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1. INTRODUCTION

There is now a fairly complete theory for filtering, prediction and smoothing
for linear infinite dimensional systems where one assumes a Gaussian white noise type
disturbance in the system model (see 111, {2), (3], [5)) Recently in the finite dim~
ensional stochastic control literature, there has been interest in problems involving
jump processes (see f9)) as these have applications to a wide range of problems. For
example in (8], Kwakernaak applies the filtering theory for linear systems excited by
Poisson white noise with noisy observations corrupted by Gaussian white noise to solve
a river pollution problemv. In fact the model of the river is distributed and so he
uses a finite dimensional approximation. Here we show how the same problem can be
solved using an infinite dimensional model by appropriately modelling the Poisson type
noise as an infinite dimensional stochastic process and applying the recent theory of
estimation for linear systems disturbed by genmeral noise processes in [7}. The necessary
mathematical background of stochastic differential equations in Hilbert space is out—
lined in § 2 and the results on infinite dimensional estimation theory for linear
systems corrupted by Poisson type noise processes are summarized in §3. In the final
section § 4, the model for river pollution is discussed in detail and comparisons are

made with the model of Kwakernaak in (8.

2. STOCHASTIC DIFFERENTIAL EQUATIONS IN HILBERT SPACES

The theory we summarize here is a special case of the theory for stochastic

equations with general white noise disturbance [4].

Let H K be real separable Hilbert spaces, (.ﬂo ﬁﬁ) a complete probability

space and Tl (%T] a real finite time interval.
Then we shall use the following definitions
Definition 2.1

An H-valued random variable is a map W' .n,.; H which is measurable with respect
to the /u., measure.

If we L,(J},’}‘,',H)1we define its expectation
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Ef“—'f‘iu.dlu

If ué b, {ﬁ)/u.; H) , we define its covariance operator
Coviw = E {(u-Efud) o (u-Efup)§

where U U € i (H) is self adjoint nuclear operator given by

(e W) h = w<uyhy foratl h &H

Definition 2.2
An H -valued stochastic process is a map w(-;): TxJl 5 H which is measur-
able on Txdl using the Lebesgue measure on T.

Consider the following estimation problem:
Estimate the random variable X & bk,{( .ﬂv,/u.', H) from the random variable
s d
Y € L;, "-ﬂ-, Vad) K.’ . Let L.,*(K’ g; =) be the closed subspace of
L‘(JL,/U-‘, #4) which is isometric to L‘(.K,C o W), vhere (K <) is the
probability spaced induced by ¥ . Then we shall be concerned with two types of

estimates.

Definition 2.3
A
The best global estimate X = Ei’ﬂ y} of x from Yy is the projection
~
of x onk (K, 6, H).

The best linear estimate 2 of X from y is X = Ao’ , where Aaé i(K,H)
minimizesE{ﬂx- I\su"g over all /\ é i(K,H) &

If X and y are Gaussian,then the linear and global estimates are identical.

The following class of stochastic process is used for our application model and

is a special case of the orthogonal increments process introduced in [&].

Definition 2.4

An H -valued compound Poisson process fq{(el; t eT} is such that
o0
(2.1) i) = 3 g, ec
iro

where {e‘;i is a complete orthonormal basis for H and where { ‘k{ {£): ke T5 is a

real compound Poisson process such that

E{g. 0= q {= Hi (e~9)
e \ E1(g: e —{"(5.»(@‘,(&&)—‘5{3(54))}: O ;o0ss<t,§5 <ty =T

; ofsst.‘.'r

ELC o -G (q; ©-3; = Ay (63)
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where Eh’ (t) = 9 (¢) - M t and 2/&. < a0

(20

For convenience we rewrite (2,2) as

(2.3) l COV(q(t)-q,(ﬁ)) = A(t-g) -} 0$$5t£T

where q/ le) = 9 (e) —tz/‘(& e

and A is the covariance operator of Q,{E) and is such that

(2.4) /\e¢ z 2 /\cJ’ e

J;O
We remark that Az‘;j < A )sj (Nec= A D) and
E“@(ﬁ)nﬁ,(é‘l“"} = b (63) = ‘2 A¢ (e9)

We now define a stochastic integral for these processes.

