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0. INTRODUCTION 

A method is described to extract from an untyped X-expression information about 

the sequence of intermediate X-expressions obtained during its evaluation. The in- 

formation can be used to give Usafe positive answers" to questions involving termina- 

tion or nontermination of the evaluation~ dependence of one subexpression on another 

and type errors encountered while applying 6 rules~ thus providing an alternative to 

techniques of Morris and Levy ([Mor68~, [Lev75]). The method works by building a 

Hsafe description H of the set of states entered by a call-by-name interpreter and 

analyzing this description. A similar and more complete analysis of a call-by-value 

interpreter may be found in [ Jon81 ]. 

From a flow analysis viewpoint these results extend existing interprocedural 

analysis methods to include call-by-name and the use of functions both as arguments 

to other functions and as the results returned by them. Further~ the method natural- 

ly hand les  both local  and g loba l  v a r i a b l e s ,  ex tend ing  [CouT?a ]  and [ S h a 8 0 ] .  It seems 

c l e a r  that  o t h e r  t r a d i t i o n a l  ana lyses  such as a v a i l a b l e  express ions~ constant  p r o p a -  

gat ion,  e tc .  can be c a r r i e d  out in th is  f r a m e w o r k .  

The main emphas is  is on deve lopment  of  the f r a m e w o r k  and show ing  i ts  r e l a t i o n  

to a b s t r a c t  i n t e r p r e t a t i o n ,  r a t h e r  than on i ts  e f f i c i en t  use in a p p l i c a t i o n s .  A s i m -  

p l i f i e d  and o p t i m i z e d  v e r s i o n  of  the method wou ld  have a p p l i c a t i o n s  in the e f f i c i en t  

comp i l a t i on  of  X - c a l c u l u s - b a s e d  p r o g r a m m i n g  languages such as L I S P ,  SCHEME 

and S A S L  ( [ M c C 6 3 ] ,  [ S t e T S ] ,  ETur76]). 
The method p r o v i d e s  a genera l  way to f ind safe a p p r o x i m a t e  d e s c r i p t i o n s  o f  

computa t ions  by a l g o r i t h m s  wh ich  man ipu la te  r e c u r s i v e  data s t r u c t u r e s .  It is thus 

not l i m i t e d  to the X - c a l c u l u s ,  but may be app l i ed  to ana lyze  any p r o g r a m m i n g  lan -  

guage whose semant i cs  can be imp lemented  by an a p p r o p r i a t e  de f i n i t i ona l  i n t e r p r e t e r .  

A n o t h e r  a p p l i c a t i o n  wou ld  be to ex tend the method to the f l ow  ana l ys i s  of  deno-  

ta t i ona l  d e f i n i t i o n s  of p r o g r a m m i n g  languages.  T h i s  cou ld  be used in s e m a n t i c s -  

d i r e c t e d  c o m p i l e r  gene ra t i on  as d e s c r i b e d  in [ J o S 8 0 ] ,  and p r o v i d e d  the i n i t i a l  mo-  

t i va t i on  f o r  t h i s  s tudy.  

Related work 

Lambda  ca l cu lus  e v a l u a t o r s  have been s tud ied  in [Bo 'h72 ] ,  [ L a n 6 4 ] ,  [ M c G ? 0 ] ,  

[ P i o 7 5 ] ,  [ R e y 7 2 ] ,  [ S c h 8 0 ]  and [ Weg68] .  S u f f i c i e n t  cond i t i ons  fo r  t e r m i n a t i o n  of  
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reduc t i on  sequences have been deve loped  by M o r r i s  and Levy ,  and Myc ro f t  has 

i nves t i ga ted  the rep lacemen t  of  c a I l - b y - n a m e  by c a l l - b y - v a l u e  ( [ M o r 6 8 ] ,  [ h e v 7 5 ] ,  

[MycS01), 
Interprocedural flow anaJysis has been studied by Rosen, Cousot and Cousot~ 

and Sharir and Pnueli ([FRos79]~ [Cou77a], [ShP81]). Sharir describes a general 

technique fop flow analysis of applicative programs and develops a more efficient 

version for bitvectoring analyses ([ShaS0]). The techniques do not handle call-by- 

name or the use of functions as arguments and results. Pleban describes a method 

to flow-analyze SCHEME in [Ple8f], using a denotational semantics framework. 

Outlineof the paper 

In Section I we introduce a call-by-name X-expression evaluator CBN~ and 

establish a useful property of its computation. 

Section 2 develops analysis methods for a closed X-expression M 0 without con- 

stants; this we call the control flow analysis of the call-by-value computation. The 

result is a safe description of 

Sta tes (M 0) = I0" I C B V  en te r s  s ta te  G d u r i n g  i ts  computa t ion  on M0} 

More  s p e c i f i c a l l y  a f i n i t e  l a t t i c e  D of d e s c r i p t i o n s  w i l l  be defined~ each of  

whose e lements  d d e s c r i b e s  a set Desc(d)  of  machine s ta tes .  An a l g o r i t h m  w i l l  be 

given to ob ta in  f rom M 0 a HsafeI' d e s c r i p t i o n  d(M 0} such that S ta tes (M 0) _ Desc(d(M0)) .  

T h i s  w i l l  be shown to imp ly  that " sa fe  p o s i t i v e  a n s w e r s "  may be e f f e c t i v e l y  ob ta ined  

fo r  a number  of  i n t e r e s t i n g  ques t ions  about the computa t ion .  Note that  p r e c i s e  

a n s w e r s  cannot a lways  be g iven,  due to the u n d i c i d a b i l i t y ,  f o r  instance~ o f  the 

ha l t i ng  p rob lem.  

S e c t i o n  3 b r i e f l y  d e s c r i b e s  a s i m i l a r  deve lopment  i nc l ud ing  cons tan ts  and {5 

rules~ a more  comple te  deve lopment  is found in [ J o n 8 1 ] .  S e c t i o n  4 ends w i t h  con -  

c lusions~ fu tu re  d i r e c t i o n s  and acknow ledgemen ts .  

Not at ional  Convent  ions 

The p o w e r  set of  X,  w r i t t e n  P(X),  is the set  of  a l l  subsets  of  X. 

G iven  se ts  X and Y,  X ~P Y is the set of  a l l  p a r t i a l  func t ions  f f rom X to Y,  and 

X ~ Y is the set  of  a l l  f in X ~P Y such that  

Domain i f )  = { x ! f i x )  is de f ined t 

is a f i n i t e  set.  ¢ is the unique func t ion  in X ~ Y w i t h  empty domain.  T w o  func t ions  

ape equal i f f  they have the same domain and the same va lues  on a rgumen ts  in that  

domain.  The  no ta t i on  f i x  -~ v ]  (whe re  f E X ~P Y,  x E X, y E Y)  denotes the func t ion  

ft E X ~P Y such that  f o r  e l i  z (~ X, i t ( z )  = i f x  = z then y e l se  f (z) .  

