
S t a t e  T r a n s i t i o n  Mach ines  f o r  L a m b d a - C a l c u l u s  E x p r e s s i o n s  

D a v i d  A .  S c h m i d t  * 
C o m p u t e r  S c i e n c e  D e p a r t m e n t  

A a r h u s  U n i v e r s i t y  

A b s t r a c t  

The p r o c e s s  of  c o m p i l e r  g e n e r a t i o n  f r o m  f o r m a l  d e f i n i t i o n s  of the l a m b d a -  

c a l c u l u s  is s tud ied .  The  c o m p i l i n g  schemes d e v e l o p e d  u t i l i z e  as an ob j ec t  

l anguage  the se t  of  s t a te  t r a n s i t i o n  mach ines  (STMs) :  a u t o m a t a - l i k e  

t r a n s i t i o n  se ts  us ing  f i r s t  o r d e r  a r g u m e n t s .  A n  i n t e r m e d i a t e  d e f i n i t i o n  

form~ the S T M - i n t e r p r e t e r ~  is d e f i n e d  and t r e a t e d  as c e n t r a l  to the f o r m u -  

l a t i on  of s ta te  t r a n s i t i o n  code.  T h r e e  c o m p i l i n g  schemes a r e  p r o d u c e d :  

one d e r i v e d  d i r e c t l y  f r o m  a n S T M - i n t e r p r e t e r ;  one f o r m u l a t e d  f r o m  a 

v e r s i o n  of L a n d i n i s  S E C D - m e c h i n e : ,  and one d e f i n e d  t h r o u g h  mean ing  p r e -  

s e r v i n g  t r a n s f o r m a t i o n s  upon a d e n o t a t i o n a l  d e f i n i t i o n  of  the l a m b d a - c a l c u l u s  

i t se l f .  The  r e s u l t s  a r e  c o m p a r e d  and some t e n t a t i v e  c o n c l u s i o n s  a r e  made 

r e g a r d i n  9 the u t i l i t y  of  c o m p i l e r  g e n e r a t i o n  w i t h  the use of the S T M  f o r m s .  

* P e r m a n e n t  A d d r e s s ;  C o m p u t e r  S c i e n c e  Depa r tmen t~  K a n s a s  S t a t e  
U n i v e r s i t y ~  Manhat tan~ K a n s a s  66506~ U S A .  
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In t roduc t i on  

The w o r k  in th is paper  stems f rom the c o n j e c t u r e  that once one has 

def ined a p r o 9 r a m m i n  9 lan9uage v ia  fo rma l  means~ a c lass  of na tu ra l  

c o m p i l e r s  f o r  the langua9e is i m p l i c i t l y  d e s c r i b e d  as we l l ,  S e l e c t i o n  

of a ta rge t  (ob jec t )  langua9 e p roduces  a c o m p i l e r  f rom this c lass .  

The d i v e r s e  leve ls  of fo rma l  de f i n i t i ons  and ob jec t  langua9es make it 

d i f f i c u l t  to f o r m a l i z e  the ac t i ons  taken to deve lop  these c o m p i l e r s .  

Consequentty~ we e x p l o r e  c o m p i l e r  deve lopment  f rom those fo rma l  d e -  

f i n i t i o n s  t r a n s f o r m a b l e  to a p r i m i t i v e  o p e r a t i o n a l  form~ the S T M - i n t e r -  

p r e t e r .  The S T M - i n t e r p r e t e r  u t i l i z e s  t r a n s i t i o n  ru l es  into an ob jec t  

language of s ta te  t r a n s i t i o n  machines (STMs) .  The l ambda -ca l cu lus  

is used as the example  sou rce  language fo r  the de f i n i t i ons  as it is a 

we l l  known u n i v e r s a l  lan9uage, T h r e e  comp i l i ng  schemes a r e  deve loped :  

one d e r i v e d  d i r e c t l y  f rom an S T M - i n t e r p r e t e r ~  one fo rmu la ted  f rom a 

v e r s i o n  of L a n d i n t s  S E C D - m a c h i n e  [ 7 ] ;  and one def ined through meaning 

p r e s e r v i n g  t r a n s f o r m a t i o n s  upon a deno ta t iona l  d e f i n i t i o n  of the lambda-  

ca lcu tus  i t se l f  [137.  The d i f f e r e n t  s t a r t i n g  po in ts  p r o v i d e  ins igh t  into 

the techniques of c o m p i l e r  gene ra t i on  v ia  the use of the i n te rmed ia te  

fo rm.  F i n a l l y  conc lus ions  a re  d r a w n  as to the u t i l i t y  of a c o m p i l e r  

9ene ra t i on  methodo logy  based upon use of the S T M  fo rms.  

The Ob jec t  Langua9 e and the S T M - i n t e r p r e t e r  

The a u t o m a t a - l i k e  language of s tate t r a n s i t i o n  machines (STMs)  is used 

as the ob jec t  language fo r  the comp i l i ng  schemes, i n t u i t i v e l y  an STM is a 

f i n i t e  s ta te  automaton~ each s ta te  possess ing  a f i n i t e  number of f i r s t  o r d e r  

(non - func t i ona l )  a rguments .  The ac t i ons  upon the a rguments  ape l im i ted  

to a set  of Hmachine p r i m i t i v e  I' o p e r a t i o n s  (e .g .  ~ addi t ion~ conca tena t ion)  

and a r e  p e r f o r m e d  when a t r a n s i t i o n  f rom one machine s tate to ano the r  

occu rs ,  The S T M  is spec i f i ed  by a set of t r a n s i t i o n  ru lesp each ru l e  s ta t ing  

the poss ib l e  state~ argument  p a i r s  t r a v e r s i b l e  f rom a c u r r e n t  con t ro l  s ta te .  

T y p i c a l l y  d e c i s i o n  p r e d i c a t e s  a r e  a l l owed  so that a s ta te  may have more 

than one p o s s i b l e  s u c c e s s o r .  The S T M  fo rmat  p r o v i d e s  a s t r u c t u r e  wh ich  

is low level  but not yet  t ied to any machine a r c h i t e c t u r e  (a l though sequen-  
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t i a l  m a c h i n e s  a r e  n a t u r a l  t a r 9 e t s } ,  A t r a n s f o r m a t i o n  a n a l o g o u s  to  

a s s e m b l y  c o u l d  be a p p l i e d  to o b t a i n  c o n c r e t e  o b j e c t  c o d e .  

F o r m a i l y ~  an S T M  is a <~ ,P~> p a i r ~  w h e r e  

= { s l y . . .  ~Sm} ~ a f i n i t e  se t  o f  s t a t e  n a m e s  i n c l u d i n g  the  

e n t r y  s t a t e  s l ;  

{ S l X =  s e x l , . . . , s j x  = s e x j }  , 1--< j -<  m, a f i n i t e  se t  o f  

e q u a t i o n s  w h e r e  x is a v a r i a b l e  name  and s e x  i o f  the f o r m  

i) s j e × ,  1 -< j -< m~ a n  e x p l i c i t  s t a t e  t r a n s i t i o n ;  

i i )  e×  I ex22 a c o m p u t e d  s t a t e  t r a n s i t i o n ;  

i i i )  e x -~  s e x l ~ s e x 2 ~  a c o n d i t i o n a l  s t a t e  t r a n s i t i o n ;  

w h e r e  e x  is an  e x p r e s s i o n  c o m p o s e d  o f  f i r s t  o r d e r  c o n s t a n t s  

(fOl~ I lY~ In i l l~  . . . ) ~  p r i m i t i v e  o p e r a t o r s  d e f i n e d  upon  f i r s t  

o r d e r  o b j e c t s  ( T + T  r * ~  < > ~  $ i ~ . . . ) ~  s t a t e  names~ and x .  

T h e  r i g h t  hand  s i d e s  o f  t he  t r a n s i t i o n  e q u a t i o n s  a r e  to  be w e l l  f o r m e d  in  

the  s e n s e  tha t  a l l  v a r i a b l e  names  used  in a r i t h m e t i c  e x p r e s s i o n s  a r e  bound  

to names  on the c o r r e s p o n d i n g  l e f t  hand  s i d e s .  T y p i c a l l y  the f o r m a l  d e f i -  

n i t i o n  o f  an  S T M  c a n  be d e d u c e d  f r o m  an i n f o r m a l  p r e s e n t a t i o n ;  w e  use  

the i n f o r m a l  v e r s i o n  in m o s t  c a s e s .  A l s o ~  w h e n  a l e f t  hand  s i d e  v a r i a b l e  

x r e p r e s e n t s  a t u p l e  o b j e c t  < y l ~  . . .  ~ yn > w e  s o m e t i m e s  use  the  t up ted  

f o r m  in p l a c e  o f  x .  
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~kn e x a m p l e  of an S T M  to compute  the f a c t o r i a l  f u n c t i o n  (us ing  the 

) r i m i t i v e  o p e r a t o r s  equa l i t y~  s u b t r a c t i o n ,  and m u l t i p l i c a t i o n }  is 

g : 

tS0~ s l~  s2}  

s 0 x  =~ 

s l  '~x, y >  => 

s.... ! <X~ 1 > 

x = 0  -+ s.22 y ,  

sl<x-1, x , y > .  

A c o m p u t a t i o n  h i s t o r y  f o r  the above  w i t h  i n i t i a l  conf i~ lu, rat ion,  sO 2 

is the sequence of configurations 

s0 2 => s ~ 1 < 2 , 1 >  => s_!"~ 1 ,2>  ~ s ] 1 < 0 , 2 >  => s2,2.  

