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Summary

Due to the difficulties of handling non-linearities in many large systems to
which on-line optimal control is being applied, many applications have had to be
restricted to the linear model-quadratic cost case. In particular, if the calcula-
tions are performed in a decentralized manner, the sub-system problems must yield a
rapid solution and in the simple linear-quadratic case analytic solutions to these
sub-problems may be obtained. The method of quasilinearization for the resolution
of boundary-value problems arising in the solution of non-linear differential equa-
tions has been widely developed. This paper examines the use of quasilinearization
algérithms for the solution of sub-problems arising in a problem decomposition using
Lagrangian duality. The good convergence properties of the algorithms make them
particularly useful for the solution of the sub-system problems. The actual improve-
ment in operating costs obtained by handling more general sub-system non-linearities
is compared with the increased computational burden for an actual on-line water

control scheme.
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1, Introduction

The determination of optimal controls for on-line implementation is, in
general, a most difficult task. Only in restricted cases, such as linearized process
models and quadratic cost expansions, can analytic solutions to the control problems
be obtained, and consequently determination of optimal controls and the associated
optimal trajectories must often be obtained iteratively on a computer. Since many
practical systems are non-linear it is desirable to have a control algorithm capable
of handling such non-linearities, The dynamic programming method1_3 is capable of
handling a very general type of problem, but has enormous high speed memory and
computational requirements. State increment dynamic programming4 reduces high speed
memory requirements but still requires much computing time, while the successive
approximation method4 requires an equal number of state and control variables, al-
though the time requirements are somewhat reduced. Thus a considerable amount of
computing power has to be sacrificed if more general systems are to be handled using

dynamic programming methods.

For the solution of very large problems formulated in a decentralized manner
clearly none of the above methods are appropriate, since any hierarchical control
algorithm involves the repetitive solution of many sub-system problems. The quasi-
linearization method,5 developed by Bellman and Kalaba, is a useful method of obtain-
ing an approximate solution to the non-linear sub-system boundary-value problem. It
basically solves a sequence of linearized problems which hopefully converge on the
true solution of the non-linear problem. Although convergence is in no sense guaran-—
teed, in cases where it does work it provides a computaticnally efficient method of

solving the non-linear sub-system problems.

If this method is to be of use in solving many non-linear sub-system problems
in a hierarchical structure, clearly it must converge very rapidly. In this paper
the quasilinearization algorithm is used for the solution of non-linear sub-system
problems arising from the spatial decomposition technique used in Lagrange duality
theory.7 A modified6 algorithm, which uses a scaling factor in the sub-system
variations and has a descent property in the error indices, is assessed for its use-
fulness in speeding up sub-system convergence. The method is applied to a water
supply control scheme, which includes sub-problems of a fairly general form, involving
the minimization of a functiomal subject to differential, non-differential, inequality
and terminal constraints. A comparison is made between pump energy requirements as
predicted by linear and non-linear models at the sub-systems, and the increased

computational burden of handling the non-linear case.
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2. Statement of problem

The subject of this paper is the optimal control of a large dynamical system
whose hierarchical structure allows it to be described as a set of N interconnected

dynamical sub—problems7 in the following way:

te
Min Z {F, (x; (£,)) +[ £, (x,,u;,3;,m,0)dt}
XU Lm,Y. =1 t
35 0
subject to
2._(1 = 51(}—{1"’1 ’z ,I!l t)
§i(to) = Z
h.(x;,u.,y.,m,t) € 0
o i=1,2,...,N 168
Ei(§i(tf)) £ 0
q; (xu,y.,m,8) = 0
91(51 LETER SR T t ) = 0
z Gl(§1 RN AT 8) = 0
i=1
N (2)

