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0. Summary

In this paper we study the problem of the optimal stopping of a Markov chain with a
countable state space. In each state i the controller receives a reward r(i) if he
stops the process or he must pay the cost c{i} otherwise. We show that, under the
condition that there exists an optimal stopping rule, the policy iteration method,
introduced by Howard, produces a sequence of stopping rules for which the expected
return converges to the value function. For random walks on the integers with a
special reward and cost structure, we show that the policy iteration method gives
the solution of a discrete two point boundary value problem with a free boundary. We

give a simple algorithm for the computation of the optimal stopping rule.

1. Introduction

Consider a Markov chain {Xn | n=0,1,2,...} defined on the probability space
(Q,F,P). The state space § is countable, We suppose that P[XO = 1i] » 0 for all i ¢ S,
Hence Pi[A], the conditional probability of A ¢ F given Xy = i, is defined for all
ies,

On S real functions r and ¢ are defined, where v{(i) is the reward if the process is
stopped in state i and c(i) is the cost if the process goes on. We consider stopping

times T (for a definition see [7]). For a nomnegative function g on S we define

Eiig(XT)] 3= j g(XT}dPi .
{T(oo}

Condition A. Suppose that the reward function r satisfies
ErT (X)) + Elr (XDT < @

for all i ¢ S and all stopping times T.
(Note that: r (i) := max{0,r(i)}, r (i) := -min{0,r(i}}).
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Let P be the transition matrix of the Markov chain, with components P(i,j) for
i,j € 8. If the function c on S is integrable for all Pi[.], we define the function

Pc by

Pe(i) := § P(i,ield) ,
jes8

and with inductiom, if P* e is integrable for all P,[.]

n

PYc 1= P(Pn~1c) .

We call a function ¢ on S a charge (see [3]) if
I PPle] <=
n=0

(Note that for function v and won S: v £ w if v(i) £ w(i) for all i € S and v < w if

v(i) < w(i) for all i ¢ S. Further Iv] is defined by [vl(i) i= [v(i)

Condition B. Either the cost function c is a charge or r and ¢ are nonnegative, both,
Throughout this paper we shall suppose that conditions A and B hold.

We call a function w on S c—exessive with respect to the cost function ¢ if

1) w 2 ~c + Pw
2) W2 - z e .

For a stopping time T the expected return vT(i), given the starting state i, is de-
fined by

T=1

V(i) = ELrXp) - ) cx )1 .

n=0
The existence of the expected return VT(i) is guaranteed for all T since
]Ei[r(XT)][ < » for all i and c is either a charge or a nonnegative function. Note
that vT(i) = =» ig permitted,

The value function v(i) is the supremum over all the stopping times T

v(i) := sup VT(i) .
T
Sometimes we need the following assumption.

Assumption C. There exists an optimal stopping time T*, i.e. VT*(i) = v(i) for all

ieS.



24

In the rest of this section we summarize some properties of stopping problems,

I.1. The value function v satisfies the functional equation

v(i) = maxl{r(i), -c(i) + ] P(,)).v(H}
jes
(see [2], [3] or [71).
1.2. The value function v is the smallest c~excessive function dominating the reward
function ¥ (see [2] and [3]).
1.3, If an optimal stopping time exists the entrance time TF in the set
T oe={i | r(i) = v(i)} is optimal (see [2] and [61),
1.4, 1f sup |r{i)] < = and inf c(i) > O then there exists an optimal stopping time
ieS ie8
(see [2] and [71).

2. Some preparations

A stopping rule f is a mapping from § to {0,1} where £(i) = O means that the process
is stopped in i and £(i) = 1 means that the process goes on in state i. The stopping
rule f is equivalent with the entrance time Te in the set T = {i | £(i) = 0}. The
expected return under a stopping rule f is indicated by vf(i).

For a stopping rule f we define

2.1, D i={ies | £(i) = 1}, the go-ahead set,
Ff 1= S\Df, the stopping set.
2.2, Pe is the matrix with components

P(i,j) if i« Dg
Pf{i,j) 1=
otherwise .

