
CHAPTER IV 

OTHER TOPICS 

Our main concern in  t h i s  book has been the study o f  the c o n t e x t -  

f r e e  case o f  form t h e o r y ,  namely c o n t e x t - f r e e  grammar, EOL and ETOL 

forms.  However the n o n - c o n t e x t - f r e e  case o f  form t h e o r y  has a l so  been 

i n v e s t i g a t e d .  T h e r e f o r e  in  t h i s  c h a p t e r  we aim to  g i ve  the reade r  a 

f l a v o r  o f  the r e s u l t s  to  be found in t h i s  a rea .  In Sec t i on  I V . I  phrase 

s t r u c t u r e  grammar forms are d i scussed  and in  S e c t i o n  IV.2  c o n t e x t  

dependent  L forms.  In S e c t i o n  IV .3  m a t r i x  forms are i n t r o d u c e d  and 

f i n a l l y  in  S e c t i o n  IV .4  some r e s u l t s  on c o n t r o l l e d  grammar forms are 

su rveyed .  

Where a p p r o p r i a t e  open problems are ment ioned as we l l  as some 

o f  the main r e s u l t s .  However o n l y  sketch  p roo fs  are g i v e n ,  s ince  our 

aim is  to be d i s c u r s i v e  r a t h e r  than f o r m a l .  
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I V . I  Phrase S t r u c t u r e  Grammar Forms 

Since the no t i on  o f  a form can be a p p l i e d  to any c lass  o f  re -  

w r i t i n g  sys tems,  one obvious c lass  to i n v e s t i g a t e  is  t h a t  of  (phrase 

s t r u c t u r e )  grammar forms.  A phrase s t r u c t u r e  9ramm.ar is  a quadrup le  

G (V ,~ ,P ,S )  where P c (V-Z) + V* = , _ × and P i s  f i n i t e ,  t o g e t h e r  w i t h  a 

m o d i f i e d  v e r s i o n  o f  the s e q u e n t i a l  r e w r i t e  r e l a t i o n ,  ~. The no t i ons  o f  

g- and s - i n t e r p r e t a t i o n s  c l e a r l y  c a r r y  over  to t h i s  s i t u a t i o n  w i t h o u t  

any d i f f i c u l t y  s ince  the l e f t  hand s ide  o f  a p roduc t i on  c o n s i s t s  s o l e l y  

of  n o n t e r m i n a l s .  One r e l a t i v e l y  l o n g s t a n d i n g  problem has been: 

( * )  E x h i b i t  a (phrase s t r u c t u r e )  grammar form G such t h a t  

 (CF) ~ ' g ( G , ~ )  

As we s h a l l  now demonst ra te  t he re  are seeming ly  " s i m p l e "  grammar forms 

which g i ve  r i s e  to o~(RE) under g - i n t e r p r e t a t i o n .  Fur thermore we g i ve  

a p roo f  sketch o f  the a s s e r t i o n  t h a t  g iven a two-symbol grammar form 

G f o r  which O~g(G,~) ~ ~ ' (CF)  then , ~ g ( G , ~ )  = ~'~(RE). This  leads us 

to c o n j e c t u r e  t h a t  t h i s  r e s u l t  i s  t rue  in g e n e r a l ,  namely there  i s  no 

grammar form s a t i s f y i n g  ( * ) .  

For our f i r s t  example,  c o n s i d e r  G 1 de f i ned  by the p r o d u c t i o n s :  

S ÷ ABSc; S ÷ ABc; BA ÷ AB; A ÷ a; B ÷ b. 

a+b+c + n Now L ( G I , ~ )  n = {anbnc : n m I } ,  whic.h i s  not  c o n t e x t - f r e e  hence 

L (G I ,~ )  is  not  c o n t e x t - f r e e .  Fur thermore G 1 is  a permut ing grammar, 

t h a t  i s ,  the on ly  n o n - c o n t e x t - f r e e  p roduc t i on  BA + AB is  a permut ing 

p r o d u c t i o n .  I t  i s  w e l l  known t h a t  permut ing  grammars on ly  genera te  

languages whose Par ikh  se t  i s  s e m i - l i n e a r ,  hence one might  suspect  

t h a t  ~ g ( G  I , ~ )  ~ o~ (RE). 

However i t  can be proved t h a t  . ~ g ( G l , ~ )  = ~  (RE). E s s e n t i a l l y  

we ob ta i n  e r a s i n g  p roduc t i ons  as i n t e r p r e t a t i o n s  o f  A + a and B + b 

which t o g e t h e r  w i th  i n t e r p r e t a t i o n s  of  BA ÷ AB y i e l d s  enough c o n t e x t -  

s e n s i t i v i t y  to  g i ve  the r e s u l t .  

Cons ider  the f o l l o w i n g  i n t e r p r e t a t i o n  G~ and G 1 which g ives  

r i s e  to a Par ikh  se t  which i s  not  s e m i - l i n e a r :  

S O + A~B 'S I ;  S 1 ÷ A~BoSI; S 1 ÷ AIB~S2; 

S 2 ÷ AIBxS2; S 2 ÷ A IBx ;  

BIA 1 ÷ AIBo;  BoA 1 ÷ A2BI;  BoA 2 + A2Bo; 

BIA 2 + A2BI ;  B'A 2 + AoB' ; B'A 1 ÷ AoB~; 

AX ÷ ~; BX ÷ ~; A 0 ÷ a; B 0 ÷ b 
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Now us ing the f i r s t  t h ree  p r o d u c t i o n s  we ob ta in  

SO ~ A~B,SI n A~B,(A~Bo)nSI ~ A~B,(A~Bo)nAIB~S2 

I f  we now erase the appearances o f  A~ and BX we ob ta i n  

B'B~AIS 2 
)m and i f  we now rep lace  S 2 by (AIB ~ us ing the f o u r t h  and f i f t h  produc- 

t i o n s  and again e ras ing  B~ we o b t a i n :  

Rnam+l 
B'~O- 1 

Now us ing the "pe rmu t i ng "  p r o d u c t i o n s  an A 1 can move l e f t  through 
,Rn- I  B'B On changing i t  to BI~ 0 B 1 and e m i t t i n g  A 0 at  the l e f t ,  t h a t  i s  

B , .n .m+ l  ~ .  AO B, n - I  m 
mOa I B 0 BIA 1 • 

Again an A 1 can move l e f t  e m i t t i n g  an A 0 g i v i n g  AoAo B,BOn-2BIBOA~-I, and 

so on. Note t h a t  the n p o s i t i o n s  g iven  by the s u b s c r i p t e d  B's d e f i n e  

a b i n a r y  number, i n i t i a l l y  O. When an A 1 passes through from r i g h t - t o -  

l e f t  a 1 b i t  a d d i t i o n  i s  s i m u l a t e d .  Hence when 2 n A l 'S  have passed 

through the B' i s  erased g i v i n g  

a2nb n 

when the A 0 and B 0 symbols are r e p l a c e d .  C l e a r l y  L(G~,~) g ives  r i s e  

to a n o n - s e m i - l i n e a r  Par ikh  s e t .  

As a second example the use o f  e ras i ng  i s  more c a r e f u l l y  con- 

t r o l l e d  than in  G I ,  Thus we have G 2 de f i ned  by: 

S ÷ DS 1 , 

S 1 ÷ ABSIC; S 1 ÷ ABDc; 
BA ÷ AB; 

DA ÷ aD; Db ÷ bD b 

DbB + bDb; DbD ÷ 

In t h i s  grammar D fo rces  the permut ing p roduc t i on  BA ÷ AB to be a p p l i e d  

" c o m p l e t e l y "  be fo re  any e r a s i n g  takes p lace .  This  f o l l o w s  by obse rv i ng  

t h a t  D becomes D b on meet ing the f i r s t  B and D b is  b locked by any 

appearance o f  A to i t s  r i g h t .  Th is  a lso  holds t r u e  f o r  i n t e r p r e t a t i o n s  

o f  G 2 as w e l l .  However even in t h i s  case ocT°g(G2,~) = 4  (RE). We leave  

to the i n t e r e s t e d  reader  the d e t a i l e d  proo fs  o f  these e q u a l i t i e s  f o r  

G 1 and G 2 . 
Let  us tu rn  to the c o n s i d e r a t i o n  o f  two-symbol  forms.  Note 

t h a t  under g - i n t e r p r e t a t i o n  a l l  t e r m i n a l s  in  a grammar form G = (V ,Z ,P .S )  

can be i d e n t i f i e d  w i t h  a w i t h o u t  any loss  of  g e n e r a l i t y .  Moreover we 

may assume t h a t  no p r o d u c t i o n  in  G con ta i ns  two c o n s e c u t i v e  a ' s  and 

a lso  we may rep l ace  G by i t s  f u l l  i n t e r p r e t a t i o n  G' under the sub- 
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s t i t u t i o n  ~ d e f i n e d  by ~ ( a )  = { a , ~ }  and ~(A)  = A f o r  a l l  A i n  V - { a } .  

S i nce  G' -~  G and G ~ G' we have ~ g ( G ' , ~ )  = ~-~°g(G,~). When G = G' 

and G a l s o  f u l f i l l s  t h e  above c o n d i t i o n s  we say G i s  t e r m i n a l l y - c l o s e d .  

L e t t i n g  G = ( { S , a } , { a } , P , S )  be t e r m i n a l l y - c l o s e d  i t  f o l l o w s  t h a t  
i S ~*  a , i ~ 0 i m p l i e s  S ~ *  X. I f  G does n o t  c o n t a i n  a p r o d u c t i o n  

S ÷ S i f o r  i > 1 then  ~7~g(G,~) ~ = ~ ( C F ) ,  s i n c e  p r o d u c t i o n s  w i t h  a t  

l e a s t  two S symbo ls  on t he  l e f t  hand s i d e  can n e v e r  be a p p l i e d  in  a 

s e n t e n t i a l  d e r i v a t i o n .  S i m i l a r l y  i f  t h e r e  i s  no p r o d u c t i o n  S k ÷ S ~ in  

G f o r  k > 1 then  a g a i n  ~'Pg(G,~) ~ ~'s (CF) s i n c e  no n o n - c o n t e x t - f r e e  

p r o d u c t i o n  i s  i n  G. 

S ince  we can a l w a y s  t r a n s f o r m  a t w o - s y m b o l  grammar fo rm i n t o  

a g - f o r m  e q u i v a l e n t  t e r m i n a l l y - c l o s e d  grammar fo rm we o n l y  c o n s i d e r  

such fo rms in  t h e  f o l l o w i n g .  

We now s k e t c h  t h e  p r o o f  t h a t  f o r  a t w o - s y m b o l  grammar fo rm G 

e i t h e r  ~ g ( G , ~ )  ~ ~ ( C F )  o r  ~ (G,~)  = oC~°(RE). Assume t h e r e  i s  a 

p r o d u c t i o n  S ÷ S i ,  f o r  i > 1 i~  G and a p r o d u c t i o n  S k ÷ S L in  G w i t h  

k > I ,  o t h e r w i s e  ~ g ( G , ~ )  i s  s u b - c o n t e x t - f r e e .  Now t h e r e  must be a 

p r o d u c t i o n  c o n t a i n i n g  an a o t h e r w i s e  L ( G , ~ )  e q u a l s  ~ and = ~ g ( G , ~ )  i s  

s u b - c o n t e x t - f r e e .  L e t  t h i s  p r o d u c t i o n  be S m ÷ s ras  t ,  f o r  some m m I ,  

r and t m O. Assuming G i s  nonempty  we must have a d e r i v a t i o n  

S ~*  

i n  wh i ch  case we may assume S ÷ ~ i s  i n  G. S i n c e  S ÷ S i i s  i n  G f o r  

some i > I ,  t hen  we have a d e r i v a t i o n :  
i i - I  S ~ S ~ S ~ . . . ~  SS 

in  G and hence we may assume S ÷ SS is  in  G. Aga in  s i n c e  S k ÷ S L i s  

i n  G f o r  k > 1 we have 

S k ~ S ~ ~ . . . .  ~ 

in  G and hence we may a l s o  assume S k ÷ ~ i s  in  G. F i n a l l y  s i n c e  

S m ÷ s ras  t is  in  G We a l s o  have t he  d e r i v a t i o n  

S ~ SS ~ . . . ~  S m ~ s ras  t ~ . . . ~  a 

i n  G and t h e r e f o r e  we may a g a i n  assume S ÷ a i s  i n  G. 

I t  o n l y  r e m a i n s  to  d e m o n s t r a t e  t h a t  f o r  F k "~ G, where  F k i s  

d e f i n e d  by t he  p r o d u c t i o n s :  

S ÷ SS; S ÷ a;  S k ÷ 

we have ~ g ( F k , ~ )  ==<~(RE) t o  g i v e  t h e  r e s u l t .  

I t  i s  w e l l  known t h a t  F 2 has t h i s  p r o p e r t y ,  t h e r e f o r e  we r e d u c e  

t h e  case k > 2 by s i m u l a t i o n  to  t he  case k=2. For  each F½ ~ F 2 the  

p r o d u c t i o n s  o f  t he  t y p e  AB ÷ ~ a re  s i m u l a t e d  by the  d e r i v a t i o n  

A ~ AIC 1 ~ AIA2C 2 = . . . ~  A i A 2 . . . A k _ 2 C k = 2 B  ~ 
i n  an i n t e r p r e t a t i o n  F'k o f  F k,  where  a l l  o t h e r  p r o d u c t i o n s  a re  c a r r i e d  

o v e r  unchanged .  
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As pointed out above th is  resu l t  gives strong evidence for the 
v a l i d i t y  of the general conjecture, that under g- in terpretat ions no 

g-grammatical family l ies  s t r i c t l y  between~2~(CF) and=KV~(RE). 
However under s - in terpre ta t ions  as one might expect such 

famil ies do ex is t .  

Consider G 3 = (V3,{a},P3,S 3) and G 4 = ({S4,a},{a},P4,S4) where 
2n 

L(G3,~)  = {a : n ~ I } ,  P4 = {$4 ÷ S ; S 4 ÷ a} and S 4 i s  no t  in  V 3. 

Note t h a t  ~-'~s(G4,~) = ~ ' ( C F ) .  C o n s t r u c t  

G = (V 3 u { S , S 4 } , { a } , P  3 u P4 u {S ÷ aS3; S + S4} ,S )  where S i s  a new 

n o n t e r m i n a l  symbol .  Now e v i d e n t l y ~ ' ( C F )  ~ ' s ( G , ~ )  and s i n c e  

{ a } L ( G 3 , ~ )  i s  in  :<~°s(G,~)~ we have p rope r  c o n t a i n m e n t .  F i n a l l y  note 

t h a t  L (G3,~)  i s  no t  in  , ~ ' s ( G , ~ ) ,  s i nce  t a k i n g  i n t e r p r e t a t i o n s  o f  

S ÷ aS 3 o n l y  leads  to odd l e n g t h  words and i n t e r p r e t a t i o n s  o f  S ÷ S 4 

y i e l d  o n l y  c o n t e x t - f r e e  l anguages .  

Th i s  d i f f e r e n c e  between g- and s - i n t e r p r e t a t i o n s  is  h i g h l i g h t e d  

by the r e s u l t s  we w i l l  now d i s c u s s .  F i r s t  we w i l l  show t h a t  t he re  

are grammar forms wh ich  under  s - i n t e r p r e t a t i o n  gene ra te  languages 

wh ich  are e i t h e r  f i n i t e  and hence c o n t e x t - f r e e  or  i n f i n i t e  and non- 

c o n t e x t  f r e e .  Th i s  k ind  o f  gap theorem does not  appear to ho ld  under 

g - i n t e r p r e t a t i o n .  For the p a r t i c u l a r  case o f  c o n t e x t - f r e e  grammar 

fo rms ,  a form can be e x h i b i t e d  wh ich  genera tes  e i t h e r  f i n i t e  languages 

or i n f i n i t e  languages wh ich  are n o n - r e g u l a r  under s - i n t e r p r e t a t i o n s ,  

whereas under  g - i n t e r p r e t a t i o n s  no such gap e x i s t s .  

De f i ne  G 5 by the  f o l l o w i n g  p r o d u c t i o n s :  

S 5 ÷ FZ; Z ÷ MZ; Z ÷ MCCCD; 

MC + CAM; MA + AM; MD + D; 

FC ÷ cF; FA + aF; FD ÷ ~; 

then  a t y p i c a l  d e r i v a t i o n  i n  G 5 has the appearance o f  

S 5 ~ FZ ~*  FMn- Iz  ~ FMnCCCD ~*  FMn-IcAcACAD 
~* FMn- i cA iCA iCA iD  ~ .  FCAnCAnCAnD ~*  cancanca n 

Consider a G~ ~s G5(P) with L(G~,~)_ i n f i n i t e  and a word x in L(G~,~)._ 
A der ivat ion for  x can be wr i t ten as: 

S~ ~ FIZ l ~* FiMl...Mn_iZ 2 FIMI...MnCIC2C3D 1 

FIC4AI...AnC5An+I...A2nC6A2n+I...A3nD 2 =* 

Clal...anCnan+l...a2nC3a2n+l...a3n = x, 

where S~ is in ~($5), F i is in ~(F), M i is in m(M) and s imi lary for the 
other symbols. 
Now assume L(G~,~) ~ ~(CF),  then. .L =. ~-I(L(G~,~)) ~ ~'(CF). However 
L is an i n f i n i t e  subset of {calcalca1: i m l }  and any such subset is 
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known to be n o n - c o n t e x t  f r e e .  Hence G 5 possesses the "gap" p r o p e r t y  

we ment ioned above. 