IR Gxhunypm,t) s 0
i=1

where X, are the states, u. the controls, L the dependent variables, m. the
coordinating variables, Fi the terminal cost, fi the instantaneous cost, all for
the ith sub~problem. Using the additive separability of the Lagrangian,7 the

following N sub-problems may be defined

tf %
Min {Fi(gi(tf)) + f fi dt}
X. U, ,m, t
=1’=i=i 0
subject to constraints (1) and (2), where
fi = fi + <§,§i> + <1,Ei> (3)

where B and y are appropriate N-vector multipliers, giving the well-known Goal
Coordination Algorithm which maximizes the dual function at one level and repetitively
solves a set of N sub-problems at a lower level umtil overall convergence is
reached. A similar decomposition in discrete time may also be obtained. This paper
is primarily concerned with the derivation of efficient solution methods for general
sub-problems of this form within this hierarchical structure. In particular, if true
model non-linearities are used, is the increased computational burden associated with

obtaining solutions by a modified quasilinearization method worthwhile in terms of
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the increased cost savings over the results for the linear case?

Ignoring the subscripts, clearly each sub-system problem is of the form

t
Min J = F(§(tf)) + f £ £(x,u,y,m,t) dt
XU,y £
where
£ = g(x,u,y,m,t)
xt) = %,

hix,u,y,m,t) s 0

(4)
b (5u,7,mt.) € 0
g,(z_i,EaX,TB,t) = 9
Q(&E,Z,El,tf) = 0
Defining the multipliers A(t) to handle the differential constraints, p(t) to
handle the equality constraints, and a constant U to handle the terminal time
constraints, this problem may be written
tf T
Min J = [ (A k+H)dt + G (5)
X,8,7,1,1,0,1 ty
where the Hamiltonian is defined
E8r-algeey (6
and
T
¢ & EGx(t)) +uQ 7

If standard optimal control theory is applied, the following conditions of optimality

are obtained:

k-g =0 e ) = x
g = 0
Q) = 0
£ (8
A-Ho=0
H = 0 = H = H
=u - -y -m
arg), =2

subject to the inequality comstraints at each interval. The object is to find controls

and states satisfying these equations to a specified degree of accuracy. Defining a
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norm function

]

N = g = |elf ©

we may specify the optimal control problem in terms of the minimization of the cumu-

lative errors

J = Jl + J2 (10)
where

te
Jo= ft {N(%-g) + N(g)}dt + N(Q(t.)) (11)

s}

tf .

I, = L {NQ—E_IX) + N(I;IX) + N(gy) + N(Iilm)}dt + N(p(_;x)tf (12)

[o]

and stop the iterations when J is smaller than some pre-specified accuracy. The
normal quasilinearization algorithm corresponds to updating the current x,u,y,m,)A,p,u
by increments derived from the solution of the first order expansions of the optimality
conditions (8). A new expansion point is then obtained which reduces J , and the

procedure repeated until convergence is achieved.

The inequality constraints may in general be handled by penalty methods with
very little modification of the quasilinearization method. In this present work,
however, attention is restricted to what is the most important case in engineering
problems, simple upper and lower physical bounds on the variables. In this case, a
gradient projection method due to Rosen8 may be used. This basically checks the
variables at each iteration to see if the limits are violated. If a variable exceeds
the limit, it is set equal to that limit, and the next step in the minimization pro-

ceeds along the projection of the gradient along that limit.
The object of this paper, then, is to obtain solutions to very general sub-
system problems and to coordinate their solutions into a coordination algorithm for

the hierarchical control of the system.

3. Quasilinearization algorithm

The standard method of solving the problem outlined in the previous section is

to consider the linearized set of optimality conditions defined by
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G + s = 0
dx = 0
-0
¢ +og = 0
Q* + 8t = 0
a k .
GH)C +8(-B) = 0 (13)
Hk + 8H = 0
£ o+ 8H 0
Hk +6H = 0
R 0
Hk + 8H = 0
-m 11 -
k
8 =
<5+gx>tf + (G )Y 0

where the linearization is performed about some nominal operating point at the kR

iteration, denoted by the superseript k . These may be expanded to yield the follow-

ing set of differential equations:

. T .
A% - gihx - gobu - gAY - %iAm-+ G = 0
X = u = 'y = = =
(14
M - Ax - HL Au - HL Ay - H- Am - H- Ap + G-H)K - BLAL = 0
= XX - -xXu ~ “Xy ~¥m =~ -Xp - - =X =X\ -
subject to the algebraic constraints
T T T T k
g, 0% * g bu * g Ay *qimtg = 0
HT Ax + HT Au + HT Ay + HT Am + HT AA + HT Ap + Hk =
“ux = -uu - -uy ~um - uA -  -up = -—u = (15)
T T T T T T k
H Ax +H Au+H Ay +H Am+ H AA + H Ap + H = 0
yx - ye < ¥y ym = TyA - Ty T %y -
Hi Ax + HT Au + HT Ay + HT Am + HT A + . Ap + Hk = 0
“mx = -mu -  -my “mm - -mA - Tmp - Tm =
and the initial and terminal conditions
g, =9
0
T T T T
= 16
Q2rm, + (Qpw), +(%Apt +QAm, +aley) 0 (16)
£ £ £ f
T T T T T i
1)+ (Gh% + Gy v Gby * Gbn + G fude * g, = 0

The solutions Ax,AA,Au,Am,Ay,Ap,Ap may then be added to the current estimate of the

th

solution to yield an estimate at the k iteration of
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§k+1 _ §k+A§
Ak+1 - Akw&

1_1k+l _ 1_1k+Ag

_k+1 - n_1k + Am (17)
K+l k

Y =y + L4y

k+1 k

¥ = u o+

k+1 k

2 = p *ip

This leads to a change in the performance index of

GJl + GJZ (18)
where
tf ‘ T T T
6J1 = 2 f {(x-g) 6(%g) + q 6qldt + 2Q (tf)ég(tf) . (19)
to
= -2 Jl (20)
tf N T.,» T T T T
o, = 2 [ e Tadon) - en, v en, + e e+ 2008)] Svg), (21
- -2, (22)

substituting in for the incremental changes of equation (13) and using the definitioms

of Jl and J2 . Thus

83 = -2 (23)

showing a reduction in the value of J at each iteration.

The modified6 quasilinearization method uses the following linearized version
of the optimality conditions for 0 < a g1

. Nk

(Z-g} + a8(%x-g) = 0
asx, - 0
g +asg -0
gk + asQ(t,) = 0
GBS +asGE) = 0 (24)
a4 gsH = 0
e H, 0
B+ asH =0
H H 0
BS 4 ool = 0
k k o

(&+§x)f * aa(l+§x)f =
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which, if expanded, leads to a reduction in the performance index
81 = =-20J (25)

and hence, by suitable choice of o at each iteration, the performance index may be
rapidly extremized. This optimum choice of o may be obtained by a one-dimensional

search on J(a) at each iteration,

4. Soltuon of two-point boundary value problem

The previous section has formulated the quasilinearization approach for a
general control problem, Here, the solution algorithm for the linearized two-point

boundary~value problem is described.

Consider the problem of solving the differential equatioms (14) subject to the
algebraic comstraints (15) and the initial and terminal conditions (16). Clearly it
is possible to solved equations (15) for Au,dy,sm,af all as functioms of ax and
a) , since then there are 4 equations in 4 umknowns. Substituting these values into

equations (14) and defining

k+1 k
x X Ax
§k+1 - a1 - . (26)
A A+ A
the problem may be restated as the solution of the linearized equation
%E EK+1 _ E(Ek) . E(Ek)(5k+1'§K) @7
subject to the boundary conditions
. = z, i = 1,2,...
zl(to) Z: i 22, 1 28)
= 1= l1yaeee
Zi(tf) zZ; ¢ i = n+l, ,2n
where z; is the ith component of the 2nxl vector z , and J is the system
Jacobian with ijth element
oF .
T (29)
: j
It is convenient at this stage to write the boundary conditions as
z, (t ) + z,(t ) + ov. 7, (t)a = b
170 akl 2o akz 2n- o an k (30)

z (t)a, +z,(tda, + ...z, (t)a = b
1t kl 2Y°f 12 2n £ 12n 2
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where there are k 1initial conditioms and £ final conditions on zi(t) .

