢ from E to the positive reals. For each edge e€V,

c(e) is the cost of e. For any edge set E'CE, let c(E')=ZXZ c{e). Let the

eEE"
cost of path PEey s, be c(p)==21i<=l c(ei). Let a path p from vertex u to
vertex v be minimum if c(p) £c(p') for all paths p' from u to wv. Let

N= {G,c,s,t) be a standard network if (G,c) is an undirected network, with
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G= (V,E) a standard graph, and s,t are distinguished wvertices of V (the gource,

gink, respectively).

2.3 Min Cuts and Flows in Networks. Let N= {G,c,s,t) be a standard network

with G= (V,E). An edge set XCE is a s-t cut if (V,E~-X) has no paths from s
to t. Let s-~t cut X be minimum if c(X) <c(X') for each s-t cut X. A

function f mapping E to the nonnegative reals is a flow if

(i) Ve€E, f£(e) £c(e), and
(ii) WEvV-{s,t}, ID(f,v) =OUT(£,v)

where IN(f,v) = 3, £(e) and ouT (£,v) = Y f(e)
e€E e€E
vEe v€e

The value of the flow £ 1is OUT(f,s) - IN(f,t}. The following motivates our work

on minimum s-t cuts:

THEOREM 1. {Ford and Fulkerson, 19621. The maximim value of any flow is the

cost of a minimum s-t cut, o

2.4 Planar Networks and Duals. Let G= (V,E) be a planar standard graph, with

a fixed embedding on the plane. Each connected region of G is a face and has a
corresponding cycle of edges which it borders., For each edge e€E, let D(e) be
the corresponding dual edge connecting the two faces bordering e. Let D(G) =
(FD(E)) be the dual graph of G, with vertex set &= the faces of G, and with
edge set D(E) =Ue€E D{e). Note that the dual graph is not necessarily standard
(i.e., it may contain multiple edges and loops), but is planar. Let a cycle g of

D(G) be a cut-cycle if the region bounded by ¢ contains exactly one of s or t.

PROPOSITION 1. D induces an 1-1 correspondence between the s-t cuts of G

and the cut-cyeles of DI(G). o

Let N= (G,¢,s,t) be a pZana'p standard network, with G=(V,E) planar. Let
the dual network D(N)= (D(G),D(c)) have edge costs D{(c), where D(c)(D(e)) =c(e)

for all edges e€E. (Generally we will use just c¢ in place of D{(c) where no

confusion will result.) For each face FE€H let a cut-cycle g in D(N) be Fi_
minimum if g contains Fi and e(g) £c(q') for all cut-cycles ¢' containing
F,.

1

PROPOSITION 2. A minimum s-t cut has the same cost as a mintmum cost cut-

cycle of D(G). o

3. Ford and Fulkerson's Min s—-t Cut Algorithm for (s,t)-Planar Networks

Let N= (G,c,s,t) be a planar standard network. G (and also N) is (g,t)-
planar if there exists a face Fy containing both s and t. Let planar network

N' be derived from N by adding on edge &g connecting g and t with cost .

Let e be embedded onto a line segment from s to t in Far which separates Fg

0
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into two new faces Fl and F,. Ford and Fulkerson [1956] have an elegant charac-

terization of the minimum s-t cut of (s,t)-planar network N.

THEOREM 2. There is an 1-1 correspondence between the s-t cuts of N and the
paths of D(N') from F, to F, and avoiding Dle,). Furthermore, this corres-
pondence preserves edge costs. Therefore, the minimum s-t cuts of N corresponds

to the minimum cost paths in DM') from F2 to F (which avoid D(eo)). s}

COROLLARY 2. A minimum cost cut of (s,t)-plangr N with n vertices may be

computed in time O(QL(n)), where 1.=range(c). a

Note that this implies the O(n log(n)) time minimuwn s-t cut algorithm of
Gomory and Hu [1961] and Itai and Shiloach [1979] for (s,t)-planar undirected net-
works, and the ©O{n) time minimum s-t cut algorithm of Cheston, Probert, and

Saxton [1977] for (s,t)-planar graphs.