Definition 2.5
Let c’/{t] be as in definition 2.4 and suppose éé sz(‘r i(H,K}) , the

class of strongly-measurable i(l—l M) -valued functioms with JHQ fi*ds < =0

Then we define the stochastic 1ntegra1

J; 39 byt = 5 {ch)dq,",ts) +£‘:.:' yr { J(ec ds

¢
\lé(g) &7{5) is a well defined H -valued stochastic process with the properties

.0 (4
(2.5) E{Jté(s)"uy‘s’j = ‘:2' ol J 3ecds
4 €
.0 Efuf $lordas) II"S 4 lhace A J A don’ds

We shall be concerned with the following stochastic evolution equation

2.7) {&uce) = Autrde + B dgeo

we) = w,

where A is the infinitesimal generator of an analytic semigroup Jé on H s
B¢ - X (7)) N q,{ﬂ is as in definition 2.4, u,€ L‘(n,}‘,) H) and @wle} 1is an

-valued stochastic process.
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By a solution of (2.7) we shall mean the following:

Definition 2.6

(2.7) has a strong solution u’if u & C(T’ L,,_(\”-,/U»}Hn,u(ﬂé S{Jlﬂ) w.p.i.
and Wl€) satisfies (2.8) almost everywhere on J XJ)L . W is unique if whenever

\b‘ and &, are strong sclutions,

M ow: sup lu-uoilao kst
T

Theorem 2.1

(2.7) has the unique solution

¢
we = J, u, + j Je-s By
o

provided the following extra assumptions are satisfied.

o0 L
(2.8) T A¢ 56 Il AJ,Bec B ds <=0

)

oo ¢
(2.9) 2 pl {HAJgﬁeaiids < oo

C&°

3. ESTIMATION THEOREY FOR INFINITE DIMENSIONAL
SYSTEMS WITH POISSON TYPE DISTURBANCE

We summarize the results of {J], specialized to time invariant systems corrupted

by Poisson type noise disturbance.

With HI T and (ﬁ, P, ,03 as in § 2, consider the following abstract

system and observation models.

¢
3.1 we = Jp u, +J J By
€
(3.2) z(e) = f Cutsids + wit)
-]

where Jg is an analytic semigroup on H with generator A , Bé ‘10”“; Q/(c)
is as in definition 2.4, U € L,(8 w3yH) , C€ d(H, RK) and W isa K-

dimensional Wiener process with incremental covariance matrix the identitiy.

A
The estimation problem is to find the best linear umbiased estimate wlk‘ﬁc)
of the state Wit} at time £ , based on the observations Z(¢§) 3 oss£k.

. A A . .
Under the above assumptions, the optimal filter u,‘t) = u.(.(: i t) is given
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by
&
(3.3) A6 = v + JYc,s)rs)Ctdze
°
oo ¢
where Vit) = ‘:?‘ /Lé .£ Iy(é,s) Becds
and y (€ 5) is the unique solution of

4
G Yhdx = Jegx = Je, PEICTCYlroindy

and P(é) is the unique solution of the Riccati equation in the class of self
adjoint weakly continuous operator-valued functions with < ) 9 P&)y} absolutely
continuous for X, ¥ & R(A").

(3.5)5 ‘}t <Pldx,yy ~ <PwIx,A'y> - <A'x, Pl y>

2 +<PWICTCPI)X 4> = < BAB X, y7 4.
Plo) = F, , X,y 6 RIAT).
Moreover, P{f) s Cov ( wky~ a(ﬂ)*
The optimal smoother (L (€ [ l:p) , where & P [ is given by

G.o  Qlele) = G + PO AW
to
wmere AW = [ U5, C* (datg) ~ CGis)ls)
3
The optimal predictor 3 (€(¢) , where & 7 to is given by

; ) )
(3.7) blete) = T oy [T Becds + 3, &1t
{eo ' e ’

To obtain differential equations for the estimators we need to impose the

following extra assumptions

Cd ¢
(3.8) S A jo “Afe_sbecﬁds <=

=0

o
(3.9) 2 A NAJPell <oo

Lz
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Then writing & (€)= vie) + g(ﬂ s 9((') is the unique solution of the

stochastic evolution equation

Gao  (dyith = (A - PEIC*C) ygdt + PEC Cule)dt + PIEC dwie
{ \J(o): o

and ¥{&) is the unique solution of the deterministic differential equation

(3.11) { Ve = (A-PoPC)viyy + L‘Zf/ugse‘-

Vip} = 0O

For the smoothing problem to vt , writing

G, {Eie) = v&Y + 3((:, £s) , we have that s(t, €s) is the unique strong

solution of the stochastic evolution equation
3.12) f dytt, k) = (A=~ PEICTC)ylt ko) olt + PLOCC deeyolt +BAB A)dE
tj(&a, éﬁ) £ y(e’}