2.3. d_. is a function on § with
(i) if 1 ¢ Tf
df(i) H
-c{i) otherwise .

If assumption C holds, property 1.3 guarantees that the entrance time TF in the set

I' is also optimal., In that case
TF-]
2.4, v(i) =E;[rx;) - nzo c(x 1 .

According to the stopping time T, we define the stopping rule f_ by
2.5, £,(1) =0 if and only if i e T .

Further let
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Lemma 1. For each stopping rule f with Ve z r we have

n v (D] <=
o
_ T
2) ve =) Ped,
n=0
3) lim P?ldfl =0 (pointwise convergence)
e
4) Ve = df + vaf
5) lim P?}vf] = 0 (pointwise convergence) .
fnacd

Proof., If r and ¢ are nonnegative we have

0<r() < vf(i) <E.fr(X,)]l <o for allie$§.
1 Tf
Since
Tf-l
ve(1) =E;lr(X )] -EL ) e(® )]
£ n=0
we may conclude
Tf—l
E.L Z [c(X y1<e forallieS.
i % n

Note that if c is a charge this also true. Define:
Tf-l

2.6. we(i) = ni[1r<fo)1] +E,[ QEO fex )17 .

So we have for both cases of B

]vf(i)] < wf(i) < ® , (statement 1)

We have the following representation
; n
ve = 1 Bglag]
n=0

(note that Pg(i,j) =1 if and only if i = j) and in the same way, by absolute conver-

gence,

= Z PR . (statement 2)
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Because We < = ye may conclude P?]dfl‘+ 0 for n > = (statement 3)

ve= ) Pid_=d_+ ] Pid_.
n=0 £ n=Il £t

Since

is finite we may change the summation order, hence

o«

P’ =d_ + P.v, . (statement &)
20 £f

=dp v P L £ PV
1

Vg £
In the same way

ve = df + waf .

By iterating this equation we get

from which it follows that P?wf tends to 0 if n tends to «. Because Ivff s W, we have

also
1lim PnIvfI =0 . {statement 5) a

H‘W’f

Corollary !, If C hold we have from 2.4 and lemma 1 that

iv(i)l < w for all i e $ and lim gnld] =0,
Trre

Define:

8

al .

%
W
I B~

n=0

By lemma ! we have
2.7. lim P = 0 .
e

In the next section we study expressions like P:vf, where f and g are stopping rules.

We shall give sufficient conditions in lemma 2 for the finiteness of these expres-

sions.

k . .
Lemma 2. Let f and g are stopping rules. Suppose V. 2 r, Then Pg{vf} is finite for

K= 1,2,3,.00 «
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Proof, Let T := T_ + k, Using the same arguments as in lemma 1, we derive for c a

£
charge:
T=1
ELr@p] + ] lc(xn)[] <w
n=0
Note that
r(X ) o+ 2 1c(X ¥ Z Pn[c}(l) + P W (i)
n=0

(wf is defined in 2.6).

Hence

k k k
vel < Pg[vf[ < Pkivf] SPw, <.

Now let r and ¢ be nonnegative.

ka is defined because v_ 2 r 2 0, Hence ka z Pkr 20

£ £ . £
Te-1
0 < p% ve(i) = ] ¥ (L, B Ir (X ) - boex )]s
jes f n=0 n

s )P (1,JxE [r(xp )] =B [r (XY <= .
je8§ f

Define vectors Ce and re by

cf(i) ;= c(i) if 1 ¢ Df, rf(i) = (i) if i € Tf

1= 0 otherwise =0 otherwise .

.