We now t u r n  our  a t t e n t i o n  to  the second r e s u l t  which a l so  d i s p l a y s  

the d i f f e r e n c e  between g- and s - i n t e r p r e t a t i o n s .  Namely we e x h i b i t  a 

n o n - c o n t e x t - f r e e  grammar form whose language f a m i l y  is  ~ ( E O L )  under a 

r e s t r i c t e d  type o f  s - i n t e r p r e t a t i o n .  

Assume in  the f o l l o w i n g  t h a t  a n o n - c o n t e x t - f r e e  grammar is  

less  r e s t r i c t i v e  than above,  namely f o r  G = (V ,E ,P ,S )  we have 

p c V * ( V - ~ ) V * x V * ,  t h a t  is  t e r m i n a l s  may appear  on the l e f t  hand s i d e ,  

but  o n l y  in the presence o f  a t  l e a s t  one n o n t e r m i n a l .  

We f i r s t  i n t r o d u c e  the n o t i o n  o f  smoothness o f  a grammar. Let 

G = (V ,Z ,P ,S )  be a grammar and m > 0 an i n t e g e r ,  then we say G is  

m-smooth i f  a l l  p r o d u c t i o n s  in  P have l e f t  hand s ides  o f  l e n g t h  a t  

most m and f o r  a l l  words ~ over  V c o n t a i n i n g  one n o n t e r m i n a l  and whose 

l e n g t h  is  a t  most m t h e r e  i s  a t  l e a s t  one p r o d u c t i o n  ~ + B in P f o r  

some B. 

Th is  c o n d i t i o n  has someth ing o f  the f l a v o r  o f  the comp le te -  

ness c o n d i t i o n  f o r  L grammars. When s p e c i f y i n g  such an m-smooth 

grammar we assume a l l  u n s p e c i f i e d  l e f t  hand s ides  ~ have the i d e n t i t y  

p r o d u c t i o n  ~ ÷ ~. C o n t e x t - f r e e  grammars are e s s e n t i a l l y  a lways 

l - s m o o t h ,  j u s t  add A ÷ A f o r  eve ry  n o n t e r m i n a l .  We now r e s t r i c t  i n t e r -  

p r e t a t i o n s  in  the f o l l o w i n g  way: 

I f  G is  an m-smooth grammar form then G' ~ G 

i f f  G' is  m-smooth and G' ~s G, where ., -:Iss " 

denotes "smooth s - i n t e r p r e t a t i o n " .  

To see t h a t  s s - i n t e r p r e t a t i o n  i s  d i f f e r e n t  f rom s - i n t e r p r e t a t i o n  

f o r  n o n - c o n t e x t - f r e e  grammar fo rms,  c o n s i d e r  the f o l l o w i n g  example 

grammar: 

F: S ÷ AA; AA ÷ a; A ÷ a 

I t  is clear that ~7"s(F,~) ~ ~ (F IN)  and each language in 

~s (F ,~ )  consists of words of length one and two. Hence {a} and {aa} 

are example languages in ~ ' s ( F , : ) .  
I f  we assume F is 2-smooth then by our convention 

SS ÷ SS; SA + SA; AS ÷ AS; Sa ÷ Sa; aS ÷ aS; Aa + Aa; aA ÷ aA; are in 

F. Clear ly these productions nei ther a f fec t  the language of F nor the 

F. Now consider ~ s s ( F , ~ ) .  Each F' s~ss F(~) must language fami ly  of 

be 2-smooth hence apart from productions of the type: 

S l ÷ AIA 2 
i t  must contain productions 

A1 ÷ ~ i ;  A2 ÷ ~2; AIA2 ÷ ~3 
for  some ~ l '  ~2 and ~3" 
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This  means t h a t  ~I is a t e r m i n a l  symbol s i n c e  A 1 ÷ ~I is  in ~(A ÷ a ) ,  ~2 

is  a t e r m i n a l  symbol and f i n a l l y  s ince  AIA 2 ÷ ~3 is  in u(AA ÷ a ) ,  ~3 

must a l so  be a t e r m i n a l  symbol .  T h e r e f o r e  L ( F ' , ~ )  c o n t a i n s  a word o f  

l e n g t h  one and a word o f  l e n g t h  two. This  is  t r u e  f o r  a l l  F' ~ F 

hence ~C'~ss(F,~) * ~ s ( F , ~ )  and in  f a c t  ~ s s ( F , ~ )  ~ ~ s ( F , ~ ) .  
However i f  we add: 

S + S; AA + AA; A ÷ A 

to F g i v i n g  G, then in t h i s  case we do have e q u a l i t y ,  namely 

~ s s ( G , ~ )  : ~ s ( G , ~ ) .  
We nex t  c o n s i d e r  un i f o rm  i n t e r p r e t a t i o n s  o f  grammar forms,  

b e f o r e  d i s c u s s i n g  our main r e s u l t .  

Le t  G' = ( V ' , E ' , P ' ,  S ' )  and G = (V ,Z ,P ,S )  be two grammar forms 

such t h a t  G' "~s G(~) f o r  some ~. We say G' is  a un i f o rm  i n t e r p r e t a t i o n  

o f  G modulo p i f  P' £ pu(P) where ~u(P) ~ ~(P) and ~' + 5' is  in 

i f f  ' = X l . . . X m ~  ~' = Y I . . . Y n  and f o r  a l l  X i ,  Y j ,  1 ~ i ~ m, 
~u(P)l ~ j ~ n, ~p- l(x i )  ~ (Y j )  i m p l i e s  Xi = Y..j We denote  t h i s  by 

G' -~u G(~).  

To ga in  some i n s i g h t  i n t o  un i f o rm  i n t e r p r e t a t i o n  c o n s i d e r  the 

grammar form G 6 d e f i n e d  by the p r o d u c t i o n s :  

S ÷ a S ; S ÷ ~ .  

We claim that  each non-empty language L in O~'u(G6,~) can be expressed 

as L = Z*, for  some ~. 

Consider an a r b i t r a r y  u - i n t e r p r e t a t i o n  G' 6 ~ G6(P)' where 
G~ = (V,A,P,S ' ) .  Then each production fo r  S' is one of the types 

S' ÷ a i S " ;  S' ÷ ~. 
But under u - i n t e r p r e t a t i o n  S' ÷ a iS"  is  in ~u(S ÷ aS) on l y  i f  S' = S".  

Hence G~ on ly  has " u s e f u l "  p r o d u c t i o n s  

S' ÷ a .S '  and S' ÷ ~. 
1 

I f  e i t h e r  S' ÷ ~ is  absent  or  S' + a iS '  is not  in P f o r  any a i then 

= S ~ L(G~,~) ~. This leaves the case that  S' ÷ ~ is present and S' ÷ a i 

is present for  some a i in A. Let Z ~ A be those a i ' s  for  which there 

is a production S' ÷ aiS' Clear ly  L(G~,~) = Z* as claimed. 

Let G be the grammar form spec i f ied by the productions: 

(a) S ÷ ALZR; AL ÷ AAL; AL ÷ A; 

(b) AZ + AZ; AZ ÷ ZA; AZ + ZZA~ AZ ÷ aA; 

(c) AR + R; AR + ~. 

We c la im  t h a t  ~-~Pu(G,~) = ~ ( E O L ) .  

I t  i s  easy to see t h a t  ~ ( E O L )  ~ u ( G , = )  s i nce  the A can be 

looked  upon as an " a c t i v a t i o n  messenger " ,  which sweeps across a word 

c o n s i s t i n g  o f  i n t e r p r e t a t i o n s  o f  Z symbols e n f o r c i n g  r e w r i t i n g  o f  
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each symbol and hence s i m u l a t i n g  a p a r a l l e l  r e w r i t i n g  s t ep .  C l e a r l y  

we a l s o  have ~ ' (EOL)  _c ~ s ( G , ~ ) ;  a weaker mesu l t .  

Le t  us l ook  a t  t h i s  in  s l i g h t l y  more d e t a i l .  Cons ide r  an 

a r b i t r a r y  EOL grammar F = ( V , Z , P , Z )  which is  b i n a r y ,  p r o p a g a t i n g  and 

s y n c h r o n i z e d .  Then we can c o n s t r u c t  a G' ~ G as f o l l o w s :  

Let  G' = ( V ' , Z , P ' , S )  where V' = { S , A , L , R }  u V u {B: B in  V-S} such t h a t  

these are t h r e e  d i s j o i n t  sets o f  symbols and P' c o n t a i n s  the p r o d u c t i o n s :  

( i )  S ÷ ALZR; AL ÷ AAL; AL ÷ A; AR ÷ R; AR ÷ 

( i i )  AB + AB; f o r  a l l  B in  V-S, 

( i i i )  AB + CA; i f  B + C is  in  P, 

( i v )  AB + CDA; i f  B ÷ CD is  in  P, 

(v)  AB ÷ aA; i f  B ÷ a is  in  P. 

A d e r i v a t i o n  in  G' proceeds as f o l l o w s :  

S ~+ An- ILzR ~ AnZR ~ An-lmAR ~ . . . .  

C l e a r l y  A cannot  beg in  to sweep f rom l e f t - t o - r i g h t  u n t i l  the p r o d u c t i o n  

AL ÷ [ is  a p p l i e d  to  remove L. Note t h a t  A 's  cannot  o v e r t a k e  each 

o t h e r  and A cannot  be d e s t r o y e d  d u r i n g  a sweep over  the symbols from 

V-Z, t h e r e f o r e  each A must comple te  i t s  sweep f o r  a t e r m i n a l  word to 

be d e r i v e d .  A lso  an A symbol cannot  sweep over  a t e r m i n a l  symbol ,  

hence on l y  the l a s t  A must produce t e r m i n a l s  i f  a t e r m i n a l  word is  to 

be d e r i v e d .  Again the p r o d u c t i o n  AR + R must be used f o r  a l l  but  the 

l a s t  A a t  which t ime AR ÷ ~ must be used. Thus in  G ' ,  AnZR ~* x in  ~* 

i f f  t h e r e  is  a d e r i v a t i o n  Z ~* x in  F which has e x a c t l y  n s teps .  Hence 

L ( G ' , ~ )  = L (F ,~ )  as d e s i r e d  and G' is  c l e a r l y  a u - i n t e r p r e t a t i o n  o f  G. 

Be fo re  t u r n i n g  to the r e v e r s e  i n c l u s i o n  observe t h a t  a p ro-  

d u c t i o n  B + m in F is  s i m u l a t e d  in  two steps 

AB ~ AB ~ mA 

in G' The reason f o r  t h i s  is  s imp l y  t h a t  t h i s  a l l o w s  n o n - u n i f o r m  

i n t e r p r e t a t i o n s  o f  B ÷ m to  take  p lace  in  G ' ,  or  a l t e r n a t i v e l y  non- 

u n i f o r m  i n t e r p r e t a t i o n s  o f  the p r o d u c t i o n s  Z ÷ Z; Z ÷ ZZ; Z ÷ a in  G. 

W i thou t  t h i s  " s t r e t c h i n g "  we would no t  o b t a i n  ~ ( E O L ) .  

We now c l a i m  t h a t  ~ u ( G , ~ )  ~ ( E O L ) .  Cons ide r  an a r b i t r a r y  

i n t e r p r e t a t i o n  G' ~ G. We arque t h a t  L ( G ' , ~ )  is  an EOL language by 
U 

way o f  a number o f  o b s e r v a t i o n s .  F i r s t  c o n s i d e r  i n t e r p r e t a t i o n s  o f  

A, L, Z and R. C l e a r l y  t h e r e  must be a f i n i t e  number o f  such i n t e r -  

p r e t a t i o n s  and hence a f i n i t e  number o f  p r o d u c t i o n s  o f  the type  

S ÷ ALZR. S ince ~W'(EOL) is  c l osed  under un ion  i t  s u f f i c e s  to  c o n s i d e r  

t h a t  G' has one such p r o d u c t i o n  S ÷ ALZR, say. S ince we are  d e a l i n g  

w i t h  u n i f o r m  i n t e r p r e t a t i o n s  we must have:  
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( i )  a t  l e a s t  one o f  AL ÷ AAL and AL ÷ A 

and 

( i i )  a t  l e a s t  one o f  AR ÷ R and AR ÷ ~. 

Note  t h a t  i f  e i t h e r  AL ÷ A o r  AR ÷ ~ a r e  a b s e n t  t h e n  L ( G ' , ~ )  = ~ s i n c e  

e i t h e r  g e n e r a t i o n  c a n n o t  b e g i n  o r  t e r m i n a t i o n  c a n n o t  o c c u r .  On t h e  

o t h e r  hand i f  e i t h e r  AL ÷ A i s  t h e  o n l y  p r o d u c t i o n  f o r  AL o r  AR 

i s  t h e  o n l y  p r o d u c t i o n  f o r  AR, t h e n  o n l y  one sweep o v e r  t h e  Z - s y m b o l s  

can o c c u r  and hence L ( G ' , ~ )  i s  f i n i t e .  

Thus we now assume a l l  o f  AL ÷ AAL, AL + A, AR + R and AR ÷ 

a r e  p r e s e n t .  

In  t h i s  case we a r e  a b l e  t o  c o n s t r u c t  an EOL grammar  

F = ( V , S , P , Z )  f r o m  G' = ( V ' , Z , P ' , S )  such t h a t  L ( G ' , ~ )  = L ( F , ~ ) .  L e t  

V = ( V ' - { S , A , L , R } )  u {N}  and P c o n t a i n  t h e  p r o d u c t i o n s :  

( i )  N ÷ N; a ÷ N, f o r  a l l  a i n  ~ ,  

( i i )  B ÷ ~ ,  i f  AB ÷ AB and AB ÷ ~A a re  i n  P' 

I t  s h o u l d  be c l e a r  t h a t  

Z ~ x i n  F w i t h  x i n  ~ * .  

i f f  S ~+ AnZR ~ + x  i n  G' 

Hence t h e  c l a i m  i s  e s t a b l i s h e d .  

No te  t h a t  we have r e a l l y  d e m o n s t r a t e d  more t h a n  t h i s ,  n a m e l y ,  t h a t  

G i s  s y n c h r o - E O L - v o m p l e t e .  In  o t h e r  wo rds  f o r  e v e r y  s y n c h r o - E O L  f o r m  

F t h e r e  i s  a G' ~u G such t h a t  - . .  --~#'s(F,~) = . . ~ ' u ( G ' , ~ ) .  We use t h e  f i r s t  

c o n s t r u c t i o n  g i v e n  above  w h i c h  p r o v i d e s  a G' "~u G w i t h  L ( G ' , ~ )  = L ( F , ~ )  

and t h e n  o b s e r v e  t h a t  t h e  second  c o n s t r u c t i o n  a p p l i e d  to  G ' ' ' ~  G' u 
c l e a r l y  g i v e s  an F' ,m F. The o n l y  t r i c k y  p o i n t  i s  t h a t  we a p p e a r  t o  

s 
need c l o s u r e  unde r  u n i o n ,  w h i c h  does n o t ,  o f  c o u r s e ,  h o l d  i n  g e n e r a l .  

However  we can m o d i f y  t h e  second  c o n s t r u c t i o n  s i n c e  u n i o n - c l o s u r e  i s  

n o t  r e a l l y  n e e d e d ,  b u t  r a t h e r  a much w e a k e r  c l o s u r e  r e s u l t .  

By s u i t a b l y  m o d i f y i n g  G we can o b t a i n  e v e r y  EOL g r a m m a t i c a l  

f a m i l y .  L e t  G c o n t a i n  t h e  p r o d u c t i o n s :  

S ÷ ALZR; AL ÷ AAL; AL + A 

AZ ÷ AZ; AZ ÷ ZA; AZ ÷ ZZA; AZ ÷ aA; AZ ÷ A 

Aa ÷ A~; A~ + ZA. 

L e t  F be a b i n a r y  EOL f o r m  t h e n  a G ' A  G can be c o n s t r u c t e d  such t h a t  
U 

L ( G ' , ~ )  = L ( F , ~ )  and m o r e o v e r  ~ u ( G ' , ~ )  = - ~ s ( F , ~ ) .  We l e a v e  t h i s  t o  

t h e  r e a d e r .  N o t i c e  t h a t  we have i n c l u d e d  a l l  b i n a r y  p r o d u c t i o n s  in  

t o  be a b l e  t o  o b t a i n  t h i s  r e s u l t  ( b y  t h e  r e s u l t s  o f  C h a p t e r  I I I  

e v e r y  EOL f o r m  F has a f o r m  e q u i v a l e n t  f o r m  F w h i c h  i s  i n  b i n a r y  

n o r m a l  f o r m ) .  
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In a s i m i l a r  manner we can o b t a i n  ~ ( E T O L ) .  We leave  the  

reade r  to  demons t ra te  t h a t  H d e f i n e d  by the p r o d u c t i o n s :  

S ÷ LZR; L ÷ AL; AL ÷ A; 

AZ ÷ AZ; AZ ÷ ZA; AZ ÷ ZZA; AZ ÷ aA; 

AR ÷ R; AR ÷ 

has = ~ u ( H , : )  = ,~'(ETOL). 