For the prediction problem t ? (‘50 , writing
GlEl6): T+ (€ ba)
where Q{¢Y=z E { wit) } , we have that y ({-;, to) is the unique strong

solution of the stochastic evolution equation
13 dy(t,6) = A ylhe)dt
i Ylg ko) = Yl
and (L (¢) 1is the unique solution of
- - fa
(3.14) {u,{e’) = A @ie) +c§°uiscé

aflel =0

4. POLLUTION MODEL

The problem conmsidered by Kwakernaak in ‘8] is an envirommental problem of river
pollution. For his model of the pollution by chemical wastes he assumes that the number
of deposits in a section of the river of infinitesimal length d,x( X Dbeing the

distance coordinate along the river) behave according to a Poisson process with rate
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parameter Al dx where A.‘X’ is a given function. He assumes that the number
of deposits in non-overlapping sections are independent processes and that the amounts
of chemical deposited each time at location ¥ are independent stochastic variables
with given distribution H,‘ and characteristic function ¢x . The time evolu—
tion of the concentration of the chemical at location X at time €, S[e,x) is sup-

posed to be given by

3yle,x) b Fqig, %)

(4.1) =
2t X

'-V?%i‘) + £(t,x) 5 e<sx < L.

where D is the dispersion coefficient, V the water velocity and g(ﬁ,/\) is the rate
of increase of the concentration at (€, X) due to the deposits of chemical wastes

described above.

Along the river are a finite number of measuring stations which continuously
measure the observed local concentrations of the chemical. KXwakernaak solves the
problem of reconstructing the times, locations and amounts of deposits from the meas—
ured data by approximating (4.1) by a finite dimensional model and applying the finite

dimensional filtering theory using a martingale approach.

Here we consider the problem of estimating the concentration of the chemical at
any point along the river at any time in the past or future, based on continuous noisy
measurements in time at a finite number of measuring stations along the river., Our
approach is quite different in that we retain the infinite dimensional character of
the problem throughout and show how the final equations can be solved by eigenfunction

approximations.

4.1 Characterization of the pollution process

In order that {4.1) describes a stochastic differential equation it is necessary
to define S(C,x) as some suitable distributed stochastic process, Following the
discussion in 52, we try a model of the following type

(4.2) dyty = A, gyt + dy i
g = 4o

where l:,(ﬂ e H = L;(O;L) for each € € [O, 'T] models the amount of
pollutant dumped at (t,x) and Ae is the diffusion operator defined by

o 3
(4.3) Aoy = Dg% ’VS;%

AN = {ygeH: ‘%—2,3&‘ €H end yzo at xxo,L}
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In order to apply the theory of stochastic differential equations on a Hilbert
space from §2, we need to establish that ?(t) is a compound Poisson process

according to definition 2.4.
in {8}, Kwakernaak defines q,(t) formally in terms of a random functional, that
is
Fge i H » L, {a xT;R) is defined by

(4.4) F‘W (W = <glt)yuyy

From his assumptions on the polluting process, he deduces that for each WU € Hs
Fq“ (0) is a real valued compound Poisson process with rate parameter ,\ j ACx)dx
and jumps with characteristic function 5% J z\(;d¢ (Y u)dx. F?t (u} has

characteristic function

¢
“.5 E {e"YF‘/Mg = expi € jz\(a}[:ﬁx()’uu) —I]d/xs

We now show that provided A(X) and H,‘ are suitably chosen {:q"(.') induces
an H ~valued stochastic process tv(t) defined by (4.4)

Lemma 4.1
Suppose SH X3 0% xf(_}is a real stochastic process with characteristic
function ¢X (r) and AO) is a real function on (0,€).

Let H= [ (o0,t) and ieki be the following orthonormal bases for W

25K
(4.6) €x {x) = J“si (kxx+ €y ',{G!'QGK"'"‘{T/B cKeha,,

Under the following assumptions on /\ and H,‘

2
.7 (f‘-mﬁin&) A(x)Ei HY € Lylo,l)
(Mx E{HxD = , By €, W

M) EH'x} f ¥y €y (X
{£) induced by (4. 4) is a well-defined H -valued stochastic process €
L&(J\. XT-’H)' ?((‘" 3 Wk 7] ey , vhere @kll:) is a real compound

Poisson process with characterlstlc function

expit jo M) (¢, (Yepn) ~1) Lx)

If we further assume that
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s £ {(qm(e)-Efq“mD(qc (® - Efqgtm)} = Nij €

then 7,((:) is compound Poisson process according to definition 2.4 with
o«
(4.9) E Efqoy- 3 e
kK=o
Cov (quw) = € A

where /\ is a nuclear, self adjoint operator on H s given by

oo g i
/\C.Ka ‘21*&(' e, ; trace A= C%":A“ <eo .
and ¢
My = J; Alx) e, ) B Haldx

(4.10 ¢

l X“s Mk = J‘ Ax) Cﬁ(&) | {H’}ﬁa‘.x

2

Proof o

From (4.4), q/lt) = kZ;O ‘lk (¢ ek ; where qk‘t’: F‘?e(ed .
So qK{é} is a real compound Poisson process and has the character;.tic function