Given a r e t a t i o n  -~ (a lways  in i n f i x  notat ion)~ [~ is i ts  n l th  p o w e r  in >- 0)~ +4 
:x- 

is i ts  t r a n s i t i v e  c l o s u r e  and -~ is i ts  r e f l e x i v e  t r a n s i t i v e  c l o s u r e .  
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The Lambda Ca lcu lus  

Given p rede f i ned  d is jo in t  sets Vap = {x, y, z , . . .  } and Con = {a, b, c , . . .  } of  

v a r i a b l e s  and constants respect ive ly~  the set of X -ca l cu lus  .terms Earn = {M~N~. . .  } 

is spec i f i ed  i nduc t i ve l y  by the abs t rac t  syntax 

Lam : : = V a t  I Con I Lain Lam l ), Var` Lain 

A combinat ion is a term of  form MN, and has operator`  M and oper`and N. An 

abs t rac t i on  is a term ),xM~ and a va lue  is a term which is not a combinat ion.  

The f r e e  and bound v a r i a b l e s  FV(M)  and BY(M) o f  a term M a re  def ined by 

(1) F'-V(a}=~; F-V(x)={x} ;  FV(MN)=FV(M)U FV(N) ;  FV( ) `xM)=FV(M) \  {x} 

(2) BV(a)=~;  BV(x )=~  ; BV(MN)=BV(M)U BV(N);  BV()`xM)=BV(m)U {x} 

A term M is c losed i f  FV(M)=~). The subs t i tu t ion  pr`ef!x iV/x] def ines the f o l l o w i n g  

ope ra t i on  on Lain:  [ M / x ] N  is the resu l t  o f  subs t i tu t ing  M fo r  a l l  f r e e  occur`r`ences o f  

x in N~ r`enaming v a r i a b l e s  o f  N as necessa ry  to avo id  cap tu r ing  bound v a r i a b l e s  as 

in [ C u r S e ] .  A c losed term is ca l l ed  a p rogram as in [ P i o 7 5 ] .  

Now supposing we are  g iven a pa r t i a l  funct ion (Cap = "Constant  app l y " )  

Cap; Con x Con ~P Con 

we def ine  the reduc t ion  r e l a t i o n  > on tar`ms by 

1. ( i f  y ¢ FV(M)) 

2. 

3. 

4. 

),×M > ),y[ y /x]M 

(),xM)N > [ N / x ]  M 

ab > Constapply(a~ b) 

M > N  

C[ M] > C[ N]  

( i f  th is  is def ined)  

f o r  any context  c[ ] 

tY reduc t ion  

reduc t ion  

6 reduc t ion  

reduc t ion  in context  

P 
A machine independent c a l l - b y - n a m e  eva lua t i on  funct.!.o..n, eva l :  Pr`ogram -~ 

P rog ram is def ined as fo l l ows ;  it comes f rom [P Io75 ]~  which a lso conta ins  a c a l l -  

by - va lue  analogue:  

Lemma 

eval (a) = a; 

eval  (MN) = 

eval(),xM) = XxM; 

{ eval  ([ N / x ]  M')  
a I 

i f  Eva l  (M) = ),xM ~ 

i f  eval(M) = a, eve l (N)  = b and 

Constapply(a~ b ) =  a I is def ined 

If M is a p rog ram and eval(M) is def ined then M :~ eval(M) wi thout  renaming.  

1,,~,, A C A L L - B Y - N ~ E  X - E X P R E S S I O N  E V A L U A T O R  

We in t roduce  a ) , - ca lcu lus  in te rpre ter "  w i thout  constants and es tab l i sh  some 

useful  p r o p e r t i e s .  Due to space l im i t a t i ons  we on ly  consider` a s imple  c a l l - b y - n a m e  

interpr-eter` CBN~ v e r y  s i m i l a r  to one s tud ied by Schmidt  [ S c h 8 0 ] .  The same f l ow  

ana lys is  techn iques a re  a lso  app l i cab le  to c a l l - b y - v a l u e ;  [ Jon81 ]  p resen ts  a CBV 
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i n t e r p r e t e r ~  p r o v e s  that  i t  c o r r e c t l y  p e r f o r m s  c a l l - b y - v a l u e  eva lua t i on  and that  the 

f l ow  a n a l y s i s  o f  C B V  is " s a f e " .  F u r t h e r  s [ Jon81 ]  shows that  Land ings  o r i g i n a l  

S E C D  mach ine  [ L a n 6 4 ]  is qu i va len t  to the s i m p l e r  CBV~ us ing  e c h a r a c t e r i z a t i o n  

o f  S E C D  by P l o t k i n  r 91o,75]. The  no ta t i ons  and ideas in t h i s  sec t i on  owe much to 

[ P Io?S] .  

C l o s u r e s  and E n v i r o n m e n t s  

F o l l o w i n g  L a n d i n  we avo id  e x p l i c i t  subs t i t u t i on  into X - e x p r e s s i o n s  by r e p r e -  

sen t ing  a h - e x p r e s s i o n  by a c l o s u r e  (M s e)~ w h e r e  M is a t e r m  and e is an e n v i r o n -  

ment g i v i n g  the va lues  o f  those f r e e  v a r i a b l e s  of  M wh ich  have been bound as the 

r e s u l t  o f  ~ r e d u c t i o n s .  

L e t t i n g  C L  denote the set  o f  a l l  c losures~ the f u n c t i o n  Rea l :  C L  4 La in  w i l l  

take a c l o s u r e  cl E C L  into the h - e x p r e s s i o n  i t  r e p r e s e n t s .  Realp C L  and the set 

of  e n v i r o n m e n t s  E a r e  de f ined  as f o l l o w s :  

C l o s u r e s  : cl E C L  = Lain X E 

E n v i r o n m e n t s  : e E E = V a t  "~ C L  

Real  : CL  e La in  

Real  ((M s e)) = [ Real  (e(x 1 ) ) / x  1 ] . . .  [ Real  (e(Xn)) /Xn]  M 

w h e r e  Domain(e)  = {X l ,  . . . ,  x n } 

F i g u r e  1. E n v i r o n m e n t  C l o s u r e s  and Real  

The  equat ions  above a r e  to be taken as i nduc t i ve  d e f i n i t i o n s  of  c e r t a i n  se ts  s 

not as S c o t t - s t y l e  domains  (e lements  o f  E and C L  may be thought  of  as f i n i t e  t r e e s  

due to the r e s t r i c t i o n  to env i r onmen ts  w i t h  f i n i t e  domains) .  In th is  pape r  Rea l (e l )  

w i l l  a lways  be c losed .  F o r  examp le  

a) i f  cl  1 = (Xyy s ¢)) then Real (el 1 ) = Xyy 

b) i f  cl  2 = (xx  s ¢ [ x  4 cl 1 ] )  then R e a l ( e l  2 ) =  (Xyy) (,~.yy) 

I n t e r p r e t e r  S t a t e s  and T ran .s i t i on  Ru les  

The  i n t e r p r e t e r  eva lua tes  an e x p r e s s i o n  M 0 by p e r f o r m i n g  a s e r i e s  of  s ta te  t r a n -  

s i t i o n s  0" 0 =~ 0.1 ~ " ' "  ~ (~n ~ w h e r e  0.0 = L o a d  (M 0} is the i n i t i a l  s ta te  c o r r e s p o n d i n g  

to M0~ and 0" n is t e r m i n a l  (meaning that  f o r  no 0" does 0.n ~ 0" ho ld) .  The  r e s u l t  o f  the 

eva lua t i on  is Un load(an) .  