Combin ing smoothness and u n i f o r m - i n t e r p r e t a t i o n s  we o b t a i n  

s u - i n t e r p r e t a t i o n s  denoted by -<l . We can e x h i b i t  a grammar form G 
su 

such t h a t  ~ s u  (G,~)  = ~ ( M A T )  the  f a m i l y  o f  c o n t e x t - f r e e  m a t r i x  

languages or  such t h a t  ~ ' s u ( G , ~ )  = =w~(SCAT), the  f a m i l y  o f  c o n t e x t -  

f r e e  s c a t t e r e d - c o n t e x t  l anguages .  However in  both cases 

:<~su(G,~) :~u(G,~). For consider G defined by: example, 

(a) S ÷ AS; AS ÷ AZ; 
^ 

(b) AZ ÷ ZA; Aa ÷ aA; A ÷ A; 

(c) AZ ÷ AZ'̂ -, AẐ - ÷ ZA; AZ ÷ ZZA~. AZ ÷ aA 
A 

(d)  AZ ÷ ZA; Aa ÷ aA;A ÷ A; 

(e)  ~Z ÷ RZ; ~Z ÷ Z; ~ + ZZ; ~ ÷ a. 

We c l a i m  t h a t  ~-)#su(G,~) = ~ ( S C A T ) .  E s s e n t i a l l y  the A i s  an a c t i v a t i o n  

messenger once more. A s c a t t e r e d - c o n t e x t  grammar whose m a t r i c e s  have 

s i z e  two and wh ich  are i n  b i n a r y  normal form can be s i m u l a t e d  by 

hav ing  an A m f o r  each m a t r i x  m. As Am sweeps from l e f t - t o - r i g h t  i t  

can change i n t o  Am wh ich  enab les  the f i r s t  p r o d u c t i o n  i n  m to  be 

a p p l i e d .  At the same t ime  A becomes A m wh ich  sweeps across  u n t i l  i t  m 
changes i n t o  A at  wh ich  t ime the second  p r o d u c t i o n  in  m is  a p p l i e d  

m 
and A m d i s a p p e a r s .  

We l eave  to the  r eade r  t he  d e t a i l e d  p r o o f  t h a t  =~su(G,~)  = 

~ ( S C A T ) ,  however we observe t h a t  smoothness is  e s s e n t i a l .  For 

example ,  i n  a u - i n t e r p r e t a t i o n  we c o u l d  om i t  AZ ÷ ZA and Aa ÷ aA in  

wh ich  case the two p r o d u c t i o n s  o f  an m wou ld  have to be a p p l i e d  to 

a d j a c e n t  symbols .  But  t h i s  means t h a t  c o n t e x t - s e n s i t i v e  p r o d u c t i o n s  

can be s i m u l a t e d ,  hence ~ u ( G , ~ )  = ,c~@(CS). 
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I V . 2  EIL Forms 

J u s t  as S e c t i o n  1 c o n s i d e r s  c o n t e x t - d e p e n d e n t  g rammar  f o r m s ,  

t h i s  c u r r e n t  s e c t i o n  i s  c o n c e r n e d  w i t h  c o n t e x t - d e p e n d e n t  L f o r m s ,  

b e t t e r  known as EIL  Forms.  We w i l l  p r e s e n t  r e s u l t s  i n  t h r e e  a r e a s ,  

name ly  r e d u c t i o n  r e s u l t s ,  g e n e r a t i v e  c a p a c i t y  and u n d e c i d a b i l i t y .  

S i n c e  t h e  E O L - l i k e  r e d u c t i o n  r e s u l t s  go t h r o u g h  f o r  EIL f o r m s  we con -  

c e n t r a t e  o u r  a t t e n t i o n  on c o n t e x t - r e d u c t i o n  r e s u l t s .  In  f a c t  i t  i s  

d e m o n s t r a t e d  t h a t  EIL fo rms  behave  i n  a s i m i l a r  manner  t o  DIL grammars  

in  t h i s  r e s p e c t ;  an u n e x p e c t e d  o c c u r r e n c e .  U n l i k e  EOL f o r m s ,  w h i c h  do 

n o t  g e n e r a t e  e x a c t l y ~ ( C F )  we show t h a t  t h e r e  i s  an EIL f o r m  F w h i c h  

does e x a c t l y  t h i s ,  t h a t  i s  F i s  c o n t e x t - f r e e - c o m p l e t e .  F i n a l l y  

q u e s t i o n s  o f  c o m p l e t e n e s s ,  goodness  and f o r m  e q u i v a l e n c e  a r e  shown t o  

be u n d e c i d a b l e ,  a g a i n  i n  c o n t r a s t  t o  wha t  i s  known f o r  EOL f o r m s .  

G iven  i n t e g e r s  m, n m 0 we say t h a t  G = ( V , ~ , P , S )  i s  an 

E ( m , n ) L  grammar  i f  P c V sm x V x V ~n x V* i s  f i n i t e  and the  m o d i f i e d  

v e r s i o n  o f  ~ w h i c h  i s  d e f i n e d  b e l o w  i s  g i v e n •  M o r e o v e r  f o r  a l l  m,B i n  

V* and X in  V such t h a t  0 ~ I~ I  ~ m, 0 < IBI ~ n t h e r e  i s  a p r o d u c t i o n  

( m , X , ~ , y )  i n  P 

f o r  some # in  V* .  We u s u a l l y  w r i t e  t h i s  as :  

( * )  ( ~ , x , ~ )  ~ ~. 

I n t u i t i v e l y  ( * )  can be u n d e r s t o o d  a s :  X i s  r e p l a c e d  by # i f  mX~ 

a p p e a r s  i n  t h e  word  c u r r e n t l y  b e i n g  r e w r i t t e n .  I f  Iml = m and 

151 = n t h i s  i s  e x a c t l y  wha t  h a p p e n s .  However  i f  Im I = m I < m s a y ,  

t h e n  t h e  o c c u r r e n c e  o f  X we r e p l a c e  must  be t h e  (m I + l ) s t  i n  t h e  

wo rd  unde r  c o n s i d e r a t i o n .  Thus i n  an E ( 2 , 2 ) L  g r a m m a r ,  t h e  p r o d u c t i o n  

( B , A , B B )  + AA 

i s  a p p l i c a b l e  t o  

BABB 

b u t  n o t  t o  

BBABB. 

Thus s h o r t  c o n t e x t s  (< m, < n )  a r e  o n l y  used a t  t h e  b e g i n n i n g  and end 

o f  a w o r d .  

We w r i t e  m ~ a c c o r d i n g  t o  G i f  m= X I . . . X  k ,  k m I ,  

= ~ l . . . ~ k  and f o r  a l l  i ,  1 s i s k ,  

( X i - m ' ' ' X i - l ' X i ' X i + l ' ' ' X i + n )  ÷ gi 
i s  i n  P. We assume X~ = X f o r  a l l  j ~ 0 o r  j ~ k + I •  As usua l  we 

J 

o b t a i n  ~ ,  + and 9 . Hence L ( G , ~ )  = { x :  x i s  i n  S* and S ~ x } .  We 

say G i s  an EIL grammar  i f  t h e r e  a r e  m m 0 and n m 0 such t h a t  G i s  

an E ( m , n ) L  g rammar .  C l e a r l y  t h e  E (O ,O)L  grammars  a r e  e x a c t l y  t h e  EOL 

g rammars .  

G iven  two E ( m , n ) L  g rammars  ( o r  f o r m s )  G' and G, whe re  



259 

G' = ( V ' , ~ ' , P ' , S ' )  and G = ( V , Z , P , S )  then we say t h a t  G' i s  an i n t e r -  

p r e t a t i o n  o f  G modulo ~, where ~ is  a d f l - s u b s t i t u t i o n  on V* i f  the 

usual  c o n d i t i o n s  h o l d .  We o n l y  need to  c o n s i d e r  what  i s  meant by 

~ ( ( ~ , X , B )  ÷ ~ ) ,  f o r  some p r o d u c t i o n  

in  P. S imp ly  s t a t e d  ( ~ ' , X ' , ~ ' )  ÷ y '  is  in  ~ ( ( ~ , X , B )  ÷ ~) i f  ~' is  in  

~(m),  X' i s  i n  ~ ( X ) ,  ~' i s  i n  ~(~)  and y '  i s  i n  ~ ( # ) .  

As be fo re  we w r i t e  G' 4 G(~) or  s i m p l y  G' -<I G. In the 
s s 

f o l l o w i n g  we a lways have the c o n v e n t i o n  t h a t  i f  no p r o d u c t i o n  i s  l i s t e d  

f o r  a l e t t e r  X in  a p a r t i c u l a r  c o n t e x t  (m,~) t h i s  means t h a t  the 

p r o d u c t i o n  i s  assumed to  be b l o c k i n g ,  t h a t  i s  

(~,X,B ÷ N  
where N i s  a s p e c i a l  symbol h a v i n g  the  p r o d u c t i o n  

( y , N , ~ )  + N 

f o r  a l l  c o n t e x t s  ( y , 6 ) .  

Note t h a t  F l d e f i n e d  by the p r o d u c t i o n s :  

(m,S) ~ S; (m,S) ÷ SS; (m,S) ÷ ~; (m,S) ÷ a; where m = S or ~, i s  an 

E ( I , O ) L  form w i t h  o¢~s(F l ,~)  = ~ ( R E ) .  Again by c o n v e n t i o n  s i nce  n = 0 

we have w r i t t e n  (m,X ,~ )  as (m,X) .  T h a t : ~ s ( F l , ~ )  gene ra tes  a l l  

r e c u r s i v e l y  enumerab le  languages f o l l o w s  by two o b s e r v a t i o n s .  F i r s t  

eve ry  L i n  ~ ( R E )  can be gene ra ted  by an E ( I , O ) L  grammar and second 

eve ry  E ( I , O ) L  grammar can be c o n v e r t e d  i n t o  an e q u i v a l e n t  s y n c h r o n i z e d  

E ( I , O ) L  grammar whose r i g h t  hand s ides  are o f  t y p e :  B, BC, ~ or  a. 

C l e a r l y  such a grammar is  an i n t e r p r e t a t i o n  o f  F I .  

I f  we om i t  the e r a s i n g  p r o d u c t i o n s  from F l g i v i n g  F 2, then 

~-~s(F2,~) =~I~ (CS) by s i m i l a r  a rguments .  

We now t u r n  to our  f i r s t  r e d u c t i o n  r e s u l t ,  namely ,  f o r  each 

E(m,n)L form G w i t h  m m 2 ( r e s p e c t i v e l y  n m 2) a form e q u i v a l e n t  

E ( m - l , n ) L  form H ( r e s p e c t i v e l y  E ( m , n - l ) L  form H) can be c o n s t r u c t e d .  

We o n l y  c o n s i d e r  the case o f  the r e d u c t i o n  o f  l e f t  c o n t e x t ,  s i nce  

the  r e d u c t i o n  o f  r i g h t  c o n t e x t  f o l l o w s  in  a s i m i l a r  manner. The bas ic  

idea is  to s t r e t c h  each d e r i v a t i o n  i n  G i n t o  two s teps  such t h a t  i n  

the f i r s t  s tep  each two a d j a c e n t  symbols are r e p r e s e n t e d  as one com- 

pressed symbol .  Th is  i m p l i e s  t h a t  m-l compressed symbols now con- 

t a i n  i n f o r m a t i o n  r e g a r d i n g  m o f  the o r i g i n a l  symbols as d e s i r e d .  

More p r e c i s e l y  l e t  the  a l p h a b e t  o f  H c o n s i s t  o f  t h a t  o f  G 

t o g e t h e r  w i t h  a l l  a d d i t i o n a l  symbols [ X , Y ]  where X and Y are symbols 

o f  G or  ~. The p r o d u c t i o n s  o f  H are d e f i n e d  as f o l l o w s :  

Each symbol Y o f  G w i t h  l e f t  n e i g h b o u r  X is  r e w r i t t e n  as 

[ X , Y ]  i n d e p e n d e n t l y  o f  the r i g h t  n e i g h b o u r s ,  t h a t  i s  

( X I . . . X m _ I X , Y , Z I . . . Z  n) ÷ I X , Y ]  
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is  in  H f o r  a l l  X 1 . . . . .  Xm_ 1 , Z 1 . . . . .  Z n. 
Second ly  i f  

( X I . . . X m , X , Z I . . . Z  n) ÷ 
i s  a p r o d u c t i o n  o f  G, then 

( [ X I , X 2 ] . . . [ X m . I , X m ] , [ X m , X ] , [ X , Z I ] . . . [ Z n _ I , Z n ] )  ÷ 
i s  a p r o d u c t i o n  o f  H. 

C l e a r l y  ~ # s ( G , ~ )  ~ s ( H , ~ ) .  That  the r e v e r s e  i n c l u s i o n  ho lds  f o l l o w s  

by o b s e r v i n g  t h a t  l e n g t h  two d e r i v a t i o n s  i n  any H' "~s H can be used to 

c o n s t r u c t  the  p r o d u c t i o n s  o f  an e q u i v a l e n t  G' ~ G. 

A p p l y i n g  the  r e s u l t  i t e r a t i v e l y  we can o b t a i n  a form e q u i v a l e n t  

E ( I , I ) L  form i f  m ~ 1 and n ~ I ,  a form e q u i v a l e n t  E ( I , O ) L  form i f  

m ~ 1 and n = 0 and a form e q u i v a l e n t  E ( O , I ) L  form i f  m = 0 and 

n ~ l .  

However i n  the case than an E ( I , I ) L  form i s  s y n c h r o n i z e d ,  

t h a t  is  the  r e w r i t i n g  o f  a t e r m i n a l  i n  any c o n t e x t  and the  r e w r i t i n g  

o f  a n o n t e r m i n a l  in  a c o n t e x t  wh ich  c o n t a i n s  a t e r m i n a l  both produce a 

b l o c k i n g  symbo l ,  the r e d u c t i o n  can be c a r r i e d  one s tep  f u r t h e r .  

In o t h e r  words f o r  each s y n c h r o n i z e d  E(m,n)L form G w i t h  m ~ 1 

and n ~ 1 a form e q u i v a l e n t  s y n c h r o n i z e d  E ( I , O ) L  form (o r  E ( O , I ) L  form) 

H can be c o n s t r u c t e d .  For example to c o n s t r u c t  an E ( O , I ) L  form H 

which i s  form e q u i v a l e n t  to G proceed as f o l l o w s .  The a l p h a b e t  o f  H 

c o n s i s t s  o f  t h a t  o f  G t o g e t h e r  w i t h  n o n t e r m i n a l s  $, ~ ( l e f t  boundary 

m a r k e r s ) ,  a f o r  each t e r m i n a l  a i n  G and [ X , Y ]  f o r  a l l  X a n o n t e r m i n a l  

o f  G and Y a n o n t e r m i n a l  o f  G excep t  f o r  X equal  to  $ and ~ i f  Y 

equa ls  ~. We a l so  assume H has a new sentence symbol y i e l d i n g  o n l y  

$S where S i s  the sentence symbol o f  G. 

Now c o n s i d e r  a d e r i v a t i o n  s tep 

A I . . . A  k ~ l . . . ~ k  

i n  G where k ~ I .  F i r s t  assume ~ l . . . ~ k  i s  non-empty  and a l l  non- 

t e r m i n a l .  Then we s i m u l a t e  t h i s  d e r i v a t i o n  i n  2 s teps  

$ A I . . . A  k ~ [ $ , A I ] [ A I , A 2 ] . . . [ A k , ~ ]  ~ $ ~ l . . . ~ k  
in  H. Thus assuming G i s  an E ( I , I ) L  fo rm,  then the p r o d u c t i o n  

( ~ ' A I ' A 2 )  ÷ ~I 
i n  G becomes 

( [ $ ' A I ] ' [ A I ' A 2 ] )  ÷ $~I 
in  H. To accomp l i sh  the f i r s t  s tep in  the  s i m u l a t i n g  d e r i v a t i o n  we 

accumula te  r i g h t  n e i g h b o u r s  as in  the p r e v i o u s  c o n s t r u c t i o n ,  t h a t  i s  

(A,B)  ÷ [ A , B ]  

and 

(A ,X)  ÷ [ A , ~ ] .  
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We a lso  have 

( [ A , ~ ] , X )  ÷ 

in  H f o r  a l l  A. 

Secondly assume ~ l . . . C k  i s  non-empty and t e r m i n a l  (because o f  

s y n c h r o n i z a t i o n  these are the on ly  cases we need c o n s i d e r )  then 

A I . . . A  k ~ l . . . ~ k  
in  G i s  s i m u l a t e d  in  3 s teps .  

