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I n t r o d u c t i o n  

In  t h e  p a p e r  we c o n s i d e r  a p a r a m e t r i c  o p t i m i z a t i o n  p r o b l e m  f o r  

an  a b s t r a c t  p a r a b o l i c  e q u a t i o n .  P rob lems  of  such  a t y p e  a r e  i n v e s t i -  

g a t e d  i n  t h e  e a s e  of  e l l i p t i c  e q u a t i o n s  in  [2 ]  , ~ 0 ]  and p a r a b o l i c  

equations in [2] , ~] , [5~ , [i~ . In this paper two types of 

observations : in spaces C(O,T;H) and C(O,T;V) are considered. 

For both cases sufficient conditions of existence of an optimal con- 

trol are given. Using the so called generalized adjoint state equa- 

tion n e c e s s a r y  c o n d i t i o n s  of  o p t i m a l i t y  a r e  f o r m u l a t e d .  P r o o f s  of  

p r e s e n t e d  r e s u l t s  a r e  g i v e n  in  [ 7 ]  , ~ ]  , [ 9 ]  . 

Let there be given gilbert spaces V, H with 

/1.1/ V ( H , V dense in H 

By Uad we denote the set of admissible controls which is assumed 

to be a convex subset of a Hilbert spa6e U. 

Let there be given a family of bilinear forms ~n V : 

/ 1 . 2 /  a u (t;y,z) 
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where u ~ Uad 

t E [O,T] 

y,z ~ V 

We assume : 

(i) 

/i.3/ 

family /io2/ is continuous on V, that is 

ia u ( t ; y , ~ ) l ~ <  M ilylJ 

V u  £ Uad , 

ii 
V V 

V j y,z ~ V 

(ii) mapping 

t ~ a u ( o  ; y , z )  

is measurable for all y,z ~ V and all 

Lebesque measure on the interval [O,T] 

(iii) 2 

/ 1 . 4 /  a u ( t l y , y )  ~#yll , 
V 

u ~ Uad with respect to 

OC>O , 

V,,  ~ ~ad'  Y t ~  [o,T], Y y ~ v  

Following [3] we denote by w (e,~) c L2(O,T;V) a ~ilbe~t space 

with the scalar product : 

T 

/ t . s /  ( y , ~ )  = , d-~ w(o,T) 
O 

where (. , .) denotes scalar product in V . 
V 

Let there be given elements Yo ~ H and f ~ L 2 (0,T;V'). 

For given control u E Uad we define state trajectory yu E W (0,T) 

as the solution of an abstract parabolic equation of the form : 

dYu ) + a u ( t ; y  u ( , t ) , z )  
/ 1 . 6 /  ( ~ ( t ) , z  v;v 

= < f  Q t ) , z )  , , VZ  E V, a .e .  i n  ] O , T [  
VV 
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/ i . 7 /  y.  ( o )  = Yo 

where ( .  , " ~ V V  deno te s  s c a l a r  p r o d u c t  be tween  V '  and V . 

Under the  above  a s s u m p t i o n s  problem / 1 . 6 / ,  / 1 . 7 /  has  the  unique  s o -  

l u t i o n  ~4~ which  c o n t i n u o u s l y  depends on the  da ta  Yo E H and 

f ~  L 2 ( o , ~ ; v )  

2. O b s e r v a t i o  n i n C (O)T;  H) 

Le t  us d e f i n e  on the  s e t  Uad C U the  c o s t  f u n c t i o n a l  

i s ~ tluU 2 / 2 . 1 /  J (.) = ~ llyu~, ~)- ~dll + g 
H U 

where 

y~(T) -- Yu]t~ 

and z d ~ H is a given element. 

We shall consider the following minimization problem : 

/ 2 . 2 /  find i n f  J(u) 

u e Uad 

Lemma : 

If we assume that : 

(i) bilinear form /1.2/ is Lipschitzian with respect to u, 

that is 

/ 2 .3 /  

(ii) 

then there exists a solution u E Uad 

Proof is given in [8] 

laut(t;y,z)-au2(t;y,z)l .<c ilul-u2~uilyU IIzU 
V V 

t ~ [o,T] V . l , . 2  ~ Uad V y , ~  ~ v 

s e t  Uad CU is compact  

t o  the  p rob lem / 2 . 2 / .  

