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1. I N T R O D U C T I O N  

R e c e n t l y ,  c o n s i d e r a b l e  i n t e r e s t  has been shown in ques t ions  c o n c e r n i n g  the 

c o m p l e x i t y  of the membersh ip  p r o b l e m  fo r  v a r i o u s  types of L sys tems.  Van L e e u w e n  

showed in [111 that  t he re  a r e  ETOL sys tems G such that L (G)  is comp le te  fop t3,£ 

( n o n d e t e r m i n i s t i  c po l ynomia l  t ime) .  Opa t rn~  and C u l i k  showed in [71 that  E 0 L  mem- 

b e r s h i p  ( fo r  f i xed  g r a m m a r s )  may be dec ided  d e t e r m i n i s t i c a l l y  in t ime n 4 and S u d -  

bo rough  gave a ( Io 9 n) g space a l g o r i t h m  fo r  the same p r o b l e m  in [ 1 0 t ,  based on a 

c o n s t r u c t i o n  by van Leeuwen  [12~.  Sudbo rough  a l so  9ave a d e t e r m i n i s t i c  Io9 n 

space a l g o r i t h m  fop EDOL membersh ip  in [ 1 0 ] ,  and showed in [ 9 ]  that  some l i nea r  

languages (and hence some E 0 L  and d e t e r m i n i s t i c  ETOL languages)  a r e  comp le te  fop 

n o n d e t e r m i n i s t i c  log space.  In a compan ion  pape r  [ 4 ] ,  we have shown that each d e -  

t e r m i n i s t i c  ETOL  languages can be r e c o g n i z e d  n o n d e t e r m i n i s t i c a l l y  in Io9 n space,  

and t h e r e f o r e  d e t e r m i n i s t i c a l l y  in po l ynomia l  t ime.  

In th is  pape r  we s tudy  the c o m p l e x i t y  of  the empt iness  and f i n i t e n e s s  ques t i ons  

fo r  each of these c l asses  (ETOL~ EOL, and the i r  d e t e r m i n i s t i c  c o u n t e r p a r t s ) ,  as 

w e l l  as the g e n e r a l  membersh ip  p r o b l e m .  

L e t  G be a l i n e a r l y  encoded f o r m  of an ETOL sys tem ove r  a f i xed  a lphabe t  i n d e -  

pendent  of  G.  ( E . 9 .  r e p r e s e n t  symbo ls  V l ~ V 2 , . . . ~ v  m in the f o r m  v T  w h e r e T  is the 

b i n a r y  r e p r e s e n t a t i o n  of  i~ 1 ~< i--< m . )  The  p r o b l e m s  we d i s c u s s  may e l l  be r e p r e -  

sented in t e rms  of membersh ip  in the f o l l o w i n g  se ts .  C deno tes  any of the sys tem 

c lasses  j u s t  men t ioned .  

t .  N O N E M P T Y  C 

2. I N F t N I T E  C 

3. MEMBER c 

4. L (G)  

= { G ' I  G is i n C  and L ( G ) ~  ¢ }  

= { ~  f G is Jn C and L (G)  is i n f i n i t e }  

= { < : ~ , ~ >  i G is in C and x is in L(G)J 

fOP a f i xed  g r a m m a r  G in C 

* )  A t  Compu te r  S c i e n c e  D e p a r t m e n t ,  U n i v e r s i t y  of Kansas ,  L a w r e n c e ,  Kansas ,  
USA, a f t e r  summer  1977. R e s e a r c h  p a r t i a l l y  suppo r t ed  by U n i v e r s i t y  of Kansas  
G e n e r a l  R e s e a r c h  G r a n t  3802-2,038. 
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The w o r k  r e f e r e n c e d  a b o v e  e s t a b l i s h e s  upper  and l o w e r  c o m p l e x i t y  bounds  on 

p r o b l e m s  of t ype  /4 ( e x c e p t  f o r  a l o w e r  bound on d e t e r m i n i s t i c  E 0 L  m e m b e r s h i p ) .  We 

sha l l  o u t l i n e  a s e r i e s  of c o n s t r u c t i o n s  wh i ch  su f f i ce  to e s t a b l i s h  both upper  and 

l o w e r  bounds on the r e m a i n i n g  p r o b l e m s  ( in  most  cases  r a t h e r  t i gh t ) .  A s  we s h a l l  