$ A I . . . A  k ~ [ $ , A I ] [ A I , A 2 ] . . . [ A k , X ]  ~ - ~ l . . . ~ k  ~ l . . . ~ k  
in H. Th is  de lay  o f  one s tep  is  to p reven t  the p o s s i b i l i t y  t h a t  

( [ $ , A I ] , [ A I , A 2 ] )  ÷ ~ i s  in  H, which cou ld  then be a p p l i e d  du r ing  the 

non te rm ina l  r e w r i t i n g  s tage caus ing a loss  of  l e f t  c o n t e x t .  We leave  

to the reader  the d e t a i l s  of  the c o n s t r u c t i o n  and the v e r i f i c a t i o n  o f  

the form e q u i v a l e n c e  o f  G and H. As b e f o r e ~ s ( G , ~ )  ~ s ( H , ~ )  i s  

c l e a r ,  w h i l e  the f o l l o w i n g  h i n t  should be used in  the p roo f  o f  the 

r eve rse  i n c l u s i o n .  Let  H' "~s H and H' con ta in  a p r o d u c t i o n  (A,B) ÷ 

where A is  an i n t e r p r e t a t i o n  o f  [ A I , A  2] and B o f  [A2 ,A3 ] .  Then in  

c o n s t r u c t i n g  a G' ~s G choose [A ,B ]  to be an i n t e r p r e t a t i o n  o f  A 2, 

in which case (A,B) + ~ in H' becomes 

( [ D , A ] , [ A , B ] , [ B , E ] )  ÷ 

in  G' 

I t  can be shown t h a t  when an E(m,n)L form w i t h  m, n ~ 1 i s  

not  synch ron ized  the c o n t e x t  cannot be reduced any f u r t h e r  than ( I , I ) ,  

hence the above r e s u l t s  are the bes t  p o s s i b l e .  For example c o n s i d e r  

the E ( I , I ) L  form F3: 

(~ ,S ,~ )  ÷ ab; (~ ,S ,~ )  ÷ aba; 

( ~ , a , b )  ÷ ~; ( b , a , ~ )  ÷ ~; 

( a , b , ~ )  + ababa; ( a , b , a )  ÷ abab. 

F 3 has no form e q u i v a l e n t  E ( I , O ) L  or E (O , I ) L  form,  indeed i t  has no 

form e q u i v a l e n t  E(m,O)L or E(O,n)L form f o r  any m, n ~ O. This  can be 

proved by no t i ng  t h a t  the on l y  p o s s i b l e  d e r i v a t i o n s  in F 3 a re :  

S ~ a b  ~ a b a b a  ~ b l o c k i n g  

and 

S ~ aba ~ abab ~ b l o c k i n g .  

Thus f o r  eve ry  F~ ~s F3 'LS(F3 '~ )  ~ { 2 , 3 , 4 , 5 }  and moreover i f  2 is  in  

LS(F~,~)  then 5 i s  in LS(F~,~) and i f  3 is  in  LS(F3,~)  4 is  in 

LS(F~,~) .  Now i t  can be shown t h a t  any form e q u i v a l e n t  E(m,O)L form 

H must c o n t r a d i c t  one o f  these r e s t r i c t i o n s  and s i m i l a r l y  f o r  a form 

e q u i v a l e n t  E(O,n)L form.  

We now tu rn  our a t t e n t i o n  to the g e n e r a t i o n  o f  ~ ( C F )  by EIL 

forms.  Whi le i t  i s  not  known whether  the re  is  an EIL form F w i t h  

~ s ( F , ~ )  = =~(CF) ,  we can, under a n a t u r a l  m o d i f i c a t i o n  o f  the no t i on  

of  i n t e r p r e t a t i o n ,  ob ta i n  ~ ( C F ) .  We c o n j e c t u r e  t h a t  t h e r e  i s  no EIL 
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form F w i t h  =~s (F ,~ )  = ~ ( C F ) ,  however t h i s  i s  a lmos t  c e r t a i n l y  a 

d i f f i c u l t  c o n j e c t u r e  to r e s o l v e .  

We approach the r e s u l t  i n  two s teps .  F i r s t  we show t h a t  the 

" r e s t r i c t e d  EOL languages"  are e x a c t l y  the c o n t e x t - f r e e  languages and 

second we i n t r o d u c e  " c o n s t a n t - c o n t e x t "  i n t e r p r e t a t i o n s .  Toge the r  

these  two r e s u l t s  enab le  us to  demons t ra te  the  c l a imed  r e s u l t .  

C o n s i d e r i n g  the  f i r s t  s tep l e t  us d e f i n e  r e s t r i c t e d  EOL 

languages .  Cons ide r  the EOL form F d e f i n e d  by the p r o d u c t i o n s  

S ÷ S; S ~ a; S ÷ a S ;  S + aSS; a + a; 

and c o n s i d e r  an a r b i t r a r y  i n t e r p r e t a t i o n  F' = ( V ' , Z ' , P ' , S ' )  o f  F. We 

say t h a t  p r o d u c t i o n s  in  P' wh i ch  are i n t e r p r e t a t i o n s  o f  S ÷ a, S ÷ aS 

or  S ÷ aSS are a c t i v e  p r o d u c t i o n s  and p r o d u c t i o n s  wh ich  are i n t e r p r e t a -  

t i o n s  o f  S ÷ S or  a ÷ a are c y c l i n g  p r o d u c t i o n s .  We now d e f i n e  a 

m o d i f i c a t i o n  o f  ~ f o r  such i n t e r p r e t a t i o n s .  Let  ~ be in  Z ' * ( V ' - S )  + 

and ~ be in  V ' * .  We say 

= , ~ b .  i f f  ~ = a l . . . a i A i + l . . . A  m, 6 b l . . . b i ~ i + i B i + 2 . . . B  m, aj J 
i s  i n  P ' ,  1 ~ j ~ i ,  Aj ÷ Bj i s  i n  P ' ,  i+2 ~ j ~ m and A i+  1 ÷ ~ i + l  i s  

i n  P' In o t h e r  words each symbol is  r e w r i t t e n  by c y c l i n g  p r o d u c t i o n s  

expec t  f o r  the l e f t m o s t  n o n t e r m i n a l ,  wh ich  i s  r e w r i t t e n  by an a c t i v e  

p r o d u c t i o n .  Note t h a t  each n o n t e r m i n a l  wh ich  can appear in  the l e f t -  

most spo t  must have an a c t i v e  p r o d u c t i o n  o t h e r w i s e  such an appearance 

canno t  be r e w r i t t e n .  ~ can be ex tended  to  -~* and 6 ÷ i n  the usual  

way. The r e s t r i c t e d  EOL language o f  F ' ,  denoted L ( F ' , ~ ) ,  i s  d e f i n e d  by: 

L ( F ' , ~ )  = { x :  x i s  i n  S ' *  and S' ~* x } .  

Thus we may speak o f  ~ s ( F , ~ )  f o r  the p a r t i c u l a r  F d e f i n e d  above,  in  

wh ich  case we c l a i m  that___~(CF) = , ~ s ( F , ~ ) .  

 (cF) That  ~ ' s ( F , ~ )  f o l l o w s  by o b s e r v i n g  t h a t  each c o n t e x t -  

f r e e  language can be gene ra ted  by a grammar G in  Gre ibach  t w o - s t a n d a r d  

fo rm,  t h a t  i s  i t s  p r o d u c t i o n s  are i n t e r p r e t a t i o n s  o f  the  a c t i v e  p ro -  

d u c t i o n s  in  F. Now add A ÷ A to G f o r  a l l  n o n t e r m i n a l s  and a + a f o r  

a l l  t e r m i n a l s  g i v i n g  G, then  G ~ F and L (G,~)  = L (G,~)  s i nce  G 

s i m u l a t e s  a l e f t m o s t  d e r i v a t i o n  i n  G and v i c e  ve rsa .  

We w i l l  s ke t ch  the p r o o f  t h a t  =~s (F ,~ )  t h a t  i s  f o r  

a l l  F' ~s F L ( F ' , ~ )  i s  c o n t e x t - f r e e .  We can assume t h a t  the o n l y  

c y c l i n g  p r o d u c t i o n s  f o r  t e r m i n a l s  are a ÷ a f o r  each a i n  z ~ I f  t h i s  

i s  no t  the  case an F" "~ F and a gsm M can be c o n s t r u c t e d  such t h a t  
s 

L(F ' ,~)  = M(L(F",~)) using the technique of Theorem 111.3.28 with F" 

having a + a as the only terminal production fo r  each a in ~' 
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Cons ide r  the n o n t e r m i n a l s  o f  F ' ,  S' = A 1 . . . . .  A n say. Let  

T i (A )  denote the set  o f  n o n t e r m i n a l s  r e a c h a b l e  in i steps from A us ing 

o n l y  c y c l i n g  p r o d u c t i o n s  and T i = ( T i ( A I )  . . . . .  T i ( A n )  ) .  Then the 

sequence 

T I , T  2 . . . .  
i s  c l e a r l y  u l t i m a t e l y  p e r i o d i c ,  t h a t  i s  t h e r e  is  a t ~ 1 and a p ~ 1 

such t h a t  f o r  a l l  i ~ t 

T i+  p = T i . 
To g i ve  the reade r  the f l a v o r  o f  the p r o o f  c o n s i d e r  the case t = I ,  

t h a t  is  the sequence is  p e r i o d i c .  We c o n s t r u c t  a c o n t e x t - f r e e  grammar 

, ~A j G = (V ,Z '  P,S) where V = Z' u {S} u ~ i :  1 ~ i £ n, 1 ~ j ~ p} and P 

c o n t a i n s  the f o l l o w i n g  p r o d u c t i o n s :  

( i  S + A~ f o r  each j ,  1 ~ j ~ p, 

( i i  B j ÷ aCkE £ f o r  each j ,  1 < j ~ p i f  B + aCD is in P ' ,  

E is  in  Tk(D) and j ~ k + £ + 1 (mod p ) ,  where 1 ~ k, £ ~ p, 

( i i i  B j ÷ aC k f o r  each j ,  I ~ j ~ p, i f  B ÷ aC is  in  P' where 

1 ~ k s p and k ~ j - l ( m o d  p ) ,  

( i v )  B 1 ÷ a is  in  P i f  B ÷ a is  in  P ' .  

The s u p e r s c r i p t  o f  a n o n t e r m i n a l  i n d i c a t e s  the number o f  a c t i v e  

d e r i v a t i o n  steps modulo p b e f o r e  a comp le te  t e r m i n a l  word is  d e r i v e d  

from i t .  Because o f  the p e r i o d i c i t y  o f  the T i - sequence  i t  s u f f i c e s  to 

keep t r a c k  o f  the l e n g t h  o f  the c y c l i n g  sequence modulo p. In type  

( i i )  p r o d u c t i o n s  the l e f t m o s t  n o n t e r m i n a l  when the C k symbol has 

produced a t e r m i n a l  word is  a member o f  Tk(D) as c o n s t r u c t e d .  

I t  can be shown t h a t  L(G,~)  = L ( F ' , ~ )  by an i n d u c t i v e  p r o o f  

on the l e n g t h  o f  t e r m i n a l  words.  E s s e n t i a l l y  in  the i n d u c t i v e  s tep 

two cases occur  c o r r e s p o n d i n g  to an i n i t i a l  cho i ce  o f  e i t h e r  a type  

( i i )  or ( i i i )  p r o d u c t i o n .  

I t  remains to  ex tend  the p r o o f  to the case t h a t  t > I .  We 

once more l eave  the r e a d e r  to  ex tend  the p r o o f  t e c h n i q u e .  

This  leaves  the task  o f  d e f i n i n g  " c o n s t a n t - c o n t e x t "  i n t e r -  

p r e t a t i o n s  or  c c - i n t e r p r e t a t i o n s ,  b e f o r e  t a c k l i n g  the main r e s u l t .  

Let  F = ( V , z , P , S )  and F' = ( V ' , Z ' , P ' , S ' )  be two E(m,n)L 

forms such t h a t  F' ~s F(~) f o r  some ~. We say ~'  is  a c c - i n t e r p r e t a t i o n  

o f  F modulo ~ i f  a d d i t i o n a l l y  P' s a t i s f i e s  the c o n d i t i o n :  

Whenever ( ~ ' , X ' , ~ ' )  ÷ y '  is  in  P ' ,  ~" is  in ~ ( ~ ) ,  5" is  in  ~(B) 

then 

(~" ,X ' ,B")  ÷ y' is in P'. 

We wri te F' ~ F(~). In other words we take fu l l  interpretat ions of 

the context of each production taken into P' This prohibits making 

fur ther  contextual res t r ic t ions under cc- interpretat ion.  In par t icu lar  
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i f  a p r o d u c t i o n  X ~ m i s  a p p l i c a b l e  in  a l l  c o n t e x t s  i n  the o r i g i n a l  

form F then i t  i s  s t i l l  a p p l i c a b l e  in  a l l  c o n t e x t s  in  any i n t e r p r e t a -  

F' .,=:I F. In  the  usua l  way we d e f i n e  c ~  ( F , ~ ) .  t i o n  
CC C C 

We now claim that the E(I,O)L form F 4 defined by the productions: 

( I )  (m,S) ÷ a; (m,S) ÷ aS; (m,S) + aSS; 

(2)  (m,a) ÷ a; (S,S)  ÷ S; 

where m ranges over  ~ and a, s a t i s f i e s  

 (cF) = 

Note t h a t  p r o d u c t i o n s  o f  t ype  ( I )  co r respond  to  a c t i v e  p r o d u c t i o n s  and 

those  o f  type (2)  to c y c l i n g  p r o d u c t i o n s .  C l e a r l y  :~-~(CF) ~O<~cc (F4 ,~ ) .  

Tha t  the r e v e r s e  i n c l u s i o n  a l so  ho lds  f o l l o w s  f rom two o b s e r v a t i o n s .  

F i r s t  eve ry  F~ ~r~r F 4 does not  i n t r o d u c e  more c o n t e x t u a l  r e s t r i c t i o n s .  

Th is  means t h a t  the  c y c l i n g  a ' s  and S's are r e w r i t t e n  i n  E O L - l i k e  

c y c l i n g  mode, t h a t  i s  c o n t e x t  i s  i r r e l e v a n t .  Second in  such an F~ 

t h e r e  must be t ype  ( I )  p r o d u c t i o n s  f o r  eve ry  n o n t e r m i n a l  i n  eve ry  

t e r m i n a l  or  ~ c o n t e x t .  Thus the l e f t m o s t  n o n t e r m i n a l  i s  a lways re -  

w r i t t e n  us ing  a c t i v e  p r o d u c t i o n s ,  wh ich  are aga in  i ndependen t  o f  the 

n o n t e r m i n a l ' s  l e f t  c o n t e x t ,  T h e r e f o r e  ~ c c ( F 4 , ~ )  ~ . . ~ ( C F )  and e q u a l i t y  

i s  p roved .  

To c l o s e  t h i s  s e c t i o n  we b r i e f l y  c o n s i d e r  some d e c i d a b i l i t y  

i s s u e s .  These are a l l  based on the  f o l l o w i n g  two r e a c h a b i l i t y  r e s u l t s .  

Given an EIL form F = ( V , ~ , P , S )  we say X in  V i s  r e a c h a b l e  i f  t h e r e  

i s  a d e r i v a t i o n  S ~ mX~ f o r  some m, ~ in  V*. F i r s t ,  g i ven  an 

F' = ( V ' , Z ' , P ' , S ' )  s'~ F(~) we have:  

i f  X i s  r e a c h a b l e  i n  F' then  p - l ( x )  i s  r e a c h a b l e  i n  F. Second,  

g i ven  F and an X in  V i t  i s  u n d e c i d a b l e  whe the r  or  no t  X is  r e a c h a b l e  

in F. 

As we would expect almost everything turns out to be undecid- 

able for  EIL forms. We w i l l  only consider E ( l , l ) L  forms in the sequel 

for  s imp l i c i t y  rather than for resul ts .  The various undecidabi l i ty  

results can a l l  be obtained by reducing the reachab i l i t y  problem to the 

problem under consideration. Consider the fo l lowing examples of how 

th is  may be carried out. 

We f i r s t  demonstrate the undec idab i l i ty  of completeness of an 

E ( l , l ) L  form. Let F = (V,~,P,S) be an a rb i t ra ry  E ( l , l ) L  form and A an 

a rb i t ra ry  l e t t e r  in i t s  alphabet. 

We construct an E ( l , l ) L  form G = (U,&,Q,S) from F. Let a l l  

symbols in V be nonterminals in G, Q contain a l l  productions in P, the 

productions 

(A ,B ,C)  ÷ ~; ( C , B , A ) - *  ~; ( ~ , A , X ) ÷  Z 

f o r  a l l  B, C in  V and the p r o d u c t i o n s  
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(B,C,D) ÷ C 

fo r  a l l  B,C,D in V. Furthermore Q also contains the productions of 

some complete E ( l , l ) L  form H over terminal alphabet A and nonterminal 

alphabet U - (V u4 ) ,  where Z is i t s  sentence symbol. 

C lear ly  G is complete i f f  A is reachable in F, since i f  A is 

reachable in F then there is a der iva t ion  S ~ A ~ Z in G. 

Immediately by replacing H by a good E ( l , l ) L  form we may 

observe that  goodness is undecidable. Le t t ing  H be some a r b i t r a r y  

E ( I , I ) L  form we have ~ s ( H , ~ )  = ~ s ( G , ~ )  i f f  A is reachable  in F. 
Hence form equ iva lence  is  undec idab le .  

Since the techn ique  is  a lso a p p r o p r i a t e  f o r  c c - i n t e r p r e t a t i o n s  

r e p l a c i n g  H by F 4 shows tha t  i t  is  undec idab le  whether =~cc(G,~) = 
 (CF) or not. 