A s ta te  is a p a i r  0. = < e l  sc l  I ~ . . .  s Cln> w h e r e  cl is  the con t ro l  c l o s u r e  end 

cl 1 . . .  cl  n is a sequence o f  c l o s u r e s  c a l l e d  the con tex t  s tack .  It r e p r e s e n t s  the  ) , -  

e x p r e s s i o n  Un load(0 . )=  Rea l (e l  )Rea l (e l  1 ) . . .  Rea l ( c l n ) .  A s ta te  t r a n s i t i o n  0" 1 ~ 0- 2 is 

d e t e r m i n e d  by the f o r m  o f  0-1 Is c o n t r o l  c l o s u r e .  The  f o l l o w i n g  tab le  de f ines  CBN~ 
us ing ~ to i nd i ca te  the empty con tex t  s tack .  
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I n t e r p r e t e r  S t a t e s :  (3" ~ ~ = C L  x C 

Contex t  S t a c k s  : c t~ C = C L  ~: 

Read in  F u n c t i o n ( L o a d :  Lam -~ S): 

Load(M0)  = <(M0, ~) ,  ~ > 

Readout  Func t i on (Un load :  ]C .~ ham) :  

U n l o a d < c I 0 , c l l ~ . . . , C t n >  = R e a l ( c l 0 ) . . . R e a l ( c l n )  

T r a n s i t i o n  Ru les  

Scan O p e r a t o r :  <(MN~ e), cl 1 . . . c ln> ~ <(M~ e)~ (N, e } c l l . . .  

Expand V a r i a b l e :  <(x~ e)~ c11...Cln> ~ <e(x)~ Cll . . .  Cln> 
/3 r educ t i on :  

cl > 
n 

<(XxM, e ) , c l l c l  2. . .  Cln> ~ <(M, e [ x  -~ C l l ] )  , c12 . . .  Cln> 

F i g u r e  2. CBN I n t e r p r e t e r  Wi thout  Constan ts  

F i g u r e  3 shows how CBN c a r r i e s  out the r educ t i on  sequence M0= ( ) txxx) (Xyy)Xzz> 

(,~yy)(Xyy)~zz > (Xyy)Xzz > Xzz.  The CBN computa t ion  is c o n s i d e r a b l y  l onge r  than 

the r e d u c t i o n  sequence due to the need for" e x p l i c i t  s teps  to descend into s y n t a c t i c  

s u b s t r u c t u r e s  and to lookup v a r i a b l e  b ind ings .  

I n t e r p r e t e r  S ta tes  A c t i o n s  Reduc t i ons  

Load(M0)  = 

= < ((~.XX×)(Xyy))tZZ, (~), 

--> <((),.XXX)~tyy, ~ 

< ( /xxx, ¢)  

=> < ( x x , [ x  -* (Xyy, # ) ] } ,  

= < ( x x ,  ca l l  t h i s  e 1 ) , 

<(x,e I ) 
< (; tyy, ¢ )  

< ( y , ¢ [ ' y  'e(x, el} ]) , 
<(x,e I ) 
<(Xyy,  ¢ )  

< (y, ~E y '* ( x ~ ,  ¢]  ) ,  
< (Xzz, ¢) 

(. > 

(Xzz, ¢ ) >  

(~.yy, ¢ ) (Xzz ,  ¢ ) >  

(Xzz, ¢)> 

(Xzz, ¢ ) >  

(x, e 1 )(Xzz, ¢)> 
(x, e I )(Xzz, ¢ ) >  

(Xzz, ¢ > 

(Xzz, ¢)  > 

(Xzz, ¢) > 
¢ > 

¢ > 

scan o p e r a t o r  

scan o p e r a t o r  

j8 reduce  

scan o p e r a t o r  

expand x 

reduce  

expand y 

expand x 

reduce  

expand y 

ha l t  

(Xxxx)(Xyy)Xzz 

> 

(Xyy)(Xyy)Xzz 

> 

(Xyy)Xzz 

>,zz 

< C o n t r o l  C l o s u r e  ~ Con tex t  S tack  > 

F i 9 u r e  3. Examp le  Computa t ion  by CBN 

The  f o l l o w i n g  a s s e r t s  the c o r r e c t n e s s  o f  CBN~ and is p roven  by i nduc t i on  on 

the d e f i n i t i o n  of  eval  and the number  of  s teps in a CBN computa t ion .  Note that  the 

va lue  of  a h - e x p r e s s i o n  w i thou t  cons tan ts  can on ly  be an a b s t r a c t i o n .  
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T h e o r e m  | ,  L e t  M be a p r o g r a m  w i t h o u t  cons tan t s .  

a) i f  eva l (M)  = N then  qG ( L o a d ( M ) ~  0" and N = Un load(G) )  

b) i f  L o a d ( M )  ~ 0" and Un load (~ )  is a v a l u e  then  e v a l ( M )  = Un load(G)  

A Use fu l  P r , o p e r t y  

In e v e r y  c l o s u r e  (M~e) wh i ch  was o b t a i n e d  i n  the e x a m p l e  computa t ion~ M was 

a s u b e x p r e s s i o n  of  the s t a r t i n g  e x p r e s s i o n .  T h i s  is in fact  a l w a y s  t r u e .  

Lemma 2. S u p p o s e  M ;s c l o s e d  and L o a d ( M  0 ) ~  < ( M ~ e ) ~ c l l . . ,  C ln>.  Then  

D o m a i n ( e )  __= BV(M 0) and 

M is e s u b e x p r e s s i o n  of  M 0 

a) 

b) 

P r o o f  De f i ne  ~p a p p e a r s  in c! H f o r  X - e x p r e s s i o n s  o r  e n v i r o n m e n t s  p and c l o s u r e s  

cl as f o l l o w s :  M and e a p p e a r  in (M~e}; i f  p a p p e a r s  fn e(x)  then p a p p e a r s  in (M~ e). 