Writing equation (27) as

%; NGO VRS OO I GO Py (31

it is clear that the general solution consists of two parts

k+1
Z

1

® = & Me) e (32)

The first part or transient response is determined by solving

d  k+l _ Kk, k+l
a? <1_’ (t’to) = \I(E )qi (t’to) (33)

subject to

K+l _
¢ (e, = L (34)

where I 1is the 2nx2n identity matrix. The particular integral satisfies

e = 1GEHFTNo ¢ EED - EEHES (35)

A~

and the general solution is

§k+1(c) - gk+1(t,to)§k+l + gk+1(t)

+1 . . . .
where gk ! is the 2nx1 wvector of constants of integration determined by the

equations (30) which may be rewritten in the form

<C" “,a.> = b. i=1,2,...n
(36)

<gk+1(tf,t0)gk+1+Pk+1(tf),gj> = b, j =n+l,...2n

where

a. = [ai 28, 5ee-sd; ]T 37
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The iteratioms continue until

M) < e (38)

where € 1is an arbitrarily small quantity. The basic steps of the solution algorithm

are shown on the flowchart of Fig.l.

The following section provides an illustration of the practical use of this
technique for solving non-linear sub-system problems in a hierarchical structure

arising from the spatial problem decomposition using Lagrangian duality.

5. Solution of a non-linear water supply problem

Consider the problem of obtaining the minimum pumping cost control for a water

supply system9 described by the following differential equations:

dx -4 -3
T = 0.075xu; ~ 4.66x107 xS, (x=xy) - 2.367x10 (39)
dxz - 5
o= = 9.527x10 xS (x)7x,) + 0.1533xu, - 2.485%10° xsz( xg) = 3.629%10 (40)
dx3
T = O.lxuy - 0.0239 (41)
dx -
f = 0.25%, - 3.726x10 3><S3(x4—239)0'54 - 2.95x107° (42)
dxs -3
= = 0.05xug * 8. 1x10”" xS, (x,7%g) = 8.97x10 (43)
R 0.1712xu. + 1.25%10°3x8, (375-x.) + 9.922x10" *xs_ (540-x) = 1 351070 (44)
a« Y T E 4 s : 5 6 .
subject to x(0) = X, s where
e2h
1 dp2 1 dy2
J = jo el + gz v gl l + Bpuiee (45)

is a second-order expansion of operating costs. In this problem x 1is the vector of
states or reservoir levels on the system, u is the vector of pump controls, and
§d,ud are their desired values respectively. All vectors are of dimension 6 , and

Q’QL’B’BL are the appropriate 6x6 weighting matrices.

This regulator control problem arises from an actual control scheme developed

on a computer—controlled water supply network, described in detail in reference 9.
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FIG.1 QUASILINEARISATION ALGORITHM FOR SOLVING SUB-
SYSTEM PROBLEMS
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6 appearing in this formulation are of the

34 i=1,2,...5

(46)

which is in fact the steady state flow along a pipe of unit resistance, the head drop

along the pipe being ¢

A graph of this is shown in Fig.2.
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FIG.2 STEADY-STATE HEAD-FLOW RELATIONSHIP FOR A PIPE

This problem may be decomposed by

where Eij is the jth

following 6 sub-problems are defined:

. . . .t
coupling variable in the 1 h

introducing the coupling variables

&

I
[

A .

sub-system.