Many other undec idab i l i t y  resu l ts  can be demonstrated by th is  

reduct ion technique. We leave these to the reader. 
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IV .3  C o n t e x t - f r e e  M a t r i x  Forms 

Not s u r p r i s i n g l y  not  o n l y  has the n o t i o n  o f  i n t e r p r e t a t i o n  

been a p p l i e d  to the two most i m p o r t a n t  r e w r i t i n g  mechanisms, namely 

ETOL and c o n t e x t - f r e e  grammars and t h e i r  n o n - c o n t e x t - f r e e  v a r i a n t s ,  but  

a l so  i t  has been a p p l i e d  to o t h e r  r e w r i t i n g  systems in the l i t e r a t u r e .  

We w i l l  d i scuss  two o f  these g e n e r a l i z a t i o n s .  In the nex t  s e c t i o n  

we w i l l  examine c o n t r o l l e d  grammar fo rms,  w h i l e  in the p r e s e n t  s e c t i o n  

we examine m a t r i x  forms.  

Reca l l  t h a t  a ( c o n t e x t - f r e e )  m a t r i x  grammar G is  a q u a d r u p l e  

(V ,Z ,M,S)  where V, Z and S are  the same as in  a c o n t e x t - f r e e  grammar. 

M is a f i n i t e  set  o f  m a t r i c e s  o f  ( c o n t e x t - f r e e )  p r o d u c t i o n s ,  where 

each m a t r i x  m in M is  a f i n i t e  nonempty sequence o f  ( c o n t e x t - f r e e )  

p r o d u c t i o n s .  A m a t r i x  m is  u s u a l l y  w r i t t e n  as: 

[AI  ÷ ~I . . . . .  An ÷ a n ] '  n ~ I .  
By P(M) we denote the set  o f  p r o d u c t i o n s  used in the m a t r i c e s  o f  M, 

hence we may c o n s i d e r  a m a t r i x  to be a word over  P(M). 

Depending on whe the r  P(M) is a set  o f  r i g h t  l i n e a r ,  l i n e a r ,  

~ - f r e e  p r o d u c t i o n s ,  e t c . ,  we say t h a t  G is  a r i g h t  l i n e a r ,  l i n e a r ,  

~ - f r e e  m a t r i x  grammar, e tc .  

Given a m a t r i x  grammar G = (V,Z,M,S)  and words ~, ~ in V* we 

w r i t e  ~ ~ ~ (o r  s i m p l y  ~ B )  i f f  t h e r e  e x i s t s  an i n t e g e r  n ~ I ,  words 

~I . . . . .  ¥ n + l '  61 . . . . .  ~n' ~I . . . . .  n n and a m a t r i x  m = [A 1 ~ ~I . . . . .  An ÷ an]  
in  M such t h a t  

= ~ I '  ~ = ~ n + l '  ¥i  = ~ i A i n i  and ~ i + l  = ~ i ~ i n i  f o r  every  
i ,  1 ~ i < n. 

In o t h e r  words ~ d e r i v e s  B in G i f  t he re  is  a m a t r i x  m in M such t h a t  

d e r i v e s  B in  the usual  c o n t e x t - f r e e  grammar sense us ing  the p roduc-  

t i o n s  o f  m in  the o r d e r  s p e c i f i e d  by m. 

In the s t a n d a r d  manner we can d e f i n e  the t r a n s i t i v e  and re -  

f l e x i v e  t r a n s i t i v e  c l o s u r e  o f  ~ and hence the language genera ted  by G, 

denoted by L ( G , ~ ) ,  is  d e f i n e d  as { x :  x is  in  Z* ,  S ~* x in G}. 

We can now d e f i n e  -~ and "~ f o r  m a t r i x  grammars in a s i m i l a r  

manner to t h e i r  d e f i n i t i o n  f o r  c o n t e x t - f r e e  grammars. I t  shou ld  be 

c l e a r  t h a t  i f  G' ~ G(~) f o r  some ~ then each m a t r i x  m' in  G' is  an 

image under ~ o f  some m a t r i x  m in G, t h a t  is  m' is  in  ~(m). This  

i m m e d i a t e l y  i m p l i e s  t h a t  the i t h  p r o d u c t i o n  in  m' i s  an image o f  the 

i t h  p r o d u c t i o n  in m. From t h i s  f a c t  we may observe  t h a t  a d e r i v a t i o n  

in  G' is  a lways an image o f  a d e r i v a t i o n  in G, s i m p l y  because non- 

t e r m i n a l s  are not  d e s t r o y e d  under i n t e r p r e t a t i o n  and m a t r i c e s  r e t a i n  

t h e i r  bas ic  s t r u c t u r e .  Th is  a l so  a p p l i e s  to g - i n t e r p r e t a t i o n .  
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C l e a r l y  eve ry  c o n t e x t - f r e e  grammar may be v iewed as a m a t r i x  

grammar and hence as a m a t r i x  form by s i m p l y  l e t t i n g  each p r o d u c t i o n  

i n  the  grammar be a m a t r i x .  S o  i m m e d i a t e l y  the m a t r i x  form HI :  

[S ÷ aS ] ,  [S + a ]  

i s  known to  gene ra te  a l l  r e g u l a r  languages under both  s- and g- 

i n t e r p r e t a t i o n .  However the m a t r i x  form H2: 

IS ÷ S, S ÷ aS, S ÷ S ] ,  IS ÷ S, S ÷ a] 

a l so  genera tes  e x a c t l y  the r e g u l a r  l anguages .  Th is  though not  proved 

here i s  no t  too s u r p r i s i n g  s i nce  the  p r o d u c t i o n s  S ÷ S appea r i ng  i n  

the  m a t r i c e s  can be c o n s i d e r e d  to  be i d e n t i t y  p r o d u c t i o n s .  Thus 

• ~(REG) ~ s ( H 2 , ~ )  i s  e a s i l y  seen. C o n v e r s e l y  s i n c e  o n l y  one non- 

t e r m i n a l  occurs  i n  any d e r i v a t i o n  o f  H 2 an a r b i t r a r y  p r o d u c t i o n  

[A 1 ÷ A 2, A 3 ÷ aA 4, A 5 + A 6] 
i i n  an i n t e r p r e t a t i o n  H 2 o f  H 2 can o n l y  be a p p l i e d  i f  A 2 = A 3 and A 4 A 5, 

in  wh ich  case i t  has the same e f f e c t  as [A 1 ÷ aA6] .  We may argue 

s i m i l a r l y  f o r  an a r b i t r a r y  p r o d u c t i o n  [A 1 ÷ A 2, A 3 + a ] .  

N a t u r a l l y  the  most i n t e r e s t i n g  r e s u l t s  f o r  m a t r i x  forms are 

those t h a t  are no t  s imp le  g e n e r a l i z a t i o n s  o f  r e s u l t s  f o r  grammar fo rms.  

I t  t u r n s  ou t  t h a t  most o f  the  r e d u c t i o n  r e s u l t s  f o r  m a t r i x  forms are 

d i f f e r e n t .  For example g i ven  a m a t r i x  form G = (V ,Z ,M ,S )  a new m a t r i x  

form F = (U ,Z ,N ,S )  can be c o n s t r u c t e d  such t h a t  the  m a t r i c e s  i n  N are 

one o f  t h ree  s imp le  k i n d s ,  namely 

( i )  [AI  + ~I . . . . .  An ÷ an]  f o r  n ~ 1 and the ~i are i n  (V-Z)  +, 

1 ~ i ~ n, 

( i i )  [A ÷ A ] ,  

( i i i )  [A ÷ a ] ,  where a i s  i n  s 

and moreover  , ~ s ( G , ~ )  = O~'s(F,~) .  

We c a l l  such a m a t r i x  form s e p a r a t e d .  In such a form the 

e r a s i n g  o f  a n o n t e r m i n a l  and the i n t r o d u c t i o n  o f  a t e r m i n a l  i s  c a r r i e d  

out  i n  a c o n t e x t - f r e e  manner.  Th is  s imp le  r e s u l t  has to some e x t e n t  

the f l a v o u r  o f  s y n c h r o n i z a t i o n  o f  EOL grammars. In a sepa ra ted  m a t r i x  

form any s e n t e n t i a l  d e r i v a t i o n  can be p a r t i t i o n e d  i n t o  a sequence o f  

a p p l i c a t i o n s  o f  t ype  ( i )  m a t r i c e s  f o l l o w e d  by a sequence o f  a p p l i c a -  

t i o n s  o f  m a t r i c e s  o f  t ypes  ( i i )  and ( i i i ) .  

Whether p r o d u c t i o n s  o f  t ype  ( i i )  can be removed c o m p l e t e l y  

w h i l e  p r e s e r v i n g  the language f a m i l y  i s  an open q u e s t i o n ,  whose r e s o l u -  

t i o n  wou ld  imp l y  t h a t  the  f a m i l i e s  o f  c o n t e x t - f r e e  m a t r i x  languages 

and A - f r e e  c o n t e x t - f r e e  m a t r i x  languages are equa l .  S ince  the l a t t e r  

r e s u l t  i s  a l o n g - s t a n d i n g  open p rob lem,  the prob lem o f  A-removal  f o r  

m a t r i x  forms a l so  remains open. 



268 

Let  maxr(G) = max r ( P ( M ) ) ,  where G = (V,%,M,S) i s  a m a t r i x  

grammar and maxr (P(M) )  i s  the l e n g t h  o f  the l o n g e s t  r i g h t  hand s ide  

o f  a p r o d u c t i o n  in  P(M).  I t  i s  no t  too s u r p r i s i n g  t h a t  f o r  each m a t r i x  

form G a form e q u i v a l e n t  s h o r t  m a t r i x  form F can be c o n s t r u c t e d ,  where 

s h o r t  means maxr(F)  ~ 2. However the c o n s t r u c t i o n  i s  o f  some i n t e r e s t  

s i n c e  i t  depends on the f o l l o w i n g  s i m u l a t i o n  r e s u l t .  

Lemma 

Let  G = (V ,~ ,M ,S )  be a m a t r i x  fo rm,  m = [A 1 + a I . . . . .  A n ÷ a n ] 

a m a t r i x  i n  M and k an i n t e g e r ,  1 ~ k ~ n. Let  F = (VF,Z,MF,S)  where 

M F = (M- {m} )  u { [A  1 ÷ ~I . . . . .  Ak - I  ~ a k - l '  Ak ÷ B IB2 '  B1 ÷ a k l ' B 2  ÷ ak2 '  

Ak+l ÷ ak÷l  . . . . .  An + an ] } '  VF = V u { B I , B  2} and o k = ~k l~k2 f o r  some 

~ k l '  ~k2 '  
Then : ~ s ( F , ~ )  = ~ s ( G , ~ ) .  

We l eave  the p r o o f  o f  t h i s  r e s u l t  to  the  r eade r .  Using t h i s  s i m u l a t i o n  

lemma we ske tch  the p r o o f  o f  the f o l l o w i n g  theorem. 

Theorem 

Let  G = (V ,~ ,M ,S )  be a m a t r i x  form. Then t he re  e x i s t s  a form 

e q u i v a l e n t  m a t r i x  form F such t h a t  maxr(F)  ~ 2. 

Prog~ Sketch: I f  maxr(G) ~ 2 then t he re  i s  n o t h i n g  to p rove .  There-  

f o r e  assume maxr(G) = L > 2. Le t  #(G) denote  the sum o f  the l e n g t h s  

o f  the r i gh t  hand s ides  o f  the  appearances o f  p r o d u c t i o n s  i n  M, whose 

r i g h t  hand s ides  have l e n g t h  > 2. Cons ide r  a m a t r i x  

m = [A 1 ÷ ~I . . . . .  An ÷ an]  in  M w i t h  a p o s i t i o n  k i n  m such t h a t  

I~k l  > 2. Replace m in  M by 

[AI  ÷ a l  . . . . .  Ak - I  + ~ k - l ' A k  ÷ B IB2 'B I  + a k l ' B 2  ÷ ak2 'Ak+ l  ÷ ~ k + l ,  

. . . .  A n ÷ ~n ] 
where B 1 and B 2 are new n o n t e r m i n a l s ,  l a k l  I = I ~ k l - 2 ,  l~k2 1 = 2 and 

a k = ak l~k2 .  Then l e t t i n g  t h i s  new m a t r i x  form be denoted by F, by the 

s i m u l a t i o n  lemma , ~ s ( g , ~ )  = ,4~s (G ,~ )  and #(G) > #(F)  s i n c e  l ak l  I < l a k l  

and no p r o d u c t i o n s  w i t h  r i g h t  hand s ides  l o n g e r  than two have been 

i n t r o d u c e d .  

Now e i t h e r  maxr(F)  ~ 2 or  the p rocedure  is  repea ted .  C l e a r l y  

t h i s  i s  a f i n i t e  p r o c e s s ,  hence the Theorem. 

N o t i c e  i n  the p r o o f  o f  the above theorem t h a t  w h i l e  the m a t r i x  

form G i s  indeed s h o r t e n e d  i t  i s  sho r t ened  a t  the expense o f  i n -  

c r e a s i n g  the  s i z e  o f  some o f  the m a t r i c e s ,  t h a t  i s  the number o f  p ro -  
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d u c t i o n s  in a m a t r i x .  For m a t r i x  grammars i t  i s  w e l l  known t h a t  m a t r i x  

grammars whose s i zes  are a t  most two need be c o n s i d e r e d ,  where f o r  

a m a t r i x  grammar o f  form G = ( V , Z , M , S ) ,  S ize(G)  is  the maximum s i z e  

o f  the m a t r i c e s  in M. Th is  r a i s e s  the n a t u r a l  q u e s t i o n ,  namely can a 

m a t r i x  form be reduced to an e q u i v a l e n t  m a t r i x  form which is  both 

s h o r t  and whose si.ze is  a t  most 2. 

Our approach is  the f o l l o w i n g .  Assume G = (V ,~ ,M,S)  is  s h o r t  

and s i ze (G)  > 2. Let  m be a m a t r i x  in  M whose s i z e  is  g r e a t e r  than 

two,  where 

[A 1 ÷ an]  n > 2, m = ÷ ~ l , . . . , A n  , 
then we f i r s t  r e p l a c e  m by the m a t r i c e s  

m I = [A 1 + [ m , l ] ,  A 2 ÷ [ m , 2 ] ]  

m 2 : [ [ m , 2 ]  + ~2 '  A3 ÷ a3 . . . . .  An- I  ÷ ~ n - l ' A n  + [ m , n ] ]  

m 3 = [ [ m , l ]  ÷ ~ I '  [m,n ]  + a n ] ,  

g i v i n g  F. 

I f  the symbols in  ~I are not  equal  to any o f  the A i ,  2 ~ i ~ n, 

t h i s  r ep l acemen t  is  a l l  t h a t  is  necessary ,  s ince  none o f  the 

Ai ~ ~ i '  2 ~ i ~ n is  a p p l i c a b l e  to any symbol in  ~ I "  Now m 3 cannot  

be a p p l i e d  b e f o r e  m 2 has been a p p l i e d  and s i m i l a r l y  m 2 cannot  be 

a p p l i e d  u n t i l  m, has been a p p l i e d .  Fu r the rmore  whenever m is  a p p l i c a b l e  

m I ,  m 2 and m 3 are a p p l i c a b l e  and c o n v e r s e l y  i f  both m I and m 2 are 

a p p l i c a b l e  then m is  a p p l i c a b l e .  Thus in  t h i s  case i t  is  easy to  

v e r i f y  t h a t  L (F ,~ )  = k(G,~)  and c<~'s(F,~) = ( ~ s ( G , ~ ) -  

When the symbols A 2 . . . . .  A n occur  in  ~I we have a more c o m p l i -  

ca ted  s i t u a t i o n ,  which f o r t u n a t e l y  we are ab le  to r e s o l v e .  Cons ide r  

the case t h a t  ~I is  in  V-E, which o n l y  l eaves  the case ~I is  in  

( V - ~ ) ( V - S ) ,  s ince  G is  s h o r t .  

Th is  means t h a t  when m is a p p l i e d  in  a s e n t e n t i a l  d e r i v a t i o n  

in  G one o f  two s i t u a t i o n s  occur .  Given S ~* ~I ~ Y2 ~ ' ' ' ~ Y n + l '  

where Yi = 6 i A i n i  and Y i + l  = ~ i ~ i q i  " 1 ~ i < n, we have e i t h e r  ~I in  

61~ in l  is not  r e w r i t t e n  us ing  any A i ÷ ~ i '  2 ~ i ~ n or  i t  is  so re -  

w r i t t e n .  The p r o d u c t i o n s  ml ,  m 2 and m 3 take  care o f  the f i r s t  s i t u a -  

t i o n  hence we need to  add f u r t h e r  p r o d u c t i o n s  to  F to take  care o f  the 

second s i t u a t i o n .  This  we do by add ing  the f o l l o w i n g  p r o d u c t i o n s :  

f o r  a l l  k such t h a t  2 ~ k ~ n and A k = ~I add 

[A 1 ÷ [ m , k ] ]  and 

[A2 ÷ ~2 . . . . .  Ak- I  ÷ ~k - I  ' [ ~ ' k ]  ÷ ~k 'Ak+ l  ÷ ak+l  . . . . .  An ÷ an ] "  
This l eaves  o n l y  the f i n a l  case,  namely ~I : B I C I '  where B 1 and C 1 are 

in  V-E. E s s e n t i a l l y  the same t e c h n i q u e  is  used excep t  t h a t  the d i f f i -  

c u l t y  is  compounded because o f  the p o s s i b l e  s i t u a t i o n s  t h a t  may occur .  
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These are: 

(a) ne i t he r  B l nor C l are r e w r i t t e n  f u r t h e r  

(b) B l is r e w r i t t e n  by an A k, 2 ~ k ~ n but C l is not 

(c) B l is r ewr i t t en  by an A k, 2 ~ k ~ n and C l is r e w r i t t e n  by an 

A~, 2 ~ C ~ n, k • C. 

