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ABSTRACT

Recursion as a programming technique has been
with us for over two decades now, and yet it still
retains a certain mystery. In this paper we consider
the objections to it and the claims for it.

1. INTRODUCTION

Many programming texts use Euclid's algorithm for calculating the highest
common factor (HCF) of two integers p and ¢ as one of their simple examples.
The description of the algorithm usually goes something like this: "To find
the HCF first divide p by ¢ ard calculate the remainder, #. If n = 0 then
¢ is the HCF; otherwise repeat the process with ¢ and 1 taking the place of
p and g." From this description an iterative solution along the lines of
Fig. 1 is usually presented (though if the example comes early it is expressed
as a program rather than a procedure of course).

function HCFip,q : {ntegen) : Ainteger;
var 4 : integer;
begin
Zi= pmod g;
while £ <> ¢ do
begin
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;
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Fig. 1 A nonrecursive version of the HCF procedure

Yet the description given almost begs for the recursive procedure such as that
of Fig. 2.

function HCF{p,q : integern) : .integen;
var # : dnteger;
begin
ni=pmod g;
if x = 0 then HCF := g else HCF := HCF(gq,n)

Et

Fig. 2 A recursive version of the HCF procedure
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why then does the first solution seem more natural to writers amd teachers?
The simple (simplistic?) answer is that most writers and teachers either
learned to program in the fifties or early sixties when recursion was just
beginning to appear, or were themselves taught by people reared in that period.
There seems to be a collective feeling for iterative solutions as against
recursive ones, though this feeling is certainly buttressed by cogent
arguments.

2. THE OBJECTIONS

What are these arguments against recursion? There seem to be four, which
we discuss in turn.

{a) It is expensive of gpace: This is quite a strong argument since each
invocation of the recursive procedure requires an activation record consisting
of links, parameters and local variables. Let us make the simplifying
assumption that all these guantities require a word each and that there are
two links. Then the recursive procedure for HCF gives 51 words, where n is
the number of recursive invocations, whereas the non-recursive version requires
a constant 3. Vhether this is important depends very much on the value of n.
It so happens that for this example n must be small: if F; is the At pibonacei
nurber then it is bounded by u~3 where F; is the largest Fibonacci number
represented by a variable of type Ainfeger. Similar statements apply to other
numerical procedures such as that for factorial.

If on the other hand, the procedure is processing the elements of a list
or an array, then 7 is usually related to the number of elements in this list
or array, and this might be quite large; and in a program manipulating a
small number of large lists it could be quite crucial. The decision on
whether or not to use recursion in this situation is quite a nice one especially
where the non-recursive procedure requires a stack.

When we move onto more complex data structures such as a tree, the space
required by activation records is less significant since n is generally related
to the height of the tree which, for reasonably balanced trees, is a logarithmic
function of the mumber of nodes. ‘The same is true but even more so for more
general trees, including the search trees of combinatorial problems.

{b) It is expensive of time: This objection has in general lost much of its
validity. If a compiler writer implements procedure calls, not by a short
sequence of open code but by a call to a subroutine, then calling procedures
is expensive, and the camplaints about the time penalty of recursion are
based on experience with these compilers.

If we consider any procedure written both recursively and non-recursively
we find that, in general, the same operations take place and that in general
they take place in the same order. The difference lies in the control
structures: a recursive call or a traverse of a loop. Although the procedure
call is the more expensive, the significance of this becomes correspondingly
less as the body of the procedure becames more conplex. The HCF example is
probably the most unsympathetic from the recursive point of view since the
body is very small. Fig. 3 gives an analysis, in terms of the number of
iterations/recursions n, of the operations involved.
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Weight Non-recursive Recursive

(Fig.1) (Fig.2)
Assigrments 1 3n + 2 2n + 2
Mod 4 n+1 n+1
Comparisons 1 n+ 1 n+1
Procedure calls 5 1 n+1
Parameters passed 1 2 2n + 2
Weighted figure 8n + 14 14n + 14

Fig. 3 An analysis of the HCF procedures

The weights used to produce the weighted average are rather arbitrary (and
reflect the writer's feeling of what they should cost!) On the CYBER they are
reasonably accurate. The times to calculate the HCF of Fp4 and Fg3, so that
n =21, were 700 psecs and 1120 usecs respectively (to some rather variable
accuracy). 'This then sets an upper limit on the time penalty of recursion.

In more complex cases where the non-recursive procedure has to maintain a
stack, the balance changes and the speed of the algorithms becomes more nearly
equal. Indeed there is evidence (Fike 1975), (Rohl 1976) that a recursive
procedure can be the more efficient.