Note that ldf[ =r_+ c.. It is easy to verify that

£ £°

] P (1,JNE [r(X )] = p¥ Z Pfr (i)
n=0

jes

and
Tf-l ’
7Pk (1, 1)K, 1 e(x)] = Z Ple (i) .
o n £f°f
jes n=0 n=0
k

Hence P We = Z Pf{r +ce } < », Reasoning like before, we see that P Iv ] < .

n=0

3. Policy iteration method

Let £ be a stopping rule, such that z P(l,J)V (j) is defined., For f we define the
improved stopping rule g by jes
3.1, g(i) := 0 if r(i) = ~c(i) + P(i,§)ve(3)

jes
1= 1 otherwise.
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Lemma 3. Let g be the improved stopping rule of £ and let Ve 2 r, Then

1) D <D
g

2) v

A

d +P v, .,
g

£ g f

Proof. We first prove 1),
If g(i) =1 then
r(i) < =e(i) + [ PU,Dve() S =@ + [ P,V 5 vd)
jes jeS
hence
p ={i} gi) =1} {i]| v(i) > (@} =0,
We proceed with 2).

Note that ngf is finite (by lemma 2), Let i ¢ Dg then g(i) = 1, dg(i) = =c(i),

Pg(i") = P(i,.) and so

r{i) < =c{i) + ] PE,PDv.(3) =d (i) + P (i,i)v.(5) .
jes O f g 525 8 £

Since either

ve(i) = —e(i) + ] P, )ve(d)
jes

or vf(i) = r(i) the statement is true for i ¢ Dg'

Ifice Fg then g(i) = 0, dg(i) = r(i) and Pg(i,.) = 0 and since
(i) 2 =c(i) + } P(i,§)ve(§)
ies
it is true for i ¢ Pg‘ 0

Lemma 4. Assume C, If g is the improved stopping rule of £ and ifvezr then Vg 2V,

Proof., From lemma 2 it follows that P:]vf] exists and is finite for all k. By lemma

3 is A < dg + ngf. Hence

N N y N+l
1 kaf < J Pid_+ kaf
k=0 & k0 8 =1 8
and therefore
N
ve - PNva < § P,
g k=0 g 8

We shall prove that ng; > 0 for N » », Consider first the case that r 2 0 and ¢ 2 0,

Since 0 < r < ve < v and Dg <D
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Ny

IA

0= PNV =< PNV
gt g

by corollary I ﬁNv + for N+ »,

Suppose now that ¢ is a charge:

P v; < PNW b ?Nw .
By 2.7
ENW »~ 0 for N» e,
Therefore
Tk
v < kzo Pgd‘g = Vg . ()

We define a sequence of stopping rules {fo’fl’fZ""} by

3.2, fo(i) is a stopping rule with v, 2 r (for example fo(i) =0 for all i € §)

f
0

£ is the improved stopping rule of fn-l' nz1l (see 3,1).
The method of approximating the optimal stopping rule and its expected return by the
sequence 3,2 is called the policy tteration method. This method was introduced by
Howard [4] for decision processes with a finite state space and discounted rewards.
In theorem 1 some properties of the sequence {EO'fl’ 2,...} are derived, In theorem

2 we study the convergence of Ve to v.
n

Most of Howards results carry over to our situation. Call

1) v, = Ve s 2) dn = df s

3) D =D

Theorem 1. Assume C. The following assertions hold
1) fn(i) and vn(i) are nondecreasing in n

2) if £ (i) < £ ., (ig) then v (i) < v, (io).

Proof. It follows from lemma 4 that v 2 Vo for n 2 0, since Y 2 r, If fn(i) = 1

n+l
then
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r(i) < ~c(i) + P(i,j)vn_l(J) < -c(i) + } P(l,])v (), formn=z1
jes jes
hence fn+1(i) = 1, which proves assertion 1. Suppose fn(io) = 0 and fn+1(i0) =1,
then

volig) = xip) < =e(ip) + [ PU,v () <
jes

< -c(ip) + ) P(igivy,, () =

J€

(10) . il

n+l n+1

Theorem 2. Assume (.
o

1} If, either v. 2 - z Pkc or v. 2 0 for some n,, then limv_ = v.
S & n 0 n
0 k=0 0 nre

2) If, in addition to 1, £, = fn+}’ for some » 2 ny then v is optimal.