' (
&Xp { t Jc A(X) [¢X( X"’kf’d} ‘lJ dx j’ and hence its moments are

a1y Efquel= € f::&(x)t’anb‘? EfHx) dx = € . say

4
.12 E{qi ) < Eiqkm}z'_., tJA(nc;m)E{Hiﬁdxz A€ , say

o
and g(¢) € L(RxT H) provided I Mg < = and
00 1 KSG
z’, AK <0
" 'From (4.6), it may be verified that
¢ z )
jo e e, Ndx = o for cCEK
4 A+
amd  f e e lndes 0 (%)
o 5 2 2 f
S0 551 /\¢ = ‘.i Yi <e€x,e" > = ‘,Z' Xz’O(Z) < 9.
o0
and similarly ‘ Z/"’" K °0, (Note that Mo = O= Ao).

ts1
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So under assumption (4.7), ‘1(‘-’) €Ly, (-“LKT'/ H)

By construction ?/K {¢} has independent increments and assumption (4.8)

ensures (‘,(E) satsfies definition 2.4,(4.9) and (4.10) £follow from (4.11), (4.12).

Remark ¢
(4.7) (b} is necessary, since Jo ey (x) eé()() dx 40 as K-> 2o for odd

k-

4,2 State and observation models

In the filtering theory, both A and its adjoint appear in the equations and
since A° is not self adjoint this makes an eigenfunction expansion approach

difficult. So instead we transform the original model (4.2) to the following:
(4.13) delty= Auteydt + Bdgle)
wio} = Yo
ax
where  Ylg,x)s € wlt,x); y ey ; a= Vab.
A is a self adjoint operator on H given by
2
Ak = oh —dh
(4.14) x>
Q(AY = TheH: ?};?,3;-"’;, eH and ah(g+ P =0 atx=o,L]

and B ¢ G(CH) is given by

(4.15) (Bin)(K} = C_a’x ‘1(’0 for by £H

We suppose that the initial state We has zero expectation and covariance

operator Po given by

oD
w1y Feg= Agep qu < < o0 ; Ko =0,

A has the eigenfunctions fﬁé& given by (4.6) and generates the analytic
semigroup IC given by
2
oo (CL"—“/C",“.'
.17 (.75 hixy = 2 <h,e.y e e, (x) for heH
nzch

(4.13) has the well-defined mild solution
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¢
s we) s Jeao + S Jiog Bdgis)

which we can take as our state model for the evolution of the concentration of

pollutant in the river.
Now we show that (4.18) is a strong solution of (4.13) (see definition 2.6).

From theorem 2.1, we need to verify

o €
(4.19) cz; A¢ Ja f AJe.sBeli*ds <o

o ¢
(4.20) 2 /“ L “ A ]e-g, BC(_ “ ds <
&y

o8
Writing B €’ = :’Ec /“(“:J' € , we find
L = 2 la=iTeNes)
A Jt's Be‘.‘ = -:KEA. ‘.?1 /u-tJ' J e i eJ

and jt‘ Al Be: 124 < const 5 _z_'fzﬁﬁ.__
> E~s (3 -3 = . 3.9 0;_az )
By direct calculation, we find that for ¢'#j
( _ax
(4.20) e = J, €7 e ¢endx
const. (j(3a*L¥~(*=j?) .
VT gt AR war 6 (¥ A1) (@A e T—Y)

-e
and since | S Al € oo s we have
[ ] 2
o
35 4o M

2 7 A < w0
¢et joi {§=-a*t®)
and (4.19) is satisfied.
(4.20)is similarly verified.
For our observation process we take
(4.22) (LZ[&) = C 1] (f,) ok + dWlﬁ)

vhere W I{t) is a K dimensional Wiener process with covariance matrix the identity
and C € £ ‘.H, R*) is given by
( Xte
(4.23) (Cu)J z {2 J’ wexy dx for small € >0
Xj-€

This approximates point observations at the fixed locations Xy oo XK .
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4.3 Solution to the estimation problem

Our model in }4.2 satisfies all the assumptions of the theory of § 3 and so

there exists a unique optimal estimator, givem by (3.3) - (3.7).