Now the d e s i g n a t i o n  of £ T M - i n t e r p r e t e r  can be made.  We d e s c r i b e  a 

f o r m a l  d e f i n i t i o n  of  a l anguage  to be an S T M - i n t e r p r e t e r  i f  

i) i t  is an o p e r a t i o n a l  i n t e r p r e t e r  w i t h  f i n i t e  a r g u m e n t s  and 

discrete t r a n s i t i o n  r u l e s ;  

i i )  the i n t e r p r e t e r l s  t r a n s i t i o n  r u l e s  ape m o t i v a t e d  by the s y n t a x  

of  the s o u r c e  language ;  

i i i )  f o r  a l l  i npu ts  the c o m p u t a t i o n a l  h i s t o r y  of  the d e f i n i t i o n  r e -  

semb les  e x a c t l y  the h i s t o r y  p r o d u c e d  by a h y p o t h e t i c a l  s ta te  

t r a n s i t i o n  mach ine .  

The i n t e n t i o n  is that  i f  the d e f i n i t i o n a l  i n t e r p r e t e r ' s  t r a n s i t i o n  r u l e s  

de f i ne  S T M  c o m p u t a t i o n  sequences ,  we can use these  same r u l e s  to 

a s s e m b l e  a set  of  sequences  wh i ch  may be t r a v e r s e d  d u r i n g  c o m p u t a t i o n  f o r  

some s p e c i f i c  input  p r o g r a m ,  The i m p l i c i t  a s s u m p t i o n  is that  i n t e r p r e t e r s  

a r e  d i s t i n g u i s h e d  f r o m  c o m p i l e r s  in that  an i n t e r p r e t e r  computes  one 

p a r t i c u l a r  c o m p u t a t i o n  sequence  f o r  some input  p r o g r a m  w h e r e a s  a c o m -  

p i l e r  ou tpu ts  a set  of  p o t e n t i a l  c o m p u t a t i o n  sequences  ( r e p r e s e n t e d  in 
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f i n i t e  f o r m )  of  w h i c h  one is s e l e c t e d  and t r a v e r s e d  at  ~'run t ime t~. The 

o b j e c t i v e  is to use the i n t e r p r e t e r l s  t r a n s i t i o n  r u l e s  to pr"oduce a 

c o m p i l i n g  scheme w h i c h  ou tpu ts  these  p o t e n t i a l  sequences .  

The  S o u r c e  La,n,9,uage 

The  l a m b d a - c a l c u l u s  I23 is used as the s o u r c e  l anguage  for" the c o m -  

p i l e r s .  F o l l o w i n g  c o n v e n t i o n  s the set  of  l a m b d a - c a l c u l u s  e x p r e s s i o n s  

Exp is the s m a l l e s t  se t  f o r m e d  f r o m  a se t  of va r ` i ab les  x~ y~ z~. o. and 

s y m b o l s  X~ (~) such tha t  

i) a v a r i a b l e  x is a member  of  Exp~ i. eo,  x E  V a r  _c Exp ;  

i i )  i f  x E  Var" and B E ~ then (X x B )  is a member  of  Exp ,  

i . e . ,  ( X x B )  E Absc_ E_~j~ 

i l l )  i f  M , N ~  Exp  then (MN) is a member  of  Exp~ i . e . ,  

(MN) E C o m b  -¢- Exp .  

Abs  is the se t  of a b s t r a c t i o n s  in the Janguage and Comb is the set  of  c o m -  

b i n a t i o n s .  We a b b r e v i a t e  e x p r e s s i o n s  of  the f o r m  ( ) . x ( B ) )  to ( X x . B )  and 

( (MN)P)  to (MNP) .  O u t e r m o s t  p a r e n t h e s e s  w i l l  be d r o p p e d  in many cases .  

Us ing  the s t a n d a r d  mean ings  of  the t e rms  f r e e  v a r i a b l e  , bound yaP!abte~ 

and c l o s e d  t e rm  E2~, [ M / x ~ B  deno tes  the s y n t a c t i c  s u b s t i t u t i o n  of  e x -  

p r e s s i o n  M for" a l l  f r e e  o c c u r r e n c e s  of  x in B (w i t h  the r e n a m i n g  of 

bound v a r i a b l e s  in B to a v o i d  name c l a s h e s  w i t h  f r e e  v a r i a b l e s  in M).  

Th i s  a l l o w s  d e s c r i p t i o n  of  the r u l e s  of  c o n v e r s i o n :  

: X x . B  > X y .  E y / x ~ B  

: ( X x . B ) M  > ~ M / x 3 B .  

T h e ~ - r u l e  p e r f o r m s  r e n a m i n g  of  bound v a r i a b l e s ,  and t h e ~ - r u l e  p e r f o r m s  

the b i n d i n g  of  an a r g u m e n t  to an a b s t r a c t i o n  f o r m .  The u t i l i t y  of the two  

r u l e s  is augmen ted  by the a d d i t i o n  of  s u b s t i t u t i o n  r u l e s :  



420 

M > M ,  

M > M ~ 

(k xM) > (X xM') 

M >  M I~ N >  N '  

(MN) > ( M ' N ' )  

T h e  e x p r e s s i o n  M > *  N d e n o t e s  the a p p l i c a t i o n  of z e r o  o r  m o r e  of  the a b o v e  

Pules to M to o b t a i n  N .  

A l a m b d a - e x p r e s s i o n  is sa id  to be in no rma l  f o r m  i f  i t  c o n t a i n s  no s u b -  

e x p r e s s i o n  ( r e d e x )  of the f o r m  (X xB ) (M) .  A t e rm  is sa id  to have  a 

head r e d e x  [33 i f  i t  is of the f o r m  ( ~ . x B ) N  1 . . . N  n w h e r e  N 1 . . . N n ,  n>- 1~ 

a r e  t h e m s e l v e s  lambda e x p r e s s i o n s .  ( N o t e  tha t  the t e r m  head r e d e x  is used 

d i f f e r e n t l y  f r o m  tha t  in E151-)  A n o t i o n  we  f ind  use fu l  is w e a k  n o r m a l  f o r m :  

a lambda e x p r e s s i o n  is  in w e a k  n o r m a l  f o r m  when  i t  c o n t a i n s  no head  r e d e x .  

FoP e x p r e s s i o n s  M and N,  the e x p r e s s i o n  M -= N means tha t  M and N ape  

s y n t a c t i c a l l y  i d e n t i c a l  w i t h  the e x c e p t i o n  of bound v a r i a b l e  names,  that  is ,  

a f i n i t e  n u m b e r  o f  a p p l i c a t i o n s  of  the ~ - r u l e  to M y i e l d s  N.  The  f o l l o w i n g  

r e s u l t  is w e l l  known :  

T h e o r e m  [131: I f  M >  * N1 ,  M > *  N2,  and bo th  N 1 and N 2 

f o r m ,  t h e n N  1 =- N 2. 

are in normal 

T h e  a n a l o g u e  does  not  h o l d  f o r  e x p r e s s i o n s  in w e a k  n o r m a l  f o r m  - f o r  e x a m p l e ,  

(X x . x ) ( y ) ( ( ~ . x . x ) ( y ) ) > ' ; +  y ( ( X x . x ) ( y ) )  and ( X x . x ) ( y ) ( ( X x . x ) ( y ) ) > ' ~ y y .  A g i v e n  

e x p r e s s i o n  may r e d u c e  to many w e a k  n o r m a l  f o r m s .  H o w e v e r ,  i f  we r e s t r i c t  

a l l  uses  of  the E - r u l e  to head r e d e x e s  only~ no t  a l l o w i n g  use of  the s u b s t i t u t i o n  

ru les~  the r e s u l t i n g  d e t e r m i n i s m  p r o d u c e s  a un ique  w e a k  n o r m a l  f o r m  ( i f  one  e x i s t s ) .  

T h e  e x p r e s s i o n  M e N d e n o t e s  z e r o  o r  m o r e  uses  o f  the P e s t r i c t e d  ~ - 

r e d u c t i o n .  We s t u d y  ~ b e c a u s e  i t  d e s c r i b e s  the e v a l u a t i o n  of  a p r o g r a m  

by s e q u e n t i a l  m a c h i n e  - i n s t r u c t i o n s  a r e  e x e c u t e d  one a t  a t ime  f r o m  f i r s t  

to last~ p r o c e d u r e  b o d i e s  ape e v a l u a t e d  o n l y  when  a c t u a l  p a r a m e t e r s  
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a r e  bound to f o r m a l  ones.  I f  a l a m b d a - c a l c u l u s  n p r o g r a m l l  is r e d u c i b l e  

to g round  type  (an a tom ic  f o rm  such as Var)~ then .-~ is e x a c t l y  le f tmos t  

r educ t i on~  and the s t a n d a r d i z a t i o n  t h e o r e m  ( tha t  l e f tmos t  r e d u c t i o n  is 

adequa te  for" d i s c o v e r i n g  n o r m a l  f o rms )  [ 3  7 g u a r a n t e e s  that  c o m p u t a t i o n  

us ing  ~ w i l l  p r o d u c e  the expec ted  r e s u l t .  

A L a m b d a - C a l c u l u s  M a c h i n e  

T o  o b t a i n  i ns i gh t  i n to  the s t r u c t u r e  of  S T M - i n t e r p r e t e r s  we d e v e l o p  

one to i n t e r p r e t  l a m b d a - c a l c u l u s  e x p r e s s i o n s .  The d e v e l o p m e n t  is based 

upon the tene ts  that  

i) a l a m b d a - e x p r e s s i o n  r e p r e s e n t s  a s ta te  of c o m p u t a t i o n ;  

i i )  a p p l i c a t i o n  of the ~ - r u l e  causes  a s ta te  t r a n s i t i o n .  

