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Two grammars G1 and G2 are structural equivalent if the corresponding
parenthesized grammars generate the same language. This definition
transfers to grammar forms in a natural way. It is shown that struc-

tural equivalence of context-free grammar forms is decidable.
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O, INTRODUCTION,

In [21 Cremers and Ginsburg define grammar families by the concept of
grammar forms. Intuitively a grammar form F defines a grammar family
such that any member of this family is "similar" to a fixed prototype
grammar GF. Two natural eguivalence problems arise by these defini-

tions, first the problem wether two grammars GF and GF generate the
1 2
same grammar family (strong equivalence) and second the problem

wether two grammars & and GF generate the same language family

F1 2

(weak equivalence).

In [2] it is shown that the first problem is decidable. The second
one is still open. We want to show that anothexr equivalence problem
which 18 more general than strong equivalence and less general than

weak equivalence is decidable.

Following [5] we introduce the structural equivalence of two grammars
G1 and Gz. G1 and G2 are structural equivalent if the associated
parenthesized grammars generate the same language. This definition
transfers in a natural way to grammar forms. It is known ([5],[6])

that structural equivalence of context-free grammars is decidable.
We generalize this result to structural equivalence of context-free

grammar forms.

1, BASIC NOTATIONS,

We adopt the usual notations of phrase structure grammars G=(V,I,P,q},
context~free grammars, etc. ([3],[@]) with the (trivial) change

0 €V - I. To avoid trivialities we assume (without loss of generality),
that all grammars in consideration are reduced (E3],[6]) and contain

no unnecessary symbols.

By +* _ ( p—} we denote the notion of a {(direct) derivation.

ae

The set L (G) = {w e ¥ Iacié g o - w}

is the generated language and

D{(G) ={011-—*—~ w | wei* &0, e o}

is the set of derivations.
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A grammar morphism ¢ = G1 - GZ is a monoid homomorphism
e *
¢ = V1 > Vs, with
i c
(i) ¢lo,) = o,
(ii) otv, =1 Lo, - 1y
i L p%
(iii) ¢(21) = 22
(iv) o) = Lo ot | e »} Eopy.

We single out various classes of grammar morphisms.

If ¢ 1is lengthpreserving, we call ¢ a fine morphism, if

$(E) = E(E & v, - Zl) ¢ is external and if ¢(t) = t (t & Xl) ¢ 1is
internal.

In a natural way ¢ induces ¢ : D(GI) > D(Gz). ([4])

~

We call ¢ closed if ¢ 1is surjective. For closed morphisms ¢ we
get: ¢(Qf(61)) = Qf(Gz). A closed, internal morphism ¢ is called

: . . : : -1 .
a reduction. ¢ 1is an isomorphism if ¢ and $ are morphisms.

To any grammar G we associate a grammar family TG to be the collection

of all grammars G' such that there exists a diagram

G < G" > G

where ¢1 is fine and ¢2 is external and closed. By A(G) we denote the

collection of all languages‘Z(G') with G'¢€ FG.

The existence of such a diagram is by [}O] equivalent to the notion
of grammar forms [2] and therefore A(G) is exactly the grammatical

language family ([2]) associated to this grammar form. We call G1 and

G, strong equivalent (G1 ~ G2) if PG1 = PG yand weak equivalent
(Gy ~ G,) if A(G) = AlG,) .

Now, consider a universal bracket pair {{(,)}.

O

If G is a grammar, then the associated parenthesized grammar G is

obtained by
V=tvuin} Eult i @) | .o e o ([s],[6]).

()(G) the collection of all languages x(G'()) with

Dencte by A
v
G er(;'

G1 and G2 are called structural equivalent (G1 = Gz) if

e =Y,
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It is easy to check:

G1 x G2 > G1 = G2 —=> G1 v G2.

Example: Consider G1 and G2 specified by

P1 ) hd 01 + ac + €

9y - 0,9, + g, *+ ¢

P, s 0 - gy + ag + ¢
It is easy to check that A(Gl) =‘Zreg = )\(Gz), .\“ (Gz) £ Zlin and

is the Dyck language over {(,)}, hence

(3
Dié A (Gl)' where D1

n
G, ~ G, but G, $ G,-
From now on, we assume without further mentioning all grammars to be

context-free.

2. PRELIMINARY RESULTS,

IR this section we derive some results on grammar morphisms and paren-
thesized grammars, which are necessary to prove our main result.

We state without proof.

Lemma 1: Let ¢ : 61 > Gz be a morphism

There exists a factorization ¢ = ¢, o ¢, resp. ¢, O with
1 2 2 1 2

internal and ¢1 external. If ¢ is closed then ¢2 is closed.