(47)

In this way the
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Sub~-problem 1:

24

. 1 2 1 2
MlnE . {f'ul + E(Xl 765)° + 611(511 xz)}dt + Fl(xl<tf))
RS LA B
S.t. | &, = 0.075%u, - 4.66X10 xS (x.-E. ) - 2.367x10 3
b 1 : 1 : 11711 :
xl(O) = 765
u () £ 1
Sub—-problem 2:
24 4 2 1 2
Mlz : Jo {E{X2—535) +5 Uy + 621(521—x1) + BZZ(EZZ—XS)}dt + Fz(xz(tf))
E92U955912%00
S.t % = 9.527x10" *x8. (£, ~x ) + 0.1533xu, - 2.48x10 xS (x -£. ) - 3.620x107°
e 2 : 14521 % : 2 : 2'%2 %22 .
xz(O) = 535
uz(t) g 1

Sub-problem 3:

24

. 1 2 1 2
XMln fo {7(x3 489)7 + 5 u3}dt + F3(x3(tf))
3293
. 3 9
S.t. g O.lxu3 0.023
X3(0) = 489
u3(t) g 1
Sub-problem 4:
24
. 1 2 1 2
Min [0 {E(XA 307)° + 5 u4}dt + Fh(tf))
AR
. _ _ -3 _ _ ~3
S.t. x4 = 0.25Xu4 3.726x10 XSS(X4 239) 2.95x10
X4(0) = 307
u4(t) < 1
Sub-problem 5:
24 1 2 1 2
Min {§(X5-393) tyoug + le(gsl—xz)}dt + Fs(xs(tf))

¥55Ug5859 *0

. _ -4 _ - -3
S.t. ks = 0.05><u5 + 8.1x10 XSZ(E51 x5) 8.97x10

x5(0) = 393
ug(t) € 1
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Sub—problem 6:

24
L 2 L2
Min {7(X6 245)7 + E-u6}dt + F6(x6(tf))
X, ,U0 4]
6° Y6
S.t. %o = 0.1712xu, + 1.25x10_3xs4(375»x6> + 9.922x10_4xss(540-x6) - 1.35x10 >
% (0) = 245
u6(t) g 1

Using a goal coordination algorithm, each of these sub-problems is solved for

K3 2
%

. . . g . * *
a given value of the coupling multiplier £ . The solution X, U and gi of the
sub-system problems are then used to update the multiplier according to

k+1 k k

g = B +oad (48)
where

k

&= T (49)
for a linear search or

2
Vg @l
& = ]+ ¢ (50)

- Ivge®ly_;

for a conjugate gradient minimization of the dual function ¥(8) . In this case, the

gradient is simply the error in the coordinating relations, and when this tends to

zero, the solution has been obtained. In this case the dual function is

6 t

p(@) = Min { ) [F, o+ f £ (e, + <g,G.>)dc]} (51)
X ,u.,E, i=1 = Je o * *
—1°~1" -1 o
and from this
5

= . 2
Vb (8) 121 G, (52)

for the minimizing values of zi’gi’gi .

Minimizing the Hamiltonian . for each sub-system, as in Section 2, leads to

the optimality conditions

oH.
_ 1
T OEy,
t (53)
BHl
N e
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oH,
il
g -
(54)
BHi
58, - 2
=1

The values of wu, and Ei in terms of X

(54) and the problem reduces to the solution of the two-point boundary-value problem

and éi may be solved for from equations

defined by equations (53), subject to the initial conditions

5O = x, A = 2

if
For all of the sub-problems, 24 integration steps are used, and the integration

of the differential equations performed using a 4th order Runge-Kutta procedure.
6. Results

The above problem has been solved on an IBM 370/165 computer, and a typical
system response to a step disturbance for the first sub-problem is shown in Fig.3.
The described quasilinearization algorithm has been used to obtain sub-system solu-
tions. The convergence requirements for each sub-system are summarized in Table 1,
together with the initial values of the multipliers. The global problem converges in

about 30 iterations using a simple linear search.

The optimum controls are calculated to minimize the control effort and the
deviations of the state from desired levels when a step demand is placed on the
system. As shown in Fig.3, a step demand for water is met by reducing the pump flow
control as much as possible and meeting the difference by reducing the reservoir

level. For example, the final control for sub-system 1 is

) (26) = 0.075xu;(24) = 2.367x107° mgd (55)

and this is the minimum allowable pumped quantity of water.