In order to obtain computable solutions we first obtain recursive equations for
our estimates and the covariance of the error process P{é) . From f 3, P{é) is the

unique solution of the differential Ricecati equation

(4.24) i K P E MY ~<Prf, Ah> — K AF Plathy + < PeICC £, Ay
= < BAB”F,0Y aec.
Pley = eg for f, he R(A) {note that ).

We shall try for z solution P(E’) of the form

oo 9
4.25) Pl h= ? 2 P¢; {t}) e ) <ey,h> y Py ()= Pycled-
’jﬂf

el -y
Substituting (4.24) into (4.23) and equating coefficients of hz3 heee ’-F—: fﬁ'e‘-
éxd €zl

we obtain

w2o)(§ P + {f; (P4 P04 T 2 Pyledpy, Amn = fj

Pej (N = 8¢ ol
0 20
where IOCJ =22 }‘Jm/“"ﬂ /“JK (see 4.21)
K=y n=4
K
and Amn = '-2.‘ amranp
2C . sme . (SAX =
Qse =53¢ ST sm(-t—"-l- es) = (Ces)r

We now verify that the additional assumptions (3.8) and (3.9) are satisfied and

hence a (€ [€) may be expressed in differential form.

From § 3, we must verify the following

o €
2o 3 A S, NAT e ds <

(=1
E ]
(4.29) 2; e 1A Te Brecl <o for €0
in
Al 1_<Y
or (a1t
Now Ajef:ﬁé= — & T ¢ e

and so |} A I(. & ec it < constant for &70



697

and E)\c <L @ | ensures that (4.29) holds.
(all ‘/‘l)b
S AL ehds =g - € ]

5‘ const.,

and so again (4.28) is satisfied since z /\‘ L .
=
So & (tlt) may be expressed in differential form. For the optimal filter

let us try the following expansion:

A [ Lo
(4.30) w (€). 'f; veletee + 2 Boel ec
r e

where VY(¢) = z V((t) €& is deterministic. Substituting in (3.10) and (3.11)
we obtain the follow1ng equations for /S,’ € and v (€)

A e & ] oo
.3 ((dpite) = - ‘—g parde + 3 T Ane Be)p,t ol
ns/ f:{

o £
4-“2"‘ Pai tt) 7 a, dz (e
A: (o) =0 - =t

R o0
(4.32) (\'/c €t) = - ‘tf Vi) 3 5 Anrvrrf)p...,lf) + Z/kr/w

i a=/ r=/
V.,“O) =0
So the filtering problem may be solved recursively from the infinite systems, (4.26),
Py
(4.31), (4.32) for Pc.) ), u, (¢) s V¢ ) respectively, using the usual

truncation methods.

For the prediction problem € fp writing
Glele) = GO + ylg,tl)

oo
: z 7{‘6)34 + f 1‘ (‘,fu)ec
(=
and substituting in (3. 13) and (3.14) we obta:.n the following equations for 2(. (ﬂ

‘J(, (f’ o)

2
(4.33) dycte,€o) - —-% (g 6 ol

Y¢ (e") €o) = ﬂ" o)
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(4.34) Yoter s ~ ”—-‘-'-,,‘:Lb‘; (€) + E:/%/“‘b
¢ k-

U{(O’ &

Similarly for the smoothing problem t,)é , writing

A o0
A(€lta) = v(el +£§! y; (&, 6)
you may obtain equations for { ie,do) .

We remark that A/ (¢) P) g‘f(f, f) and X (€ %) are unique strong solutions
of stochastic evolution equations, whereas v/ (€} and ¥ € are deterministic

functions.

Returning to the original problem of estimating the amount of concentration
A,

Y {E] € ] XYy of pollutant at [(‘,X) based on measurements y (’C| ,5)
50(5675)’. os ss b, , we have

? .

Glereoyx) = e*F At/ (0)

Finally we note that the estimators th\ (E[ee) obtained are the best linear
estimates and not the best global estimates, because the noise process @/f’] is
Poisson-like. In the Gaussian case the best linear estimates are also the best global
estimates (see j 2). The advantage with working with linear estimates is that you

obtain Kalman-Bucy type recursive equations.

In his finite dimensional approximation Kwakernaak found the best global estimate
and so obtained an infinite set of filtering equations which he then proceeded to
develop approximation algorithms for. In his conclusions he notes that little if any
improvement was obtained over the Kalman filter and this is not surprising since the
Kalman filter approach obtains the best linear estimate to a high degree of accuracy;
whereas the global estimate was obtained using approximating algorithms, which will
incur errors.

In our infinite dimensional approach we again obtain Kalman Bucy type equations,

but an infinite system this time. However they can be conveniently solved by an

eigenfunction approach.
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