Proof. Since Dn c D for all n (lemma 3) and since fn(i) is nondecreasing in n (theo-
vem 1) there exists a set E ¢ S such that

limDb_=Ec D,
n
e

And, in the same way, since Vn(i) < v(i) for all n and since vn(i) is nondecreasing

in n, there exists a function z such that

z(i) = 1im v (1) .
o B

Fix some i ¢ E, For zll n sufficiently large is i ¢ D, and so:

£(i) < v (i) = —c(i) + ) P(i,§)v (§) £ —c(i) + TOP(i,i)v() = v(d) .
jes jeS

Since vn(i) + z{i) we have by monotone convergence

—e(i) + § P, v () - (i)} + —c(d) + ) PG,z - (),
jes jes

hence

2(i) = =c(i)y + § P{,Dez(i) = v .
jes

Fix some i ¢ S\E. For all n it holds that i € Fn hence

v (1) = x(i) = ~e( + [ PU,Dv )
jes

and therefore {again by monotome convergence)

2(1) = o(i) = =e(i) + ) P,Dz(i) .
jes

So z satisfies the functional equationm:
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z(i) = max{r(i),-c(i) - } PU,Dz(D} .
jeS
o x
Now, suppose v 2z - ) P%c. Then z 2 - E P%c and since z satisfies the functional

0 n=0 n=0
equation, z is a c-excessive function dominating r. Because v is the smallest func-
tion with this property it must hold that v = z. If v, Z 0 it must hold that z 2 0

and v 2 0, We now prove that v=2z on I', Let i ¢ TI': 0

0 <wv(i) —2z(1) £ r(i) -r(i) =0 .
Let, now i € D:

0<v(i) - z() = ] PU,NIvE) - 2()] .
jes

~

Hence 0 s v - 2z £ P(v ~ z),

Iterating this inequality gives

0<vy=12z=< En(v - z) < Env + 0 forn=w

which proves v = z, The first assertion is proved.

= = = = in=-
Suppose fn fn+l for some n 2 ng. Then Vo T Vo and therefore fn+2 fn+1‘ By in
duction it follows that z = vy which proves the theorem. 0
Lemma 5. Let ¢ be a charge., Let £ be the stopping rule defined by £(i) = | for all
i € 8§ and let g be the improved stopping rule, then
v 2v, and v_=271 ,
g £ g
If vg =g then f is optimal,
v k
Proof. Since Ve = = ) P it holds that Pv, and ngf are finite, Following exactly
n=0
the proof of lemma 3 we have Ve < dg + ngf and from the proof of lemma 4 it follows,
since szf is finite, that
n
vf—P“”vfs y ek .
g =0 58
Note that
n n _ oh
Pg[vfl <P |vfl = Pf|vfl.
Since ¢ is a charge:
We 1= Z Pn[cl < o,
n=0
Hence We = fc} + ow and therefore P?wf tends to 0 if n tends to «~, Because

we 2 [vf] we may conclude
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lim Pnivfi =0 .
bsmard
Hence
Tk
ves | Pd =v .
k=g & 8 g
If g{i) = 0 then vg(i) = r(i) and if g(i) = | then
v(i) < ~e(@) + ] PUL,Dve() = v (@) v (1) .
.S g
je
Hence vg E o
Now, suppose vg = Ve then
r s vf = =c + vaf = -c + Pvf

hence Ve is c~excessive and dominates r. Because Ve < v and the fact that v is the

least function with this property, we have v = Vee 0

Corollary 2.

1) If r is nonnegative, we have for £y 2 0 Ve 2 r 2 0, hence the sequence v, con~

o

verges to V.
2) If ¢ is a charge we may start with f-1<i} := 1 for all i € § and try to improve

this stopping rule by f.. If no improvement is possible (i.e. v. = ve ) we have

£

0 Q -1

already the optimal stopping rule. Otherwise fo satisfies

a) Vg =V zr

b) A

v
1
i i~
e+]
=]
(¢

hence v, converges to V.

Counterexamples.