see~ the c o m p l e x i t y  o f  the g e n e r a l  m e m b e r s h i p  p r o b l e m  ( in  w h i c h  the input  is the s y s -  

tem as w e l l  as the t e r m i n a l  s t r i n g )  can be much h i g h e r  than that  of  d e t e r m i n i n g  

w h e t h e r  x is in L (G)  f o r  some f i xed  G. In the most  e x t r e m e  case~ i f  C is the c l a s s  

of  d e t e r m i n i s t i c  ETOL  g rammars~  m e m b e r s h i p  f o r  f i x e d  s y s t e m s  may be d e t e r m i n e d  

in log n space ,  w h i l e  the g e n e r a l  p r o b l e m  r e q u i r e s  e s s e n t i a l l y  l i n e a r  space  (both by 

n o n d e t e r m i n i s t i c  a l g o r  i thms) .  
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2. T E R M I N O L O G Y  A N D  R E S U L T S  

The  resu l ts  may be presented in the form of a table as fo l lows.  F o r  the sake of 

comparison we have included the context - f ree  and con tex t -sens i t i ve  c lasses as we l l .  

In the system c lass  names, D indicates ~determin is t ic  u, and P indicates ~propaga-  

t in9 t~ ( i . e .  the absence of product ions wi th  the empty st r ing on the r igh t  s ide) .  

GRAMMAR 
C L A S S  

C O N T E X T .  

S E N S I T I V E  

ETOL~ 

EPTOL 

EDTOL,  

EPDTOL 

EOL, 

EPOL 

EDOL, 

EPDOL 

CONTEXT 

FREE 

MEMBER 
(F IXED G) 

NSPAC E(n) 

h9  

t i£  

DSPACE(Io9 2 n) 

DTIME(n 4) 

h £  

OSPACE(Iog 2 n) 

DTIME(n 3) 

h £  

PROBLEM 

MEMBER I 
(GENERAL}  

NS PACE 
(n Io 9 n) 

NSPAC E(n) 

NSPACE i 
{n Io9 n) 

NSPACE 
(n t -~  ) 

NSPAC E 
(n log n) 

NSPAC E 

(n I-~: ) 

h~  

NONESM p T Y  

UNDECIDABLE 

NBPACE(n)  

NSPAOE 

(n 1-e ) 

NBPACE(n)  

NSPACE 
(nl-~ " ) 

INF IN ITE  

Ur'4::)ECIDABLE 

NSPACE(n)  

NSPACE 

(n 1-~ ) 

NSPACE(n)  

NSPAOE 
(n 1-~ ) 

P 

DSPACE{ Io9 2  ̀n) 

DSPACE(n)  NSPACE(n)  

h #  

BOUNDS 

UPPER 

LOWER 

UPPER 

LOWER 

UPPER 

LOWER 

UPPER 

LOWER 

t i£  t ip  

P £ 

UPPER 

._~ 

LOWER 

UPPER 

LOWER 

T E R M I N O L O G Y  

1. D S P A C E ( S ( n ) )  -- { L  I L is accepted by some de te rmin is t ic  off l ine T u r i n 9  ma-  

chine which operates w i th in  space S(n)  on al l  inputs of 

length n } 

N S P A C E ( S ( n ) )  is def ined analogously for nondetermin is t ic  machines,  and 

D T I M E ( S ( n ) ) ,  N T I M E ( S ( n ) )  a re  def ined s imi la r ly  for the time measure.  

2. £ = D S P A C E ( l o g  n), ~ £  = N S P A C E ( l o g  n) 

£ = { J  D T I M E ( n k ) ,  1q.£ = L, /  NT1ME(n k) 
k =1 k=l  
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3. 

4. 

A tab le  en t r y  of the f o r m  

a) 

b) 

c) 
d) 

A tab le  en t r y  E ~  

for' p r o b l e m  P ind i ca tes  that  

P is in c l ass  U .  

I f  L is "rt~, £ ~ b,£ or" NSPACE(n)~ then some comp le te  p r o b l e m  (and so any 

p rob lem)  in c l ass  L is Peduc ib le  to P.  

I f  L is NSPACE(S (n~¢ ) ) ,  then fop any E > 0, P is no.t in N S P A C E ( S ( n , E ) } .  

I f  L is £~ then any a l g o r i t h m  wh ich  so lves  P in D S P A C E ( S ( n ) )  must  s a t i s -  
S(n) 

fy sup T~--9 n > 0. 
n.-~co 

fop p r o b l e m  P ind i ca tes  that  P is comp le te  fop c lass  LU .  
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3.." O V E R V I E W  OF PROOF METHODS 

Theorem N O N E M P T Y  EDOL is II ~ hard .  