Let us assume that at the point u E Uad there exists Frechet de- 
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ri~ativo A~C~) of the operator ~(u)ef~(L 2 Co,~;vl ; ,2(o,~;v') ')  

which is defined by the equality 

/2 .~ /  CC 7(~))Ct) y , z ) ,  = a~(t;y,~ ) 
VV 

v ~  Uad , Vt~[o,T] , Vy,~ Ev 

To obtain a simple form of necessary conditions of optimality we 

introduce adjoint state Pu E W (0,T) which is defined as the so- 

lution of adjoint state equation : 

/2.5/ - (  d--F dpu (t),Z)v,v + a u ( t , Z , p u ( t ] )  = 0 

V~ ~ v , a.e.  in ]O,T[ 

/ 2 . 6 /  P u ( T )  = - YuCT} + Zd 

2% 
Optimal control u E U ad is characterized [2] , [8] by inequa- 

lity : 

T 

/2.7/ f ( < ; .  c~}, . - . >  y~(t) ,  p~(t~)v ,v  dt >~ o 

0 Vu ¢ Uad 

3. Observation in C (O~T;V~ 

In order to consider the case where cost dunctional is defined 

on C (O,T;V) we have to use some representation of bilinear form 

/1.2/ ° To do that we need some additional definictions. 

Let there be given a Hilbert space S and linear, bounded ope- 

rator ~(V,S). We assume 

/3.1/ operator ~ maps V onto S 

/3.2/ kernel ker ~ = V o is dense in H 

It is easy to show that for given element ~ E L 2 (0,T;S') linear 

functional 
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/3.3/ v ,  z : > (~' ( t ) ,  ~ z )  ~ R I 
S'S 

is continuous a.e. in SO,T[ 

With the form /1.2/ we associate the so called formal operator : 

/3.4/ A (u) ~ 4(L2CO,T;V) 

whi~is defined by the formula 

T 

/ 3 . 5 /  f a u ( t ' y ( t ) ' z ( t ) ) d t  = 

0 
V Z E L2(O,T;Vo ),  

2 i L (.o,T;Vo)) 

T 
I ((A (u))(t)y(t), z (t))v ! 

o Vo 
0 
Vy s L2(O,T;V? 

dt 

Furthermore we assttme t h a t  the domain ~ /  of opera tor  A(u) considered 

as an unbounded opera tor  in  L2(0,T;H) i s  a space L2(0,T;D) where 

DcV is a given Hilbert space. 

It can be shown KI] that there exists the unique operator,cal- 

led Neumann operator : 

/ 3 .6 /  ~(u)  e~L(L2(o,T ;D);  L2(0,T;S')) 

such that the following representation takes place : 

T 

/ 3 . 7 /  ~ au( t  ; y(t), z ( t ) ) d t  

0 

= (A(u)  y,~ + ((~(u~y , g ~?) 
y e L2(0,T ;D) , ~Z e L2(0,T;V) 

where 
~ =  L2(o,T;H) 

and 

(~z)(t~_- ~ ( ~  a.e. in ]o,~[ 
~ ~ (L2(O,T;V); L2(0,TI S9) 

(( .  , .)) denotes scalar ,~oduet between L2(O,T;S) 

~/ It is the set of eiements 

A(u)y e L2(0,T;H) . 

y~ L2(O,T;V) such that 
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and L2(0,T; S) 

Let us assume that there exist Hilbert spaces: 

/ 3 . 8 /  ( i)  Wl(O,T) C C (O,T;V)  , 

injection Wi(0,T) -~O(0,T;V) is continuous 

/ 3 . 9 /  ( i i )  Y c L2(o,~;S ') 

injection Y ~ L2(O,T;S ') is continuous 

such that for any given 

/3. io/ Yo ~ v 

/3.11/ f ~L~(0,~;H) 

/ 3 . 1 2 /  ~ Y  

the following state equation has the unique solution Yu ~ WI(o'T): 

/3.13/ ( <t ,z )v'v + au(t'yu<t>, z) 
dt 

)s g~ ~v =(~<t), , )  ~ + (~(t), ~, 's 
a . e .  in ]o,~[ 

/3 . ,1~/  Yu(° )  = Yo 

Remark 

Problem of existence of the spaces /~.8/, /3.9/ is 

i n  [ 9 ]  . Us ing  / 3 . 7 /  we o b t a i n  a n o t h e r  r e p r e s e n t a t i o n  [9] of 

system / 3 . i 3 / ,  / 3 . i 4 /  namely 

dYu + A(u) y = f 
dt 

/ 3 . 1 5 /  ~-(u)  Yu = ~ 

Yu[ ° )  = Yo 

We introduce an optimization problem similar to that in previous  

discussed 

the 
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section. We define cost functional 

+~ /3.16/ J(u~: ~ llyu(T)- ~dllv U 

where Zd~V is a given element. 

We consider the problem of minimization of the cost functional on a 

given convex set Uad(U 

If mappings 

/ 3 o i 7 /  U DUad ~ u  

/3.i8/ U DUad ~ u: 

A(a)~(WI(0,T);L2(O,T;H~ 

n(ulE.(,(Wl(O,T);Y) 

are locally Lipschitzian and the set Uad C U is c o m p a c t  then there 

exists an optimal control ~ E Uad such that 

J(~) 4 J(u), Yu ~ Uad /3.19/ 

P r o o f  i S  given in [9] . 