1) There exists a stopping problem satisfying assumptions A, B and C where the policy
iteration method does not converge to the optimal stopping rule, Let 8 = {1,2};
(1) = r(2) = -1, ¢(1) = c(2) = 0 and P(1,1) =a=1-P(1,2), P(2,2) =8 =1 =
~ P(2,1). The optimal stopping rule is £(1) = £(2) = 1 and v(1) = v{(2) = 0. The
cost function is a charge and Ei[lr(XT)IJ < |. Note that r{1) = ar{l) + (1 -a)r(2)
and r(2) = Br(2) + (1 - B)r(l) so that r 2 ¢ + Pr hence fn = fo z 0.

2) There exists a stopping problem satisfying assumptions A and B where the improved

policy of fo is not at least as good as fl' Let

s = {0,1,2,3,...7 v {x}, 1 >e >0,

For i = 0,1,2,3,...3
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P(i,i+1) = 1 =€, P(i;3) = €, £(i) = mmebmer , ¢(d) = 0,

1 -5
Further:
P(x,x) =1, r(x) =1, c(x) =1,

Note that r and c¢ are nonnegative both (condition A). We shall examine the stopp~

ing time T, = n:

vp () = (1 = )P e+ {1 = (1 = )™,
n (1 -e)t™®
Hence
1
w(l) := sup v (i) = =——————t ],
n Tn 1 - e)l

This function w satisfies the functional equation

w(i) = max{r(i),~c(i) + } P(i,j)w(i)}
jes

oo
and w 2 - Z Pnc, hence w = v so that v(i) < « from which it follows that
n=0
Eif[r(XT)ij < = for all i and all T (conditiom B).

For i = 0,1,2,3,...:

. 1 1 ..
T(i) = e < (] = ) 4 £ = ~c(i) + ) P(i,i)r(i)
(1-et (1 - e)t*! jes

and r(x) =1 > —c(x) + r{x).
Hence fl(i) =1 for i ¢ {0,1,2,3,...} and fl(x) = 0 so that v,(i) = 1 for all i,

but vo(i) =-—]-1-_- >1 for i = 1,2,3,... .

1 -e)

4. An application

We shall study in this section the optimal stopping of a random walk on the integers
with a special cost and reward structure, to illustrate the computational aspects of
the policy iteration method., For simplicity we shall not formulate the results as

general as possible.

Definition of the decision process

Consider a random walk on the set of integers (Z). Let the transition matrix P be de-

fined by

4,1, P(i,i+1) := P;» P(i,i) := s P(i,i~1) = q;

with Pisdy > 0, sy 2 0 and p; fq; tsg = !, The reward function
4,2, 0 =r() <N, ieZ.,
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The cost function
4.3, c{i)y 2z & > 0, ieZ.
Further we assume the existence of integers d, e, d < e, such that:

4.4, r{i) < -c(i) + pir(i + 1) + qir(i -1+ sir(i)

if and only if d € i <Se, CallHi={iez | dsisel.

Assumption 4.4 says that for i € Z\H immediately stopping is more profitable than
making one more transitiom. In statistical sequential analysis there are examples of
random walks where this assumption is fulfilled in a natural way (compare [51). In

lemma 6 we collect some properties of this process.

Lemma 6. For the sequence of stopping rules fo,fl,fz,... defined in 3.2 with fe(i) =0
for all i ¢ Z it holds that

1) there exist numbers kn’in ¢ 7 such that
b ={icz [k, sis<e ), n=0,1,2,... .

2 kn 2 kn+1

3) for some n fn is optimal.

2k =1 and 2 <2 <8 4 1.
n n n+l n

Proof. Since 0 € r(i) <M and ¢ 2 0 A and B are satisfied. By 1.4 we know that the
entrance time in I is optimal, hence the assumption C is fulfilled. By theorem 1 we

have b, < D for n = 0,1,2,3,... and by theorem 2 we have lim vn(i) = v(i), We

nt+l
o

shall prove I and 2 with induction.