Lemma 2: If ¢1 : Go - 61 is closed and external and ¢2 H Go -> G2 is

internal, then there exist ¢1 : G2 + G3 closed and external and

wz H G1 + G, internal with w2¢1 = w1¢2. Moreover, if ¢1 is fine then

3
wl is fine and if ¢, is a reduction then ¢2 is a reduction.

We now study the effect of parenthesizing. Obviously there is a
()
G

canonical external and closed morphism e : + G defined via

bracket erasing.
Consider a morphism ¢ : G, - G2, then ¢ induces a unique morphism

1
¢() : G;) > Gé) such that

O ¢8O O
G} > G2
1]
l .
G > G
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is commutative, Observe that in a certain sense parenthesizing is a

()

functor. QObviously properties of ¢ transfer to ¢ ', especially if 4

O

is a reduction then ¢ is a reduction.

This yields

()

PRE

Fact: If ¢ : G, » G, is a reducticon, then ;z(G;)) = ;Z(G

Conversely if ¢ : G1 - Gé) is a "bracket" morphism (¢ {()={(&d ())=)),

then ¢ induces ¢ : G1 - 62 with ¢ = ¢(). Again properties of ¢

transfer to ¢.

1

> g = q'.

Call a grammar G invertible if (p,q) & (p,q') &€ P

Lemma 3: To any grammar G there exists a diagram
¢ ¢
1 2
< >
G G0 G

inv

where ¢1 and ¢2 are reductionsand Glnv is invertible.

Proof: We analyze the construction of Glnv given in [SJ,TGI.

Step 1: "Glnv“:
~ *
Consider z' = 2V z -{4#}. Define a substitution u: (2'y )% 2v by
1
Z1 ,Zléz

iz ) =
{z,} .z, €1

to any ¢ & (2'v I}* consider

s, =& ]| q withe > g'& ?aq' € u(nl.

Now define Glnv as follows

inv

G = (V',I,p',0")
i ' - = = Eypens
(i) v b {sqlsqL 4, g tosql » 'Sqiti
with s + &, t,€ 1%, q,q, € (2' Vv I)* 08 A g i}
9 A X *
(ii) P! = {(s@ l e zrv )% & s, € V' - 1)
iii o! = {s s
(iii) { a | ¢nN e + 4}

. inv
It is easy to check, that G is invertible.



Step 2: "G . ¢.6,"

Define GO = (VO,X,PO,GO) by

i v, - I = ' : [4 > v

(i) o (s {ggsq q &V £}

(ii) CR = {(Sq,al){ 0, €0 N Sq}

(ii1) P, = LSgE) » £ (8. ymydyeeny (S umpt |

1 i

%) i 20, t, € *(0 g 2 ¢ 1)

A
&€ S , S 1 £ X g i
B) & qnle qk( i)
Y} @ =t 8 ,...,85_ ¢,
Oq1 qil

8) £ » to“l""'“itié P}.

Induce ¢1 and ¢2 by ¢1((Sq,»§}) £ and ¢2((Sq,€) =5 .

Step 3: "d>1 is a reduction"

We observe first for all 016 [+
_1 _ n c
¢ (o) = {(Sq,cl)iclé Sq} Lo .

Now consider (Sq,!;') + to(sq'nl) (sq ’ni)tié PO and

i
[ - 1 1 .. ' X
q tO(Sqi'nl) . (Sq!.nj) tj such that
3
- ] - ) t ] ',
Bofy cee Nty ¢1(q ) €Qny - njtj
y = i = ! == M == t = t
We conclude j i, tO to""’ti ti, ny nl,...,ni ni.

On the other hand, by § ~> tor;1 niti ¢ P we get £ & Sq,, hence

(Sq.rg) > to(Sql,nl) [N (Sqi'ni)ti [ PO-
This proves, that ¢1 is coperfect in the sense of [11]. Hence ¢1 is

a reduction ([1 1:] }.

Step 4: "¢,2 is a reduction”

Again, we observe the following fact.
! i -Re) .
If Sqe o', then there exists 0, & o© Sq’ hence (sq,cl) € o,

This proves ¢2(oo) = g'.
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Consider
(Sq,g) > to(sqi’"l) (sqi,ni)ti P,
and
(Sq‘,g') with ¢2(Sq.,g‘) = ¢2((sq,g))-
We get Sq = sq" Since ' & Sq and q = tosq1 ‘e Sqiti there exist
Ny ... M) owith gr toNg ++- Nt , &P and ny & qu (1 £ 2 s 4i).

We conclude

(sq.&') > to(sq L PR R (sq M) e, & P

1 i °

b2(8q (5q ni) oe (S mDED = 4p(eglSg ) e (Sg L mydep).