4. An Ofn log{n)) Algorithm for F-minimum Cut Cycles

Let N= (G,¢,s,t) be a planar standard network, with G= (V,E) and L=range(c).
Our algorithm for minimum s-t cuts will require efficient construction of F-minimum
cut cycles for certain given faces F. Let s be the set of faces bordering g
and let - be the faces bordering t. Let a W(s,t) path be a minimum cost path

in D(N) from a face of s to a face of e

PROPOSITION 3. Let W be a u(s,t) path traversing faces FlieveiFqo Iet q

be a Fi—minimum cut-cycle of D) for i=1,...,4. Then D_l{qic) i a minimum

st cut of W, where c(qio)==min{c(qi){i==l,...,d}. o
(NOTE: It is easy to compute a {(s,t) path in time O(QL(n)). Let M be the

planar network derived from D(N) by adding new vertices Ve Ve and an edge

connecting Vg to each face in s and an edge connecting each face in £ to V-

Let the cost of each of these edges be 1. Let p be a minimum cost path in M from

v to V. Then p, less its first and last edges, is a U(s,t) path.)
Let U be a U{s,t) path traversing faces Fl,..., 3 By viewing U as a

horizontal line segment with s on the left and t on the right, each edge of D(N)
connected to a face Fi may be congidered to be connected to Fi from the below or

above (or both). Tet U' be a copy of U traversing new vertices %.,...,x.. Let

1 d

D' Ybe the network derived from D(N) by reconnecting to Xy each edge entering Fi
from above. If p is a path of D', then a corresponding path P in D(N) is
constructed by replacing each edge and face appearing in W' with the corresponding

edge or face of u. Clearly, c(p)=c(P).

THEOREM 3. If p is a mintmum cost path connecting P, and X, in D', then

3 is a Fi-minimum cut cycle of DI(W). o

Proof. Clearly, $ is a cut-cycle of D(N). Suppose P is not Fi—minimum.
Let g be a Fy-minimum cut-cycle of D), with c¢(q) <c(p). Then there must be a
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subpath 9 of g connecting faces Fj, F,. of P but ctherwise disjoint from U

and such that the edges of 4y together with U form a cut=-cycle of D(N), else we
can show ¢ 1is not a cut-cycle (see Figure 1). Let Ml be the minimal subpath of

U containing faces Fi, Fj' and Fk' Observe that the edges of q together with
”1 form a Fi—minimum cut-cycle, else U is not a U(s,t) path. Let qi be

derived from 9 by reconnecting the last edge to %y instead of Fk' Let U, be
the subpath of ul connecting Fi and Fj and let u3 be the subpath of ul
connecting Fi and Fk. Also, let ué be the subpath of ' in D' corresponding
to UB' Then the edges of Moo qi, and ué form a path from Fi to X in DY

and with cost c(g). But c(q) <c(P)=c(p) is a contradiction with the assumption

that p 1is a minimum cost path from Fi to ;. {See Figure 2.)

COROLLARY 3. There is an 0(Q (n)) time algorithm to compute a F.-minimum cut
eyele for any face Fo of a u(s,t) path in D(N). o

5. A Divide and Conquer Approach

Let U be a u{s,t) path of D(N) traversing faces Fl""’Fd ag in Section 4.
Note that any s-t cut of planar network N must contain an edge bounding on a face
Fl""’ or Fd. Thus an obvious algorithm for computing a minimum s-t cut of N is
to construct a Fi-minimum cut cycle a4 in D{N) for each i=1,...,d. This may be
done by 4 executions of the O(QL(n)) time algorithm of Corollary 3. Then by
Proposition 3, D—l(in) is a minimum s-t cut where c(qie)==min{c(ql),...,c(qd)}.
In the worst case, this requires O(QL(n)-n) total time. This section presents a
divide and conquer approach which requires only log(d) recursive executions of a

Pi—minimum cut algorithm.

LEMMA 1. Let Fys Fj be distinct faces of Y, with i<j. Let p be any
Fj—minimwn cut-cycle of D(N) such that the closed region R bournded by p contains
s. Then there exists an Fi—minimum eut-cyele q contained entirely in R. (See

Figure 3.) o

Proof. Let ¢ be any Fi-minimum cut-cycle. Let ¢' be the cut-cycle derived
from g by repeatedly replacing subpaths connecting faces traversed by U with the
appropriate subpaths of U {only apply replacements for which the resulting gq' is
cut~cycle). Observe cl(q') Sc(g) (else we can show U is not a u{s,t) path). Let
R' be the closed region bounded by g'. Suppose R & R. Then there must be a sub—
path 9; of g' connecting faces Fa, Fb of p such that 9 only intersects R
at F* and Fb. Let Py be the subpath of p connecting F®  and Fb in R'.

