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Abstract. Bounding the size of d e t e r m i n i s t i c  lef t  and  r igh t  p a r s e r s  for c o n t e x t - f r e e  

g r a m m a r s  is s tud ied .  I t  is well-known t h a t  t he  size of an  LR(k) p a r s e r  is no t  always 

po lynomia l ly  b o u n d e d  in t he  size of the  g r a m m a r .  A s imi la r  non -po lynomia l  size 

d i f fe rence  o c c u r s  also in LL(k) p a r s e r s .  We show t h a t  such  non -po lynomia l  size 

d i f fe rences  canno t  be r e g a r d e d  as  a weakness  of the  LR(k) or  LL(k) p a r s e r  c o n s t r u c t i o n  

m e t h o d s  bu t  a re  a consequence  of the  capab i l i t y  of t h e s e  p a r s e r s  to solve i n h e r e n t l y  

diff icult  pa r s ing  p r o b l e m s .  This is e s t a b l i s h e d  by  proving t h a t  t h e r e  exis t s  an infini te 

fami ly  of LL(k) g r a m m a r s  where  k -~ 2 such  t h a t  the  size of eve ry  lef t  p a r s e r  for t h e s e  

g r a m m a r s  m u s t  be ~ 2 cm where  m is t he  size of the  g r a m m a r .  S imi lar ly ,  i t  is shown 

t h a t  t h e r e  exis t s  an  infini te fami ly  of LR(k) g r a m m a r s  (as well as SLR(k) and LALR(k) 

g r a m m a r s )  where  k -~ 0 such  t h a t  the  size of every  r i gh t  p a r s e r  for  t h e s e  g r a m m a r s  

m u s t  be -~ 2 c'~/-~m . 
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1. Introduction 

Severa l  c lasses  of p a r s e r s  a r e  known for which t h e r e  is a t  m o s t  a po lynomia l  

d i f fe rence  b e t w e e n  t h e  size of a p a r s e r  and  the  size of the  c o n t e x t - f r e e  g r a m m a r  to be 

pa r s ed .  Such  p a r s e r s  inc lude ,  among  o thers ,  d i f fe ren t  famil ies  of p r e c e d e n c e  and  

bounded  c o n t e x t  p a r s e r s  (see  e.g. [1]) and s t r i c t  d e t e r m i n i s t i c  p a r s e r s  [6]. These pa r s -  

ing m e t h o d s  can  be app l i ed  only on g r a m m a r s  t h a t  sa t i s fy  r e l a t ive ly  s t rong  r e s t r i c -  

t ions.  

The s i t ua t ion  is changing if we cons ide r  the  LL(k) and LR(k) pa r s ing  m e t h o d s  [8,7]. 

As is well-known, t he  LL(k) g r a m m a r s  con ta in  all the  c o n t e x t - f r e e  g r a m m a r s  t h a t  can  

be d e t e r m i n i s t i c a l l y  p a r s e d  top-down in a n a t u r a l  way using k s y m b o l  lookahead .  The 

LR(k) g r a m m a r s  have the  s a m e  p r o p e r t y  for  b o t t o m - u p  pars ing .  In th is  sense  LL(k) and  

LR(k) p a r s e r s  a re  as powerfu l  as we m a y  hope.  I t  t u r n s  out, however,  t h a t  a p r i ce  for 

g e n e r a l i t y  is t h a t  an LL(k) or  LR(k) p a r s e r  p r o d u c e d  by the  s t a n d a r d  c o n s t r u c t i o n  algo- 

r i t h m s  (as given e.g. in [ 1 ] ) m a y  be non-po lynomia l ly  l a r g e r  t han  the c o r r e s p o n d i n g  

LL(k) or  LR(k) g r a m m a r .  For  the  LR(k) m e t h o d  this  size gap was o b s e r v e d  in [2]. We 

note  t h a t  for  the  LL(k) m e t h o d  the  gap  exis t s  if k >- 2. 

Thus we a re  fo rced  to  ask  w h e t h e r  or no t  such  non-po lynomia l  size d i f fe rences  a re  

neces sa ry .  If the  answer  is negat ive ,  i t  might ,  in p r inc ip le ,  be  poss ib le  to find a p a r s e r  

c o n s t r u c t i o n  for LL(k) or LR(k) g r a m m a r s  always p roduc ing  po tynomia l ly  b o u n d e d  
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pa r se r s  which the re fo re  some t imes  are exponent ia l ly  smal le r  t h a n  the  pa r s e r s  pro- 

duced  by the p r e s e n t  cons t ruc t ions ,  In fact, in some special  cases such an  improve-  

m e n t  is khown: in  [3] a family of g r a m m a r s  is given for which the LR(0) pa r se r s  are 

non-polynomia l ly  la rger  t h a n  the  p roduc t ion  prefix parsers .  An exp lana t ion  of this 

r e su l t  is tha t ,  unl ike the  p roduc t ion  prefix parsers ,  the LR(0) pa r se r s  have the  c o r r e c t  

prefix proper ty ,  t h a t  is, the  s t r ing  r ead  by the  parse r  is always a prefix of some c o r r e c t  

s t r ing in the language.  

In this  pape r  we are able to show tha t  in the genera l  case such i m p r o v e m e n t s  are 

impossible.  We prove t ha t  i n d e p e n d e n t l y  of the pars ing  m e t h o d  used,  the non- 

polynomial  gaps c a n n o t  be tota l ly  avoided for the classes of LL(k) and LR(k) g r a m m a r s .  