An easy  i n d u c t i o n  on n now v e r i f i e s  that  i f  L o a d ( M 0 ) ~  <c l0~ c 1 1 . . .  C ln>  and P 

a p p e a r s  in any  c l o s u r e  cl then p s a t i s f i e s  a) o r  b) above .  [ ]  
i '  ,~ 

L e m m a  2 i m p l i e s  tha t  f o r  each  f i x e d  input  M 0 we may r e g a r d  C B N  as o p e r a t i n g  

on o c c u r r e n c e s  of  e x p r e s s i o n s ( i n M  0) r a t h e r  then On a r b i t r a r y  e x p r e s s i o n s .  T h i s u s e f u l  

p r o p e r t y  f o l l o w s  f r o m  the  fac t  that  we o n l y  do o u t s i d e - i n  r e d u c t i o n s .  It i m p l i e s  that  

a c o m p u t e r  i m p l e m e n t a t i o n  o f  C B N  can m a n i p u l a t e  p o i n t e r s  i n s t e a d  o f  a r b i t r a r y  X -  

e x p r e s s i o n s .  I nc iden ta l l y~  the S E C D  mach ine  a l so  has t h i s  p r o p e r t y .  A n o t h e r  way  

to v i e w  t h i s  is that  ~ c a l c u l u s  e v a l u a t i o n  cannot  c r e a t e  new Hprog ram tex t l r ;  i t can 

o n l y  r e i n t e r p r e t  the o r i g i n a l  p r o g r a m  tex t  in new e n v i r o n m e n t s .  A s i m i l a r  r e s u l t  

a l so  ho lds  i f  6 r e d u c t i o n  is i nc luded .  

The  CBN(M 0) I n t e r p r e t e r  

The  a p p r o x i m a t e  d e s c r i p t i o n  of  M 0 to be d e v e l o p e d  s h o r t l y  w i l i  t r a c e  o c c u r r e n -  

ces~ so tha t  f o r  e x a m p l e  not  a l l  x t s  in M 0 a r e  t r e a t e d  a l i k e .  Hence  we de f i ne  

Sub(M 0) = {M I M is an occur rence of a sube×pression in M0} 

De f i ne  CBN(M 0) to  be the  r e s u l t  o f  s p e c i a [ i z i n ~  CBN to a s p e c i f i c  input  M 0 as 

fol  l ows :  

1. C l o s u r e s  and e n v i r o n m e n t s  ape r e d e f i n e d  to be 

C L  = Sub (M0}  X E 

E = B V ( M  0 ) ' ~ c L  

2. Real~ Load~ U n l o a d  and the t r a n s i t i o n  r e t a t i o n ~  a r e  de f i ned  e x a c t l y  as 

t hey  w e r e  f o r  CBN;  H o w e v e r  t hey  ape i n t e r p r e t e d  o v e r  the new E and C . 
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C l e a r l y  CBN(M 0) has a computat ion Load(M 0) = 001 => 002 ~ " " " ~ °'n w i th  

L~load(00 n) = M i f  and on ly  i f  CBN has a co r respond ing  computat ion Load(M 0) = 

0.1t ~0"2t ~ . . .  ~0"nl  w i th  Unload(0"n l )=  M. 

2. A N A L Y S I S  OF C O N T R O L  F L O W  

It is we l t  known that most f o r w a r d  p rog ram f low ana lys i s  methods essen t i a l l y  

c a r r y  out an abs t rac  t i n t e r p r e t a t i o n  o f  the progr 'am ove r  a l a t t i ce  whose elements 

approx imate  sets o f  states.  Desc r i p t i ons  o f  th is  approach may be found in [S in?2, ]  

and [ C o u ? T b ] .  Given a c losed X - e x p r e s s i o n  M 0 w i thout  constants~ we w i l l  use 

abs t rac t  i n t e r p r e t a t i o n  to cons t ruc t  e f f e c t i v e l y  a ltsafe~ desc r i p t i on  of  the computa-  

t ion  by CBN(M0). Mope p r e c i s e l y  we show how to f ind  a d e s c r i p t i o n  of  a super'set of  

States(M0) = {(~ I L °ad(M0)  4 0" by CBN(M0) } 

Ove rv i ew  

1, A ' f i n i t e  set D of desc r i p t i ons  w i l l  be def[ned~ a long wi th  a funct ion Desc: 

D -~ £(Z;}. Each desc r i p t i on  d E D w i l l  r ep resen t  a set of  states Desc(d). 

2. Def ine d to be c losed i f  001E Oesc(d) and 0"1o00 2 impl ies  0" 2 E E)esc(d). D w i l  I be g iven 

a l a t t i ce  s t ru~ture~ and e / fo rm of abs t rac t  i n t e r p r e t a t i o n  w i l l  be used to p rove ;  

Lemma (S imu la t i on  L emma;,) T h e r e  is an e f fec t i ve  way to obta in  f rom M 0 a non-  

t r i v i a l  c losed desc r i p t i on  d(M 0) such that Load(M 0) ~ Desc(d(M0)). 

C o r o l l a r y  (Safen,e,ss, Theo rem)  States(M 0) ~ Desc(d(M0)). 

3. |t, w i l l  be shown that d(M 0) may be ana lyzed to g ive tTsafe pos i t i ve  answers  II to 

the f o l l o w i n g  quest ions 

• w i l l  eva lua t i on  t e r m i n a t e ?  

• w i l l  eva lua t i on  not t e rm ina te?  

- is M independent  o f  N~ f o r  g iven subexpress ions  M~ N of  M 07 

Represen ta t i on  of  CBN{M 0) Data S t r u c t u r e s  

The sets of  c losures~ s ta tes,e tc ,  ape in f i n i t e  so f o r  e f fec t i ve  app rox ima t i on  it 

is d e s i r a b l e  to rep resen t  them f i n i t e l y .  We f i r s t  deve lop a method to do th is .  

The sets of  E and C L  a re  in f i n i te  s ince def ined by mutual r ecu rs i on .  Not i ce  

that du r ing  a computat ion eve ry  b ind ing  e [ x  -~ c l ]  occu rs  as the resu l t  o f  popping 

cl o f f  the context  s tack du r ing  a /3 reduc t ion .  In fact CBN(M 0) could be e a s i l y  mod i -  

f ied  to w o r k  w i th  E = BY(M0)% C~ that is C L  could be rep laced  by C. 

Consequent ly  a f i n i te  r e p r e s e n t a t i o n  C I f o r  C p rov i des  f i n i t e  r ep resen ta t i ons  

fo r  a l l  the o the r  data s t ruc tu res  of  CBN(M0) ~ to wi t :  
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C l o s u r e s  : c l  I E C L  ~ : Sub (M 0)  x E I 

E n v i r o n m e n t s :  e j E E I : B V ( M  0) ~ Ct 

I n t e r p r e t e r  
S t a t e s  : (~ E ~ = C L  1 X C I 

T h e  e x a c t  n a t u r e  o f  C l t u r n s  out  to  be i n e s s e n t i a l  to  o u r  d e v e l o p m e n t  o f  m e t h o d s  

f o r  d a t a  r e p r e s e n t a t i o n  and a b s t r a c t  i n t e r p r e t a t i o n ~  so  we  d e f e r  i t s  c h o i c e  to  t a t e r .  

It is  o n l y  i m p o r t a n t  n o w  to  k n o w  tha t  each  t oken  c I E C t w i l l  r e p r e s e n t  one  o r  m o r e  

c o n t e x t  s t a c k s .  