This proves that ¢2 is perfect in the sense of Ell]. Hence ¢2 is a
reduction (Dl]).

We are now able to prove one of the key theorens.

Theorem 1: The following statements are equivalent for two grammars

G, and G

1 2
O, _ )
(1) L6 = i
(2} There exists a diagram
G, Sw——e— G —> G
1 ¢1 o $2 2

where @1 and @2 are reductions.

Proof: (2) > (1) with the above fact.
(1) ==> (2). By lemma 3 there exist two diagrams
inv
< ! B i =
Gi T Gi T > Gi (i 1,2)
¢1 I112

with W? and w; reductions {i=1,2).

Parenthezising leads to diagrams

() O n(} ;
Gi < @i Gi -TI~*0 Gi (i = 1,2)
i gb2
i i . [ 2N . :
where ¢1 and wz are reductions and G; is invertible (i = 1,2}.

Since
L = Yl S ACHIEE AT

we obtain from tﬁ], that there exists an internal isomorphism between
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) w Q)
and G2 .

"
1
Hence we get a diagram

(). ()
¢ e G S —

1 T 1 =7 1 =
vy vy w? vy

where all arrows are reductions.

Removing the brackets, we get a diagran

G! Gl
1 2
/ n T DA
)GL/ G
1 0 2
where all wi{i =1,2,3,4) are reductions.

By a theorem of {8], [3] we can £ill in this diagram with reductions
ws and w6.

0
L &
G! > G}
Y ]
¥ 2 3 Yy
G, G G,

Now, letting ¢1 = wlws and ¢2 = ¢4¢6 , we get the theorem.

3, THE MAIN THEOREM

We are now in the position to prove a characterization of the struc-

tural equivalence.

Theorem 2: The following statements are equivalent for two grammars

G, and G,:

1 2
{) c,0
(1) X Gz = A (GI}
(2) There exists a diagram
¢ ¢ ¢ ¢
1 2 3 ' 4
Gl < Gi —_— GO < G2 > G2

with



{a) ¢1 is internal

(B) ¢, is ar
{y) ¢3 is fin

eduction
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e, external and closed

(8) ¢4 is external and closed.

Proof: (1) === (

Consider G2. Since

J e = g6

By theorem ! and the definition of FG

>

closed

2)

Z(Gz”)e x(’(c;l), there is a G

Gi fine Gl extern

a1 > G

consider the diagram

closed -
1  external

By a theorem of [}d] we can £ill in this diagram in the

“—

é
closed {ext.
E;

<

~

z reduction

red.

red.

Consider the diagram

# Closed
Gi ext.

By lemma 1 we can fill in this diagram in the following

~
a

2 red.

o* closed

1\ ext.

RN

\'\

red. |

: closed‘

vl

GZ closed

ext,

reduction

G

D

> o

#
Gl
{

closed ext.

Q))Q—-m

> G,
2

G
lred.
G

we get a diagram

2

T with

following way

way
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Now, we reached the following situation:

< M ' ext .
Gi fine Gl red.> G2 closed > G2

By lemma 1 again we find a diagram

e:pzaternal fine ext, #*
e G D B e Gy .
1 1 closed,fine 1

G

Consider the diagram

ext.
e 3 R 1
G1 fine Gl red.> G2'

By lemma 2 we can fill in this diagram:

Gi . ext. o*
i closed,fine ;1
red. | red.
i
¥
ext.

= . et EZ L L et

GO G2

closed,fine

But this proves the if-part of theorem 2.

(2 => (1) Consider an arbitrary diagram
fine ext.
e ! P e —
GZ G3 closed > GB

By a theorem of [103 we get a diagram

Y . #» _ext.
Co <“fime ©2 <Fine ©3 GClosea ” C3-

On the other hand by a theocrem of [8],[9] we get a diagram
| T > *
&y fine G3 red. G3
In summary we obtain

we G* _i’.‘_t_'_..__> G

Gl < fine G3 red. > 3 closed 3

By definition: Gg* € TG . By section 2 we get
1
Lty = 2@ ana X6l = n ety

where h is a certain, bracket preserving homomorphism. But this
0 0
Ly e i,

proves
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It remains to show the decidability of statement (2)

Denote by I;GE( = Max Iq{. To any G and Z with 2 y 1 =
(p,q9)& P
associate (¢,2) ={6" | 6+ = (zv z,Z,p 0", lle'|l =
& there exists a diagram
G < int. an red. > G' }

of theorem 2.

Lemma 4: !é%(G,Z)! < = and there is an algorithm which computes

(G,2).

Proof: We show first, that to any diagram

G < igt. . rzd. > G
1 2

exists a diagranm

G < int. g"t red. .

with v"' « 7 E (v « I) x (v'- I).