The i n t e r p r e t e r  w i l l  use as i ts se t  of  au toma ton  s ta te  names the se t  of 

s u b e x p r e s s i o n s  of  the input  l a m b d a - e x p r e s s i o n  {wh ich  can be r e p r e s e n t e d  

by labe l  names~ i f  d e s i r e d ) .  B i n d i n g  of  v a r i a b l e s  i n ~ - r e d u c t i o n  w i l l  be 

accoun ted  f o r  by the i n c l u s i o n  of  an e n v i r o n m e n t  a r g u m e n t .  A n  o p e r a n d  

s tack  f o r  hand l i ng  nes ted  a p p l i c a t i o n s  is a l s o  needed,  We i n t r o d u c e  the 

f o l l o w i n g  n o t a t i o n .  G i v e n  o b j e c t s  a i • Di~ le t  < a l ~ a 2 , . . . ~ a n >  deno te  

a member  o f D  1 x D 2 x  . . .  x Dn ,  and d e f i n e < : a l , a 2 ~ . . . ~ a n >  J, i = a  i 

when  1 _< i_< n. A p p e n d i n g  tup le  p to l i s t  L is g i v e n  as p:Lo The  empty  

l i s t  is deno ted  by < > .  

We can d e s c r i b e  the Utype~ of a l i s t  by us ing r e g u l a r  equa t i ons  

( see b e l o w  ). To  access  a l i s t  m let  mEx ~ = < y l , y g , . . . , y m  > i f f  

< × , y l , y 2 ~ . . .  , y m  > is the f i r s t  t up le  in m w i t h  f i r s t  member  equa l  to × 

( t r e a t e d  as a s y m b o l ,  not  the s p e c i f i c  o c c u r r e n c e ) .  F i n a l l y ~  f o r  lambda 

e x p r e s s i o n  M r le t  £(M) d e f i n e  the se t  o f  s u b e x p P e s s i o n  o c c u r r e n c e s  

(~qabels T') of  M .  

We now d e f i n e  the i n t e r p r e t e r .  The s ta te  of the i n t e r p r e t e r  is g i v e n  

by the t r i p l e  s ~ e , c  w h e r e  
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s E £ (M) ,  the au toma ton  s ta te  

eE  E N V  = ( V a t  x £ (M)  X E N V ) * ,  the e n v i r o n m e n t  

cE  C O N T  = (£ (M)  X E N V ) * ,  the o p e r a n d  s tack .  

The t r a n s i t i o n  func t ion=~ f o r  the i n t e r p r e t e r  takes  i n t e r p r e t e r  s ta tes  in to 

i n t e r p r e t e r  s ta tes  and is d e f i n e d  as 

r q e [ x ]  $ c _ E V a r  I. I x,e,c => eLx j ~ 1, 2, if x 

1.2 (~.xB),e,<a,e'>:c =>B, <x,a,e'>:e, c i.~f (XxB) E Abs 

1.3  (MN),e,c =~M, e, < N , e > : c  i f ( M N )  E Comb.  

Fi21ure I. 

We u n d e r l i n e  the au toma ton  s ta te  f o r  c l a r i t y .  The  i n i t i a l  s ta te  of  the 

mach ine  is g i v e n  as [n i t (M) = M , < > , < > ;  the mach ine  Peaches a f i na l  s ta te  

when  none of 1. 1-103 app l y .  The l a m b d a - e x p r e s s i o n  deno ted  by an i n t e r -  

p r e t e r  s t a te  is g i v e n  by the f unc t i on  Un load :  

U n l o a d ( s , e ,  c l : c 2 :  . . .  :Cn) = Rea l  ( s , e ) R e a l ( c i ) R e a ! ( c 2 ) . . . R e a . . ! ( c  n) 

w h e r e  

Real(s, e) = [Real(e[xl] )/xi] [Real(e[x27 )/x27... [Real(e[Xm] )/Xm] s 

and [ X l ~ . . . , X n J  is the  set  o f  f r e e  v a r i a b l e s  in s. 

An e x a m p l e  of  the i n t e r p r e t e r ' s  e v a l u a t i o n  of  an  e x p r e s s i o n  is g i v e n  in 

figure 2. 

We f ind the f o l l o w i n g  n o t a t i o n  use fu l .  G i v e n  i n t e r p r e t e r  s ta tes  a and b, 

let a~ b denote an application of a transition rule to state a yielding b. 

S i m i l a r l y  a ~  b deno tes  m t r a n s i t i o n s  f r o m  a to o b t a i n  b. L e t  Eva tm(M)  
m d e s c r i b e  Unload(s~ e, c) w h e r e  M , < > , < >  => s , e , c .  A n  e x e c u t i o n  of 

M . ~ < > , < >  to an U n l o a d e d  f i na l  s t a te  is deno ted  by Eva I (M} .  
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F o r  M = ((~. y( (k  y (yy ) ) )y ) ) (X  ×x))  le t  the f o l l o w i n g  n u m e r i c  l a b e l s  

deno te  the s u b e x p r e s s i o n s  of  M: 

(()t y((,~, y (y5y6)4)3yT)2)1(~,  x x g ) 8 ) 0  

,!,n,!t(M) = £ , < > , < >  

= 1,<>,<8,<>> 

= _2,< y,  8 , < > >  , < >  

= _3, el,<7, el> 

= 4,< y,7, e1>:e1,<> 

~- 5, e2,< 6, e2> 

= 7, el,< 6, e2`> 

= 8,<> ,< 6, e2> 

= 9,< x,6, e2>,<> 

= 6, e2,<> 

= 7, e2`,<> 

= 8 , < >  , < >  

U n l o a d ( 8 , < > , < > )  = R e a l ( B , < > )  = (Xx×)  

! l e t < y , 8 , < > >  = e l  

! l e t < y , 7 ,  e l > : e l  =e2 

F i g u r e  2. 

S i n c e  the i n t e r p r e t e r  is to mode l  l e f t m o s t / ] - r e d u c t i o n  to w e a k  n o r m a l  f o r m ,  

i ts  o p e r a t i o n  is to be c o n s i s t e n t  w i t h  the r u l e  

I. ( X x B ) M N I . . . N  n ]~ [ M / x ~ B N I . . . N n ,  n ~ 0 .  

In the r e s u l t s  w h i c h  f o l l o w  M ~ N d e n o t e s  n a p p l i c a t i o n s  of  r u l e  1 to 
M o b t a i n i n g  N as a r e s u l t .  

The  c o n s i s t e n c y  of  the m a c h i n e  is g u a r a n t e e d  by the f o l l o w i n g  lemma:  

L e m m a  I: ' v 'n .  n >  0: i f M  ~ N then  29 m. m ~ 0: EVa lm(M ) _= N.  

The  c o n v e r s e  a l s o  h o l d s .  

L e m m a  2,: v m .  m ~ 0: i f  Eva tm(M ) - N then 3 n .  n > 0: M I ~ N .  
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T o g e t h e r  the two  lemmas y i e l d  the ma in  r e s u l t :  

T h e o r e m  |:  Eva I (M)  - N i f f M  ~ N and N is in w e a k  no rma l  f o r m .  

A s  the p r o o f s  of  these  p r o p e r t i e s  ape  s o m e w h a t  long and ted ious~ the,y 

w i l l  no t  be p r e s e n t e d ;  they  can  be found in [11qj. 

A C o m p i l i n g  S c h e m e  

T h e  t r a , q s l a t i o n  r u l e s  s p e c i f i e d  f o r  the i n t e r p r e t e r  can  be used to p r o -  

duce  a s y n t a x  d i r e c t e d  t r a n s l a t i o n  scheme ( S D T S )  fop  the l a m b d a - c a l c u l u s .  

The  scheme is d e f i n e d  as an a t t r i b u t e  g r a m m a r  (see [116])~ and i t  

g e n e r a t e s  a se t  of t r a n s i t i o n s  f o r  a l a m b d a - e × p r e s s i o n .  It is d e s c r i b e d  

us ing  the f o l l o w i n g  r u l e s :  

3.  ! < E x p  ~ m t nO> .-+ ×, w h e r e  nO = { m , e , c = > e [ x ]  J, 1 , e [ x ]  ~,2,,c} 

3.2, < E x p  ~ m t n l  U p l >  .~ 

X x < E x p  ~ m : l  1' p t >  n l  = { m ~ e ~ < a ~ e l > : c ~ m : l ~ < x ~ a ~ > : e ~ c }  

3 . 3  < E x p  ~, m t n 2 U  p g U  q2,> -~ 

<:Exp ~ m:1 t p 2 > , ~ E x p  ~, m:2 t q2;>, n2 = { m , % c ~ m ; l ~ e ~ < m : 2 ~ e > : c }  

F i g u r e  3. 

T h e  S D T S  g e n e r a t e s  ou tpu t  code  by u n i o n i n g  the code  fop  an e x p r e s s i o n ~ s  

sons w i t h  the t r a n s i t i o n  r u l e  c o r r e s p o n d i n g  to the e x p r e s s i o n  i t s e l f .  N o t e  

that  un ique  l a b e l s  a r e  a s s i g n e d  to the Pu les  t h r o u g h  the use o f  an i n h e r i t e d  

a t t r i b u t e  m r s p e c i f i e d  fn the s t y l e  of  Wat t  and Madsen  [ 1 6 ] .  A l s o  the labe l  

e [ x ]  ,~ ~ d e n o t e s  a P u n - t i m e  e v a l u a t i o n  w h i c h  w i l l  d e t e r m i n e  a l abe l  to i n -  

sep t  in tha t  p o s i t i o n .  

The  c o m p i l a t i o n  of  the e x p r e s s i o n  of  f i g u r e  2, is shown  in f i g u r e  4. The  

e x e c u t i o n  of  the t r a n s i t i o n  se t  is e x a c t l y  that  of  f i g u r e  2. We can  c a l l  

the anonymous  c o n t r o l  o v e r  the t r a v e r ' s a l  of  the S T M  a f u n c t i o n  N E X T .  