This m e a n s  t ha t  the co r r ec t  prefix p rope r ty  is no t  the only reason  for the  non-  

polynomial  size of LL(k) and LR(k) parsers .  

To prove our resu l t s  on LL(k) g r a m m a r s  we give an infinite sequence  of LL(2) gram-  

mar s  and show tha t  the size of a n y  left  pa rse r  for such a g r a m m a r s  m u s t  be at  leas t  

an exponent ia l  func t ion  of the size of the g r a m m a r .  It should be emphas ized  t ha t  our  

pr<~of does not  a s sume  any u n n e c e s s a r y  condi t ions  such as the co r r ec t  prefix p r o p e r t y  

or the use of some fixed l eng th  lookahead.  The only r e q u i r e m e n t  is t h a t  a left  pa r se r  is 

a de t e rmin i s t i c  pushdown t r a n s d u c e r  capable  of p roducing  the t r ans l a t i on  f rom te rmi -  

nal  s t r ings  to left parses .  (Technically, our proof is for r ight  pa r se r s  and the original  

a s se r t ion  follows by a s imple covering a rgumen t ) .  This r e su l t  implies  t h a t  if k -> 2, an 

LL(k) or LR(k) pa r se r  m u s t  somet imes  be exponent ia l ly  la rger  t han  the g r a m m a r .  On 

the o the r  hand,  s ince an LL(i) g r a m m a r  is always s t rong LL(i) and  thus  has a left 

pa r se r  of polynomial  size, in the  LL(i) case the  size difference is only polynomial .  

We also analyze a sequence of LR(0) grammars mentioned already by Earley [2] 

(and attributed by him to John Reynolds) as an example of a grammar family for which 

the LR(k) construction gives non-polynomially large parsers. We show that all right 

parsers for these grammars must be at least of the same size as an LR(0) parser. A 

non-polynomial difference between the parser size and grammar size therefore exists 

for LR(k), SLR(k) and LALR(k) grammars when k -> 0. 

No similar results seem to be known in the literature. Most closely related is 

perhaps a work [4] by Geller, Hunt, Szymanski and Ullman investigating the size of 

different pushdown automata (but not parsers, i.e. pushdown transducers emitting a 

parse) in a general setting comparable to ours. For example, they generalized the 

result from [3] mentioned above by giving a family of languages such that there is an 

exponential difference between the size of a minimal deterministic pushdown automa- 

ton (DPDA) for a language and the size of any DPDA with the correct prefix property for 

the same language. They also gave a family of languages IN~ such that there is an 

exponential difference between the size of a minimal context-free grammar for a 

language and the size of any DPDA for the same language. It is easily seen that this 

exponential difference is not preserved if parsers in our sense are considered. This is 

because every LL(k) or LR(k) grammar for Nn must be exponentially larger than the 

minimum size context-free grammar for N,~. 
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2. Def in i t ions  and p r e l i m i n a r y  r e s u l t s  

Our no ta t ion  conce rn ing  str ings,  context - f ree  g r a m m a r s  and pushdown a u t o m a t a  

is main ly  as t ha t  of [ I] with the except ion  t ha t  the l eng th  of a s t r ing  s is denoted  by 

Ig(s) .  Recall t h a t  e deno tes  the  e m p t y  s t r ing  and  #W the  n u m b e r  of e l emen t s  of a se t  
W. 

The size of a (context-f ree)  g r a m m a r  G = (N,T,,P,S) is defined by 

Icj : E ~g(na). 
A-~aEP 

As noted in [5], the norm of G given by IIGII = IG[.Iog~#(Nu~.) is a more realistic 

measure, but because fIG11 <- IGl'log21Gl <- IGI 2 and we are interested in proving 

larger than polynomial gaps, the more convenient measure I GI can be used. 

Recall that if there is in G a leftmost derivation S ~ a where 7r is the sequence 

of productions applied in the derivations, then 7r is called a Left parse of a in G. Simi- 

larly, if t h e r e  is a r i gh tmos t  der iva t ion  S =>3 a t h e n  the  reverse of n is a right parse 

of a in G. 

A parser for G is a de te rmin i s t i c  pushdown a u t o m a t o n  (DPDA) accept ing  language 

L(G) and giving for each w in L(G) a parse  of ~n as an output .  In  genera l ,  a DPDA with 

ou tpu t  is called a d2terministic pushdourn transducer (DPDT) and  defined as an 8- 

tuple  T = (Q,P.,F,A,6,qo,Zo,F), where Q denotes  s ta tes ,  Z inpu t  a lphabet ,  F pushdown 

alphabet ,  A ou tpu t  a lphabet ,  6 t r ans i t i on  func t ion  f rom Qx(P.ule I)xF to QxF*xA* satis- 

fying the following d e t e r m i n i s m  condit ion:  if 6 ( q , e , t )  is defined t h e n  6(q,a,t) is 

undef ined  for all aeP.. F u r t h e r m o r e ,  qo deno tes  ini t ia l  s ta te ,  Z o ini t ia l  pushdown ele- 

m e n t  and FcQ the final s tates .  ~ configuration of T is deno ted  by ( q , z , a , y )  where 

q eQ is the c u r r e n t  s ta te ,  z eZ* is the unused  por t ion  of the input ,  aeF*  is the c u r r e n t  

content of the pushdown stack, and yeA* is the output string emitted to this point. 