(d) B 1 is not r e w r i t t e n  but C 1 is r e w r i t t e n  by some A~, 2 ~ ~ ~ n. 

S i t u a t i o n  (a) has a l ready been taken care of  wh i le  (d) is 

s i m i l a r  to the case that  ~l is in V-S. Thus l e t  us consider (b) ,  

leav ing  the analogous case (c) to the reader.  

We add the f o l l o w i n g  product ions to F: 

f o r  a l l  k such tha t  2 ~ k < n and A = B add 
k 1 

[A 1 ÷ [ m , k , l ] [ m , k , 2 ] ]  

[A 2 ÷ m 2 . . . . .  Ak_ 1 ÷ ~ k _ l , [ m , k , l ]  ÷ m k . . . . .  A n ÷ [ m , n ] ]  

[ [ m , l , 2 ]  ÷ C l ,  [m,n ]  ÷ an]  

For the case A n = B l we a l so  add 

[A m ÷ [ m , n , l ] [ m , l , 2 ] ]  

[A2 ÷ ~2 . . . . .  An-I ÷ m n _ l , [ m , n , l ]  ÷ [m,n] ]  

[ [ m , l , 2 ]  ÷ C l , [ m , n ]  ÷ a n] 
To prove tha t  F and G are s-form equ iva len t  e a s i l y  reduces to proving 

t h a t  ~ s ( F , ~ )  ~ O(~s(G,~). For an a r b i t r a r y  i n t e r p r e t a t i o n  F' ~s F we 

c o n s t r u c t  an i n t e r p r e t a t i o n  G' ~=k G such t h a t  i n t e r p r e t a t i o n s  o f  a l l  
s 

m a t r i c e s  in M-{m} are r e t a i n e d  w h i l e  i n t e r p r e t a t i o n s  o f  the new 

m a t r i c e s  in  MF-M are r e p l a c e d  by t h e i r  "compacted"  v e r s i o n s ,  t h a t  is  

we c a r e f u l l y  " r e v e r s e "  the above c o n s t r u c t i o n  to g i ve  i n t e r p r e t a t i o n s  

o f  m. 

Th is  demons t ra tes  t h a t  we o n l y  need c o n s i d e r  s h o r t  m a t r i x  

forms which have s i z e  a t  most two. 

Having these normal form r e s u l t s  enab les  us to answer q u e s t i o n s  

c o n c e r n i n g  comple teness  and vomp le teness .  For example ,  i t  shou ld  now 

be c l e a r  t h a t  F 1 g i ven  by the f o ] l o w i n g  m a t r i c e s :  

[S ÷ S,S ÷ S ] ,  [S ÷ S,S ÷ SS], [S ÷ SS,S ÷ S] ,  

IS ÷ SS, S ÷ SS],  [S ÷ a ] ,  [S ÷ ~ ] ,  [S ÷ S] ,  IS ÷ SS] 

is  m a t r i x - c o m p l e t e .  This  f o l l o w s  by o b s e r v i n g  t h a t  every  s h o r t  s i z e  

two m a t r i x  form G whose on l y  t e r m i n a l  i n t r o d u c i n g  and e r a s i n g  m a t r i c e s  

are o f  s i ze  one is  an i n t e r p r e t a t i o n  o f  F l and a l so  t h a t  every  m a t r i x  

form H can be t r a n s f o r m e d  i n t o  such a m a t r i x  form G, which is  s - fo rm 

e q u i v a l e n t  to  H. We can however o b t a i n  " s m a l l e r "  m a t r i x - c o m p l e t e  

forms by f i r s t  o b t a i n i n g  s t r o n g e r  normal form r e s u l t s .  

Let  G = (V,~,M S) be a m a t r i x  form such t h a t  G ~ F then we 
' s I '  

can c o n s t r u c t  an H ~s F2 which is  s - f o r m  e q u i v a l e n t  to G, where F 2 is  

d e f i n e d  by the p r o d u c t i o n s  
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[S ÷ S, S ÷ S] 

Is ÷ a ] ,  [s ÷ ~ ] ,  Is  ÷ ss ]  

We now construct  H from G in the fo l l ow ing  manner. Let m be in M and 

m = [A l ÷ ~ I '  A2 ÷ ~2 ]" I f  both ~l and ~2 are s ing le  symbols then m 

is added to H. Otherwise i f  ~2 consists of two symbols f i r s t  replace 

m in M by 

m I = [A 1 ÷ ~ I , A 2  ÷ [ m ] ]  and m 2 = [ [ m ]  ÷ ~2 ] .  
Thus we o n l y  need c o n s i d e r  t h e  r e m a i n i n g  s i t u a t i o n ,  name ly  ml c o n s i s t s  

o f  two symbols  and m2 o f  e x a c t l y  one symbo l .  

L e t  m = [A 1 ÷ BIC I ,  A 2 ÷ m2 ] ,  t hen  we have f o u r  p o s s i b i l i t i e s :  

(a)  A 2 • B 1 and A 2 • C I .  Add 

[A 1 ÷ [ m ] ,  A 2 ÷ m2 ] and [ [ m ]  ÷ B I C I ]  t o  H 

(b)  A 2 = B 1 and A 2 • C I .  Add 

[A 1 ÷ [ m , l ] [ m , 2 ] ] ,  [ [ m , l ]  ÷ A 2,  A 2 ÷ [ m , 3 ] ] ,  

[ [ m , 2 ]  ÷ C I ,  [ m , 3 ]  ÷ m2 ] 

(c )  A 2 • B 1 and A 2 = C I .  Add 

[A 1 ÷ [ m , l ] [ m , 2 ] ] , [ [ m , 2 ]  ÷ A 2,  A 2 ÷ [ m , 3 ] ]  

[ [ m , l ]  ÷ B I ,  [ m , 3 ]  ÷ m2 ] 

(d)  A 2 = B 1 = C 1 . Add 

[A 1 ÷ [ m , l ] [ m , l ] ] ,  [ [ m , l ]  ÷ A 2 ,  A 2 ÷ [ m , 3 ] ]  

[ [ m , l ]  ÷ A 2, [ m , 3 ]  ÷ m2 ] 

Now the  o n l y  m a t r i c e s  no t  o f  t he  d e s i r e d  fo rm a re  t h o s e  o f  t y p e  

[A ÷ B ] .  However  we r e p l a c e  m = [A ÷ B] by [A ÷ [ m ] ,  [m] + B] wh i ch  i s  

t hen  o f  t he  d e s i r e d  f o rm .  A l l  o t h e r  p r o d u c t i o n s  i n  G can be t a k e n  i n t o  

H unchanged .  C l e a r l y  G and H a re  s - f o r m  e q u i v a l e n t  and m o r e o v e r  

H s ~ F 2 as d e s i r e d .  Thus F 2 i s  m a t r i x - c o m p l e t e .  By s i m i l a r  t e c h n i q u e s  

we can show t h a t  

F3: [S ÷ S, S ÷ SS], [S ÷ a] ,  [S ÷ ~] 

and 

F4: [S ÷ SS, S ÷ S], IS ÷ a], IS ÷ ~] 

are matrix-complete. For example, consider F 3. Let G be an a r b i t r a r y  

matr ix form wi th  G -~Ls F2" Construct a new matr ix  form H s-form 

equiva lent  to G by f i r s t  taking matrices of types [A ÷ a] and [A ÷ ~] 

in to  H unchanged. Secondly, for  every matr ix  *m = [A ÷ BC] in G take 

[A ÷ [m], [m] ÷ BC] in to  H and fo r  every matr ix m = [A ÷ B, C ÷ D] 

in G take [A ÷ B, C ÷ DE] and [E ÷ ~] in to  H. Clear ly  H "~s F3 and 

L(H,~) = L(G,~). Hence F 3 is matr ix-complete. The matr ix-  

completeness of F 4 can be shown s i m i l a r l y .  

Notice that  each F i ,  i = l ,  2, 3, 4 is also matrix-vomplete. 

This involves showing that the transformations used not only preserve 

the language of  the matr ix form but also i t s  language fami ly .  
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The major  open problem here is  whether  or not  the re  e x i s t  

m a t r i x  forms w i t h  on ly  two m a t r i c e s  which are m a t r i x - c o m p l e t e .  For 

example are e i t h e r  F 5 or F 6 m a t r i x - c o m p l e t e ,  where 

F5: [s ÷ s,  s ÷ sS ] ,  IS + a]  

and 

F6: [S ÷ SSS, S ÷ a ] ,  [S ÷ X].  

Under g - i n t e r p r e t a t i o n  the ques t i on  i s  t r i v i a l l y  answered s ince  

~Xs(G,~) ~ g ( G , ~ )  and F 3 ~ F 5. 
We c lose  t h i s  s e c t i o n  on m a t r i x  forms by c o n s i d e r i n g  c o n t e x t -  

f r e e - c o m p l e t e  and - s u f f i c i e n t  m a t r i x  fo rms.  Since S ÷ SS, S ÷ a is  a 

c o n t e x t - f r e e - c o m p l e t e  grammar fo rm,  we i m m e d i a t e l y  have t h a t  [S ÷ SS], 

[S ÷ a]  is  a c o n t e x t - f r e e - c o m p l e t e  m a t r i x  form. This " m a t r i x i n g "  of  

c o n t e x t - f r e e - c o m p l e t e  grammar forms in f a c t  a lways y i e l d  c o n t e x t - f r e e -  

complete m a t r i x  fo rms,  hence our  main i n t e r e s t  i s  in  two-symbol  

m a t r i x  forms c o n t a i n i n g  m a t r i c e s  of  s i z e  two. Cons ider  the f o l l o w i n g  

seeming ly  i nnocen t  example:  

F: [S ÷ SS],  [S ÷ a, S ÷ ~ ] .  

F i r s t  observe t h a t  

S ~ SS ~ aS ~ a in F 

hence we say t h a t  [S ÷ a]  can be generated by [S ÷ SS] and 

[S ÷ a, S ÷ ~ ] .  I t  i s  not  d i f f i c u l t  to show t h a t  t h i s  i m p l i e s  Chat f o r  

G de f i ned  by: 

IS ÷ SS],  [S ÷ a]  

we have ~ s ( G , ~ )  ~ ~ s ( F , ~ ) .  However s ince  G i s  c o n t e x t - f r e e - c o m p l e t e  

we have ,~(CF) ~ O~'s(F,~) .  S u r p r i s i n g l y  t h i s  con ta inment  is  p roper  

as i s  seen by s t u d y i n g  the f o l l o w i n g  i n t e r p r e t a t i o n  F' o f  F: 

F ' :  [S ÷ S IS4 ] ,  

[S 1 ÷ SaSA], IS 1 ÷ SaA] 

[S 2 ÷ SbSB], [S 2 ÷ SbB] 

[s 3 ÷ ScSc] ,  [s 3 ÷ ScC] 

IS 4 + S2S 3] 
[S a ÷ a, B ÷ ~] 

[S b + b, C ÷ %] 

[S c ÷ c, A ÷ ~] 

[S A ÷ SIA l  

[S B ÷ S2B] 

IS c ÷ s3c ] .  

Now L ( F ' , ~ )  = {anbncn: n m I }  hence ~ ( C F )  ~ ~ f s ( F , ~ ) .  

In f a c t  the re  i s  no c o n t e x t - f r e e - c o m p l e t e  {S ,a  I . . . . .  a m } - m a t r i x  

form c o n t a i n i n g  a m a t r i x  o f  s i z e  two as we w i l l  now demons t ra te .  
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Assume the  c o n t r a r y ,  name ly  t h a t  t h e r e  is  a m a t r i x  fo rm 

G = ( { S , a  I . . . . .  am},  {a I . . . . .  am},  M,S) ,  where  m > O, ~ '~s(G,~)  = ~<~(CF) 

and M c o n t a i n s  a m a t r i x  o f  s i z e  two.  

F i r s t  o b s e r v e  t h a t  M must c o n t a i n  a t  l e a s t  one m a t r i x  m such 

t h a t  S ~ mS~Sy where  m#~ is  in  ( S , a  I . . . . .  am}* .  I f  t h i s  i s  no t  so 

s e n t e n t i a l  d e r i v a t i o n s  n e v e r  i n c l u d e  more than  one S, thus  

• ~ s ( G ,  ~)  E ~ ( L I N )  and hence G does no t  g e n e r a t e  a l l  c o n t e x t - f r e e  

l a n g u a g e s .  Thus we may assume t h a t  t h e r e  i s  such a m a t r i x  m and 

f u r t h e r m o r e  t h a t  m = [S ÷ B IS#2S63 ] .  

Second s i n c e  { a }  i s  a c o n t e x t - f r e e  l a n g u a g e  t h e r e  i s  a 

d e r i v a t i o n  S ~ *  a i i n  G, f o r  some i and hence we may assume t h a t  the  

m a t r i x  [S + a i ]  i s  in  M. 

T h i r d  l e t  r = [S + ml ~ . . . .  S +mk+2 ] be a m a t r i x  i n  M w i t h  k m O. 

E i t h e r  the  mi a re  c o m p l e t e l y  t e r m i n a l  o r  t h e y  c o n t a i n  a t  l e a s t  one S. 

C o n s i d e r  t he  f o l l o w i n g  d e r i v a t i o n  sequence  i n  G: 

k+l  S ~ m, where  m c o n t a i n s  a t  l e a s t  k+2 S s y m b o l s ,  and 

~ ~ using S ÷ ~l 

~ ~ ~ using S ÷ ~2 

k ~ ~k+ l  u s i n g  S + ~k+ l  
i where ~k+ l  c o n t a i n s  a t  l e a s t  one S, s i n c e  we have r e p l a c e d  a t  most k+l  

S symbo ls  w i t h  t e r m i n a l  w o r d s .  We may assume M c o n t a i n s  the  m a t r i x  

t = [S ÷ ~k+l" S ÷ ~k+2 ] 
since this is "generated" by k+l applications of m followed by an 

application of r. Either ~k+2 is completely terminal or i t  contains 

at least one S. We wi l l  sketch the proof of the fact that when mk+2 

is terminal ,~s(G,~) contains a non-context-free language. The case 

that mk+2 contains at least one S symbol follows s imi lar ly .  
l R e c a l l i n g  t h a t  ~k+ l  c o n t a i n s  a t  l e a s t  one S, we w r i t e  ~'k+l as 

64S65. We d e f i n e  an i n t e r p r e t a t i o n  o f  G wh ich  o n l y  r e f e r s  to 

m = [S + B l S ~ 2 ] ,  t = [S ~ B4S~ 5, S ÷ mk+2 ] and [S ÷ a i ]  f o r  
some i ,  l ~ i ~ m. 

Le t  a ,  b and c be new t e r m i n a l  symbo ls  and c o n s i d e r  G' d e f i n e d  by 

t h e  f o l l o w i n g  m a t r i c e s :  
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m I = [S ÷ ~ IA IB2K~3  ] ,  m 2 = [K ÷ ~ I B I ~ 2 C I ~ 3  ] ,  

m 3 = [A 1 ÷ B I A ~ 2 E I ~ 3 ] :  m 4 = [E l ÷ ~ I A I ~ 2 A 2 ~ 3  ] ,  

m 5 = [E l ÷ ~ I E ~ 2 A 2 ~ 3 ] ,  m 6 = [B 1 ÷ ~ IB2~2DI~3  ],  

m 7 = [D 1 ÷ ~ I B I B 2 B 3 ~ 3 ] ~  m 8 = [D 1 + B IE~2B3B3]~  

mg = [C 1 ÷ B I C 2 ~ 2 C I B 3 ] ,  mlO = [C 1 ÷ ~IC2B2E~3 ] , 
= [ B ~  ÷ ~ B ~ ,  A~ ÷ ÷ , ml l  ~ 4 b L ~k+2 ] '  m12 = [C2 ÷ ~4CB5'B3 ~k+2 ] 

[A ÷ a ] ,  [B ÷ b ] ,  [C + c ] ,  [D ÷ a i ] ,  [E ÷ a i ] .  