N E X T  r e c e i v e s  as i ts  a r g u m e n t s  the i n i t i a l  c o n f i g u r a t i o n  M~<> ~<> and 

the S T M  f o r  M. T h i s  a l l o w s  s t a t e m e n t  o f  
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O~ e~ c ~ I e, <8~e>: c 

I, e, <a~e~>: c ~ 2~ <y~a, el>:e, c 

2, e, c ~ 3, e, <7, e>: c 

3~ e~ <a, et>: c ~ _4, <y,a~eJ>:e, c 

_4~ e~ c ~ 5_, e~ <6~e>: c 

5,  e, c ~ e~y]4.1,  e ly- j4 ,2,  c 

6 ,  e, c ~ e [ y ] , ~ l ,  eFy] .~2,  c 

Z, e, c ~ e [ y ~ t ,  e [ y ] ~ 2 ,  c 

8,  e~, <a~ ,e t> :  c =::> 9~, .<:x,a:,el>:e~, c 

9, e, c ~ e [ x ] 4 . 1 ,  e [ x ] 4 . 2 ,  c 

(Note :  assume labe l  n u m b e r i n g  to be the same as in f i g u r e  2 . )  

Figure 4. 

T h e o r e m  2: Eva I (M)  - N E X T  ( M , < > , < > , S T M ( M ) ) .  

The  bene f i t s  o b t a i n e d  when  s e p a r a t i n g  the comp i l ed  S T M  f r o m  the c o n t e x t  

of  the i n t e r p r e t e r  i n c l u d e  those  t y p i c a l l y  a t t r i b u t e d  to c o m p i l a t i o n .  Most  

i m p o r t a n t l y ,  the c o m p i l a t i o n  of  a t a m b a l a - a b s t r a c t i o n  less  i ts  a r 9 u m e n t s  

w i l l  p r o d u c e  a s ta te  t r a n s i t i o n  mach ine  w h i c h  p e r f o r m s  le f tmos t  e v a l u a t i o n  

once an enab led  i n i t i a l  c o n f i g u r a t i o n  is s u p p l i e d .  Thus c o m p i l a t i o n  p r o v i d e s  

the p o t e n t i a l  e v a l u a t i o n  sequences  men t i oned  e a r l i e r  w h e r e a s  i n t e r p r e t a -  

t i on  does no t .  The S T M  is s u f f i c i e n t l y  low l e v e l  f o r  easy  t r a n s l a t i o n  to 

o b j e c t  code fop v a r i o u s  c o m p u t e r  a r c h i t e c t u r e s .  The  s t r u c t u r e  of  the 

r u l e s  e n c o u r a g e s  s u b s t a n t i a l  o p t i m i z a t i o n  upon the set  b e f o r e  e x e c u t i o n .  

Th i s  o p t i m i z a t i o n  may take  the f o r m  of  t r a v e r s a l  of P u n - t i m e  i n v a r i a n t  

t r a n s i t i o n s  (m ixed  c o m p u t a t i o n  [41 ) o r  e l i m i n a t i o n  of r e d u n d a n t  a r g u m e n t  

s t r u c t u r e s  by a l t e r n a t i v e  d e s c r i p t i o n s .  In add i t i on~  i f  the S T M  is v i e w e d  

as a se t  of  g e n e r a l  r e c u r s i v e  f u n c t i o n - l i k e e q u a t i o n s ~  w i t h  the s ta te  

names of  the t r a n s i t i o n  r u l e s  c o r r e s p o n d i n 9  to the names of  f u n c t i o n s j  

the e v a l u a t i o n  of  the S T M  can be m a t h e m a t i c a l l y  d e s c r i b e d  as the leas t  

f i x e d  po in t  [ 6 ]  of  the e q u a t i o n  sys tem.  We e x p l o r e  l a t e r  a c o m -  

p l e m e n t a r y  a p p r o a c h  to d e v e l o p m e n t  when  we take  a f u n c t i o n a l l y  d e f i n e d  

s e m a n t i c s  and c o n v e r t  i t  i n to  s ta te  t r a n s i t i o n  f o r m .  In the s e c t i o n s  to f o l l o w  

we w i l t  r e f e r  to the i n t e r p r e t e r  d e v e l o p e d  h e r e  as the W N F - m a c h i n e .  
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N o n - L e f t m o s t  R e d u c t i o n s  

The s i m p l i c i t y  of  the W N F - m a c h i n e  depends  upon the u t i l i z a t i o n  of the 

le f tmos t  r e d u c t i o n  s t r a t e g y .  U n f o r t u n a t e l y ~  many r e a l i s t i c  c o m p u t a t i o n  

schemes use a n o n - l e f t m o s t  s t r a t e g y  - in p a r t i c u l a r ~  a c o m b i n a t i o n  may 

be d e f i n e d  such that  the o p e r a n d  p o r t i o n  is r e d u c e d  p r i o r  to the a p p l i -  

c a t i o n  of  o p e r a t o r  to o p e r a n d ,  Such  a s i t u a t i o n  is known  by the t e rm  of 

ca l l  by va l ue .  A n  e x a m p l e  of  a ca l l  by v a l u e  f u n c t i o n  is add i t ion~  wh ich  

r e q u i r e s  that  the mean ings  of  both i ts o p e r a n d s  be a v a i l a b l e  b e f o r e  

a p p l i c a t i o n ,  We let  the e x p r e s s i o n  ( X V A L x B )  deno te  the c a l l - b y - v a l u e  

a b s t r a c t i o n  w h o s e  b i nd ing  v a r i a b l e  is x a n d  body  is B ,  The  se t  of  

e x p r e s s i o n s  Exp is augmented  by the r u l e  f o r  doma in  V a l A b s :  

i f  x E  V a r  and B E Exp t h e n X V A L x B  E V a l A b s  ~ Exp .  

An  a p p r o p r i a t e  r e d u c t i o n  r u l e  f o r  c o m b i n a t i o n s  i n v o l v i n g  V a l A b s  is 

( X V A L x B ) M >  [ M / x ] B  i f M  is in a no rma l  f o r m .  

(Howeve r~  the C h u r c h - R o s s e r  p r o p e r t y  may be v i o l a t e d ;  see [83 f o r  an  e x a m p l e . )  

In o r d e r  t o d r a w  the W N F - m a c h i n e  c l o s e r  to e x i s t i n g  d e v i c e s  we c o n s i d e r  

on l y  c l o s e d  e x p r e s s i o n s  and i n t r o d u c e  a se t  o f  base  c o n s t a n t s  C, The  

p r i n c i p a l  p r o b l e m  in a d j u s t i n g  f o r  the new a b s t r a c t i o n  c o n s t r u c t  is that  

the s t r i c t  l e f tmos t  e v a l u a t i o n  sequenc ing  is v i o l a t e d  - e v a l u a t i o n  of  a 

c o m b i n a t i o n  in wh i ch  the V a l A b s  a b s t r a c t i o n  occup ies  the o p e r a t o r  

p o s i t i o n  r e q u i r e s  the e v a l u a t i o n  of the o p e r a n d  b e f o r e  the c o m b i n a t i o n  

i t s e l f  can be r e d u c e d .  Th i s  a c t i o n  is s i m u l a t e d  by i n t r o d u c i n g  a se t  o f  

m a r k e d  labels~ one f o r  each V a l A b s  o b j e c t  in the input  l a m b d a - e x p r e s s i o n ,  

L e t  the m a r k e d  c o u n t e r p a r t  o f  labe l  s be ~. In a n t i c i p a t i o n  of  the i n t r o -  

d u c t i o n  of  base f u n c t i o n s  to the language~ base cons tan t s  w i l i  be hand led  

d i f f e r e n t l y  f r o m  v a r i a b l e s .  A new tabel~ val~ w i l l  be used as a u n i v e r s a l  

label  f o r  each base cons tan t  in the l a m b d a - e x p r e s s i o n ,  The  e n v i r o n m e n t  

a r g u m e n t  o f  vail w i l l  c o n t a i n  on l y  the base c o n s t a n t  v a l u e  w h i c h  vai l  r e -  

p r e s e n t s ,  Th i s  v e r s i o n  s u p p o r t s  the i n t r o d u c t i o n  of 6 - r u l e s  [ 3 ]  to the 

sys tem.  
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The c o m p l e t e  t r a n s i t i o n  se t  of  the augmen ted  W N F - m a c h i n e  is g i v e n  in 

F i g u r e  5. The r u l e s  f o r  h a n d l i n g  V a l A b s  a r e  5. S a n d  5 . 6 .  The  s and 

labe ls  a r e  t r e a t e d  as d i s t i n c t  - f o r  example~ r u l e  5 . 6  a p p l i e s  o n l y  when  the 

f i r s t  a r g u m e n t  of  c is of  the f o r m < ~ e > .  No te  the r e p l a c e m e n t  of the e 

a r g u m e n t  on the r i g h t  hand s i de  of  r u l e  5 . 4 .  B a s e  f u n c t i o n s  a r e  not  

i nc luded  in the example~ but  the r e a d e r  shou ld  have  no p r o b l e m  w i t h  

t h e i r  i n s e r t i o n .  

s . t  ~ , e , c  ~ e [ × ] ~ l , e [ × ] ~ 2 ,  o i _ f × e v a ~  

5.9. ( X x B ) , e , < a , e T >  =~ El, < x , a ~ e l > : e ,  c i f ( X x B )  E Abs  

5 . 3  M N ~ % c  ~ M ~ e ~ < : N , e > ; c  i f  (MN) ( Comb 

5 . 4  w , e , c  ~ vail ,  w , c  i f  w E C 

5 . 5  ( X V A L x B ) , e ~ < a ~ e  I> ~ a ~ e l ~ < X V A L x B ~ e > : c  i f ( X V A L x B )  E V a l A b s  

5.6 s ~ e ~ J ~ e I > : c  ~ E l~<:x~s~e>:ef  c 

i f  u = (X V A L x B )  and (s = v.e...!.., o r  s E Abs  o r  V a l A b s )  

F i g u r e  5. 