The next move relm~ior~ ~- among configurations is defined in the usual way. 

Let now $ be a symbol  no t  in T.. A (deterministic) left parser for g r a m m a r  

G = (N,?.,P,S) is formally defined as a DPDT T = (Q,ZuI$t,F,P,d,qo, Zo,F) such  tha t  T 

accep t s  by final s ta te  and e m p t y  s tack  the language L(G)$ and for each accep ted  

inpu t  z$ ,  T ou tpu t s  a left pa r se  of x in G. Thus G has a der iva t ion  S ~ x for some 

t e r m i n a l  s t r ing z if and only if T has a move sequence  (qo,x$,Zo,e) ~-* (q,e,e,~) for 

some q in F .  

Similarly,  a (deterministic) right parser for g r a m m a r  G = (N,E,P,S) is a DPDT T 

which is like a left  pa r se r  bu t  ou tpu t s  a r ight  parse  of x for each inpu t  x$ where x is in  

L(G). 

The size of a DPDT T is defined by (c.f. [5]) 

I rt = E (3+lg (a) +lg (a) +Ig (~)) 
6(~,a,Z)=(¢,a,~) 

Thus the size means the length of a string listing the transition function. As for gram- 

mars, IITII = I Tl'logz#(Q uZuFuA) is a more realistic measure, but because again IITII 

-< I T[-log2[ T[ -- I TI 2, the more convenient measure 1 T1 can be used without loss of 

generality in proving non-polynomial gaps between the sizes of T and G. 
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A p a r s e r  or a DPDT T is called moderate  if i ts  t r a n s i t i o n  func t ion  6 is such  t h a t  

whenever  6(q ,a ,Z )  = (q' ,a,y) t h e n  lg (a) <- 2. If lg (a) > 2, by  adding new s t a t e s  we ma y  

easily replace  this  t r a n s i t i o n  s tep by l g ( a ) - i  equiva len t  m o d e r a t e  steps. This makes  

the desc r ip t ion  of the s tep  less t h a n  5 t imes  as long as originally. Thus: 

L e m m a  1. For each parser  T, ~here is an equ iva len t  moderate  parser  T '  such  that  

I r ' l  < 5 1 T I .  • 

3. Left  parsers  

Our re su l t s  on left  pa r se r s  and on LL(k) pa r se r s  in  pa r t i cu l a r  are based  on p roper -  

t ies  of a sequence  of g r a m m a r s  Gn = (N,, ,Zn,PnAo) where 

P,.,: & -" ~+1&+1B~+I I @.,-I&,,-1Q+l 
.,¢,, -,' a~ I e 

.B~ --, b~ ci I e 

G r a m m a r  G. is of size I G n I = 18n. In addi t ion:  

Lemma 2. For each k >- 2, G n is  an LL(~) g r a m m a r .  • 

(0-<-i<-n -I) 
(1-<~---n) 

(L<'L_n) 

The proof of the l e m m a  is left to the reader .  Also no te  t h a t  G n is no t  LL(1) or LR(1) or 

s t rong  LL(2) and t h a t  language L (Gn) is finite. 

We will show t h a t  the  size of every  left pa r se r  for Gn m u s t  be at  l eas t  an exponen-  

t ial  func t ion  of I G n [. This will be done by proving the s t ronge r  r e su l t  t ha t  every r igh t  

pa r se r  for Gn m u s t  be a t  leas t  exponent ia l ly  la rger  t h a n  Gn, and by not ing the follow- 

ing lemma:  

L e m m a  3. I f  G n has a le f t  parser  o f  s~ze t then  i t  has a r~ght par se r  o f  s ize < ~ .  

Proof .  The Lemma  is a consequence  of the  fac t  t h a t  G~ lef t - to-r ight  covers itself, t h a t  

is, the re  is a h o m o m o r p h i s m  h be tween  p r o d u c t i o n  sequences  of G n such  t h a t  the 

r ight  parse  of a s t r ing  in L(Gn) is a homomorph ic  image of the  left parse  of the same  

str ing.  Therefore,  to get  a r ight  pa r se r  we m u s t  only a u g m e n t  a left pa r se r  for G n with 

eva lua t ion  of h. A sui table  cover  h o m o m o r p h i s m  h on the p roduc t ions  of G~ is 

h ( &  ~ e)  = (& ~ e),  

h ( &  -, b~c~) = (B~ -, b ~ ,  & _ ~  -, ~ & B ~ ) ,  

h (B~  -, e )  = ( &  -, e ,  ,¢_~ -, ~ _ ¢ B ~ ) ,  

h(& --, e l )  = ( &  -, e~, ,¢-1 -,.~&c~), 

where ~ = 1,2 ..... n .  For the r ema in ing  p roduc t ions  the value of h equals e.  
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Let DPDT T be a left  pa r se r  for G~. Modify T as follows: Whenever 

5 ( q , a , Z )  = (q' ,a,7) in T, replace  7 by h ( 7  ). The resu l t ing  DPDT T '  is a r ight  parser  for 

Gn. Since always Ig (h(7)) -< 2.lg (7), it  finally follows tha t  I T '  I < 2. I T]. • 

T h e o r e m  4. There e x i s t s  a c o n s t a n t  e > 0 s u c h  that ,  when  n > 10, a n y  m o d e r a t e  r i gh t  

p a r s e r  f o r  G n has  s i ze  a t  l eas t  2 cm w h e r e  m = ] G n ]. 