Now c o n s i d e r  an a r b i t r a r y  d e r i v a t i o n  i n  G' E s s e n t i a l l y  u s i n g  m, bo th  

A 1 and K are  i n t r o d u c e d  and then  a p p l y i n g  m 3 and m 4 s u c c e s s f u l l y  u s i n g  

m 5 to  t e r m i n a t e  the  a p p e a r a n c e  o f  A I ,  n I A symbo ls  and n I A 2 symbo ls  

a re  i n t r o d u c e d .  Now K g i v e s  r i s e  to  B 1 and C I .  S u c c e s s i v e  a p p l i c a -  

t i o n s  o f  m 6 and m 7 u s i n g  m 8 to  t e r m i n a t e  the  a p p e a r a n c e  o f  B 1 p roduce  

n 2 B 2 symbo ls  and n 2 B 3 s y m b o l s .  S i m i l a r l y  C 1 t o g e t h e r  w i t h  m 9 

t e r m i n a t i n g  w i t h  mlO p roduces  n 3 C 2 s y m b o l s .  Now no te  t h a t  m l l  removes 

a B 2 and an A 2 symbol  on each a p p l i c a t i o n  and m12 removes a C 2 and a 

B 3 symbol  on each a p p l i c a t i o n .  F u r t h e r m o r e  m l l  i n t r o d u c e s  a B and m12 

a C on each a p p l i c a t i o n .  Hence the  d e r i v a t i o n  can o n l y  t e r m i n a t e  i f  

n I = n 2 = n 3 = n say .  And i n  t h i s  case 

S ~*  U l ( U 2 a u 3 ) n u  ( u 5 b u ) n u 7 ( u 8 c u 9 ) n  f o r  some u. o v e r  {a I . . , a  m } 4 6 u l O '  l ' "  " 
Now i f  L ( G ' , ~ )  i s  c o n t e x t - f r e e  t hen  h ( L ( G ' , ~ ) )  i s  a l s o  c o n t e x t - f r e e  

where h i s  t he  homomorphism d ~ f i n e d  by h (a  i )  = ~, 1 ~ i ~ m and i s  t he  

i d e n t i t y  homomorphism e l s e w h e r e .  T h i s  i m p l i e s  t h a t  { a n b n c n :  n m I }  i s  

c o n t e x t - f r e e ,  w h i c h  p r o v i d e s  a c o n t r a d i c t i o n .  

When mk+2 c o n t a i n s  a t  l e a s t  one S symbol  we m o d i f y  t he  above 

i n t e r p r e t a t i o n  such t h a t  each S symbol  i n  mk+2 i s  renamed as S, s a y ,  

where the  o n l y  p r o d u c t i o n  i n  w h i c h  S appears  i s  [S ÷ a i ] .  
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IV .4  C o n t r o l l e d  Grammar Forms 

To some e x t e n t  S e c t i o n  3 has p repared  the way f o r  a gene ra l  

i n v e s t i g a t i o n  o f  c o n t r o l l e d  grammar fo rms,  r 4 a t r i x  forms are a 

s p e c i f i c  i n s t a n c e  o f  such fo rms,  s i n c e  a m a t r i x  s p e c i f i e s  a l o c a l i z e d  

s p e c i f i c  o r d e r  o f  a p p l i c a t i , o n  o f  p r o d u c t i o n s .  L e t t i n g  G = ( V , Z , P , S )  

be a c o n t e x t - f r e e  grammar form we assume in  t h i s  s e c t i o n  t h a t  each 

p r o d u c t i o n  i n  P i s  u n i q u e l y  named, t h a t  i s  

p : A ÷ a  

f o r  each A ÷ ~ in  P. Of ten  i t  i s  c o n v e n i e n t  to c o n s i d e r  A ÷ ~ as 

i t s  own name. Let  

S = 8 0 ~ 81 ~ . . . ~ 8  m in  Z* 
be a d e r i v a t i o n  in  G, where P i :  Ai ÷ ~i  is  the p r o d u c t i o n  used in  the 

s tep  6 i ~ 6 i+  I ,  0 ~ i < m. Then we say t h a t  

= p o . . . P m _ l  
i s  a c o n t r o l  word and w r i t e  S ~ 6 m. The S z i l a r d  language o f  G, the 

se t  o f  a l l  c o n t r o l  wo rds ,  i s  denoted by Sz(G,~)  and d e f i n e d  by:  

Sz(G,~)  = {7 :  S =~x ,  f o r  some x i n  S * } .  

S i m i l a r l y  us ing  l e f t m o s t  d e r i v a t i o n s  we o b t a i n  the l e f t  S z i l a r d  

language o f  G, Sz(G,~)  = {~:  S ~ x f o r  some x i n  S * } .  

A l t e r n a t i v e l y  we can r e s t r i c t  the d e r i v a t i o n s  in  G by p r o v i d i n g  

a c o n t r o l  se t  C ~ P*. We say (G,C) i s  a c o n t r o l l e d  c o n t e x t - f r e e  

grammar ( fo rm)  i f  G = ( V , Z , P , S )  i s  a grammar and C ~ P*. The language 

o f  (G,C) denoted L (G,C,~ )  i s  d e f i n e d  by: 

L (G ,C ,~ )  = { x :  x i s  i n  %* and S ~ x f o r  some c o n t r o l  word c i n  C}. 

As b e f o r e  we may a lso  d e f i n e  L ( G , C , ~ ) .  

R e t u r n i n g  to 9rammar forms our  i n t e r e s t  i n  c o n t r o l l e d  grammar 

forms i s  t w o - f o l d ,  f i r s t  g i ven  a s p e c i f i c  grammar form what  i s  i t s  

a s s o c i a t e d  c l a s s  o f  ( l e f t )  S z i l a r d  languages and second g i ven  a 

grammar form and a f a m i l y  o f  c o n t r o l  sets  what  p r o p e r t i e s  does the 

c o r r e s p o n d i n g  f a m i l y  o f  languages have.  

To make t h i s  more p r e c i s e ,  l e t  G = (V ,%,P,S)  be a grammar form.  

Then 

SZILARD(G,~) = { S z ( G ' , ~ ) :  G' n -~ G} 

and 

SZILARD(G,&) = { S z ( G ' , ~ ) :  G' ~ G}. 

Note t h a t  us i ng  g - i n t e r p r e t a t i o n  r a t h e r  than s - i n t e r p r e t a t i o n  has no 

e f f e c t  on SZILARD, s i n c e  i t  i s  o n l y  concerned w i t h  ( l e f t )  c o n t r o l  

words ( o r  t e r m i n a t i n g  s e n t e n t i a l  d e r i v a t i o n s ) .  Moreover  we may assume 

= ~ w i t h o u t  any loss  o f  g e n e r a l i t y .  
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S i m i l a r l y  l e t t i ng  ~ be a f a m i l y  o f  languages c l osed  under 

renaming ( to  avo id  d i f f i c u l t i e s  in meaning) then 

CONTROL(G,~,~)  = { L ( G ' , C , ~ ) :  G' "~  G and C is  in  , ~ }  g 
and 

CONTROL(G,~,~)  = { L ( G ' , C , & ) :  G' ~ G and C is  in  ~ } .  
i 

g 
In t h i s  s i t u a t i o n  we can c o n s i d e r  G and hence ~ g ~ G , ~ )  to be o p e r a t i n g  

on ~ .  Thus we speak o f  a G - c o n t r o l  o p e r a t o r .  Note t h a t  g- and s- 

i n t e r p r e t a t i o n  do have d i f f e r e n t  aspec ts  he re .  However in  t h i s  case 

we can always assume t h a t  f u l l  i n t e r p r e t a t i o n s  are taken s ince  f o r  

s p e c i f i c  G' -~  G and C in ~ ' t h e r e  is a G" ~ G such t h a t  G' is  a 

subgrammar o f  G" and L ( G " , C , ~ )  = L ( G ' , C , ~ ) .  Hence CONTROL(G,W~,~) 

= { L ( G ' , C , ~ ) :  G' "~e G and C is  i n K }  and s i m i l a r l y  f o r  CONTROL(G,,~,&). 

Le t  us c o n s i d e r  some examples to he lp  ga in some u n d e r s t a n d i n g  

o f  these va r i ous  f a m i l i e s .  

Le t  G 1 be d e f i n e d  by: 

p: S ÷ ASB; q: S ÷ ~; r :  A ÷ ~; s: B ÷ 

then 

SZ(G l ,~ )  = {w: w is  in { p , q , r , s } * ,  jWlp = lWlr  = IWJs, lWjq = 1 
and q appears a f t e r  a l l  the p ' s } ,  which is  a n o n - c o n t e x t - f r e e  language 

s ince  

Sz (G I ,~ )  n p * r * s * q  = {pn rnsnq :  n ~ 0} .  

T h e r e f o r e  SZILARD(GI,~)  is  n o n - c o n t e x t - f r e e  a l s o .  We c la im  t h a t  eve ry  

i n f i n i t e  language L in SZILARD(GI,~)  is  a lso  n o n - c o n t e x t - f r e e .  Le t  

L = Sz(G~,~)  f o r  some G~ "~a GI(~)  and L be i n f i n i t e .  Then l e t t i n g  

{Pl . . . .  'Pm } = ~(P) '  s i nce  L is  i n f i n i t e  t h e r e  must be a d e r i v a t i o n  

S 1 ~ AIS2B t ~ A1A2S3B2B 1 ~ . . .  ~ A I A 2 . . . A  k Sk+IBk.- ,B 1 
f o r  some k and a d e r i v a t i o n  

I i 

Sk+ 1 ~ A~Sk+2B~ ~ . - - ~ A ~ . . . A  r S k + l + r B r . . - B  I 
f o r  some r such t h a t  Sk+ 1 = Sk+r+ I .  O the rw ise  Sz(G~,~). would be f i n i t e .  

Now l e t  us denote the c o n t r o l  words o f  these d e r i v a t i o n s  by: 

Pi " ' ' P i  and pj . . . p j  
1 k 1 r 

. . . . . . . . .  PJr Withou t  loss  o f  g e n e r a l i t y  we can assume each o f  P i l  ' P i k '  PJl 

are d i f f e r e n t ,  o t h e r w i s e  we cou ld  f i n d  s h o r t e r  d e r i v a t i o n s  w i t h  t h i s  

p r o p e r t y .  F i n a l l y  c o n s i d e r  L' = L n Pi " ' ' P i k ( P j  " ' ' P j  ) * ~ ( r ) * p ( s ) * ~ ( q ) .  
1 1 r 

C l e a r l y  L' is  i n f i n i t e  and n o n - c o n t e x t - f r e e .  

On the o t h e r  hand SZILARD(GI,~)  is  c o n t e x t - f r e e  s ince  S z ( G I , ~ )  

is  a lways c o n t e x t - f r e e .  In t h i s  case 
Sz(G,~)  = { ( p r ) n q s n :  n ~ O} 

i 

which is  l i n e a r .  Once more i n f i n i t e  languages in SZILARD(GI,~)  can be 

shown to be l i n e a r  and n o n - r e g u l a r .  
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L i t t l e  s tudy  o f  the  SZILARD o p e r a t o r  has been made, however 

t h i s  example i n d i c a t e s  t h a t  such f a m i l i e s  are h i g h l y  u n s t a b l e  under  

t y p i c a l  g rammat ica l  o p e r a t i o n s .  For example c o n s i d e r  G 2 o b t a i n e d  

from G 1 by r e p l a c i n g  A and B by ~: 

p: S ÷ S; q: S ÷ 

then Sz(G2,~)  {pnq:  n ~ 0 } ,  which is  r e g u l a r .  Hence 

SZILARD(G2,~) ~ ,~(REG).  

Perhaps the most i n t e r e s t i n g  q u e s t i o n s  here are when is  

SZ lLARD(FI ,~ )  = SZILARD(F2,~) and when is  SZ lLARD(FI ,~ )  ~ SZ lLARD(F2,~) .  

These have r e c e n t l y  been shown to be d e c i d a b l e .  

We tu rn  t h e r e f o r e  to the s tudy  o f  CONTROL(G,~i~,~) and 

CONTROL(G,~',~) in  the  f o l l o w i n g .  Cons ide r  

G3: S ÷ aS; S ÷ a 
and 

G4: S ÷ Sa; S ÷ a 

We have shown e a r l i e r  t h a t  ~ g ( G 3 , ~ )  = ~ g ( G 4 , ~ )  = ~ ( R E G ) .  However 

in  genera l  

CONTROL(G 3 , ~ , : )  • CONTROL(G 4, ~ , ~ )  

s i n c e  as w i l l  be shown, f o r  any f u l l  semi-AFL 2 ,  CONTROL(G3,~I~,~) = ~  

and CONTROL(G 4 , ~ , ~ )  is  the  f a m i l y  o f  r e v e r s a l s  o f  members o f ~ '  . But 

not  a l l  f u l l  semi-AFLs are c l osed  under  r e v e r s a l .  

Cons ide r  G 5 d e f i n e d  by: 

S ÷ aS; S ÷ B; B ÷ BC; B ÷ a; C + 

then e v i d e n t l y  ~'~#g(G5,~) = ~ ( R E G ) .  But i t  can be shown t h a t  

CONTROL(Gs, -~(L IN) ,~)  = ~ ( R E ) .  

E s s e n t i a l l y  the p r o d u c t i o n  B ÷ BC in G 5 causes t h i s  b l ow-up ,  

s i nce  i t  i n t r o d u c e s  an unbounded number o f  C's ( a l l  o f  which d e r i v e  

the empty word ) .  In o t h e r  words G 5 is  not  l e f t  d e r i v a t i o n  bounded. 

E s s e n t i a l l y  whenever  a grammar f o r  G is  not  l e f t  d e r i v a t i o n  bounded 

then CONTROL(G,~ (L IN) ,& )  = ~ ( R E ) .  

Cons ide r  the grammar G6: 

S ÷ D; D ÷ E; D ÷ DB; D ÷ ~; E ÷ aE; E ÷ ~; B ÷ 

aga in  ~ g ( G 6 ,  ~) = ~ ( R E G ) .  However as we s h a l l  now prove 

CONTROL(G 6, ~ ( L I N ) , & )  : ~#(RE).  

Given an a r b i t r a r y  G~ " ~  G 6 and an a r b i t r a r y  C in  ~ ' ( L I N )  i t  g 
i s  s t r a i g h t f o r w a r d  to show t h a t  L (G6 ,C ,~  ) is  in  ~ ( R E ) ,  

t h e r e f o r e  we on l y  need to c o n s i d e r  the  r e v e r s e  i n c l u s i o n .  

Le t  G = ( V , S , P , Z )  be a phrase s t r u c t u r e  grammar, where 

V n {S ,D,E}  = B. We w i l l  c o n s t r u c t  a G~ "~g G6(~) and a l i n e a r  language 

C such t h a t  L (G~,C,~)  = L ( G , ~ ) ,  which g ives  the d e s i r e d  r e s u l t .  
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Let  $ I "  $2 '  ¢ '  E and ~ be new symbols and l e t  h and h be 

homomorphisms mapping each symbol X i n  V i n t o  new symbols R and 

r e s p e c t i v e l y .  

Let  G~ = ( V ' , Z , P ' , S )  where V' = h(V) u Z u { S , D , E , ¢ }  and P' 

i s  d e f i n e d  as f o l l o w s :  

$ I :  S ÷ D; ¢: D + E; 

X: D ÷ DR, f o r  a l l  X i n  V u { ¢ } ;  
A _ 

X: X ÷ ~, f o r  a l l  X in  V u { ¢ } ;  

b: E + bE, f o r  a l l  b in  S; 

$2: E + ~. 
Let  ~(a)  = ~, p(S) = { S } ,  ~(D) = {D } ,  v(E)  = {E} and ~(B) = h(V) u { ¢ } .  

I t  i s  c l e a r  t h a t  G~ "~ G6(~) .  Let  C c o n s i s t  o f  a l l  words $ ia$2 B where 

a = h ( ~ n _ l ) ¢ . . . h ( a l ) ¢ h ( Z ) ¢ ¢ a  n, 
~ A  ^ A  

= Ch(mi (B l ) ) . . .¢h (mi (~n) ) ,  
f o r  n m I ,  B. ~ a. in  G, 1 ~ i ~ n and a i s  i n  ~* .  We c l a i m  t h a t  C i s  

1 l n 
a l i n e a r  language and we l eave  the p roo f  o f  t h i s  f a c t  to the r eade r .  

Cons ide r  a word 6 i n  V*,  n o t i n g  t h a t  an a p p l i c a t i o n  o f  the 

c o n t r o l  word h (6 )  = ~ to D r e s u l t s  in  Dmi (~ ) ,  t h a t  i s  
L~ 

D ~ Dmi(~) 

i n  G~. 

$ ia$2 ~ 
T h e r e f o r e  c o n s i d e r  the  e f f e c t  o f  on S in  G 6, where a and $ are 

assumed to  have the form s p e c i f i e d  above.  

We o b t a i n  

L $I 
S 

L h ( a n _ l ) ¢  
D ~ D c m i ( h ( a n _ l ) )  

k h (Z )¢  D~-=Z~mi(h(al))...mi(~(an_l) ) 

CanS 2 a n ¢ - - ~ . . . m i ( ~ ( a n _ l ) )  

The c o n t r o l  word B can be a p p l i e d  to the r e s u l t i n g  i n t e r -  

med ia te  word to g i ve  a t e r m i n a l  word o n l y  i f  a l l  ba r red  symbols are 

e rased .  Th i s  occurs  o n l y  i f  h ( m i ( ~ l ) )  = Z, s i nce  ¢, ¢, ~ are not  

members o f  V. A d d i t i o n a l l y  we must have by a s i m i l a r  argument  t h a t  

h ( m i ( ~ i + l ) )  = mi (~ (a i ) ) ,  f o r  a l l  i ,  1 ~ i < n 

in  o t h e r  words B 1 = Z and B i + l  = ~ i '  1 ~ i < n. However t h i s  i m p l i e s  

Z = ~I ~ a l  = 82 ~ a 2 " ' ' ~ n - I  ~ an - I  = ~n ~ an 

t h a t  i s  Z ~*  a in  G, i n  o t h e r  words a i s  in  L ( G , ~ ) .  By a s i m i l a r  
n n 
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argument we may a lso  show t h a t  i f  Z =* a n in  G w i t h  ~n in  S* then 

L ~$1652 
the re  are ~ and B such t h a t  S ~ a n in  (G~,C).  