We a l s o  d e f i n e  a n a l o g o u s  f unc t i ons  U n l o a d V  and R e a l V  f o r  the new 

interpreter. 

UnloadV(s~  e, c) = R e o r d e r ( < > , ~ - . s ~ e > : c )  

w h e r e  R e o r d e r ( i , c )  = case  c of 

< >  -~ R e a l V ( i )  

~ t s~e> :c  -~ R e o r d e r ( i : < s ~ e > ~ c )  

~ s ~ e > : c  -* R e o r d e r ( < : s ~ e > : i ~ c )  

e.sac. 

and 

R e a l V ( < s  l ~ e l > :  . . .  : <Sn~en> )  -- E x V ( s 1 ~ e l )  . . , E × v ( s n ,  

ExV(s~ e) = i f  s = va l  then e e l se  Real(s~ e). 
en)~ 

The p u r p o s e  of  the R e o r d e r  f u n c t i o n  is to e x t r a c t  the augmen ted  l abe l s  

f r om  the c a r g u m e n t  ~ r e c o v e r  the o r i g i n a l  l abe l ,  and r e p l a c e  i t  in 

i ts  o r i g i n a l  p o s i t i o n .  E x V  is n e c e s s i t a t e d  by the va l  l abe l .  

An  e x a m p l e  of  the new mach ine  at w o r k  is g i v e n  in f i g u r e  6. 
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F o r  M = ( ( ( ,~VALx(~ .VALy(xy } ) ) (~ .×x ) ) t }  let the f o l l ow ing  numer ic  

labels  denote the sube×press ion  of M: 

(((X V A L  x (~. V A L  y (x6y7)5)4) 2 (X xxS) 3) 1 19)0 

O~ <> ,  <> =::> ~ ,  <:> , < 9 , < > >  

2,  < > ,  < 3 , < > > :  < 9 , < > >  

3 ,  < > ,  < 2 , < > > :  < 9 , < > >  

/4, <X,  3 , < > > ~  < 9 , < > >  

9 ,  <:>, < / ~ , e l >  

1, < 4 ~ e 1 >  

5 ,  < y , v a l ,  1>: e l ,  <> 

6,  e2, <7,  e2> 

3 ,  <>  , <7 ,  e2> 

8, ~×,7, e2> , <> 

7, e2~ <:> 

v a l ,  1, <> 

t let <:x, 3 , < > >  = e l  

! let < y, va~l, 1>: e l  = e2 

Untoad(<va_~l, 1,<::>> ) = Reorder(<:.val., 11>) 

= Rea IV(< vail, 1 >) 

Fi~lur e 6. 

In o r d e r  to show the cons is tency  of the new machine wi th  respec t  to ca l l  by 

3y va lue reduc t ions ,  we def ine  r u l e  set 11 spec i fy ing  this reduc t ion  

s t ra tegy.  

I1. 1 ( X V A L x B )  M I M 2 . . . M n  I-T~.I [ M | / × ] M 2 . . . M  n if M 1 is in weak normal  for  

t l . 2  ( X V A L x B )  M | M 2 . . . M n  l l -T~ ( X V A L x B )  M~M2. . .M n if  M I I - ~ ' M  1 

n ~ks be fo re ,  M ~ N  denotes an app l i ca t i on  of e i the r  ru le ,  and M ~ N  

Jenotes n app l i ca t i ons  of r u l es  f rom the set. A long  wi th r u l e  I, these 

~xioms cons t i tu te  the e n t i r e ~ - r e d u c t i o n  scheme. We use the terms 

E v a l V  and E v a l V  to de f ine  eva lua t ion  sequences s i m i l a r  to those g iven m 
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ear l ier "  but us ing the augmented r u l e  set  w i th  Un toadV.  Ana logous  to 

the e a r l i e r  r e s u l t s ,  the f o l l ow ing  can be shown; 

Theor'em 3: Eva lV(M)  --- N if...~f M ~ N and N is in weak normal  form.  

The r e s u l t  is that the new scheme is fa i th fu l  to Pule set  11. Theorems 

wi th  r e s p e c t  to the comp le te  system and combined r,ute sets ! and II a r e  

not g iven  but can be eas i l y  f o rmu la ted .  

As seen be fo re ,  the r u l e  set  of f i g u r e  5 g i ves  an S D T S  for` the ex tended 

lambda- langua9 e. A g a i n  assumin 9 the ex i s t ence  of an i m p l i c i t  con t ro l  

func t ion  N E X T ,  we s ta te  w i thou t  p roo f ;  

Theorem 4: Eva lV(M)  -~ N E X T (  < M__,<>,<>>~ STM(M)) .  

Re la t !onsh i  P to the S E C D  Machine 

The a r c h e t y p i c a l  l ambda-ca l cu lus  machine is LandinTs S E C D - m a c h i n e  

[7~. We p r e s e n t  a b r i e f  exp lana t i on  of i ts o p e r a t i o n  and compare  it to 

the WNF-mach ine .  The d e f i n i t i o n  used is d e r i v e d  f rom one p resen ted  

by P l o t k i n  [8~.  

F i r s t  we de f ine  Exp  = Val  U V a i A b s  U CombU C; the set  of env i ronments  

EN = ( V a r x C L ) * ;  and the set  of c l o s u r e s  C L  = ( E x p x E N ) * .  The s ta te  

of the S E C D  machine is a f o u r - t u p l e  S , E , C , D ,  whe re  

S ~ C L  ~, a s tack  of c l o s u r e  va lues ;  

E E EN , the c u r r e n t  a c t i v e  env i ronmen t ;  

C E (Exp UIapply}  ) * ,  the con t ro l  str , ing;  

D E ( S x E x C x D ) *  , the s tack  of a c t i v a t i o n  r e c o r d s  (dump). 

The t r a n s i t i o n  f u n c t i o n ~  takes s ta tes into s ta tes and is g i ven  in f i g u r e  7. 

The s t a r t  s ta te fo r  the machine fo r  c losed l a m b d a - e x p r e s s i o n  M is 

<> ~<> , M , < > .  The mach ine 's  f ina l  s ta te  is of the form C I , < >  , < >  ,<>  

where  CI E C L .  A func t ion  ana logous to Unload can be def ined to e x t r a c t  

the e x p r e s s i o n  denoted by CI .  
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We no te  t h r e e  m a j o r  d i f f e r e n c e s  be tween  the W N F - m a c h i n e  and the 

S E C D  c o n s t r u c t i o n :  

i) the S E C D - m a c h i n e  p r o c e s s e s  l a m b d a - e x p r e s s i o n s  f r om  r i g h t  to 

le f t  w h i l e  the W N F - m a c h i n e  p r o c e s s e s  in a le f t  to r i 9 h t  o r d e r ;  

i i )  the c o n t r o l  in the S E C D - m a c h i n e  is embod ied  in the s t a c k  

a r g u m e n t  C~ w h e r e a s  the W N F - m a c h i n e  is d r i v e n  by i ts au toma ton  

s ta te  a r g u m e n t ;  

i i i )  the S E C D - m a c h i n e  uses a dump D to m a i n t a i n  scopes  of  f r e e  

v a r i a b l e s  w h i l e  the W N F - m a c h i n e  r e p l i c a t e s  the scope  i n f o r m a t i o n  

l o c a l l y  in the e n v i r o n m e n t  a r g u m e n t  e a s s o c i a t e d  w i t h  each a u t o -  

maton s ta te .  

7 .1  C I :S~E~<>~<SI~E f~CW~DI>  =~ C I : S ~ E I ~ C t ~ D  m w h e r e C l E  C L  

7 . 2  S , E , x : C , D  ~ e [ x ] : S , E , C , D  i f x E  V a t  

7 . 3  S , E , a : C ~ D  =~ < a ~ E > : S ~ E ~ C ~ D  i f x E  C 

7 . 4  S , E , ( X V A L x B ) : C , D  m ~ X V A L x B ,  E > : S , E , C , D  i f  ( X V A L x B ) E V a l A b s  

7 . 5  < ~ . V A L x B j E I > : C I : S ~ E ~ a p p l y : C , D = >  < > ~ x ~ C I > : E I ~ B ~ < S ~ E ~ C ~ D  > 

? . 6  S , E ~ ( M N ) : C , D  => S , E ~ N : M : a B D I ~ : C ~ D  i if (MN) E Comb 

Figure 7. 

C o n s t r u c t i n  9 an  SDTS.. f r o m  S E C D  

Earlier we contrived an interpreter which led to a compiling scheme. Now 

we use this experience to transform the SECD-machine into a form which 

gives a suitable SDTS also. The approach is to analyze the structure of 

the input lambda-expression M and encode into automaton state names all 

possible sequences of C-values which may arise durinB M~s evaluation. 

The idea is feasible because the size of C is bounded and C's contents 

are dependent only upon the form of M. The existence of an STM-interpreter 

resulting from the approach is assumed~ and we move directly to the com- 

piling scheme. The schemels grammar is augmented with an attribute c~ 

the current contents of the control string. As c is an inherited attribute~ 

we deno te  i t  as $c and e n c l o s e  i t  in the n o n t e r m i n a l  s y m b o l ;  we a l s o  add a 

labe l  a t t r i b u t e  m. The  a t t r i b u t e  is ass i gned  v a l u e  by the t r a n s -  
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la t ion p o r t i o n  of the scheme. The S D T S  is g iven in f i gu re  8. The i n f o r -  

ma l i t i es  used in e a r l i e r  schemes appear  he re  a lso.  Note that the a p p l i c a -  

t ion tokens ap have been spec ia l i zed  to the i r  po in t  of c rea t i on  s to g ive  

a p_s. A d d i t i o n a l l y ,  abs t rac t i ons  genera te  an ex t r a  pop t r a n s i t i o n  which 

is used to r e c o v e r  the dump~s values a f te r  the p rocess ing  of an a b s t r a c -  

t ion body. The token popb is used as the r e c o v e r y  s tate a f te r  eva lua t ing  

body b. The grammar  a lso  genera tes  a pop t r ans i t i on  denoted by pop0 

to obta in  the f ina l  va lue.  E x p r e s s i o n  MIs i n i t i a l  con f i gu ra t i on  is 

@ : p o p 0 ~ < > ~ < > , < > .  An example of compi led code and eva lua t i on  is seen 

in f i g u r e  9. 