P r o o f .  The (lengthy) proof is based  on the following simple idea. We cons ider  pars ing 

s t r ings  of the  form x lx  2 - • . x~b~c~ in  L(G~) where x~ equals ~ or o~. The r ight  pa r se  

of such  a s t r ing begins  with An -~ b~ or ~ -~ e depending  on whether  x i = d i or x i = a i. 

If the c u r r e n t  s ta te  q and the topmos t  s tack symbol  Z af ter  reading x n can  always tell  

whether  x~ = di or x i = a~, t hen  the n u m b e r  of different  pairs  (q,Z),  called the modes  

of the  parser ,  is immed ia t e ly  seen  to be exponent ia l ly  large in I G n t, and the Theorem 

follows. Otherwise the pa r se r  m u s t  exponent ia l ly  of ten  consu l t  the s lack  below the top- 

mos t  e lement .  But t h e n  it  t u rn s  out  tha t  the in fo rmat ion  popped from the s tack  can- 

no t  be ignored because  it is needed  la ter  in parsing.  To save this i n fo rma t ion  the 

n u m b e r  of modes  should be exponent ia l ly  large. 

We now formalize the above a rgumen t .  Let T = (Q,~ .nu t$ t ,F ,Pn ,~ ,qo ,  Zo ,F)  be a 

m o d e r a t e  r ight  pa r se r  for G n. Each pair  (q ,Z)  in  QxF is called a m o d e  of T. The mode 

of a conf igura t ion ( q , x , Z a , u )  is (q ,Z)  where Z is the t opmos t  s tack  symbol.  Without 

loss of genera l i ty  we assume tha t  each e l e m e n t  of Q and F occurs  at leas t  once in the 

desc r ip t ion  of ~. Hence #Q-< I TI and #p_< I TI.  Therefore the n u m b e r  of d i f ferent  

modes satisfies 

#(QxI  ~)_< I TI ~ (1) 

We will show t h a t  #(QxF) > 2 3/10 when n > 10. This proves the Theorem since t h e n  

ITI > 2  n /e°  f rom (I),  which means ,  not ing t h a t  IG~t = m  equals 18n,  t h a t  

lTI >2 m/~6°. 
So we c la im tha t  #(QxF) > 2 n/~°. To derive a cont rad ic t ion ,  a ssume 

#(QxF) -< 2 ~/1° (2) 

Denote by C~,/3 the set of those (state, stack eontent)-pairs that T reaches after read- 

ing a prefix of l ength  L~/3] of some s t r ing in L(Gn);  note t ha t  the ou tpu t  of T m u s t  be 

emp ty  a t  this momen t .  More formally,  let L1/3 = Ix = x l z  2 • . . x[n/$] ] x i = a~ or d/t, 

Then 

C1/3 = ~(q ,a) t (g0,x, e , e )  ~-* (q,e,cx,e) where xeL1 /3~ .  

Clearly, for different  x the cor responding  e l emen t s  (q ,a )  of C1/s m u s t  be di f ferent  

because  t h e n  the languages  accep ted  s ta r t ing  f rom sta te  q and s tack  c on t e h t  a m u s t  

differ. Hence 

#C~/3 = 2 l ' ' /3 l .  (3)  
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Let e = (q ,a)  be a fixed e l emen t  of C1/s and le t  Lz/s = ~Y = y [ ~ / s ] + l ' '  'Yn ] 

y~ = a~ or d~ t. Consider  move sequences  

(~ ,y,~,~) ~ . . .  ~ (q' ,e , ~ , ~ )  (4) 

where y is in Lz/~. Again note  t ha t  the o u t p u t  m u s t  still r e m a i n  e mp t y  in  (4). Let now 

(r ,v ,Zy,e ) be the  conf igura t ion  in  sequence  (4) whose s tack  Z7 is of the lowest height;  

if there  are more  t han  one such  conf igura t ion  in (4), we let  (r ,v ,Zy ,e)  be the first  of 

them.  The mode of this configurat ion,  ( r ,Z) ,  is called the bottom of (4) and deno ted  as 

bottom (q ,y ,~). Then sequence  (4) can uniquely be w r i t t e n  as 

(q ,u'~ , a , e  ) ~- . • .  - (~,~ , z T , e  ) ~- • - .  ~- (q' ,~ ,~ ,e  ). 

Here the sequence  s t a r t ing  f rom (r ,v ,ZT,e)  is uniquely  d e t e r m i n e d  by r ,  v and Z, 

since the he ight  of the s tack  r ema ins  at  leas t  as high as lg (Z7). Hence we have fl =/~'7 

for some /?'. We say t ha t  s t r ing y'  is the prefix of y t h a t  Leads to the bot tom.  Denote 

t hen  

L(r,Z) = ~Y' I for s o m e y E L z / s , b o t t o m ( q , y , a )  = (r,Z) and 

y' is the prefix of y t ha t  leads to the b o t t o m l .  