(c} I can't uderstand it: There are those who have no need for recursion
and for them the whole of this discussion is simply irrelevant. There are
many others, however, for whom recursion would be useful if only they could
urderstand it. Their inability to understand is a severe problem, and an
indictment of those of us whose job it is to teach them and have failed. It
is perhaps significant that none of the introductory texts on Pascal (assuming
here that Wirth [1976] ard Alagic & Arbib [1978] are not introductory) give
the subject more than a cursory treatment.

Once recursion is mastered, it is difficult to believe that some non-
recursive procedures are easier to understand than their recursive equivalents.
Consider a procedure for producing a copy of a list, assuming the definitions:

type Listpin = tnode;
node = record
Atem : (temtype;
next @ Listptr
end

where {temtype is left unspecified.

Fig. 4 gives a non~recursive version adapted from the function given by
Alagic and Arbib.
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procedure copyll : Listptn; var L1 ¢ Listpin);
var p, pired : Listpin;

begin
if £ = nil then £] := npil
else -
in
new(l1);

L14. item 2= L4, item;
pred 1= £1; £ := L+.next;
while £ <> nil do

begin

new{p);

predt.next = p;
ph.dtem 1= L4.{tem;
pred = p; £ = Lh.next

predt.next := nil
end
end

Fig. 4 A mon-recursive procedure for copying a list

Is this procedure really easier to urderstand than the recursive one
given in Fig. 5?2

procedure copy(l : Listptn; var L1 : Listptn);
begin
if £ = nil then £ := nil
else T
begin
new(Z1);
214, Ltem 2= L4 item;

copy {Lr.next, L1+,next)
end

end

Fig. 5 A recursive procedure for copying a list

For those uninitiated in recursion it may be, so that it seams that the solution
is an educational one. We must see to it that the mode of thought involved in
recursion is explained and that significant procedures are written using it.

(d) The language I use doesn't allow it: Tt is certainly true that Fortran
forbids recursion and that most assembly languages give no help in its
implementation. However, the problem of mechanistically converting recursive
procedures to non-recursive ones has received a lot of attention. (See
Griffiths {1975] for linear recursion, Knuth [1974] and Bird [1977] for binary
recursion, and Rohl [1977] for recursion in combinatorial problems.) Thus it
is possible to regard recursion as a design tool even where it may not be
available as an implementation tool.

3. THE CLAIMS

The discussion so far has only been a partial answer to the four chjections.
We consider now four advantages.
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In appropriate situations it more naturally matches the problem: we
have already given the example of a list copying procedure. Since the
recursive version of that procedure is vulnerable to the space argument, we
give another example: that of adding an element to a binary search tree.
Fig. 6 gives a recursive version assuming the definitions:

type theeptn = tnode;

itemitype = record
key : keytype;
ingo : ingotype;
node = record
Teft T treeptn;
Atem s itemtype;
night : trheeptn
end;

where {infotype is left unspecified.

procedure insertinewitem : itemtype; var £ : treepinr);

begin
if £ = nil then
= pegine
new (L) ;
with £+ do
begin
em @
z

&

newitem;
nil; adight = nil

nou

&

e
end

end
else with #+ do
if  newlfem.hey = item.hey
T then waiteln('item already on tree')
else if newitem.key < item.key

then Ansent(newitem, Left)
else 1if newditem key > item.key then}
inkent(newitem, night)

end

Fig. 6 A recursive procedure for inserting an element in a tree

The recursive procedure enables us to avoid the trailing pointer problem and
Barron's protasis problem, as a comparison with Fig. 7 graphically illustrates.
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procedure insentinewitem : Ltemtype; var £ : treepin);
var 1, 11 : treepitn;
branch : (£, x);
gound : Boolean;
begin
new{£2); £24+.night := &;
Ll 1= 45 £ 1= £2; branch := x;

gound := false;
while (£7 <> nil) and not gound do
with £1+ do
begin
17 = £1;
if  newifem.key = ifem.key then
begin

wilfeln| ' item alrneady on tree');
found := true

end
else if newitem.key < item.key then
begin
LT = L1+.0eft; branch := L
end
else {if newitem.key > item.key then}
begin
Al = tlt.night; branch = n;
erd
end; ~
if %1 = nil then
T begin
new(zl);
with £1+ do
begin
1tem = newdliem;
Left = nil; night := nil
g e el
if  branch = £ then £24.feft := %1
T else £2t.night := t1;
end;
L= thonignt
end
Fig. 7 A non-recursive procedure for inserting an element in a tree

(b) In many situationssuch procedures are easier to prove: For a linear
recursive procedure, its proof is almost trivial, since the structure of the
procedure mirrors directly the mathematical formulation. The proof process is
essentially that of the induction used in the proof of the underlying
mathematics. Perhaps we are saying that it is the proof of the mathematics
rather than the proof of the program that is important.