8.1 <M t n0U p 0 > e  

<Exp ; pop0 ; 0 t p0>~ 

where  nO = { pop0, CI :S~ E, D=> Unload(C 1 ) } 

8 .2  < E x p ; c ; m  t n l > ~ x ,  nl = { m : c , S ,  E , D = # c , E [ x ] : S , E , D }  

8 .3  <Exp~,c~mt n2 > ~ a ,  n2 = {m :£ ,S ,  E,D=>£, < v a l , a > : S ,  E ,D}  

8 . 4  < E x p $ c $ m t  n3U p3>-~ n3 = lm !c ,S ,E ,D :=>c ,<m: l : popm,  x , E : > : S , E , D }  

X V a l  x <  Exp$popm ~.m:~tp3>~ U { p o p m , C I : S ~ E ~ < t ~ S I , E I , D I > - ~  

~ C I  :$I~ EV,D 1 } 

8 .5  ~Exp$c~,mf  nZl. U p4U q4> -~ 

<Exp  .~ apm:c ~ m: l  t p4> 

<Exp $ rn:1:apm:c ~ m:2 t q4> 

n4 = { m~c,S, E~D=>m:g:m: 1 :apm:c,S,  E , D  } 

U { apm:c~ Cl  1: C 12.:S, E~ D => 

CI 1; 1 , < > , < C I  1~ 2, C12>:011~3, 

<c,S,E,D>} 

Figure 8. 
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M = ((X V A L  z. z2) 113) 0 

(Note: use the above label scheme to represent  mls values. ) 

Compi lat ion: 

p op0,CI :S,  E.D ::> Unload(Cl) 

O:pop0, S, E ,D =~ 3: l :ap0:pop0,S,  E ,D 

a p 0 : p o p 0 , C l | : C I 2 : S , E , D ~ C l i $ t , < > , 4 0 1 1 $ 2 ,  C l g > : c t I ~ 3 , < p o p 0 ~ S ~ E , D >  

l:ap0:pop0~ S, E~D ~ ap0:pop0~< 2:pop 1~ z~ E>:S~ EpD 

2:pop 1, S, E,D => pop1, E [ z ] ; S ,  E~D 

pop 1,CI :S,  E ,<  t ,S  v, EI~D t > => 1:~ CI:SV p E ~ D  I 

3:l:ap0:pop0~S~ E~D => I:ap0:pop0~< val~ ]> :S ,  E ,D 

Eva luation: 

O:popO,<>~<>~<> 3:l:apO:popO,< > , < > , <  > 

I:apO:popO, ~ va.__[I, 1 > , < > , < >  

apO:popO~< 2:pop 1, z ,<>>:< val~ 7>,<>,<> 

2:pop 1 ~<>,< z,< val ,  I>> ,<  popO,<>,<>,<>> 

p .op l ,<va l ,  1>1< z~< val~ l > > , < p o p O , < > , < > , < > >  

popO,< v...~.!a I, I>,<>,<> 
Unload(< val ,  1 >) 

1 

F igu re  9. 

The modified SECD scheme produces STMs la rger  than those seen so far .  

An opt imizat ion step becomes a necessity.  A l though the SECD in te rpre te r  

did not d i rec t l y  y ie ld the compil ing scheme (and thus is not an STM-  

interpreter)~ the resu l ts  of f i gu re  9 suggest that a somewhat booader 

def in i t ion  of the S T M - i n t e r p r e t e r  might be considered~ dependent upon 

the class of t ransformat ions al lowable.  The study of meaning preserv ing 

t ransformat ions is continued in the next sect ion. 
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C.omp i la . t i on  f r o m . . . D e n o t a t i o n a ]  D e f i n i t i o n s  

We f u r t h e r  e x t e n d  the c o m p i l e r  g e n e r a t i o n  m e t h o d s  by d e v e l o p i n g  a c o m -  

p i l i n g  s c h e m e  b a s e d  upon  a h i g h e r  o r d e r  d e f i n i t i o n  of  the l a m b d a ~ c a t c u t u s ,  

as g i v e n  w i t h  the  d e n o t a t i o n a t  d e f i n i t i o n  me thod  o f  S c o t t  and  S t r a c h e y  

[ 13~. P r o d u c t i o n  of  a c o m p i l i n g  s c h e m e  f r o m  a h i g h e r  o r d e r  s e m a n t i c  

d e f i n i t i o n  p r e s e n t s  d i f f i c u l t i e s  no t  e n c o u n t e r e d  w i t h  the  low  l e v e l  m a c h i n e s  

w e  h a v e  d e a l t  w i t h  so  f a r .  In p a r t i c u t a r ~  a r g u m e n t s  to the s e m a n t i c  

d e f i n i t i o n s  may  be f u n c t i o n  o b j e c t s  and the o r d e r  o f  e v a l u a t i o n  o f  the 

d e f i n i t i o n  may  be non  s e q u e n t i a l  in n a t u r e .  

We e x a m i n e  the  s t a n d a r d  s e m a n t i c s  o f  the l a m b d a - c a l c u l u s  as g i v e n  in 

Stoy [13]. The reader is advised to refer there for notational conventions. 

The semantic definition uses an evaluation function 8 ~ analogous to Eval~ 

and an environment argument e, which is also a function. Unlike the 

machines examined earlier~ the definition maps the input lambda-expression 

into an abstract object~ a denotation. The domain of denotations is called 

D:j this domain is satisfiable in the Scott-models of denotational seman- 

tics [12]. In the definitions, we deal with syntactic domain Exp--Var U 

A b s  U C o m b .  T h e  d o m a i n s  and e q u a t i o n s  a r e :  

8, = E × p ' ~  E - ~ D  

e E  E = V a , r - * D  

a E D =  D . ~ D  

! the e v a l u a t i o n  f u n c t i o n  

.~ the  e n v i r o n m e n t  

! the l a m b d a - c a l c u l u s  mode l  o f  d e n o t a t i o n s ;  

! no te  t ha t  e v e r y  o b j e c t  is  t r e a t a b l e  as  a 

f u n c t i o n  

t0 .  1 8.~x~.  e = e ~ x ~  t x E  War" 

1 0 . 2  8 ~ X x B ]  e =  X a .  8 ~ B ]  e [ a / x ]  I x E  Va.r', B E E x p  

10 .3  P~ ~ M N ~  e = 8 EM~ e (8 END e) [ M , N  E E x p  

F i g u r e  10z 

T h e  r i g h t  hand  s i d e s  o f  10. 1 - 1 0 . 3  a r e  e x p r e s s i o n s  in S c o t t t s  L A M B D A  

l a n g u a g e  [ 1 2 ] .  T h u s ,  the m e a n i n g  of  'X ' and  ' e [ a / x ] '  in  1 0 . 2  a r e  no t  

s y n t a c t i c  l a m b d a - c a l c u l u s  e x p r e s s i o n s ,  but  L A M B D A  n o t a t i o n  used  to  

d e s c r i b e  a b s t r a c t  d e n o t a t i o n s .  W h a t e v e r  S T M  c o m p i l i n g  s c h e m e  w e  
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d e v e l o p  f r o m  the a b o v e  w i l l  t h e r e f o r e  c o m p i l e  in to  o b j e c t  code  w h i c h  

compu tes  L A M B D A  r e p r e s e n t a t i o n s  of  d e n o t a t i o n s  and not  s y n t a c t i c  

l a m b d a - c a l c u l u s  t e r m s .  

A t t e m p t i n  9 to c o n v e r t  the a b o v e  d e f i n i t i o n  to an S T M  i n t e r p r e t e r  s u g g e s t s  

u s i n g  8~ E x ~ ,  ~ ~ X x B ~ ] ,  and 8 ~MN~ to g e n e r a t e  the a u t o m a t o n  s t a t e  

names - the s y n t a x  c o n s t r u c t o r  ~ ~ is a n o t h e r  f o r m  of  the l abe l s  used to 

th is  p o i n t ,  U n f o r t u n a t e l y  the r i g h t  hand s i d e  d e f i n i t i o n s  do not  c o n f o r m  

to the S T M  f o r m :  10 .3  c o n t a i n s  two  s t a t e  names;  10 .2  has an t tabs t rac t ion t~  

p e r f o r m e d  a f t e r  a s ta te  name t r a v e r s a l ;  and the e n v i r o n m e n t  f u n c t i o n  is  

h igher '  o r d e r ' .  We can  f i r s t  o r g a n i z e  the s t a t e  name s e q u e n c i n g  by c o n -  

v e t t i n g  the d e f i n i t i o n  to a c o n t i n u a t i o n  p a s s i n g  f o r m  [14~ .  T h e  e q u i v a l e n t  

( q o n g r u e n t  [ 1 0 ] )  d e f i n i t i o n  of f i g u r e  10 is 9 i v e n  in f i g u r e  11. I t  is a d a p t e d  

f r om  R e y n o l d s  F10~. 