To obtain a simple form of necessary conditions of optimality 

we introduce [8] the so called generalized adjoint state 

L2(0,T;H) xY defined at the given point u E Uad as a so- (p,r) E 

lution o f  generalized adjoint state equation of the form : 

/ 3 . 2 0 /  ( p ,  + A (u) w + ( r ,  O'(~W)y 

= - (Yu(T)- z d w(T))v , ~w ~ w I e Co,T) 

where 

o } 

It can be shown [8] , that there exists the unique solution of 

/3.20/ for each u £Uad . 

If ~ • Uad is an optimal control, mappings /3.17/, /3.18/ are 
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F r e e h e t  d i f f e r e n t i a b l e  and ( p , r j  i s  a g e n e r a l i z e d  a d j o i n t  s t a t e  a t  

u E Uad then necessary conditions of optimality takes on the form : 

A ^ /% > + 
Y U 

Vu ~Uad 

where Au(U) ,  ~(~j d e n o t e s  F r e c h e t  d e r i v a t i v e s  of mappings  / 3 . 1 7 /  

/3.!8/ taken at optimal point ~ e Uad 

E_x, ample: 

Let ~ be an open region in R n with smooth boundary [" = 92 

We introduce the following functional spaces : 

(ij v = ~ l ( ~ )  , H=L2(e)  

(ii~ WI(O,T)  = H 2'I (e) 

where Q = gL x ] 0 , T [  

( i i i )  Y = H i / 2 , l / &  ( Z )  

where 7_= r x ] 0 , T [  

(iv) o = H i (~ ;~) 

, T > 0 

where 
H i ( £ ~ ; Z k j  = { y e H I ( @ ) i  Y e L 2 ( ~ )  

S = H i / 2  ( V )  

We define the set of admissible controls Uad C U = H2(O,T) as the 

set of solutions of ordinary differential equation 

[ du 
I ~ = - al a + Vl 

(~---' dvi = - a 2 v i + v 

, ~ (o )  = v i ( o J  = o 

f o r  a l l  v e L2(O,T)  such t h a t  
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o ¢, v ( t )  ~ i a .e .  

where a l , a  2 > 0 a r e  g i v e n  c o n s t a n t s .  

L e t  t h e r e  be g i v e n  r e a l  f u n c t i o n s  

( i )  F ( . )  , g ( . )  ~ c2[o,i] 

( i i J  Fir) ~o~>o , V r ~ [ o , 1 ]  

a(r)  >/o , Yr ~[o,i] 

We i n t r o d u c e  the  s t a t e  e q u a t i o n  of t he  form : 

~ t  Z de + F(U(t))  ~ X  i 

r 

V z ~ ~i(~), 

y . ( x , o )  = Yo (~) , x ~  

in ]O,T[ 

F ( . ) ,  g ( . )  Such t h a t  

z d ~  

x i 

I % dF 

a . e  i n  ] O , T [  

I t  can be Shown t h a t  f o r  g i v e n  

~ HI/2, I/4 (z) 

Yo ~ Hi(g) 

u ( Uad 

There  e x i s t s  the  un ique  s o l u t i o n  Yu ~ H 2 ' l  ( Q )  of the  above 

p rob l em.  

In this case operators /3.17/, /3.18/ have the form 

A (.)y -- F(u) ~y , y ¢ O -- H i (~;&) 

c~(u)y ~ (a) = ~ n + g  Y 

where ~ d e n o t e s  normal  d e r i v a t i v e  t o  the  bounda ry  ~ = ~ d .  
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We introduce t h e  cos t functional of t h e  form 

2 2 
J ( u )  = + :+ II Yu(T)  - +d it + +- t r a i t  

HI(~ ) 2 H2(0,T ) 

w h e r e  £ ~/ 0 a n d  z d E H I ( ~ ' ~ )  i s  a g i v e n  e l e m e n t .  

F o r  a n y  g i v e n  ~ /> 0 t h e r e  e x i s t s  ~ 9 ]  an  o p t i m a l  c o n t r o l  

'%u E Uad which is characterized by the following inequality : 

J 
q 

2 

+ ~ (~ ,  u-~)Ha(o,T ) >~ o , Vu  ~Uad 

w h e r e  ( ~ , ~ ) ~ L 2 ( Q ) x  ( H i / 2 ' i / 4 ( Z ) )  ' i s  the u n i q u e  s o l u t i o n  ~ 9 ]  of  

the problem : 

dt  
Q 

Z 

= _(y, ( .  , T ) -  z d , w ( .  , ~ ) ) . l ( ~ )  v w  ~ ~ a , i  ( Q )  

s u c h  t h a t  w ( . ~  0 )=  0 

w h e r e  we u s e  t h e  s a m e  n o t a t i o n  f o r  t h e  s c a l a r  p r o d u c t  i n  L 2 ( Z )  and  
the scalar product between H i/2,i/4 (X) and (H I/2'I/4 (Z)) I . 
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