P r o o f  Method 

By S tockmeyer  & Meyer  [8 ]  the f o l l ow ing  prob lem is 11£-hard:  

G iven  a r e g u l a r  e x p r e s s i o n  FR of the fo rm 

oPz(Oqz) "x- + . . .  + 0 pr (0 % ) *  

to de te rm ine  whether  L(R)  ~ 0 "x-. 

Cons t ruc t  an EDOL system G = ( V , P ,  Z 0 , . . , ,  Zp0,S) whe re  

V =  {Z~ I 1<  i < r ,  0 _ < j < _ p i + q i - , } ,  = - - V - { Z ~ ' , z P ~ , . . . , z P r } ,  and P c o n -  

s is ts  of the p roduc t i ons  (i = l ~ . . . ~ r ) :  

z~ * z !  + I  for  j -= o, 
I I . . .  ~pi+qi-g~ and 

zp  i + q ~ - I  _~ z.pt . 
I I 

Then L(G) ~ ~ i f f  L (R)  ~ 0"~ consequent ly  N O N E M P T Y  EDOL is 1l£ hard .  

[3 

Theo rem N O N E M P T Y  EDOL is in 119. 

P r o o f  Method 

L e t  G = ( V , P , w , ~ )  be an EDOL g rammar .  Cons t ruc t  a nonde te rm in i s t i c  f i n i t e  

automaton M4V ,  {0 }  , 6 , S 0 , S )  whe re  S 0 = {aE V I a occurs  in w } ,  and 

6(a) = { a l , a 2 , . . . , a m }  just  in case a ~ a 1 . . . a  m is a p roduc t ion  in P. I t  is e a s i l y  

seen that L ( G ) ~  ~ i f  and only  i f  L ( M ) ~  0 " .  By StockmeyeP and Meyer ,  this test can 

be c a r r i e d  out nonde te rm in i s t i ca l l y  in po lynomia l  t ime. 

E~ 

C o r o l l a r y  NONEMPTY EDOL is 11£ complete,  

Theo rem MEMBE]:R EPOL is in 11£, 

Pr 'oof Method 

G i v e n < G ' ~ . > ,  we can de te rm ine  whether  ×E L(G) as f o l l ows :  
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:= Ax iom of G~ 

for- 1 := | Step it unt i l  I xl do 

begin c h o o s e #  so t h a t c h * / 3  and l ~ l  = I/3I 

i__f ~ = X !heQ accepq, 

choose 3/ s o ~  =~3J and 1,8 I < I~/ l ;  
,='y 

end 

Th is  p r o c e d u r e  w i l l  p rov ide  a po lynomia l  t ime membersh ip  a l go r i t hm  i f  the step 

"choose/~ . . . f l  can be done in po lynomia l  t ime; however  there  can be nonrepeat in9  

d e r i v a t i o n s  of length g rea te r  than any po lynomia l  in IG ' I .  L e t  ~ = a 1 . . . a  m and 

/3 = b l . . . b  m. Then ~ ~P/~ i f f a l ~ P  b l  . . . .  , and amP bm~ a n d ~ ' x - / ~  i f f ¢ ~  ~ for  

some p_< k m where  k is the s ize  of the a lphabet  of G. The test a i ~  b i can be done 

by fo rming a connect ion  m a t r i x M  (M(a,b) = 1 i f f  a-+ b is a p roduc t ion} ,  and c a l c u l a -  
~.rrn.log k ~ 

ring M, M 2 ' , M 4 , . . . , M  by repea ted  squar ing .  M p may be obta ined as a p r o -  

duct  of some of these matpices~ chosen nondetemmin is t ica l l y ;  and ¢=>P ~ may be 

eas i l y  de termined f rom M p. 

{:3 

Theorem NONEMPTY E0L  E DSPACE(n ) .  

lut 'oof L e t G  = ( V ~ P ~ w ~ ] C ) b e g i v e n .  O e f i n e A 0 = ~ A i + l  = {a 1 a * ~  is a p r  o -  

duc t ion  in P such t h a t ~  E A t }  . Then L ( G ) #  ¢ i f f  w E A#I fop some i. The 

DSPACE(n )  a l go r i t hm  is s imply  to c a l c u l a t e A 0 ~ A l ~ . . .  ~ s t o r i n g  on ly  the most r e -  

cent  one (as a b i t  vector)~ and compar ing  the le t te rs  in w aga ins t  A i- 

rq 

Theorem I N F I N I T E  ETOL E NSPACE(n) .  