It seems d i f f i c u l t  at f i r s t  s i g h t  to  see how to r e p r e s e n t  an a r b i t r a r y  c o n t e x t  

s t a c k  c = cl l . . . c l  n w i t h  unbounded  n by a f i x e d  f i n i t e  t oken  set  C I in such a w a y  tha t  

the s t r u c t u r e  o f  c can  be r e t r i e v e d ;  h o w e v e r  t h i s  must  be done to  s i m u l a t e  # r e d u c -  

t i on .  A s  o f ten  h a p p e n s  the  p r o b l e m  t u r n s  out to  be s i m p l e r  i f  e m b e d d e d  in a l a r g e r  

p r o b l e m  - t ha t  o f  d e v e l o p i n g  a f i n i t e  d e s c r i p t i o n  d o f  a p o s s i b l y  i n f i n i t e  set  o f  s t a t e s .  

T o  t h i s  end we  use  in a d d i t i o n  to  C t an a u x i l i a r y  r e t r i e v a l  f u n c t i o n  r :  C I -~ 

P ( C L  I x C t ) .  T h e  i n t e n t i o n  is  tha t  i f  t oken  c11 r e p r e s e n t s  c o n t e x t  s t a c k  c 1 = cl  l c l  2 . . .  

Cln~ then  r ( c  1M) w i l l  c o n t a i n  a p a i r  (c111 c l2 t  ) w h e r e  C l l i  r e p r e s e n t s  cl 1 and c2W r e -  

p r e s e n t s  cl 2 . . . c I  n. T h e  r e p r e s e n t a t i o n  r e l a t i o n s  c I r  c and cl  t ~  c l  a r e  d e f i n e d  

r e c u r s i v e l y  s i n c e  C~E and C L  a r e  a l s o  d e f i n e d  by mutua l  r e c u r s i o n .  

D e f i n i t i o n  L e t  r :  C I -~ P ( C L  ~ x C I)  be a r e t r i e v a l  f u n c t i o n  and le t  E j E C I be a 

d e s i g n a t e d  token .  T h e  r e p r e s e n t a t i o n  r e l a t i o n  r _c C i x C U E I x E U C L  I x C L  is  

d e f i n e d  as  f o l l o w s  

a) E I~'r ( ( i . e .  t oken  E l r e p r e s e n t s  the emp ty  s t a c k )  

b) c l ' ~ c f l c l 2 . . . C l n  i f c l l l ~ c l l a n d  c2t~-,r c l l . . . C l n f O r  s o m e p a i r  

(ci11,c2') E r(Cl') 
c) (M,e ' )£  (M,e) if e ' ~  e 

d) e l ~  e i f  f o r  a l l  x E  D o m a i n ( e )  t h e r e  e x i s t s  (c l~ ,c~)  E r (e~(x ) )  such  tha t  

c l ' ~  e (x ) .  

E x a m p l e  S u p p o s e  r ( c ' )  = { ( c i l ' , E ' ) , ( c l 2 ' , c ' ) }  w h e r e  c l  1' = (M1,~) ) ,  c l  2'  = 

( M 2 , ¢ ) .  L e t  c l  1 = ( t i l l )  and c l  2 = cl2J E C L .  Then  

I .  ( ~  ~ ) b y d ) ,  s o c 1 1 1 ~  c ~ l a n d  c l 2 1 ~  c l 2 b y c  ). 

2. ¢ 1 ~ ( b y a ) ,  S O C I ~ C t l l  b y b  ). 

3. A p p l y i n g  b) p e p e a t e d l y ~  c ~  cl2c11~ c ~  c l 2 c l 2 c 1 1 ,  e t c .  

4. ~ [ x - *  c l l ]  ~ ~ [ x - ~  c ' ]  by d) and 2. 
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R e m a r k  For each  c '  E C '  and r ,  the se t  {c  ] c ' r  c t is e s s e n t i a l l y  a r e g u l a r  se t  

o f  t r e e s  ( a s s u m i n g  C ~ is f i n i t e ) .  In f a c t  r u l e s  a ) - d )  may  be r e g a r d e d  as  p r o d u c t i o n s  

in a r e g u l a r  t r e e  g r a m m a r  ([EngTS], [ T h a 7 3 ] )  w i t h  n o n t e r m i n a l  se t  C ' .  

D e f i n i t i o n  t .  A d e s c r i p t i o n  is a p a i r  d = ( S , r )  w h e r e  r is  a r e t r i e v a l  f u n c t i o n  and 

S ~ ~ = C L  t X C ~. T h e  s e t  o f  s t a t e s  d e s c r i b e d  by  d is 

De,sc(d)  = { < c l , c >  t c i ' r  c l  and c ~P c f o r  some  < c l ' , c ~ >  E S }  

2. L e t  R = C ~ -~ P ( C L  t X C ~) be the se t  o f  a l l  r e t r i e v a l  f u n c t i o n s  and D = £ ( ~ )  x R 

the s e t  o f  a l l  d e s c r i p t i o n s .  D m a y  be made  i n t o  a l a t t i c e  ( f i n i t e  i f  C ~ is f i n i t e )  by  

g i v i n g  i t  the  o r d e r i n g E  (where___ is  s u b s e t  i n c l u s i o n ) :  

(S i~ r i ) --[:: ($2, r 2) iff S I -~ $2 and V c I E C t (r l(C ~) g r2(cl)). 

3. A description d is closed if 0"1 =>0"2 implies 0" 2E Oesc(d) whenever 0-i E Desc(d). 

R e m a r k  G i v e n  a d e s c r i p t i o n  d = ( S ~ r )  i t  is  no t  d i f f i c u l t  to c o n s t r u c t  a c o n t e x t - f r e e  

g r a m m a r  w h i c h  g e n e r a t e s  D e s c ( d )  ( e n v i r o n m e n t s  a r e  r e p r e s e n t e d  in a l i n e a r  f o r m ) .  

T h e  t e c h n i q u e  is c l o s e l y  r e l a t e d  to  tha t  o f  the p r e v i o u s  r e m a r k ;  an  e x a m p l e  is f ound  

in [Jon8 I] . 

A b s t r a c t  I n t e r p r e t a t i o n  o f  C B N ( M 0 !  cA/er D 

O u r  t ask  is  to f i nd  a c l o s e d  d e s c r i p t i o n  d = (S~ r )  such  tha t  L o a d ( M 0 )  E D e s c ( d ) .  

S u p p o s e  0 1 = < c l l ~ C l > = >  < c I 2 ~ c 2 >  =0" 2 w h e r e  0 ~1 is r e p r e s e n t e d  in  d by  < C l l ~ C l t >  

E S w i t h  C l l l r  cI 1 and c l i p  c 1. 

I f 0  1 =>0"2 by  a v a r i a b l e  e x p a n s i o n  then  c i  = c2~ and i f  0"1 ~ 0 " 2  by  ~ r e d u c t i o n  

t hen  c 1 is p o p p e d  to g i v e  c 2. In e i t h e r  c a s e  the  c l o s u r e  p r o p e r t y  can  be m a i n t a i n e d  

by a d d i n g  a p p r o p r i a t e  p a i r s  < c l 2 ~ c 2 , ~ >  to  S~ w h e r e  cI21 and c2T a r e  e a s i l y  d e t e r -  

m ined  f r o m  c l l l  ~c1~ and r .  