CONTROL(G 6, ~ ( L I N ) , ~ )  = ~-~(RE) and the c l a i m  i s  Thus 

e s t a b l i s h e d .  

Observe t h a t  in G 6 D i s  r i g h t  e x p a n s i v e ,  E is  p a r t i a l l y  s e l f -  

embedding and E is  reachab le  from D. Based on t h i s  o b s e r v a t i o n  i t  can 

be proved by an e x h a u s t i v e  case a n a l y s i s  w i t h  c o n s t r u c t i o n s  s i m i l a r  

to the one used above t h a t :  

I f  G is  a reduced grammar which con ta i ns  a r i g h t  expans ive  

symbol D, a p a r t i a l l y  se l f - embedd ing  symbol E and one of  the f o l l o w i n g  

holds : 

( i )  
( i i )  

( i i i )  

E i s  reachab le  from D. 

D is  reachab le  from E. 

bo~h D and E are s i m u l t a n e o u s l y  reachab le  from the sentence 

symbol .  

Then CONTROL(G,~(L IN) ,&)  = ,~ (RE) .  

Note t h a t  G 5 above f u l f i l l s  these c o n d i t i o n s .  

Moreover based on t h i s  r e s u l t  i t  can be f u r t h e r  shown t h a t  f o r  

any reduced grammar form G e i t h e r  CONTROL(G,,~(LIN),~) = ~ ( R E )  or 

t he re  e x i s t s  a l e f t  d e r i v a t i o n  bounded grammar H such t h a t  

CONTROL(G,~-#,&) = CONTROL(H,~,&) f o r  eve ry  f u l l  semi-AFL w~. In t h i s  

l a t t e r  case CONTROL(G, ~ ( L I N ) , ~ )  ~ ~ ( R E ) .  

Turn ing  to some o f  the bas i c  p r o p e r t i e s  o f  the G -con t ro l  

o p e r a t o r  i t  i s  s t r a i g h t f o r w a r d  to prove r e s u l t s  analogous to those f o r  

grammar forms in  Chapter  I I .  Thus when G' "~ G we have 

~V~g(G',~) ~ ~ ' g ( G , ~ )  and a n a l o g o u s l y  we have: 

CONTROL(G' ,~ ,~)  ~ CONTROL(G, ~ , ~ ) ,  

and r e p l a c i n g  ~ by ~ g ives  

CONTROL(G' ,~ ,~)  ~ CONTROL(G,~#,&). 

For grammar forms G and a d e r i v a t i o n  A ~+ ~ in  G adding the p r o d u c t i o n  

A ÷ ~ to G to g i ve  G does not  a f f e c t  i t s  g e n e r a t i v e  power, This i s  

not  a lways v a l i d  f o r  c o n t r o l l e d  grammar forms.  However i f , ~ i s  a 

f a m i l y  o f  languages c losed under ~ - f r e e  f i n i t e  s u b s t i t u t i o n ,  f o r  

example ~ f u l l  semi-AFL,  then 

CONTROL(G,-~,~) £ CONTROL(G,,~,~) 

F i r s t  assume A ~2 ~ in  G where 

A ~ ~IB~3 ~ ~i~2~3 = 
in G. C l e a r l y  CONTROL(G,~',~) ~ CONTROL(G,~,~) s ince  G ' ~  G. Thus 

we need to demonst ra te  the reve rse  i n c l u s i o n ,  namely g iven  a G' 7 G(~) 

and a C i n - ~  t h a t  L (G,C,~)  i s  in CONTROL(G,~,~) .  Cons t ruc t  G' ~ G g 
as f o l l o w s :  For each p ' :  A' ÷ ~' in  ~(p:  A + ~) take 
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p~: A ~ ÷ ~i[B,p~]~ and p~: [B,p ~] ÷ ~ 

' ' = ~' and [ B , p ' ]  i s  a new n o n t e r m i n a l .  A l so  take a l l  o t h e r  where ~ 2 ~ 3  
p r o d u c t i o n s  i n  G' unchanged i n t o  G' .  Now take as C' a l l  words i n  C i n  

wh ich  each appearance of  a p' i s  r ep l aced  by p~p~. Then 

L ( G ' , C ' , ~ )  = L ( G ' , C , ~ )  and the r e s u l t  f o l l o w s .  

In the case o f  ~ r a t h e r  than ~ the above c o n s t r u c t i o n  is  

c o m p l i c a t e d  s i nce  w h i l e  

A ~ ~IB~3 ~ ~I~2~3 = ~ 
in  G i t  i s  no t  n e c e s s a r i l y  t r u e  t h a t  

A ~ ~I B~3 ~ ~I ~2~3 = ~" 
' ' *  and a l l  T h e r e f o r e  C i s  formed by r e p l a c i n g  p' everywhere  by p~*p lP2 

p m p' by p~*pp~* .  Th i s  ensures t h a t  f o r  each t e r m i n a t i n g  d e r i v a t i o n  

i n  G' t he re  i s  some c o n t r o l  word in  C' wh ich  w i l l  enab le  the " c o r -  

r e s p o n d i n g "  d e r i v a t i o n  i n  G' to t e r m i n a t e .  The converse  a l so  h o l d s .  

Hav ing proved the r e s u l t  f o r  l e n g t h  two d e r i v a t i o n s  i t  can 

then  be ex tended  to a r b i t r a r y  l e n g t h  d e r i v a t i o n s  by i n d u c t i o n .  The 

d e t a i l s  we leave  to the i n t e r e s t e d  r e a d e r .  

We now r e s t r i c t  our  d i s c u s s i o n  i n  two ways. 

F i r s t  we o n l y  c o n s i d e r  ~ from hereon in  and second we o n l y  c o n s i d e r  

l e f t  d e r i v a t i o n  bounded grammar fo rms.  Under these r e s t r i c t i o n s  the 

f o l l o w i n g  r e s u l t  can be p roved :  

( * )  Le t  G be a l e f t  d e r i v a t i o n  bounded grammar form w i t h  a p r o d u c t i o n  

A ÷ mlBm2 and B ÷ B 1 . . . . .  B ÷ B r be the se t  o f  B - p r o d u c t i o n s .  L e t t i n g  

be the grammar form g i ven  by r e p l a c i n g  A ÷ mlBm2 in  G by the 

p r o d u c t i o n s  A ÷ ~ IB I~2  . . . . .  A ÷ ~ iB r~2  then CONTROL(G,~,~)  

= CONTROL(~,~ ,&)  f o r  e v e r y  f u l l  semi-AFL 2 .  

Th i s  enab les  us to prove normal form r e s u l t s  f o r  c o n t r o l l e d  

l e f t  d e r i v a t i o n  bounded grammar forms ana logous  to  those f o r  grammar 

fo rms .  Th i s  f o l l o w s  s i nce  most o f  the normal form r e s u l t s  depend on 

the  f a c t  t h a t  s u b s t i t u t i o n  h o l d s ,  t h a t  i s  ( * )  above. 

For example e r a s i n g  p r o d u c t i o n s  can be removed so t h a t  c o n t r o l  

e q u i v a l e n t  ~ - f r e e  grammar forms can be found .  S i m i l a r l y  we can o b t a i n  

a Chomsky normal form grammar c o n t r o l  e q u i v a l e n t  to a g i ven  grammar 

form,  where by c o n t r o l  e q u i v a l e n c e  o f  G and H we mean: f o r  a l l  

f u l l  semi-AFks ~ , CONTROL(G,~,~)  = CONTROL(H, ~,8,&). 

Remarkab ly ,  when c o n s i d e r i n g  c o n t r o l  f a m i l i e s  wh ich  are f u l l  

semi -AFLs,  we are ab le  to r e s t r i c t  i n t e r p r e t a t i o n s  even f u r t h e r ,  w h i l e  

r e t a i n i n g  the same c o n t r o l  g rammat ica l  f a m i l y .  

We say a g - i n t e r p r e t a t i o n  G' ~ G(~) i s  s imp le  i f  ~(A)  = {A} g 
f o r  each n o n t e r m i n a l  A in  G. Thus we may assume t h a t  G' and G o n l y  

d i f f e r  as f a r  as t e r m i n a l  words i n  t h e i r  p r o d u c t i o n s  are concerned .  
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We w r i t e  G' s~ G(~) in  t h i s  case. 

For a l l  f u l l  sem i -AFLs ,~ ' and  l e f t  d e r i v a t i o n  bounded grammar 
forms G: 

CO,TROL(G, , ) = G' G a n d  C 

which we denote by s-CONTROL(G,,~' ,~).  

C l e a r l y  s-CONTROL(G,-~,&) c CONTROL(G,~,~)  f o r  a l l  ~ s ince  

G' s~ G i m p l i e s  G ' ~  G. C o n v e r s e l y ,  c o n s i d e r  G' ~g G(~) ,  by e a r l i e r  

remarks on l y  f u l l  i n t e r p r e t a t i o n s  need be c o n s i d e r e d .  A lso  l e t  C be 

an a r b i t r a r y  c o n t r o l  se t  in  ~ .  We need to show t h a t  L ( G ' , C , ~ )  is in  

s-CONTROL(G,~ ,& ) .  

De f ine  ~ by ~(A) = CA} f o r  a l l  n o n t e r m i n a l s  A in  G and 

~(a)  = ~(a)  f o r  a l l  t e r m i n a l s  a in  G. Let  H be d e f i n e d  by: 

H s'~ G(~) .  
We now c o n s t r u c t  an a - t r a n s d u c e r  M such t h a t  L ( G ' , C , ~ )  = L ( H , M ( C ) , ~ ) .  

S ince G is  a l e f t  d e r i v a t i o n  bounded grammar form t h e r e  is  a k > 0 such 

t h a t  any l e f t m o s t  d e r i v a t i o n  in G has a t  most k n o n t e r m i n a i s  at  each 

d e r i v a t i o n  s tep .  Le t  ~ = p l . . . p n  be in  C such t h a t  
L~ 

S ~ x 
in  G' where S is  the sentence symbol o f  G' and x is  a t e r m i n a l  word.  

M is  d e f i n e d  in  such a way t h a t  g iven ~ i t  produces 

where Pi in H is  d e f i n e d  as f o l l o w s :  

L e t t i n g  Pi be A 0 ÷ X o A l X l . . . A r X r ,  where the x j  are t e r m i n a l  words and 

the  Aj non te rm ina l  symbols ,  then qi = ~ - l ( p i )  equa ls  B 0 ÷ Y o B l Y l . . . B r Y r  
in G. 

Thus we take 

p i :  BO ÷ X o B l . . . B r X  r 
in  H. C l e a r l y  t h i s  t r a n s f o r m a t i o n  can be a f f e c t e d  by a homomorphism, 

hence we can d e f i n e  h ( P i )  = Pi us ing  the c o n s t r u c t i o n  above. However 

L ( H , h ( C ) , ~ )  is not  n e c e s s a r i l y  equal  to L ( G ' , C , ~ )  s ince  d e r i v a t i o n s  may 

be p e r m i t t e d  by ( H , h ( C ) )  which were no t  p e r m i t t e d  in  ( G ' , C ) .  However 

these u n a c c e p t a b l e  d e r i v a t i o n s  have the form 

S ~ UBo~ ~ U X o B l . . . B r X r ~  

i n H, when 
L pl . . . P i _ l  

S UCo~ and P i :  AO ÷ X o A l ' ' ' A l X r  

are in  G' where C O # A 0 but  - I  - I  (C O ) = (A O) = B O. T h e r e f o r e  us ing  
the f a c t  t h a t  G' is  l e f t  d e r i v a t i o n  bounded M keeps t r a c k  o f  the non- 

t e r m i n a l  subsequence o f  the word a t  the c u r r e n t  d e r i v a t i o n  s tep in the 

d e r i v a t i o n  ~ = p l . . . p n .  S ince  G' i s  l e f t  d e r i v a t i o n  bounded M can 
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keep t h i s  i n f o r m a t i o n  and check t h a t  the Pi c u r r e n t l y  be ing  read is  

a p p l i c a b l e  to the l e f t m o s t  n o n t e r m i n a l .  I f  i t  i s  then Pi i s  o u t p u t  

and o t h e r w i s e  M b l o c k s .  

In c l o s i n g  t h i s  s e c t i o n  we c o n s i d e r  the c l o s u r e  p r o p e r t i e s  

o f  CONTROL(G,,~,~) f o r  ~ a f u l l  semi-AFL.  I t  i s  not  d i f f i c u l t  to  

see t h a t  CONTROL(G,~,~)  i s  c l osed  under  un ion  i f ~  i s  c losed  under  

un ion  and is  t r i v i a l l y  c l osed  under  homomorphism. C losu re  under  

i n t e r s e c t i o n  w i t h  r e g u l a r  se ts  f o l l o w s  i f  ~ ' i s  c l o s e d  under  Z - f r e e  

f i n i t e  s u b s t i t u t i o n s .  The p r o o f  o f  t h i s  c l o s u r e  r e s u l t  f o l l o w s  the 

usua l  c r o s s - p r o d u c t  c o n s t r u c t i o n .  F i n a l l y  to o b t a i n  i n v e r s e  homo- 

morphism c l o s u r e  i t  s u f f i c e s  to c o n s i d e r  c l o s u r e  under c - s u b s t i t u t i o n s ,  

t h a t  i s  each t e r m i n a l  a i s  r e p l a c e d  by c * a c * ,  where c is  a new symbol .  

Now i f  G i s  i n f i n i t e  and s t r o n g l y  p a r t i a l l y  s e l f - e m b e d d i n g  

( s t r o n g l y  pse ) ,  t h a t  i s  f o r  a l l  n o n t e r m i n a l s  A a p a r t  f rom the sen tence  

symbol A ~+ xAy f o r  some t e r m i n a l  words x and y no t  both empty and 

is  a f u l l  semi -AFL,  i t  can be shown t h a t  CONTROL(G,~,~)  i s  c l osed  

under  c - s u b s t i t u t i o n  and hence i s  i t s e l f  a f u l l  semi-AFL.  

F i n a l l y ,  f o r  each l e f t  d e r i v a t i o n  bounded grammar form G a 

l e f t  d e r i v a t i o n  bounded grammar form H can be c o n s t r u c t e d  such t h a t  G 

and H are c o n t r o l  e q u i v a l e n t  and H is  s t r o n g l y  pse. For c o n s i d e r  

G to have n n o n t e r m i n a l s .  I f  n = 1 then G i s  t r i v i a l l y  s t r o n g l y  pse. 

I f  n > 1 c o n s i d e r  some n o n t e r m i n a l  A wh ich  i s  not  the sentence symbol 

and not  pse.  We may assume G is  ~ - f r e e  and has no cha in  p r o d u c t i o n s  

w i t h o u t  any loss  o f  g e n e r a l i t y .  A d e r i v e s  some nonempty t e r m i n a l  

word.  In t h i s  case,  whenever  
L+ L,  

A ~ ~ x 

where x i s  a nonempty t e r m i n a l  word ,  then m does not  c o n t a i n  A, o t h e r -  

w i se  A wou ld  be pse. Thus whe reve r  A appears in  p r o d u c t i o n s  we can 

r e p l a c e  i t  by a l l  r i g h t  hand s ides  o f  a l l  A - p r o d u c t i o n s .  The grammar 

o b t a i n e d  in  t h i s  way i s  c o n t r o l  e q u i v a l e n t  to G by our  e a r l i e r  obse rva -  

t i o n s .  Moreover  in  t h i s  new grammar A is  no l o n g e r  r e a c h a b l e  f rom 

the sen tence  symbo l ,  so both  the A and the  A- p r o d u c t i o n s  m igh t  j u s t  

as w e l l  be o m i t t e d .  Th is  new grammar has n - I  n o n t e r m i n a l  symbols and 

hence we o b t a i n  the r e q u i r e d  r e s u l t  by i n d u c t i o n  on the number o f  

n o n t e r m i n a l  symbo ls .  

Thus we have:  

Let  G be an i n f i n i t e  l e f t  d e r i v a t i o n  bounded grammar form and ~ a 

f u l l  semi -AFL,  then CONTROL(G,,~,~) i s  a f u l l  semi-AFL.  

Can t h i s  r e s u l t  be s t r e n g t h e n e d  to  a l l  i n f i n i t e  grammar forms? 

I t  i s  known, see S e c t i o n  I I . 4 . 3  t h a t  ,~g(G,~)  i s  a f u l l  - -  ~p r inc ipa l  

semi-AFL f o r  a l l  i n f i n i t e  G. Is t h i s  t r u e  f o r  CONTROL(G,,I[,~) a l so?  
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A l t e r n a t i v e l y  when is i t  t rue? 

One na tu ra l  f am i l y  to cons ider  may be de f ined  as 

CONTROL(G,~,~) where ~ =  CONTROL(H,~,~) f o r  some H and ~ .  A 

spec ia l  case of  t h i s  general  d e f i n i t i o n  is given by .~ = ,~g(H,~)  

f o r  some H. What can be said about such f a m i l i e s ?  