We claim c(pl) Sc(ql). Suppose c(pl) >c(q1). By our construction of gq', either
9 avoids F., Fj==Fa or Fj==Fb. In any case, we may derive a cut-cycle p' from
p by substituting qy for py- But this implies c¢(p') <c(p), contradicting our
assumption that p is a Fi-minimum cut-cycle. Now substitute Py for 4 in g'.

The resulting cut-cycle is no more costly than g', since c(pl} Sc(ql). {See
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Figure 4.) The lemma follows by repeated application of this process.

The above lemma implies a method for dividing the planar standard network N,
given an s-t cut X. Let NX be the network derived from N by deleting all

edges of X. Nx can be partitioned into two networks NS, N, ., where no vertex of

t
NS has a path to t, and no vertex of Nt has a path to s. Alsco, each edge

c€ X must have connections to a vertex of Ns and a vertex of Nt' Let Né be

the planar network consisting of NS, a new vertex t', and for each e€X, add a
new edge with cost c¢(e) <connecting t' to the vertex of e contained in Ns'
Similarly, let N!

t t
adding a new edge of cost c(e) connecting s' to the vertex of e contained in

be the planar network consgisting of N, , a new vertex s', and
Nt’ for each e&X (see Figure 5). Note that N; and N% are not necessarily
standard since they may contain multiple edges connecting a given vertex to s ox
t. Let DIVIDE(N,X,s) and DIVIDE(N,X,t) be the planar standard networks derived
from Né, Né respectively by merging multiple edges and setting the cost of each
resulting edge to be the sum of the costs of the multiple edges from which it was

derived (see Figure 6).

Let E be the edges of network N, and let Y be a set of edges of Ns {or
Nt). Also, let E(Y) be the set of edges of E derived from Y by substituting
for any edge e connecting t' {or s') the corresponding edges of X from which
e was derived. The following theorem follows immediately from the above lemma and

Proposition 3.

THEOREM 4. Let X be an s-t cut of planar standard network W such that DY)
18 a F-minimum cut-cycle, for some face F in a uw(s,t) path of D(N). Let Xy be
a minimum s-t' cut of DIVIDE(N,X,s) and let X, be a minimum s'-t eut of

DIVIDE(N,X,s). Then E(XS) or E(X) 18 a minimum s-t cut of N. o

6. The Min s-t Cut Algorithm for Planar Networks

Theorem 4 of the previous Section 4 yields a very simple, but efficient,
"divide and conquer”™ algorithm for computing minimum s-t cut of a planar standard

network. We assume the [Ford and Fulkerson, 1956] Algorithm (given in Section 3):

(1)  (s,t)-PLANAR~MIN-CUT (N) which computes a minimum s-t of (s,t)-planar

standard network N in time O(QL{n)}.

We also assume algorithms (given in Section 4):

(ii} Li(s,.t) PATH(D(N)) computes a U(s,t) path of D(N) in time O(QL(n)).

{(iii) F-MIN-CUT-CYCLE(N,F;,}H) computes a Fi~minimum cycle of N (for Fi in
H{s,t) path U}, in tinme O(QL(n)).
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Recursive Algorithm PLANAR-MIN-CUT (N,1i)

input planar standard network W= (G,c,s,t), where G= (V,E), and U(s,t) path H.
begin
Let Fl,...,Fd be the faces traversed by U.
if d=1 then return (s,t)-PLANAR-MIN-CUT{N};
else begin
X+ DL (F-MIN-CUT-CYCLE (N, F g /25 /M) )
NO “~DIVIDE(N,X,s); Nl < DIVIDE(N,S,t);
Let “O and Wy be the subpaths of U contained in NO and Ny, respectively
X7 % PLANAR-MIN-CUT (Nl,ul) H XD < PLANAR-MIN-CUT (NO ,uo)
iﬁ‘ C(E(XO)) S(:(E(Xl)) then return E(XO) else return E(Xl);
end;
end

r , .
For any WwE {0,1}", r=0, inductively let Nw::(Gw‘Cw'Sw’tw) be the planar

standard network and let Uw be the u{sw,tw}—path in Nw defined by recursive calls
to PLANAR-MIN-CUT. Let nw’ and my be the number of vertices and edges of Nw
(let n and m be the number of vertices and edges of Nj;. Suppose PLANAR-MIN-

CUT(Nw,uw) is called. If uw contains only one face, then let Nw and Nw be

0 1

empty networks, and let qu and uwl be empty paths. Else let xUJ be the

s, -t
W oW
o Nur P
the planar standard networks constructed by the calls to DIVIDE, and let Yoot Bl

cut of Nw computed by the call to D (F-MIN~CUT-CYCLE{~}} and let Nw

be the subpaths of U contained in Nwo, Nwl' Then it is easy to verify that qu
iz a u(s

is a u(s }-path in N .. Furthermore,

w0 o 0 1 w1’ Ful wl
if d is the length of U (the 1u(s,t) path of N), there can be no more than

- 1 |
) -path in Nw and Lw
log(d) £log(n) recursive calls. The following theorem provides an upper bound on
the sum of the series of graphs derived by r recursive calls to PLANAR-MIN-CUT.