L e m m a  5. #L(r,Z) < 2 ni l°  

Proof. To derive a con t rad ic t ion ,  assume t h a t  #L(r,z ) -> 2 n / l °  Given y' in L(r,z ) we 

may  write for some v such tha t  y'veL2/3 and for some xEL1/~ 

(q0 ,*y 'v  ,e ,e ) ~- . . . ~- (q ,y'v , a , e  ) 
~ - . . - ~  ( ~ , ~ , z ~ , e )  (5)  

~ - " "  b (¢,~,tt~). 

Here y' is the prefix of y'v t ha t  leads to the bot tom.  Since lg (a) -> lg (Z7), there  m u s t  

be in (5) before (q ,y'v ,a,e ) a las t  conf igura t ion  

(s  , w ,  Y~,~ ) (6)  

such tha t  lg (Y6) = lg (Zy). Here the a s s u m p t i o n  t ha t  T is m o d e r a t e  is needed  because  

it  implies t ha t  every s tack  he ight  -< Ig (a) m u s t  occur  in (5). If #L(r,z) -> 2 n/a0 and if we 

reca l l  (2), we realize t ha t  t hen  the re  m u s t  be two dif ferent  e l emen t s  y' and y" of L(r,Z ) 

such tha t  the  cor responding  modes  (s, Y) of (6) are the same for y'  and y". Hence for 

some suffixes x', x" of the s t r ing x occurr ing in (5) we get  

(s,x'y',Y6') ~ . . .  ~ ( q , y ' , a , e )  [- " '"  ~ ( r , e , Z 6 ' , e )  (7) 

and 

(s ,="u", Y~") ~ . .  • - (q ,y" ,,~,~) b . .  • ~ (,',~ , z ~ " , ~ )  (8) 

the he ight  of the s tack  in (7) is always -> lg(Y6')= lg(Z~') and in (8) always and 

l 9 (Y6") = / 9  (Z6"). Hence we may  replace  x'y' in (7) by z"y" and still ob ta in  the same 

final conf igura t ion  (r ,e  ,ZY,e) .  But this is a con t rad ic t ion ,  since y' ~y" and  therefore  a 
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r e p l a c e m e n t  of z 'y '  by x"y" in (7) should also change  the final conf igura t ion of (7) 

because  the languages  accep ted  as well as the parses  omi t t ed  should change.  But, as 

we noted,  this did no t  occur,  which comple tes  the  proof of Lemma 5. 

The following l emma  cons iders  sets  L'(r,Z) given by 

L'(r,z) = t v t for some y ' ,  y = y 'v  is in  L~/3, bo t tom (q , y ,a )  = ( r ,Z )  

and y' is the prefix of y t ha t  leads to the  bo t toml .  

L e m m a  6. I f  n > tO, there ex is t s  a mode  (r ,Z)  such  that  L'(r,Z) cor~tains > 2 n / l °  ele- 

m e n t s  having the s a m e  length.  

P r o o f .  We may  r e p r e s e n t  L2/3 as 

L~/3 = U L'(r,z) 
(r,z) 

where E'Cr,z ) = ~uv I ucL(r ,z) ,  vEL'(r,Z), t g (uv )=r2n / f l ]~  is a s u b s e t  of L(r,z)L'(r,Z). 

Noting Lemma 5 we there fore  ob ta in  

#Le/3 <<- ~ #L'(r,Z) < 2 n/I°" ~, #L'(r,Z). 
~r,z) (r,z) 

If the Lemma were no t  t rue ,  t h e n  we should have #L'(r,z ) ~ [ ¢ ~ / 3 1 . 2  n / l °  for all ( r ,Z) ,  

since the length  of all e l emen t s  in L'(r,z) is -< [2n /31 .  But this leads to a con t r ad i c t i on  

s ince now, if n > 10, 

#L~,, 3 < 2 ~ '  ~o.r 2.., . /31.2 "./~o = 2~,.,/m+~oy2l~/sl 

< 2r2~/31 

which by the definition of £~/s cannot be true. This proves Lemma 6. 

All the  above cons idera t ions  are with r e spec t  to a fixed e l e m e n t  c = (q,a)  of CI18. 

Thus we may  conclude from Lemma 6 tha t  for every such  c = (q,a) ,  t h e r e  exists  a 

mode (r c,Zc) such  t h a t  L'(r~,$c ) con ta ins  > 2 n / l °  e l e m e n t s  of the same length.  That  is, 

there  is a s t r ing y'  and more  t h a n  2 n /a°  dis joint  s t r ings  v of equal l eng th  such  t h a t  

y = y 'v  is in L2/3 and y '  is the  prefix of y t ha t  leads to bot tom (q ,y ,a) = (rc,Zc). 

Denote the  c o m m o n  leng th  of s t r ings  v by Ic. Observe t h a t  the moves reading v do not  

depend  on the s tack  c o n t e n t  below Zc. 

Thus we have chosen  for each c in C1/s a t r iple  (r¢,Zc,Ic).  Since the  n u m b e r  of 

d i f ferent  t r ip les  is a t  m o s t  2"~/1°.[ 2 n / 3 1  < 2 i~/sl ,  we m u s t  have (r c ,Z  c ,I¢) = (r~,,Z¢,I¢) 

for some dis joint  c = (q,a) ,  c' = (q ' ,a ' )  in  C1/s. 