I f  c l  1 : (MN,  e) t hen  0. 2 = < ( M ~ e ) ~ ( N ~ e ) c l >  ~ so  a new t o k e n  c2~ may  be r e q u i r e d  

to  r e p r e s e n t  c 2 : ( N ~ e ) c l ;  f u r t h e r  the  r e t r i e v a l  f u n c t i o n  r mus t  be e x t e n d e d  to  r e -  

t r i e v e  r e p r e s e n t a t i o n s  o f  ( N ~ e )  and c I f r o m  c2~. A s  b e f o r e  w e  d e f e r  d i s c u s s i o n  o f  

the  t o k e n  se t  C t and o f  h o w  c 2 '  is  chosen~ and s i m p l y  w r i t e  c2t  = token(0- |~ ) .  

This informal description of the abstract interpretation is made precise in 

Figure 4. The lattice structure of D ensures that d(M0) is uniquely defined (the 

figure may be taken to define a function f: D -~ D whose least fixpoint is d(M0); 6 is 

clearly monotone and so continuous since D is finite~ so its least fix.point is well- 

d e f i n e d ) .  
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D a t a  s t r u c t u r , e s  

C l o s u r e s  

E n v i r , o n m e n t s  e t E E ~ 

C o n t e x t  S t a c k s  c ~ E C { 

S t a t e s  0" E ~t 

D e s c r i p t i o n s  d E D 

R e t r i e v a l  f u n c t i o n  r, E R 

The  D e s c r , i p t i o n  d(M 0) = (S ,  r )  

O° 

1. 

2. 

3. 

c l  ~ E C L  ~ = Sub(M O) X E ~ 

= B V ( M o ) " ~  C '  

= s p e c i f i e d  l a t e r  

= CL I X C t 

= P ( ~ ' )  x R 

= C ' % P ( C L  I X C ' )  

d(M0) is the s m a l l e s t  e l e m e n t  o l d  s a t i s f y i n g :  

< ( M o , I ~ ) , E  f> E S ( d e s c r i p t i o n  of  L o a d ( M  O) in d(M0))  

HScan ope r , a to r  H s i m u l a t i o n :  

I f  cry = < (MN~ e~)~ c l >  E S 

then < (M, el)~ token(o'S)> E S and ( (N,  eJ),  c 1) e r ( token(o 'T) )  

~Va r - i ab le  e x p a n s i o n  tl s i m u l a t i o n :  

I f  < ( x ,  e t ) , c ~ >  e S and (c l t~C l~ )  (~ r ( e l ( x ) )  

then <c11~c I>  E S 

u/3 r -educ t i on  n s i m u l a t i o n :  

If < ( X x M ~ e l ) ~ c l >  E S and ( c i l , c l l )  E r,(c I) 

then < ( M , e ' [ × - ~  c l ] ) , C l ' >  E S 

F i g u r , e  4. A b s t r a c t  I n t e r p r e t a t i o n  of  C B N ( M  0) 

L e m m a  3 ( S i m u l a t i o n  L e m m a ) .  

C o r o l l a r y  4 ( S a f e n e s s  T h e o r e m ) .  

d(M O) is c l o s e d  and L o a d ( M  0) E D e s c ( d ( M o ) ) .  

Sta, tes(M O) c D e s c ( d ( M o ) ) .  

P r o o f  of  L e m m a  3 is s t P a i g h t f o r w a r d  f r o m  the d e f i n i t i o n  of  P . C o r o l l a r y  4 is 

i m m e d i a t e ,  

R e p r e s e n t a t i o n  of  C o n t e x t  S t a c k s  

G i v e n  the d e s c r i p t i o n  d(M0) = (S~r , ) ,  each token  c v E C I r e p r e s e n t s  a se t  of  

c o n t e x t  s t a c k s ,  name l y  {c  1 c u ~  c t "  i n t u i t i v e l y  i t  seems c l e a r  tha t  the l a r g e r  C I 

is~the m o r e  p r e c i s e  the a b s t r a c t  i n t e r p r e t a t i o n  c a n  be,  s i n c e  each token  can  r ,e -  

p r e s e n t  a sma l le r `  se t  of  c o n t e x t  s t a c k s .  A s  one e x t r e m e  w e  may  ge t  a p r e c i s e  s imu-  

l a t i o n  of  C B N ( M o )  a t  the e x p e n s e  of  an i n f i n i t e  se t  o f  t okens :  
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Theorem 5 Suppose C'  -- (CL I ) "~  (~ = (  and token(o  -t) = (N ,e ' ) c '  f o r  a l l  0" = 

< ( M a , e t ) , c t >  E ~ .  Then States(M0) =Desc(d(M0)  ). 

A more p rac t i ca l  cho ice  is the fo l l ow ing :  

1. C '  = { { ' t  U {MR t MR iS an occu r rence  of a combinat ion  inM0}  

2. token<(MNj  eT)~cl> = MN 

With this approach  f l ow  in fo rmat ion  pe r t i nen t  to a l l  of  the t imes the in ter `pre ter  

en ters  a state < (MN~e)~c> is combined under  the s ing le  t o k e n M N .  Th is  is analogous 

to convent iona l  f low analys is~ in which f l ow in fo rmat ion  per ' t inent  to a l l  t imes con-  

tr"ol passes through a g iven pr"ogram po in t  is assoc ia ted  w i th  that po in t .  

The f o l l ow ing  tab le  i l lust r 'a tes the abs t rac t  i n t e r p r e t a t i o n  of t h e C B N ( M  0) com- 

puta t ion  exemp l i f i ed  be fo re  where  M 0 = A B  and A = (Xxxx)(Xyy)~ B = X z z .  

Ac tua l  S ta te  Sequence S imu la ted  Sta tes  Retr" ieval  Func t ion  
i , 

< (AB, ~ ) ,  E > 

< (A, ~ ) ,  (B, ~b) > 

< (Xxxx, ~ ) ,  (Xyy ,~ )  ( B , ¢ ) >  

< ( x x , ~ E x *  (Xyy ,~)~) ,  ( B , ~ ) >  

e 1 
< ( x ,  e l )  , (x, e 1)(B, ~ ) >  

< (~.yy, ~) ,  (X, e I ) (B,  ~)) > 

< (y,(~Z~[y -~ (x, e l )~ )  , (B,(~)> 

< ( x ,  e l )  , ( B , ~ ) >  

< (Xyy, (~), ( B , ~ ) >  

< ( y , ~ [ y  "~ ( B , ~ ) ~ ) ,  ¢ > 

< (B,¢~),  E > 

C on t r  o I C on text 
C l o s u r e  S tack  ..... 