D, is empty. It is easy to verify that fl(i) = | if and only if i ¢ H, hence kI =d

agd 21 = e, Suppose ! hold for n = m. For i < ka’ 1 and i > lm + 1 it holds that
fm+l(i) = ( because vm(i) = r(i) and i e Z\H. Therefore it can happen only in the
points i = km -~} and 1 = km + 1 that fm+1(i) > fm(i). Since Dm c Dm+1 1 and 2 are
proved, Now the last assertion,

Note that 0 < r(i) € M and c{i) 2 8 > O for all i e Z. Choose 1 >¢ >0 and 2 natural
number k such that (I - e)k > % . Let f be the optimal stopping rule. We shall prove

Pi[Tf < k1 2 ¢. Suppose the contrary, i.e. let]Pi[Tf < k] < €. Then
Vf(l) £ M- &Ei[Tf] <M=-8(1 -e)k <0

which is a contradiction.
Hence for all i e Z I must be reachable in at most k steps, so that
pc{ifd-ksise+k}l Since D _, <D, ¢ D and because D__, is a proper subset

of Dn if fn—l(i) # fn(i) for at least one i we may conclude that fn—l = fn_forsometh

O
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Computational aspects

In our case v is the smallest solution of
v{i) = max{r{i),~c(i) + piv(i + 1) + siv(i) + qiv(i - 1} .
Because we know the structure of D we may say v is the smallest function x which has

the following properties,

For some k < d and some % 2 e, i,k,% ¢ Z:

1) x(i) = =c(i) + pix(i + 1) + six(i) + qix(i - 1), k<sisg
2) x(d) = r(i), i>2, 1<k
3) rk -~ 1) 2 ~c(k = 1) + Pk—lx(k) + sk_lr(k - 1) + qk_lr(k - 2)

{2+ 1) 2-c(® +1) + p£+]r(£ + 2) + s£+]r(l + 1) + qz+lx(2) .

This is a two point boundary value problem with a free boundary. We shall show that
for fixed k and 2 the function x is completely determined by | and 2,

Define, for function on Z, the difference operator A as usual by
4,5, Ax{i) = x(L + 1) - x(1) .
Consider the difference equation, derivated from 1,

4.6, piAx(i) - inx(i - 1) =c(i) .

Call:

Hence 4.6 becomes

2z, = a.z, =b, .
i i i=1 i

With induction on m it is easy to verify that for k s m < ¢

m If m
4.7, z =z T a, + {b. T a.}
T = "R P

{an empty product has the value 1, an empty sum the value 0),
Because x{& + 1) = r(2 + 1) and x{k = 1) = r{k - 1) it holds that
%

r( +1) -~ vk ~1) = Z z

m=k-1 ™

hence
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2 m m
r(@ + 1) - -1 - ] ) {bi I a.l
- mek-1 j=k b j=i+]
4.8. 21 % m *
Z n a5
m=k~1 i=k

From 4.7 and 4,8 one can compute LR PRRRPE. and even so x(k),x(k+1),...,x(2),
which shows that the function x is completely determined.

The boundary conditions 3 can be formulated as follows

z - a _lAr(k -2)<bh

k-1 k k~1

4.9.

Ar{l + 1) = a <5b s

2+1%y = Ppal

which shows that we only have to compute the differences z, to check 3 and not the
function x itself,

It is easy to verify that the sums and products in 4,7 and 4.8 can be computed recur-
sively, We shall formulate an algorithm to compute the optimal stopping rule and the

value function v.

Algorithm

1. k :=d, & 1= e,

2. compute Z (by 4.8) and zy (by 4.7), set 1 = 0,

3. if zk—l S A - Zr(k = 2) > bk~l then k ¢= k = 1 and 1 3= 1,
4, if Ar (8 + 1) - a,.1% > bz_‘_1 then £ := 2 + 1 and 1 := 1,

5. if 1 = 0 then goto 6, else goto 2,

6. D is the set {i ¢ Z | k £ i < 4} and v can be compute by 4.7.
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