THEOREM 5. For each rz0, X n <om+ 27, o
we{o, 1"
Proof. Note that by definition of DIVIDE, each of the edges of Nw are
derived from disjoint sets of edges of Nw' Fix an edge e of N. Let e, be
the edge (if it exists) of Nw derived from a set of edges of N containing e.

For each r20, let Bpl(e)= {ew‘ew¢ {Sw’tw} and w€ {0,1}}.

We require a technical lemma:

LEMMA 2. EEr{e}[ <2, and furthermore if Br(e):={ew,ez} for w<z, then edge

e, is connected to  t and edge e, is commected to s

Proof by induction. Suppose for some fixed ro, this lemma holds for all
rSrO. If Bro(e)=¢ then clearly Er0+l(e)=¢. Suppose lBro(e)!Zl and con-

sider any %nE Bro(e). If %ni X4 then by definition of DIVIDE, either e, =

w0
appears in NwO or ew:ewl appears in le, but nct both. On the other hand,
if ewiixw, then €0 appears in NmO connected to two and also ewl appears in
N, connected to s .. In either case, if ’Bro(e)E =1, then }Bro+l(e>; <2.

Else suppose there exists some ezE Bro(e) with w<z. By the induction hypothesis,
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i i d is connect to s . Thus for j=0,1 edge e .
ew is connected to tw arn ez RS} cted " u J r g Wi

(if it exists) is connected to tmj and edge e?. (if 1t exists) is connected to

s .. Hence if ewEIXw then e ,t . }. In each case, IBr (e)i <2, O

z3 21”5105, o+l
To complete the proof of Theorem 5, cobserve that [{{sw,tw}iME {o,l}r}|: P
Hence

> Bt ]+ [{{s, it Hw€ {0,173 < 20+ 2"

}r By =
e€E

wefo,1
by Lemma 2. a

THEOREM 6. Given a planar standard network W= (G,c,s,t) with L=rangelc),
and Y 15 a uls,t) path of N then PLANAR-MIN-CUT(N,U) computes a minimum s-t

cut of N in time O(QL(n)log{n)).

Proof. The total time cost is

2 olg (m)) = > o(g, (2m+ 25y by Theorem 5
wef{o,1}* r<logn
r<iogn
= O(QL(n)logn), since 2m+2logn = 0{n) . 0

By known upper bounds on the cost of maintaining gqueues (as discussed in the

Introduction), we also have:

COROLLARY 4. A minimym s-t cut of N 18 computed in time O(n log2(n)) for
general L (i.e., a set of positive reals), in time 0(n log(n)logleg(n)) for the
case L +ig a set of positive integers bounded by a polynomial in n and in time
O(n log(n)) for the case L={1} (in this case N <& a graph with identically
weighted edges). o

7. Conclusion

We have presented an algorithm for computing a minimum s-t cut of a planar un-
directed network. Our algorithm runs in an order of magnitude less time than
previous algorithms for this problem. An additional attractive feature of this
algorithm is its simplicity, as compared to other algorithms for computing minimum

s-t cuts for sparse networks (Galil, Naamad, 1979] and [Shiloach, 1978].
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Fl'FZ""'Fd is a u(s,t) path in D).
F.-minimum cut-cycle enclosing region R.

g = (Fi’yl’YZ""’yl} ig contained in R.

Fl’FZ""'Fd is a u(s,t)-path, P=P;P,
9= 9y "9y is a cut-cycle containing Fi.

p'=q;-p, 1is a cut-cycle containing Fy

p= (Fj,xl,x2,...,xk) is a

The Fivminimum cut~cycle

is a cut-cycle containing Fj.

1f c(ql} <c{pl), then
and with cost c(p') <cip).
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network N s-t cut X

Pig. 5. The networks Né and Né derived from network N with s-t cut X.

Fig. 6. The merging of multiple edges connected to vertex x and vertex v,
into a single edge.