To prove this we consider the following equivalence relation on

V" - I:
= 1 =
£ = g'< > 4, (8 $,(87) & 4, (&) o187,
Then define G"' = {{[¢]_[¢ €& v'= £}V I,5,p"', {[01]:1c1 & o"})
where
fe]. - tornl-]s [ni]E t, & P
if and only if
£ = tony +-- 0t € PV
for all S,ni,...,nie V" Z,tog...,ti & Ei‘ and i 2 O.
By definition of § = £' we get in a natural way internal ¢i and ¢é
such that
QS1
G <_____~___ Gll
-~
-
H
1 - Qi’22
-
G"lz ¢‘ > Gl
2

is commutative. This shows: ¢é is a reduction. By construction

[e].

is uniquely determined by ¢i([€?§ )} and ¢é( [57:). This proves the

above assertion.
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To compute g% (G,2) we now have to inspect only (G",G'), such that

(i) "= 3= 1 (ii) vie B vae ) x (v )
i) [fer|| & [[e][, v [[e'[] ]]o]]
Obviously, there are only a finite number of such pairs and the set of
all these (G",G') can be effectively constructed. To any such pair
associate

$y ¢ V" - 3% »> V - 5§ and $o V" w ¥ > V' -3
by ¢,(,n) =& and ¢,lgm) =n  (g/m) € V' =~ 1).

We can deaide wether ¢1 and ¢2 define internal morphism. Now, if both

are morphisms we can decide by an algorithm due to C.P. Schnorr [f]

wether ¢2 is a reduction.
Now, consider a grammar G and L' with (Vv <« I}~ I' = ¢ and k & Z,-
To any such triple associate

X(G,z',k) = {G'|6" = (Z'w (Vv - I), I',P",0),

}IG‘iI £ k & there exists a diagram
closed closed
b e " pradudiuiishali Y
G ext.fine ¢ ext. ¢}

Lemma 5: and

remna 5: | X (6.2 0 ] < =
X @,z 5.

Proof: We show first, that to any

closed + closed N

Gi< ext.fine ext.
¢ P
there exists a diagram
G' — G e G
Y] 85

there

is an algorithm which computes

diagranm

G

where ¢i is closed, external and fine and ¢é is closed and external,

such that
el
Z"l‘ g E'X 23.
3 =0
Observe first that [¢2(t){ g

the following egquivalence relation on

i }
LiGHI

for all t & I". Now consider

M
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a4
i

' iff ¢1(t) = ¢1(c‘} & ¢2(t) = ¢2(t‘).

Define G"' = ({[tjgi te€ Iy (V'~ z"),{[tjsl t& L"}, P"',0")
where

g> ngle ] -ooe [y ny €@
iff

£ gty e-e Eyny € p"

for all n_,...,n & (V"= ¥, ¢
i

seea,t, & I" and i 2 O.
¢] i

1

Again we obtain by construction a commutative diagram

¢
Gl < 1 G"
Py
¢y - ¢,
1 -
3 -~ v
G"lz ¢| >3 G
2

where ¢i is closed, external and fine and ¢é is closed and external.

Moreover ]:tjE is now uniquely determined by ¢i(ftjs) and ¢é([i]5).

To computeaﬁ(G,E’,k) we have to consider all pairs (G",G') with

1y eIl s %, lle"l] £ x
[lc] .

(ii) Z“ E Zo X \/ Zj
ji=o

(iii) V' L" = V' - It =y - %,

Obviously, there are only a finite number of such pairs and all these
pairs can be constructed effectively. Now, associate to any such pair
(G",G') two mappings ¢1 and ¢2 by ¢1(t,w) = t and ¢2(t,w) = w for all
(t,w) € L". Decide wether both mappings define external morphisms. If
they do, check: P' = ¢1(P") and P = ¢2(P") which is & necessary and

sufficient condition for ¢1 resp,¢2 to be closed.

Consider now a diagram from thecrem 2(2)

int. red. closed closed
G < ¥ > < M e ———————
1 Gl GO ext.,fine GZ ext. >G2

By definition of é% (G,2) andggi(G,E',k) we get

Gy ES(GI,VZ— Z,) & G, € X(cz,zl,]iclil).
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This shows, that the existence of such a diagram is eguivalent to

g(sl.vz - paX s,z el + 6

Using lemma 4 and lemma 5 we can decide this last relation. This

complétes the proof of

Theorem 3: For any two

wether or not G1 = G2

Remark: We have shown,

x”(szj c A()(Gl) is

ouxr

contextfree grammars G1 and G2 it is decidable

holds.

that the relation

decidable, too.
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