By the  cons t ruc t ion ,  then ,  the re  are  s t r ings  x,  x' in  L1,,3, x # x ' ,  and  s t r ings  y ,  y'  

such  that ,  for more  t h a n  2 n / l °  d i s t inc t  v ,  s t r ings  yv and y 'v  are in L~/3 and 

(qo, X'u'v,~ ,e) I--* 0"o ,~,zo ~',~) ~-* (s,e ,~a',e). (lo) 
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Since x = x 1 • • • Xl,~/s I and  x'  = =I' ~ . .  x t n / s  1' are different ,  x i and  x i '  m u s t  differ for 

some i .  Then we may  assume,  by symmet ry ,  t h a t  x~ = a~ and  xi '  = d~. 

Suppose  t h a t  the  i npu t  to be read  af ter  (9) or (10) is b i c  ~. Then the  f irst  ouLput fob 

lowing (9) should be p roduc t i on  A n -, e and the  f irst  o u t p u t  following (10) should be 

p roduc t i on  A n -~ 54. But  because  the las t  conf igura t ions  of (9) and (tO) c a n  differ only 

in  s t ack  por t ions  a and  a' ,  the  pa r se r  m u s t  always pop ~ f rom the  s tack  to  be able to 

choose be tween  An -* e and A~ -* b~. However, s or/~ m u s t  vary with v because  the  out- 

pu t  following An -' e or An -' b~ varies with v .  Thus a f te r  popping f~ the mode of T m u s t  

be d i f ferent  for each  v.  This is no t  possible because  the re  are > 2 n / l °  d i f ferent  s t r ings  

v b u t  by (2), only -< 2 n / ~ °  different  modes .  We have a c on t r a d i c t i on  which comple tes  

the  proof of Theorem 4. • 

The r e s t r i c t i on  to m o d e r a t e  r ight  pa rse r s  can  be removed  f rom Theorem 4. 

Corol lary 7. There  i s  a c o n s t a n t  c' > 0 a n d  a n  i n t e g e r  n o s u c h  tha t ,  w h e n  n > n o, a n y  

r i g h t  p a r s e r  f o r  G n h a s  s i z e  a t  l e a s t  2 c'm w h e r e  m = ] G n I . 

P r o o f .  If T is a r ight  pa r se r  for Gn then,  by Lemma 1, we can  find a m o d e r a t e  r igh t  

pa r se r  T '  for Gn such t h a t  [TI > I T ' I / 5 .  Then, by Theorem 4, IT] > 2 c ~ / 5 =  

2 ]°eB(1/5)+cm -> 2 c'rn for some 0 < v' < l o g 2 ( 1 / 5 ) / m  + c .  Such a c o n s t a n t  c' c lear ly  

exists  when m ,  t h a t  is n ,  is large enough.  I 

The m a i n  r e su l t  of this sec t ion  follows in a s imi lar  way f rom Corollary 7 and 

Lemma 3: 

T h e o r e m  8. There  i s  a c o n s t a n t  c"  > 0 a n d  a n  i n t e g e r  n o' s u c h  t h a t  w h e n  n > no' ,  a n y  

l e f t  p a r s e r  f o r  G n h a s  s i z e  a t  l e a s t  2 c'rn w h e r e  m = I G n I. • 

A usua l  way of c o n s t r u c t i n g  left  pa rse r s  is the LL(k) m e t h o d  (e.g. [1]). It  is wen- 

known t h a t  for the  s t rong LL(k) g r a m m a r s  this  m e t h o d  yields pa r se r s  with size polyno- 

mial  in  the  size I G I of the  g r a m m a r :  The size of a s t rong LL(k) pa r se r  is of Lhe order  

t GI TM. Since every LL(1) g r a m m a r  is sLrong LL(t), LL(1) g r a m m a r s  always have left  

pa r se r s  of po lynomia l  size. On the  o ther  hand,  Lemma 2 and Theorem 8 imply: 

T h e o r e m  9. F o r  e a c h  k >_ 2, t h e r e  i s  a n  i n f i n i t e  f a m i l y  o f  L L ( k )  g r a x n m a r s  s u c h  t h a t  

t he  s i z e  of  e v e r y  l e f t  p a r s e r  f o r  t ~ e s e  g r a m m a r s  i n c r e a s e s  a t  l e a s t  e x p o n e n t i a l l y  i n  

t he  s i z e  o f  the  g r a m m a r ,  m 

In addi t ion  to the  s t rong LL(k) g r a m m a r s  we have ano the r  subclass  of the LL(k) 

g r a m m a r s  having left pa rse r s  of polynomial  size. This r e su l t  is a consequence  of a 
r e m a r k  in [8, p. 230]. 

T h e o r e m  10. I f  a n  L L ( k )  g r a m m a r  G h a s  no e : p r o d u c ~ o n s  ( p r o d u c t i o n s  o f  the  f o r m  

A ~ e ) ,  t h e n  G h a s  l e f t p a r s e r  w i t h  s i z e  p o l y r ~ o m i a l l y  b o u n d e d  i n  I~.  • 
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4. Right  parsers  

L e m m a  2 i m p l i e s  t h a t  t he  g r a m m a r s  G, of t h e  p r e v i o u s  s e c t i o n  a r e  LR(2). T h e n  we 

i m m e d i a t e l y  o b t a i n  f r o m  C o r o l l a r y  ? t h e  fol lowing c o u n t e r p a r t  of T h e o r e m  9 for  r i g h t  

p a r s e r s .  