< (AB,  ¢ ) ,  E' > 

< ( A , ¢ ) ,  A B >  

< (X xxx ,  ¢ ) ,  A >  

< ( x x , ¢ [ x  "* A ] ) ,  A B >  
s 

el~ 

<(x~ e11) ~ xx>  

< (~.yy, ~ ) ,  x x>  

< ( y , ¢ [ y  -~ x x ] ) ,  A B >  

< (x ,  e l ' )  ~ A B >  

<(XYy,~)),  A B >  

< ( y , l ~ [ y  "~ AB~ ), E '> 

< ( B , ¢ ) ,  ~ >  

C o n t r o l  Token C l o s u r e  

((B,~),("l) E r (AB)  

((~.yyy, (~), AB) E P(A) 

((x, e l ' ) , A B )  E r"(xx) 

F i g u r e  5. A b s t r a c t  I n t e r p r e t a t i o n  Example  

App1 ica t ions  

Le t  a ttsafe pos i t i ve  r e p l y  II P to a quest ions whose answer- is Q be one such 

that P l og i ca l l y  impl ies Q. G iven N E Sub(M 0) and (M~e) E C L  de f ine  (M~e) to depend 

on N i f  e i t he r  M = N or" for" some x E  FV(M)~ e(x) depends on N. We say that M 

depends on N f o r  M~N E Sub(M 0) i f  S conta ins  a state cE(M ~ e)3 w i th  (M~ e) dependent 

on N. 

Theorem 6. T h e r e  is a dec idab le  method to obta in  n o n t r i v i a l  safe pos i t i ve  r e p l i e s  

to the f o l l ow ing  quest ions about a c losed c o n s t a n t - f r e e - ~ . - e x p r e s s i o n  M0: 
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1. Is eva lua t i on  of M E Sub(M 0) neve r  a t t emp ted?  (Meaning:  does S ta tes (M0)  

con ta in  no s ta te  < (M,  e)~c> ?) 

9.. Wi l l  the compu ta t i on  t e r m i n a t e ?  

3. W i l l  the compu ta t i on  fa i l  to t e r m i n a t e ?  

4. Is S ta tes (M0)  f i n i t e ?  

5. Is M independent  of N (g.iven M~ N E Sub(M0))?  

P r o o f  is by showing  how to ana lyze  the s t r u c t u r e  of d(M0) = (S~r ) .  Ques t i on  1 

is s i m p l e ;  i f  S con ta ins  no p a i r  < (M~e l )~c1> ,  then Sta tes(M0)  con ta ins  no s ta te  

< ( M , e ) ~ c >  by C o r o l l a r y  4 and the d e f i n i t i o n  of Desc(d(M0) ). 

De f ine  the f l o w c h a r t  of M to be a d i r e c t e d  g raph  w i t h  nodes in Z; I and edges 

(711~ (721 j u s t  in case0- 1' E S; imp l i es  (721E S a c c o r d i n g  to the r u l e s  of F i g u r e  4. 

C l e a r l y  i f  we let  the CBN(M0)  compu ta t i on  be Load(M0)  =0"0~0"  1~  . . .  ~0"n~ t he re  

ex i s t s  a c o r r e s p o n d i n g  path0"01 -~0"11 -~ . . .  -~0"n' in the f l o w  chart~ such that i f0- i  = 

< c I , c >  then 0-i ~ = <011~c1> f o r  some c l l ~c  I w i t h  c11~ P cl and c l ~  c. 

If the compu ta t i on  is i n f i n i t e  t he re  must ex i s t  0"1 such that0"0 ~ (71~ 0"m s ince  

~1 is f i n i t e .  Th i s  c o n d i t i o n  is c e r t a i n l y  d e c i d a b l e ,  and i ts f a l s i t y  imp l i es  the compu-  

ta t i on  is f i n i t e .  Ques t i on  3 may be a n s w e r e d  Hyes" i f  t he re  is no path (70 I ~  0"1 w h e r e  

0"1~ o'11 f o r  a l l  0"i I. No te  that  safe a n s w e r s  to ques t ions  2 and 3 can both be " n o " .  

Ques t i ons  4 a n d  5 may be a n s w e r e d  by a n a l y s i s  of d(M0) - see [ Jon81 ]  for '  

d e t a i l s .  [ ]  

R e m a r k s  on the Method 

The  token se t  C '  may be " tuned '~ to g i ve  v a r y i n g  d e g r e e s  of f a i t h f u l ness  in the 

a p p r o x i m a t i o n ,  even i nc lud ing  exac t  execu t i on  by T h e o r e m  5. T h i s  d e s i r a b l e  p r o -  

p e r t y  of  a f l o w  a n a l y s i s  method is u n f o r t u n a t e l y  not  sha red  by most  o the r  i n t e r -  

p r o c e d u r a l  methods (but [Cou?'Ta~ is an excep t i on ) .  

The  method w i t h  the f i n i t e  C t ment ioned above  cou ld  be i ne f f i c i en t  on some ~ -  

e x p r e s s i o n s  w i t h  c o m p l e x  r e d u c t i o n  sequences due to the s i z e  of  the se t  E I of  

s imu la ted  env i r onmen ts .  A more  p r a c t i c a l  app roach  cou ld  i nvo l ve  m e r g i n g  toge the r  

a l l  the env i r onmen ts  assoc i a ted  w i t h  a s i n g l e  " c o n t r o l  p o i n t "  in Sub(M0) .  Th i s  cou ld  

be a c c o m p l i s h e d  by r e p l a c i n g  the subset  S c_ Z;I = S u b ( M 0  ) x E I X C ~ by the func t i on  

S:  Sub(M0) 4 P E x  £(C I) w h e r e  PE = BV(M 0) 4 £ ( O I ) ,  and de f i n i ng  a b s t r a c t  i n t e r -  

p r e t a t i o n  r u l e s  a c c o r d i n g l y .  Th i s  wou ld  r educe  the w o r s t - c a s e  s t o r a g e  r e q u i r e m e n t  

f o r  S f r o m  an exponen t ia l  f unc t ion  (of the s i z e  of M0) to a po lynomia l~  at  the e x -  

pense of some p r e c i s i o n  in s i m u l a t i o n .  Th is  v e r s i o n  wou ld  not,  h o w e v e r ,  a l l o w  

T h e o r e m  5 to be p r o v e d .  
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3. A N A L Y S I S  O F  D A T A  F L O W  

T h e  m e t h o d  o f  S e c t i o n  2 c a n  be e x t e n d e d  to  i n c l u d e  X - e x p r e s s i o n s  w i t h  c o n -  

s t a n t s .  

D u e  to s p a c e  l i m i t a t i o n s  w e  o n l y  g i v e  an  o v e r v i e w  h e r e ;  [ J o n 8 1 ]  c o n t a i n s  a 

m o r e  c o m p l e t e  t r e a t m e n t  f o r  c a l l - b y - v a l u e  e v a l u a t i o n .  