11 = E x p - *  E ~ * C - * D  I 

e E  E =  V a r ~ D  n 

c E C  = DII -b D , 

f E  D j' = D  1 4 D '  

a E D  1 = C 4 D  a 

11.111 

1 1 . 2  11 

11.311 

[ ] x ~  e c = e [ ~ x ~  c 

E X x B ~  e c = c ( X a .  1l E B b  e E a / x  ] )  

{ ]MN~ e c = 11EM~ e (Xfo f('rt ~N~] e ) c }  

F i g u r e 1 1 ,  

An  e x t r a  a r g u m e n t  c E C~ a con t i nua t i on~  is added ,  T h e  c o n t i n u a t i o n  ac t s  

as a s e q u e n c i n g  d e v i c e  in tha t  the r i g h t  hand s i d e  o f  each e q u a t i o n  has but  

one s e m a n t i c  f u n c t i o n  w i t h  a l l  i t s  a r g u m e n t s  a v a i l a b l e .  A n  S T M - i n t e r p r e t e ~  

d e r i v e d  f r o m  such a d e f i n i t i o n  uses  th is  f u n c t i o n  as  the a u t o m a t o n  s ta te  

f o r  the e q u a t i o n ' s  r i g h t  hand s i d e .  T h e  i n t r o d u c t i o n  of  the c o n t i n u a t i o n  

has added  to the c o m p l e x i t y  of  the  s e m a n t i c  d o m a i n s ;  the D d o m a i n  has 

been f r a c t u r e d  in to  two forms~ DH~ r e p r e s e n t i n g  an e l emen t  of D t r e a t e d  

as a func t ion~  and D'~ r e p r e s e n t i n g  an e l emen t  of D t r e a t e d  as an a r g u -  

ment .  F u r t h e r  e x p l a n a t i o n  is found in [101 . 
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N o w  each e q u a t i o n  has the d e s i r e d  s t a t e ,  a r g u m e n t  form~ but  the e and 

c a r g u m e n t s  a r e  h i g h e r  o r d e r  o b j e c t s  and s t i l l  no t  a c c e p t a b l e .  A w e l l  

known  t e c h n i q u e  f o r  r e d u c i n g  f u n c t i o n a l  o b j e c t s  is the i n t r o d u c t i o n  of 

c l o s u r e s  [7~ .  T h e  c l o s u r e s  r e p r e s e n t  names of  f unc t i ons~  once  a l l  

a r g u m e n t s  a r e  supp l i ed~  the n a m e - p l u s - a r g u m e n t s  a r e  c o n v e r t e d  to the 

f u n c t i o n - p l u s - a r 9 u m e n t s  f o r m .  T h e  f o l l o w i n g  t r a n s f o r m a t i o n  s h o u l d  make  

th i s  c o n c e p t  c l e a r ;  i t  is based  upon the c o n s t r u c t i o n  g i v e n  in [9~ .  

F i g u r e  12, s h o w s  the d e f u n c t i o n a l i z a t i o n  o f  the e and c a r g u m e n t s  us ing  

c l o s u r e s .  A l l  d o m a i n  d e f i n i t i o n s  have  become n o n f u n c t i o n a l .  T h e  e f f ec t  

of  d e f u n c t i o n a l i z a t i o n  is that  even  D ~ and D u must  be r e p r e s e n t e d  as 

c l o s u r e  o b j e c t s .  T h e  t h r e e  o r i g i n a l  s e m a n t i c  e q u a t i o n s  have  e x p a n d e d  

to s e v e n .  T h i s  is b e c a u s e  each doma in  w h i c h  is s i m p l i f i e d  to c l o s u r e  

o b j e c t s  r e q u i r e s  a new a u x i l i a r y  f u n c t i o n  w h i c h  c o n v e r t s  the c l o s u r e -  

p l u s - a r g u m e n t s  se t  to the o r i g i n a l  f u n c t i o n  a p p l i e d  to the a r g u m e n t s .  

T h e  new e q u a t i o n s  a r e  seen  in 1 2 . 4 - 1 2 . ' 7 .  T h e  s i m p l e  s t r u c t u r e  of  the 

o r i g i n a l  d e f i n i t i o n  has led to o n l y  one new c l o s u r e  o b j e c t  p e r  d e f u n c -  

t i o n a l i z e d  d o m a i n .  T h i s  e x p l a i n s  why  the a u x i l i a r y  f u n c t i o n s  a r e  s ta ted  

so s i m p l y .  F u r t h e r  e x a m p l e s  of  the t e c h n i q u e  a r e  g i v e n  in [9~ .  

apC = 

apD u = 

a p E  = 

apD i = 

e E E  = 

c E C  = 

f E D "  = 

a E D  t = 

E x p x E x C  ~ D ~ 

C x D u -~ D 1 

D u x D  I 4 D I 

E x V a r x O  ~ D r 

D I x C -~ D I 

m k - e t =  V a t  x D l  x E 

i nk - c1=  E x p  x E x C 

m k - v l =  V a r  x Exp_ x E 

ink-v2.= E x p  x E 

12. 1 ~ E x t  (e ,c)  = ~_p_.E(e, ~ x ~ , c )  
12 .2  f t ~ X x B ~  ( e , c )  = a p C ( c ,  m k - v l < x ,  E B ~ ] , e > )  

12 .3  ~ ~MN~  ( e , c )  = ~t ~ M ~ ( e ,  m k - c l < ~ N ~ , e , c > )  

12 .4  a r C  ( m k - c l < [ [ a ~ , e , c > , f )  = apDU( f ,  m k _ v 2 <  [ N ~ ] , e > , c )  

12 .5  a p I D U ( m k - v l < x , ~ B ~ , e > , a , c )  = h ~ B ~  ( m k - e l <  x ,  a, e > ,  c) 

12 .6  a p E ( m k - e l < x , a , e > ~ { ] y ~ c )  = (x=y)  ~ a p D I ( a ~ c ) ,  

a p e  (e, [ ] y ~ , c )  

12 .7  a p D , ( m k - v 2 < [ N ~ , e > , c )  = h ~ N ~ ( e , c ) .  

F _ ~ u r  e 12. 
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The equat ions  of f i g u r e  12, a r e  in S T M - f o r m .  The r i g h t  hand s ide  of each 

equat ion  con ta ins  a s ta te  name f rom the set  { tl [~M~ 1 M E Exp }  U 

{ apC, apE,  apD/~ apD~ l } and each a rgumen t  is non func t iona l .  The seven 

equat ion  sets  con ta in  much redundancy  - f o r  example  the c o n s t r u c t o r  names of 

the c l o s u r e s  ape unnecessa ry  because each domain  has but one c l o s u r e  

type. We e l i m i n a t e  the names. A l s o s i n c e  the c a rgumen t  is of the f o r m  

< [ [ N ~ , e l , c > ~  the lef t  hand s ide  of 12.2 can be s ta ted as 

ft ~X xB~(e, < [[N~ , e ' , c > ) ,  wh ich  a l l o w s  the r e d u c t i o n  of the sequence 

12,2 ,~  1 2 . 4 ~  t 2 . 5  to one equat ion .  Th i s  g ives  

12.1 '  ~. ~ x ~ ( e ,  c) = apE (e, [[x~, c) 
1202' i't ~ [ X x B ~ ( e , < ~ N ~ , e ' , c > )  = ft[]-B~] ( < x , < ~ N } , e ' > , e > , c )  

12.3 '  h ~ M N ~  (e , c )  = h[~M~ ( e , < ~ N ~ , e , c > )  

12.6 '  a p E ( < x , a , e > , [ ~ y ~ , c )  = ( x = y ) * a p D  ' ( a , c ) ,  a p E ( e ,  Ey~] ,c)  

12.7 '  a p . D . i . ( < [ [ N ] , e > , c )  = ~ N ~  (e , c ) .  

S ince  12.6 v =~ 12.7 ~ we can c o l l a p s e  the two into one equa t ion ,  and c o n v e r -  

s ion of the nested c l o s u r e s  to tup le  f o r m  g ives  f i g u r e  t3o 

13. 1 'rl ~x~ (e , c )  

13.2 ~ [ [ X x B ~  ( e , <  ~ N ~ , e ' > : c )  

13.3 ~q [[MN~ (e , c )  

13.4 apE ( < x , [ [ N ~ , e ' > : e , [ ] y ~ , c )  

= apE (e, ~ x ~ , c )  

= R.'~B~ ( < x ,  [ N ~ , e ' > : e , c )  

= B EM~ { e , <  [ ] N ~ , e > : c )  

= (x=y) * ~  END (e I , c ) ,  

apE (e, [ [ y~ ,  c).  

Fi21ure 13. 

The r e s u l t s  look s i m i l a r  to f i g u r e  1~ but he re  the env i r onmen t  lookup 

func t ion  is e x p l i c i t l y  p r o v i d e d .  

Some exp lana t i on  is r e q u i r e d  as to what  the equa t ions  above t r u l y  denote .  

The scheme of f i g u r e  1 t r a n s l a t e s  l a m b d a - e x p r e s s i o n s  to l ambda -exp ress ions~  

the ac t i on  made p o s s i b l e  assuming r e t e n t i o n  of  the input  sou rce  tex t  and 

the Un load func t ion .  In c o n t r a s t ,  the deno ta t i ona l  d e f i n i t i o n  t r a n s l a t e s  

into a b s t r a c t  deno ta t i ons .  However~ in the c o n v e r s i o n  to d e f u n c t i o n a l i z e d  

f o r m ,  the deno ta t i ons  themselves  (D ~ and D u) ape not ob ta ined  un less  al~l 

a rguments  to the semant i c  func t ions  a r e  p resen t .  But  s ince the deno ta t i ons  
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a r e  t h e m s e l v e s  f u n c t i o n s ,  the L A M B D A  a b s t r a c t i o n s  r e p r e s e n t i n g  the 

o b j e c t s  n e v e r  a p p e a r  I. T h e  r e s u l t  is tha t  no f o r m  is e v e r  f u l l y  e x p a n d e d  

to an a b s t r a c t  d e n o t a t i o n ,  T h e  d i s a d v a n t a g e  of  us i ng  f i r s t  o r d e r  a r g u -  

ments  in S T M s  is  that  no h i g h e r  o r d e r  o b j e c t  can e v e r  be c o m p u t e d  

as  a f i n a l  r e s u l t  - o n l y  base  o b j e c t s  o r  c l o s u r e  names can a p p e a r .  A n o t h e r  

s i d e  e f f ec t  of  the c o n v e r s i o n  is that  the d e f i n i t i o n  becomes  n o n - h o m o m o r p h i c  

( the  mean ing  of  a p h r a s e  in the l anguage  is no l o n g e r  c o m p l e t e l y  d e t e r m i n e d  

by the  mean ing  o f  i ts  s u b p a r t s  - see  13. 1 ~  13 .4) .  S u c h  a r e s u l t  is 

i n e v i t a b l e  when  c o n v e r t i n g  to a s e q u e n t i a l  f o r m .  