Theorem 11. For e a c h / ¢  -> 2, ~here is  an in f in i te  f a m i l y  of  LR(k)  g r a m m a r s  such  that  

the size of  every  r ight  par se r  f o r  these g r a m m a r s  increases  at least  exponent ia l ly  i n  

the size o f  the g rammar ,  m 

G r a m m a r s  Gn a r c  n o t  LR(O) or  LR(1). To c o m p l e m e n t  our  s t u d y  of p a r s e r  s ize  in  

t h e  LR(0) and  LR(L) c a s e s  we u s e  a s e q u e n c e  of g r a m m a r s  Qn = (Nn,~'n,Pn,S) w h e r e  

p~: S ~ & (l_<i_<n) 
A~ -* ajA~ ( i<i ~ j < n  ) 

The size I Qn I = m equa l s  6n  ~ + 5 n .  E a r l e y  [2] e s t a b l i s h e d  g r a m m a r s  Qn as an  e x a m -  

ple w h e r e  t h e  s ize  of t h e  s t a n d a r d  LR(0) p a r s e r  grows e x p o n e n t i a l l y  wi th  n. An LR(0) 

p a r s e r  for  Qn has  2 cn s t a t e s  fo r  s o m e  c > 0. The s ize of e v e r y  LR(k) as well  as SLR(k) o r  

LALE(k) p a r s e r  for  Qn is t h u s  ~ 2 c''/-~-~ for  s o m e  c '  > 0. 

We will show t h a t  t h e  s ize  of any  r i g h t  p a r s e r  for Qn m u s t  be  a t  l e a s t  of t h e  o r d e r  

2 ~/-~m . F i r s t  a r e s u l t  a n a l o g o u s  to T h e o r e m  4 is g iven.  

Th eorem 12. There is a cons tant  c > 0 and an in teger  n o such  that  w h e n  n > n o, any  

moderate  right  parser  f c r  Qn has size at least ~ ~ where m = I Qn ]. 

P r o o f .  The i d e a  of t h e  p roof  r e s e m b l e s  to  t h a t  of t h e  p r o o f  of T h e o r e m  4. We r e s t r i c t  

o u r s e l v e s  to  c o n s i d e r i n g  s t r i n g s  of t h e  f o r m  x l z 2 . ,  • xn_la~b~ in L(Qn), w h e r e  e a c h  

x l , . . . , x ~ _  1 is in ~ a l , '  ' '  , a~_l t ,  j is >-0, and  i_<i_<n-1.  The r i g h t  p a r s e  of s u c h  a 

s t r i n g  b e g i n s  wi th  B~ ~ b i or  A~- ,  b~ d e p e n d i n g  on w h e t h e r  or  n o t  a i o c c u r s  in  

z 1 . • • z~_ i. Any p a r s e r  c a n n o t  e m i t  th i s  f i r s t  p a r s e  e l e m e n t  e a r l i e r  t h a n  w h e n  r e a d i n g  

b i .  If a f t e r  r e a d i n g  t h e  l a s t  a~ t h e  c u r r e n t  m o d e  of a p a r s e r  c a n  a lways t e l l  w h e t h e r  o r  

n o t  x t - • • x~_ 1 c o n t a i n s  ~ fo r  any  l<_i<<_n-i, t h e  n u m b e r  of m o d e s  m u s t  be  a t  l e a s t  of 

t h e  o r d e r  2 ~-~m and  t h e  T h e o r e m  follows. O t h e r w i s e  t h e  p a r s e r  m u s t  s o m e t i m e s  c o n s u l t  

t h e  s t a c k  be low t h e  t o p m o s t  e l e m e n t .  T h e n  t h e  p a r s e r  shou ld  pop  t h e  s t a c k  p o r t i o n  

c o r r e s p o n d i n g  to  a~. Howeve r ,  t h e  p o p p e d  i n f o r m a t i o n ,  wh ich  d e p e n d s  in j ,  c a n n o t  be  

i g n o r e d  s i n c e  i t  is n e e d e d  l a t e r  in pa r s ing .  H e n c e  t h e  n u m b e r  of m o d e s  is aga in  a t  l e a s t  

of t h e  o r d e r  2 q-~m . 

To f o r m a l i z e  t h e  above  a r g u m e n t ,  l e t  T = (Q,~nu~$t,F,Pn,qo,Zo, F) be  a m o d e r a t e  

r i g h t  p a r s e r  for  Qn- It  su f f i ces  to show (c.f. t h e  p roo f  of T h e o r e m  4) t h a t  # (Q×F) > 2 n / z  

w h e n  n > t. To d e r i v e  a c o n t r a d i c t i o n ,  a s s u m e  

# ( q x r )  ~ 2 "/2. ( l l )  
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D e n o t e  by X a m a x i m a l  s u b s e t  of f x = z l x 2 . . ,  xn_ 1 [ x i e ~ a  1, • . . ,c~_1~, l < - i < - n - l t  s u c h  

t h a t  if x and  x ' ,  x ¢ x ' ,  a r e  in X t h e n  s o m e  s y m b o l  ~ o c c u r s  in x or  x' b u t  n o t  b o t h  in x 

and z ' .  