P r o o f  Method 

L(G) is i n f i n i te  i f  and on ly  i f  there  ex is ts  a d e r i v a t i o n  of a word  x E L{G) such 

that $ 3 "  v lav2=> ~ W l~W2=>~ x~ whe re  a = ~ ,  A lph(v lav2, )  =Alph(wlc~w2) ,  and 

conta ins  the le t te r  a and another" occur r 'ence of a let ter~ say b~ y ie ld ing  a nonempty 

subword of x. 

The a lgo r i t hm s imula tes  such a d e r i v a t i o n  by n o n d e t e r m i n i s t i c a l l y  choosing 

vlav2_, a, and b and check ing whether  the statements above a re  sa t i s f ied .  The on ly  

in fo rmat ion  needed fop that~ is i n fo rmat ion  about the a lphabet  of the c u r r e n t  sen ten-  

t ia l  fo rm and two le t te rs  d e r i v e d  f rom a and b. 
[]  
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Theorem MEMBER EDTOL ~ NSPACE(n  1-~') fo r  any ( > 0. 

P r o o f  Le t  Z = ( K , ~ ; ~ r , = ~ , 5 , q 0 ~ { q f }  be an a r b i t r a r y  1 tape T u r i n g  machine 

which opera tes  in space n (~  is an end marke r ) .  F o r  any x = a l ~ . . . , a n ~  cons t ruc t  

the EDTOL system G x = (Vn~ '  n,W×, { 0 } ) where  

V n = { g , 0 }  U {A  i I A E  [ ' a n d  0% i - -  <: n+1} U K 

w× P =~0 I 2. a n ~ n + l  
= ala2, " " " n 

for" each (p ,a)  E (K - {q f }  )x  £ there  w i l l  be a tab le  T p ,a  in ~" def ined as fo l l ows :  
n 

i f  6 (p ,a)  = ( q , b , R )  then 

T p ,a  ={p 'q ,  a04`b n+ t iu ic i "c  i-1 I cer ,  0<i<--n+l}UG p , a  
0 whe re  G conta ins  d 4. g fo r  eve ry  d E V o ther  than p , a  

or c i p,a n for" c (  r ,  0 <  i <  n+ l .  

If 8 (p ,a)  = ( q , b , C )  then 

T = {p4` q, a04` b0} U { c [ - ~ c i  [ c e  r ,  0 <  i_< n + l }  U G 
p ,a  p ,a  

If 8(p, a) = (q, b, L)  then 

T = { P 4 `  q, a0'~ b 1} U { c i ' ~  c i + l  1 c E  £, 0 <  i < n }  
p,a 

U {c n+l  "~c 0 I cE r }  U G 
p ,a  

In add i t i on ,  ~ conta ins  the tab le n 

T f =  {qf-~ 0} U { c l 4 ` 0 t  cE  r ,  0--< i <  n + l }  U { a 4 g  I a E  K U  { g , 0 }  - { q f } } .  

It is eas i l y  v e r i f i e d  that Z y ie lds  an I .D .  (~ = b 0 . . . b i _  1 p b i . . . b n +  1 i f f  G d e r i v e s  

the s t r i ng  p b0- i+2  b~_~ b 0 b n- i+1 . . . . . .  n+|  . Consequen t l y  L(G) = {0 n+3} i f  Z a c -  

cepts x,  and L(G)  = ¢ i f  Z does not accept  x. F u r t h e r ,  IE I  = 0(n 10g n}. In the 

usual  way this impl ies  MEMBER EDTOL" { N S P A C E ( n l - E ) ,  fo r  any ~ > 0. 

[]  

C o r o l l a r y  MEMBER EDTOL is complete fo r  po lynomia l  space. 

Theorem T h e r e  is a d e t e r m i n i s t i c  E0L  language L such that i f  L is in 

D S P A C  E(S(n)) ,  then 
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S(n) 
sup ~ > 0 
r~ 

Proof  L = "{abncd n I n>  0} is c l ea r l y  e de te rmin is t i c  E0L language. By A I t  

and Mehlhorn [17~ L in DSPACE(S(n))  implies that S must sat is fy  the condi t ion 

above. 

E] 
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