C o n q l u s i o n  

We have  d e s c r i b e d  the c o n s t r u c t i o n  of c o m p i l i n g  schemes  f o r  S T M s  f r o m  

t h r e e  v a r i e d  s e m a n t i c  d e f i n i t i o n s ;  an e x p l i c i t l y  c o n t r i v e d  i n t e r p r e t e r ;  an 

e x i s t i n g  m a c h i n e ,  one  o f  w h o s e  c e n t r a l  d a t a  s t r u c t u r e s  was  a l t e r e d }  and 

a h i g h e r  o r d e r  d e f i n i t i o n  upon w h i c h  a p a i r  of  s i g n i f i c a n t  t r a n s f o r m a t i o n s  

w e r e  p e r f o r m e d ,  T h e  i n t e n t i o n  has been  to u t i l i z e  the S T M - i n t e r p r e t e r  

f o r m a t  of  each  d e f i n i t i o n  as  a d e v i c e  to e x p o s e  the u n d e r l y i n g  s t r u c t u r e  o f  

each  l a n g u a g e  d e f i n i t i o n  and to p r o m o t e  an e a s y  c o n v e r s i o n  to an S D T S  

f r o m  that  p o i n t ,  With r e s p e c t  to the f o r m e r ,  the a r g u m e n t s  to the STiV/ -  

i n t e r p r e t e r  f o r m s  d i s p l a y  the  da ta  o r g a n i z a t i o n  of  the o r i g i n a l  d e f i n i t i o n s .  

T h i s  was  most  o b v i o u s  in the S E C D - m a c h i n e  - i t s  r i g i d  o p e r a t i o n a l  

s t r u c t u r e  was  p r e s e r v e d  in i ts  S T M  f o r m ,  In c o n t r a s t  the W N F - m a c h i n e  

c o n t a i n e d  a s i m p l e  s t r u c t u r e  e x p l i c i t l y  o r i e n t e d  t o w a r d s  / ~ - r e d u c t i o n .  T h e  

f o r m  p r o d u c e d  by the e s s e n t i a l l y  n s t r u c t u r e l e s s H  d e n o t a t i o n a l  d e f i n i t i o n  

c o u l d  h a v e  been o v e r t l y  r e o r g a n i z e d  i n to  many d i f f e r e n t  a r 9 u m e n t  s t r u c -  

t u r e s .  

Of  equa l  i n t e r e s t  a r e  the t r a n s f o r m a t i o n s  a p p l i e d  to the d e f i n i t i o n s  to 

o b t a i n  the S T M  f o r m s ,  f o r  they  e l i c i t  the c o m p l e m e n t a r y  i n f o r m a t i o n  as to 

wha t  f e a t u r e s  of the d e f i n i t i o n  ape c o u n t e r - p r o d u c t i v e  to e a s y  c o m p i l a t i o n  

f o r  p r i m i t i v e  s e q u e n t i a l  m a c h i n e s  - c o n v e r s i o n  of  the c o n t r o l  

of  the S E C D - m a c h i n e  i m m e d i a t e l y  comes  to m ind .  T h e  i m p o s i t i o n  of  o p e r a -  

t i ona l  c o n s t r u c t s  in the a b s t r a c t  d e n o t a t i o n a l  d e f i n i t i o n  i m p l i e s  tha t  9 p e a t  

l a t i t u d e  is a v a i l a b l e  to i t s  i m p l e m e n t o r s  f o r  bo th  o p t i m i z a t i o n  and e r r o r .  
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It is not s u r p r i s i n g  that  o p e r a t i o n a l  d e f i n i t i o n s  lead to comp i l i ng  schemes~ 

but the S T M - i n t e r p r e t e r  fo rm def ines a c lass  of de f i n i t i ons  which a r e  

e s p e c i a l l y  usefu l .  It can be asked whe the r  the S T M  r e s t r i c t i o n  is too 

s t rong  - in p a r t i c u l a r ~  can the r e q u i r e m e n t  of f i n i t e  s tate con t ro l  be 

r e p l a c e d  by a w e a k e r  no t i on?  On the o the r  hand~ the S T M  fo rmat  is 

i t se l f  qu i te  g e n e r a l l  a s t r a i g h t f o r w a r d  imp lementa t ion  of the examples  

in th is paper  wou ld  use heap s t o r a g e  management s and some of the 

Up r im i t i ve  o p e r a t i o n s "  may r e q u i r e  many l ines of assemb ly  code to p e r -  

fo rm.  These  quest ions  a r e  not c o n s i d e r e d  here .  We make a f i na l  r e m a r k  

in r e g a r d  to deve lop ing  an automated compi l i ng  methodo logy ,  Us ing the 

tambda-ca lcu tus  as a u n i v e r s a l  de f in ing  language fo r  p rog ramming  

languages semant ics  suggests  a d i r e c t i o n - t h e  u n i v e r s a l  p r o c e s s  uses 

the l ambda-ca l cu lus  S D T S  to p roduce  an ob jec t  code scheme fo r  each 

cons t ruc t  in the def ined p rog ramming  language.  Th i s  code set  is then 

u t i l i z e d  as a s p e c i f i c  scheme f o r  comp i l i ng  input sou rce  p r o g r a m s  in the 

language. An e l a b o r a t i o n  of the techn ique is p resen ted  in [5~, 

Acknow ledgmen t :  Ne l l  Jones c o n t r i b u t e d  s u b s t a n t i a l l y  by his c r i t i c a l  r e a d i n g  

of an e a r l i e r  d r a f t  of th is pape r .  Thanks a lso  go to K a r e n  M~ l l e r  f o r  her  

a s s i s t a n c e  in o r g a n i z i n g  the m a t e r i a l .  



439 

References 

[1]  Aho~ A .V .~  and Ullman~ J .D.  The Theory  of Pars ing ,  T rans la t ion ,  

and Compi l ing,  Volume l ,  Pren t ice-Ha l l~  Englewood Cl i f fs~ 

N.J .  (1972). 

[g ]  Church,  A. The Ca lcu l i  of Lambda-Convers ion,  Annals of Mathematical 

Studies 6, Pr inceton Univ.  Press ,  Pr ince ton ,  N.J .  (1951). 

[.I,] Curry~ H . B . ,  and Feys,  R. Combinatory Log ic ,  Volume 11 

Nor th -Ho l land ,  Amsterdam (1958). 

[4] Ershov~ A . P .  On the Essence of Compi lat ion,  in Formal  Descr ip t ion  

of Programming Language Concepts, Neuhold~ ed. ~ North-Hol land~ 

Amsterdam (1976) 391-420. 

[5]  Jones~ N.D.  ~ and Schmidt~ D . A .  Compi ler  Generat ion from Denotet;onal 

Semantics~ PB-H3~  Aarhus  Un ive rs i t y ,  Aarhus~ Denmark (1979). 

[6]  Kleene, S . C .  in t roduct ion to Metamathematics~ North-Hol land~ 

Amsterdam (t952).  

[7]  Landin~ P . J .  The Mechanical Evaluat ion of Express ions ,  Computer 

Journal  6-4 (1964) 308-320. 

[8]  P lo tk in ,  G.D.  Ca l l -by -Name,  C a l l - b y - V a l u e  and the Lambda-Calculus~ 

Theore t ica l  Computer- Science t (1975) |25-159. 

[9] Reynolds~ J .C.  Def in i t iona l  In te rp re te rs  for  H ighe r -O rde r  Programming 

Langua9es~ Proc.  of the ACM National Conference~ Boston~ 

(1972) 717-740. 

[ t 0 ]  Reynolds~ J .C.  On the Relat ion between D i r ec t  and Cont inuat ion 

Semantics, Proc .  of the Second Col loquium on Automata~ 

Languages and Programming~ Saarbrucken~ Spr inge r -Ver la9~  

B e r l i n  (1974) 141-156. 



440 

[1 t  7 Schmidt~ D . A .  Compi ler  Generat ion from Lambda-Calcu lus 

Def in i t ions of Programming Languages~ Ph .D.  Thes is ,  

Kansas State Univers i ty~ Manhattan~ Kensas~ for thcoming. 

[12 t Scott~ D . A .  Data Types as Latt ices~ SIAM Journal  of Computing 5 

(1976) 522-587. 

[131 Stoy,  J .E .  Denotat ional Sementics~ MIT Press~ Cambridge~ Mass. 

(1977). 

[14] St rachey,  C . ,  and Wadsworth~ C . P .  C o n t i n u a t i o n s - A M a t h e m a t i c a l  

Semantics for  Handl ing fu l l  Jumps, Technical  monograph PRG-11,  

Oxford Un i ve r s i t y  (1974). 

[151 Wadsworth~ C . P .  The Relat ion between Computational and Denotat iona 

Proper t ies  fo r  Scot t 's  Models of the Lambda-Oatculus~ SIAM 

Journal of Computing 5 (1976) 488-521. 

[16] Watt~ D . A .  ~ and Madsen, O . L .  Extended A t t r i bu te  Grammars~ 

Report  no. I0~ Un i ve rs i t y  of Glasgow (t977)o 