F i r s t  fix a s t r i n g  x c X .  Then  xa~b i is in L(Qn) for  e a c h  j~O,  l ~ i ~ z .  H e n c e  T has  a 

m o v e  s e q u e n c e  (qo,x ,e ,e ) ~ *  (q ,e ,a,e ), and  a s u b s e q u e n t  s e q u e n c e  

(q,4,~,e)  ~ -  - - -  [-(qj,~,~j,e) (i2) 

for each j-P0. The bottom of (i~) is defined as in the proof of Theorem 4, Then, since a~ 

is a prefix of 5, J<J', there is Jo such that for all J>Jo, the bottom of (12) is the same 
" j ~ + l  

a n d  is a c h i e v e d  a f t e r  r e a d i n g  ~ 0  b u t  b e f o r e  r e a d i n g  a n . D e n o t e  th i s  p a r t i c u l a r  bo t -  

t o m ,  wh ich  is u n i q u e  for  e a c h  x, by (rz ,Zx). 

Now, s i nce  #X  > ~n/2, s e t  X m u s t  c o n t a i n  d i s t i n c t  s t r i n g s  x and  x' s u c h  t h a t  

(r z,Zx} = ( r  x,,Zx,). Then,  by  t h e  c o n s t r u c t i o n ,  t h e r e  a r e  fo r  e a c h / c ~ O  m o v e  s e q u e n c e s  

(q0,~a~ a ,e,e) (r~,a~,z~,e) (s,~ 

(qo,~'~°'a~,e ,e) ~* (n,,a~,zz~',~) t--* (s,e ,~'c~',~) (14) 

S u p p o s e  t h a t  s y m b o l  a~ o c c u r s  in only  one  of s t r i n g s  x ,  x ' ,  say  in s t r i n g  z ,  and  a s s u m e  

t h a t  t h e  i n p u t  to be r e a d  a f t e r  (13) and  (14) is 5i. 

T h e n  t h e  f i r s t  o u t p u t  roll icking ( t3 )  shou ld  be  p r o d u c t i o n  B i ~ b i a n d  t h e  f i r s t  ou t -  

p u t  fol lowing (14) shou ld  be  p r o d u c t i o n  A~ ~ b i .  B u t  b e c a u s e  t h e  l a s t  c o n f i g u r a t i o n s  of 

(13) and  (14) c a n  d i f fe r  only  in s t a c k  p o r t i o n s  a and  a ' ,  t h e  p a r s e r  m u s t  a lways  pop  

f r o m  t h e  s t a c k  to  be  ab le  to  to  c h o o s e  b e t w e e n  B i -~ bi a n d  A~ ~ b i .  Howeve r ,  s o r  fl 

m u s t  v a r y  wi th  /c b e c a u s e  t h e  o u t p u t  fol lowing B i ~ b i o r  A~ -* b i v a r i e s  wi th  /c. Thus 

a f t e r  p o p p i n g  ~ t h e  m o d e  of T m u s t  be  d i f f e r e n t  for  e a c h / c  =0,1,  • • . . This is n o t  poss i -  

ble b e c a u s e  by (11), t h e r e  a r e  on ly -<  2 n / ~  d i f f e r e n t  m o d e s .  This c o n t r a d i c t i o n  p r o v e s  

t h e  T h e o r e m .  

Us ing  L e m m a  1 we aga in  ge t :  

C o r o l l a r y  13. There is  a c o n s t a n t  c' >0 and  an i n t e g e r  no' s u c h  that  w h e n  n>no '  , a n y  

r ight  p a r s e r  f o r  Qn has s i ze  at leas t  2 c'~/~m where  m = ] Qn l . m 

Since  e a c h  Qn is an  LR(0) g r a m m a r ,  t he  n e x t  t h e o r e m  follows. 

T h e o r e m  14. For each/c->O, there  is  an i n f i n i t e  f a m i l y  o f  LR(~) g r a m m a r s  (as we l l  as 

S L R ( k )  and  LALR(k) g r a m m a r s )  s u c h  that  the s i ze  o f  e v e r y  r igh t  p a r s e r  f o r  these  

g r a m m a r s  is  larger  than  p o l y n o m i a l  i n  the s i ze  o f  the g r a m m a r ,  a 

Finally note that the above results remain true if productions S ~ A~ of @n are 

replaced by productions S -~ aN/ where a is a new nonterminaL The new grammars, 

which are right regular and right parsable, therefore do not have right parsers of poly- 

nomial size. 
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@. Further  r e s e a r c h  

We have shown, using certain example families of LL(k) and LR(k) grammars,  tha t  

no mat te r  what parsing method is used, the size of a right or a left parser  cannot 

always be polynomially bounded in the size of the grammar.  It is obvious that  the 

grammatical  s t ructures  essential for our examples unlikely occur in context-free 

grammars  for real programming languages. To establish this formally it would be 

interesting to find precise grammatical  characterizations of those s tructures  tha t  

need parsers of non-polynomial size. 

Another problem for further research is to give strict  worst case lower bounds for 

parser size. We have only shown that  the bound for left parsers should be at least 

O(2 m) when the grammars  are left parsable with lookahead k = 2. For right parsers we 

have shown that  the bound should be at least O(2 m) when the grammars are right 

parsable with lookahead k = 2 ,and O(2 v~m ) when the grammars  are right parsable with 

lookahead k = 0. We leave open the question whether or not these actually are str ict  

lower bounds and how the bounds depend on the length of the iookahead. 
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