In general, this zone will be subjected to a time varying deterministic distur-
bance which is obtained by forecasting the water demand from past data. Fig.3 merely

shows the response to the steady state or average of this demand.

An important practical consideration in the proposed on-line implementation of
a scheme designed to handle non-linear models is whether the increased computational

burden is justifiable in terms of cost savings.
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FIG.3 OPTIMAL CONTROL AND STATE FOR SUB~PROBLEM 1
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Table 1
Sub—problem i No. of iterations® Initial multipliers
for convergence Ai(t) 05t g 24 )\i(24)
1 3 0.4 0.4
2 2 0.15 0.15
3 2 2.39 2.39
4 12 0.047 0.047
5 3 3.58 3.58
6 20 0.0457 0.0457
*iterations are terminated when
”Ck+1_ck“ < 10—6

To examine this, consider the solution to the first sub-system problem, using
firstly a linear model and secondly a non-linear model. In the first case, the model
is linearized about an operating point and the quadratic costs calculated. The results
are tabulated in Table 2, Then, for a full non-linear model, solved by quasilineariza-
tion, the trajectories are obtained and quadratic costs calculated, the results being

shown in Table 3.

Table 2
t Axl = 765-x; (Axl)2 )‘1(':) Ai(t)
9.766x1073 95.374x107° 1.489 2.21855
8 21.729x107° 472.149x10™° 1.429 2.04209
12 36, 621x10 7> 134.109x10™° 1.312 1.746283
16 53.711x107° 288.487x10° 1.146 1.31265
20 75.928x10 > 576.506x10"° 0.886 0.78503
2% 104.98 x1072 110.208x10™% 0.513 0.26273
Z(Axl)2 = 21579.352x1076
722 - 8.3677339
t
Table 3
t bx, = 765-x| (axp)? A, () xi(c)

4 9.521x102 90.649x10° 1.491 2.22243
8 21.729%10"> 472.149%10™° 1.430 2.04622
12 36.377x107° 132.328x10 > 1.323 1.75080
16 53,467x10° 285.872x10° 1.140 1.29969
20 75.195%10 > 565.43 x107° 0.880 0.776108
24 104.492x107° 109.185%x10™" 0.512 0.26245
Taxp? = 21317.67x107°

8.357703

t
T(r)?
‘ 1
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The quadratic costs in the first case are

2 2
Ioo= Jx)7 + J(u)
1 S e

- Z(Axl)2 + 0.07% T2
t t !

= 686.546x107"
and in the second case
—4
Jz = 683,297x10
which is a percentage reduction of about 0.57 . The computational burden in terms of

time requirements for handling the non-linearity is increased by a factor of 3 .
Clearly the increase depends on the number of iterations required in total to solve
all the sub-~system problems, and these can be reduced to a minimum using modifications
of the quasilinearization algorithbm. Experience has shown that the number of itera-
tions to convergence can be halved using the modified algorithm and optimizing with
respect to the choice of initial multipliers over the time interva1.6 Thus, for a

507 increase in computer time requirements, pumping costs can be reduced by 1% .

This additional saving of 4% in costs may be well worthwhile if the dynamics
of the system under consideration are slow enough to allow the computer to calculate
the optimal controls within one sampling interval, as is the case with the water
supply problem. If, however, the additional time requirements of the quasilineariza-
tion algorithm mean that a more powerful computer must be installed to control the
system, then the savings will have to be compared with the additional computer costs
to determine if it is worthwhile increasing the computer capacity to save the addition-

al 4% operating costs.
Conclusions

The method of quasilinearization has been used to solve non-linear sub-system
problems arising from a problem decomposition using Lagrangian duality. The method
has been applied to a practical water supply problem, and results indicate that it is

worthwhile handling non-linear models for on-line implementatiom in this application.
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