We give now a more difficult procedure, one for generating permutations
in pseudo-lexicographical order, which we shall also use in later sections.
We call the procedure everyman because every man ard his brother seem to have
discovered it. It assumes the definitions:
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type maik = {any enumeration on subrangel;
nange = 1 .. max;
marksarray = array[rangel of mank;
where max is the cardinality of math, and uses :=: as an interchange operator.
procedure everymanim : marksarray; no: hangel;

procedure peum{k @ nange);
var 4 : range;

for i:=ktondo
begin
mlk] :=: m[i];

if k = n-1 then {process)}
else peum(k+T];

mlk] :=: m[{]
end
end;
begin
pexm(7)
end

Fig. 8 The evernyman procedure for generating permutations

The proof is simple. Suppose that a call pexum(k+7)
(i) Leaves the marks in m; -+ m, untouched;
(ii) Ensures that all permutations of the marks in m + m are
; k+1 n
produced in turn;
(iii) Returns mys; > my to its original state.
This is trivially true when k+7 = n-1.

Then a call peam(k):

(i) Leaves the marks in m; - mj.7 untouched since the procedure does
not reference them;

(ii) Ensures that all the permutations of the marks mp ~ m, are produced
in turn because all possible choices for mp (available in mp > my)
are chosen and penm(k+1) called after each choice;

(iii) Returns mp + m, to its original state.

Since everyman calls perm{l) it follows that all permutations of the
marks in m are produced.

The proof is not always so easy, of course. We leave the reader to
prove a related algorithm due to Heap [1963] given in Fig. 9.
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procedure Heap(m : martksariay; n @ range);

procedure peamik : range;
var 4, p : aange;
begin
if k= n-1 then {process}
else pemlk+17;
for 4 :=k+ 1 tondo

begin
if odd{n-k) then p := L else p := n;
mlpl :=: m{k];
if k= n-1 then {process)
else perm (k+
end
end;

begin

perm{1]

end

Fig. 9 Heap's algorithm for generating permutations

A non-recursive version of eveiyman is given in Fig. 10 and the reader
is encouraged to prove it directly.

procedure everymanim : marksarnniay; w i range);
var 4 : arrayirange] of nange;
kR : nange;
complefe, downagain : Boofean;

begin
Ei=1;
A1) == R
complete = false;
repeat
mlk] :=: m{i[R]];
while k<>n-1 do
begin '_
=k + 1;
Ailk] k;
mik] : ml£IRY]
erd;
PA0Cess;
downagain := false;
repeat
mik] =: mlilk]];
if  L[k] <> n then
begin
C(TRT t= ilR) + 1;
downagain := thue
end
else

nooit

if k = 1 then complefe := fhue
else k = k-]
until downagain or complete
until complefe
end

Fig. 10 A ron-recursive version of eveayman
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(c) In many situations such procedures are easy to analyse: We illustrate
this by reference to the everyman procedure again. Let us ignore for the
moment the details of what we choose to measure, and assume that:

is the count inside the loop at level n-1

is the count outside the loop at level n-!

is the count inside the loop at the other levels,
is the count outside the loop at the other levels.

amo R

If T& is the count for a complete activation at level k then we have:

T, = (n-hﬂ)*(ThH-Fc) +d , k# n-l
=2xa+b , k= n-1

From this we can calculate T, as:

Ti=nx [a+

Fig. 11 gives an analysis of everyman with respect to some higher-level constructs.

Parameters Terms
Weightfa b c d| a|ZC 9-3“-‘,1 e | otal
Assignments 1 |6 0 6 0]6 1| & | 1040
. . L 1 5
Arithmetic 1 1 0 2 01 ' 2!
Subscripts 1 |8 0 8 0} 8 n o+ 13 4n!
Comparisons 1 1 0 1 o)1} + i 5 1t
. 1 1 1 17.
Loop entries 1 ¢ 1 o 1] 0 > = | 75 !
1 i 1 17
loop traverses 3 1 ¢ 1 o0} 1 ’ + | 75 l—z—l;n!
1 1| 17
Parameters 1 0 0 1 0] 0 2 2 Iy Fyct
Calls 5 {0 0 1 ofo} % RN e L7ny
2 Sy 2n 2%
. 1 1 1 1
Weighted 19 1 26 1§19f13- | 4t (11 | 38dm

Pig. 11 An analysis of everyman
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From a detailed analysis such as this we can determine the effects of
préposed transformations on a procedure to improve its performance. With
evenyman, for example, we could consider, among others, the following
possibilities:

(i) During all interchanges at one level the same element (the initial

m,) takes place in all interchanges, and reinterchanges. We could
save on both assigrments and subscriptings by storing this value
locally cutside the loop so that the interchange within the loop
required only two assignments instead of three. Further we could
avoid restoring m, in the interchange sequence since on the next
traverse it would be immediately overwritten. That is, we could
replace the loop of everyman by:

Zemp := mlkl;
for 4 := k ton do

(1; mld] = Zemp;
I then {process}
o

mik] = temp

(ii) The interchange and reinterchange that takes place on the first
traverse of each loop is redundant since it simply interchanges m
with itself. We could recognise this by dealing with it outside
the loop and reducing the number of traverses by cne. Note that
this means that a new derivation must take place. The new result
is:

T, = nl x [{ath+e) x L
. !

o

+ d x
d x

il g

+

e

.1
Note, too, that the processing must now take place at two different
places in the text, which itself may imply some cost.

(iii} The test for determining when the recursion is to terminate is
constant within the loop. It may be taken outside by splitting the
loop into two and using the test to determine which loop is to be
obeyed, Further the loop at the bottom level is cbeyed only once
and can be replaced by its body.

{iv) We could stop the recursion one level later as in Wirth., This
inwlves a third analysis which we leave to the reader.

Fig. 12 gives the results of the analysis of the above suggestions
together with times in msecs of running them on a CYBER 73 for n = 6.
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Weighted

Parameters

al bl cld Total Time
Basic procedure | 19| 126 | 1 38 %n! 130
Mod (i} 131512045 30;—1;1: 108
Mod (i) ~ (ii) 13 {14114 | 15 | 23 2n! 77
Mod(i) » (iii) |~ |16 |18 | 15 20 in! 67
Mod(i) » (iv) |- | 1118 | 14 | 283n! 101

Fig. 12 An analysis of improvements to eveiyman

Furthermore, similar analyses (or the same ones stopping earlier} enable
us to determine whether the same techniques are more or less efficacious if
we want the permutations to be £ at a time rather than n at a time. This is
relevant to adaptations of the procedure for, say, topological sorting or
other procedures where inspection of the first £ elements of a permutation
rmay enable all (n-4+1)! permutations starting with those 4 elements to be
removed from consideration without being generated.

{d) They are adaptable: This is rather a difficult claim to justify yet it
is interesting to note how often workers express their amazement that minor
changes to a program can produce a highly desirable variant. Here we will
simply illustrate by means of the classical n-queens probfem: that is, the
problem of determining how n queens may be placed on an n X n chessboard so
that no gqueen is under attack fram any other. If we represent the solution
as an array m where m; gives the colum in which the queen on row ; is placed,
then since there can only be one queen in each row and one gueen in each
colum, it follows that m must be a permutation of the integers 7 to n.

Thus a permutation generation procedure can be adapted to solve the
n~queens prcblem by testing each permutation to see whether it corresponds
to a board in which no queen is under threat along the diagonals. Further
we can test partial permutations as they are generated to see whether the
queen, represented by the latest element to be added to the permutation, is
under attack since, if it is, there is no point building on the partial
permutation. Fig. 13 gives a procedure based on everyman which uses the
traditional technique for testing the diagonals.
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procedure gqueens (n : range);

const max! = {fhe value of max - 1};
max? = {the value of 2 x max};
type mark = 1 .. max;

var m : array[rangelof mark;
upd : array(-max] ©. max1] of Boolean;
upn : arrayl? .. max] of Boolean;
4L s Infegen; _

procedure peam{k : nange);
var 4, m{ : hange;
femp : mark;

begin

Temp := mlk];

for 4L := h tondo

= begin &
mi i= m[d];

if upflk-mi]l and uprlksmé] := then

in
up%[ﬁ—m»i} 1= false; uprik+ml] = false;
mlkl = mi; m[d] = ftemp;
if k = n-1 then
in
if  uplin-mn}] and
upiln+minll then process

end
else pom(k+1);
mii] = mi;
upllk-mi]l := ftrue; upilhtmil = true
end
end;
mik] T= temp
end;
begin
for 4 := 1 to n do m[L] := 4;
for 4 := I-n to n-1 do upl[L] := Dwe;
for 4 := 2 to 7 xndo upnld] := true;
perm( 1)
end

Fig. 13 The n-gqueens problem

4, CONCLUSIONS

The reader will have noticed that the claims for recursion have generally
been prefaced by the phrase "in many situations". The paper does not claim
that recursion should be used for everything (though the author still nurtures
the dream of teaching an introductory programming course this way). We
simply want to say that recursion is a very powerful tool on the appropriate
occasion and that it should not be dismissed as too esoteric for practical use.
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