1 T h e  C B N  i n t e r p r e t e r  is  e x t e n d e d  to  p e r f o r m  6 r e d u c t i o n s  as f o l l o w s  

a) S u p p o s e  the c o n t r o l  c l o s u r e  (MN~e)  is r e a c h e d  and tha t  (M~e)  e v a l u a t e s  

to a c o n s t a n t  ( a ~ e l ) .  T h e n  (N~e)  mus t  a l s o  be eva lua ted : ,  m e a n w h i l e  a w i l i  

be put  on the c o n t e x t  s t a c k  f o r  s a f e k e e p i n g  (so  C = ( C L  + C o n ) ~ ) .  Thus  

w e  add to F i g u r e  1 the t r a n s i t i o n  r u l e :  

< ( a ~ e | ) ~ ( N ~ e ) z l . . . z n >  ~ < ( N ~ e ) , a z l . . .  Zn> 

b) P e r f o r m  6 r e d u c t i o n  i f  (N~e)  e v a l u a t e s  to a c o n s t a n t  (b~e2 ) .  A d d  the 

t r a n s i t i o n  r u l e  

< ( b ,  e 2 ) , a z l . . . Z n >  m < ( C a p ( a , b ) , ~ ) , z l . . . z ~  ( i f  C a p ( a , b )  is  d e f i n e d )  

c) I f  (N~e)  e v a l u a t e s  to  a n o n - c o n s t a n t  v a l u e  o r  C a p ( a , b )  is  unde f ined~  

t r a n s i t  to  s t a t e  < ( E R R O R ~ ¢ ) ~ { ' >  ( E R R O R  is a s s u m e d  to  be a s p e c i a l  

e l e m e n t  o f  C o n ) .  

II A n  a n a l o g  o f  L e m m a  2 h o l d s :  i f  L o a d ( M  0 ) ~  < ( M ~ e ) ~ c >  then  M is e i t h e r  a c o n -  

s t a n t  o r  a s u b e x p r e s s i o n  o f  M 0 ( o r  bo th ) .  

I I I  A c o n s t a n t  a p p r o x i m a t i o n  me thod  is n e e d e d  s i n c e  C o n  w i l t  u s u a l l y  be i n f i n i t e .  

T h i s  c a n  be d o n e  a l o n g  the l i nes  o f  [ 0 o u 7 9 ] :  

a) C o n  t w i l l  be a l a t t i c e  o f  f i n i t e  h e i g h t  w h o s e  e l e m e n t s  r e p r e s e n t  se t s  o f  

c o n s t a n t s  v i a  an  a b s t r a c t i o n  f u n c t i o n  abs :  £ ( C o n )  e C o n  ~ and a c o n c r e t i -  

z a t i o n  f u n c t i o n  c o n c :  C o n  I -~ £ ( C o n ) .  D e s i r a b l e  p r o p e r t i e s  o f  abs  and conc  

a r e  f ound  in  [ C o u 7 9 ] .  

b) T h e  c o n s t a n t  a p p l i c a t i o n  f u n c t i o n  C a p  is a p p r o x i m a t e d  by  a f u n c t i o n  

Cap1:  C o n  I X C o n  ~ -e C o n  e s a t i s f y i n g  f o r  a l l  a l ~ b  r E C o n  e (L::L: is the  l a t t i c e  

o r d e r  on  ConT):  

C a p l ( a ~ , b  ~) _~ a b s { C a p ( a , b )  I a e c o n c ( a ' ) a n d  b e  c o n c ( b l ) }  

IV A d e s c r i p t i o n  l a t t i c e  D a p p r o x i m a t i n g  se ts  o f  s t a t e s  may  be d e f i n e d  u s i n g  C o n  I. 

V A se t  o f  r u l e s  s i m i l a r  to t h o s e  o f  F i g u r e  4 can  be d e f i n e d ;  t h e i r  e f f e c t  is  to 

a b s t r a c t l y  s i m u l a t e  the t r a n s i t i o n  rules o v e r  D .  

F i n a l l y ~  i t  a p p e a r s  s t r a i g h t f o r w a r d  to  e x t e n d  the  m e t h o d s  o f  T h e o r e m  6 to  o b -  

t a i n  e f f e c t i v e l y  sa fe  p o s i t i v e  a n s w e r s  to  the f i v e  q u e s t i o n s  s t a t e d  t h e r e ,  p l u s :  



127 

6~ 

7. 

ls the compu ta t i on  f r e e  of e r r o r  ha l ts  ? 

Is a g iven v a r i a b l e  o c c u r r e n c e  bound on ly  to a s i ng l e  cons tan t  va lue?  

( I f  sc}, i ts  va lue  can be o b t a i n e d . )  

4. C O N C L U S I O N S  AND A C K N O W L E D G E M E N T S  

It has been shown that sa fe  a n s w e r s  may be e f f e c t i v e l y  ob ta ined to a v a r i e t y  of 

ques t ions  about  c a l l - b y - n a m e  r e d u c t i o n  sequences inc lud ing  f i n i t e n e s s ,  te rmina t ion~ 

f reedom of e r r o r s ,  and independence of s u b e x p r e s s i o n s .  The methods used ape 

c~ear ly  a p p l i c a b l e  to c a l l - b y - v a l u e ;  fur ther-  s ince  a b s t r a c t  i n t e r p r e t a t i o n  does not 

depend on d e t e r m i n i s m  i t  seems f i ke l y  that  s i m i l a r  methods cou ld  be used to g i ve  i n -  

f o r m a t i o n  about  a r b i t r a r y  r e d u c t i o n  sequences .  One a p p l i c a t i o n  wou ld  be to d e t e r m i n e  

f rom the f l o w  a n a l y t i c  i n f o r m a t i o n  a comb ina t i on  of c a l l - b y - v a l u e  and c a l l - b y - n e e d  

wh ich  have the same t e r m i n a t i o n  p r o p e r t i e s  as c a l l - b y - n a m e  but a l l o w  a more  e f f i -  

c ien t  imp lemen ta t i on ,  ex tend ing  r e s u l t s  of  M y c r o f t  [ M y c 8 0 ] .  

The a n a l y s i s  method app ! ied  the c l a s s i c a l  f l o w - a n a l y t i c  idea of a b s t r a c t  i n t e r -  

p r e t e t i o n  to a c a l l - b y - n a m e  i n t e r p r e t e r  CBN.  Th i s  a p p l i c a t i o n  r e q u i r e d  a new 

d e s c r i p t i o n  techn ique i nvo l v i ng  both loca l  and g loba l  data r e p r e s e n t a t i o n s  due to the 

r e c u r s i v e n e s s  of CB~s data s t r u c t u r e s .  The techn ique  is a p p l i c a b l e  to many p r o g r a m s  

wh ich  man ipu la te  t r e e - l i k e  da ta  s t r u c t u r e s ;  i t  is a n t i c i p a t e d  that  i t  can be used to 

deve lop  p r a c t i c a l  i n t e r p r o c e d u r a l  f t ow  a n a l y s i s  methods f o r  more  conven t i ona l  i m -  

p e r a t i v e  p r o g r a m m i n g  languages.  A n o t h e r  a p p l i c a t i o n  wou ld  be the deve lopmen t  of 

c o m p i l i n g  methods fo r  a p p l i c a t i v e  languages capab le  of p r o d u c i n g  h igh l y  e f f i c i e n t  

ob jec t  code.  

D i s c u s s i o n s  w i t h  F l e m m i n g  Nie lson~ Dav id  Schmidt~ P e t e r  Mosses,  Mogens 

N i e l s e n  and S teven  Muchn ick  on v a r i o u s  aspec ts  of th is  w o r k  have been v e r y  he lp fu l .  
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