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i. Introduction 

The purpose of this paper is to describe a hierarchical model of an evolutionary 

process resembling natural selection. In the model, one begins with an initial "population" 

of "genetic structures". Each genetic structure of a population reproduces "progeny" and 

the progeny of these genetic structures make up the next population. The degree of success 

of reproduction of progeny by a particular genetic structure Ks determined by its "fitness" 

in the "environment". One expects fitness of a g~ven genetic structure to correlate highly 

with some of i t s  c h a r a c t e r i s t i c s  in the env i ronmen t ,  the c h a r a c t e r i s t i c s  of tha t  genet ic  s t r u c -  

t u r e  be ing  seen  through the eyes  of " d e s c r i p t o r s " .  With  the  pa s sage  of t ime,  one expec ts  

highly fi t  types  of genet ic  s t r u c t u r e s  to e m e r g e  and expec t s  some  of these  highly f i t  types  

to be i nc r ea s ing ly  " s t a b l e " ,  s tab i l i ty  be ing  defined with r e s p e c t  to d e s c r i p t o r s  and t h e r e f o r e  

r e p r e s e n t i n g  the cont inuance  of c h a r a c t e r i s t i c s .  

In th i s  paper ,  we p r e s e n t  only a v e r y  gene r a l  model .  The genet ic  s t r u c t u r e s  t h e m -  

se lves  might  r e p r e s e n t  o r g a n i s m s  within a phys ica l  e n v i r o n m e n t  or  a r t i f i c i a l  s t r u c t u r e s  

within an a r t i f i c i a l  env i ronmen t .  It is  hoped that  r e a d e r s  f rom a wide v a r i e t y  of backgrounds  

may extend and improve  th i s  model  and develop v e r s i o n s  and v a r i a t i o n s  of i t  which enable  

t hem to ef fec t ively  p red ic t  the r a t e  and d i r ec t ion  of conve rgence  of genet ic  s t r u c t u r e s  to 

highly fi t  s tab le  types of genet ic  s t r u c t u r e s  of i n t e r e s t  to them.  (See K i m i r a  and Ohta, 1971; 

Holland~ 1973; and Holland, to appea r . )  

2. Genet ic  S t ruc tu r e s ,  Genet ic  Operators~ Popula t ions  and F i t ne s s  

We s t a r t  with a se t  X (such as  the se t  of al l  s t r i ngs  of l e t t e r s ) .  An e l e m e n t  x of X is  

ca l led  a genet ic  s t r u c t u r e .  A genet ic  ope ra to r  is  a nonnegat ive  r ea l  va lued funct ion w(x, y) 

of two v a r i a b l e s  on X. Fo r  any two genet ic  s t r u c t u r e s  x and y, w(x, y) i s  the  p robab le  

f requency of o c c u r r a n e e  of y among  the  progeny of x. Given a se t  w 1 . . . . .  w m of funct ions  

f rom X to X (which m ay  be thought of as  c r o s s o v e r ,  i nve r s ion ,  mutat ion,  e tc . )  and a se t  of 

nonnegat ive  r e a l  va lued funct ions ~rl(x) . . . .  ,7rm(X) (which may  be thought  of a s  the p robab le  

f requency  of o c c u r r a n c e  a t  x of the w 1 . . . . .  w m) we obtain a genet ic  o p e r a t o r  
m 

w = (Wl, 7r I . . . . .  Wm, v m) defined by le t t ing w(x, y) = 7 .  ~ 7ri(x). A populat ion i s  non -  
i:1"= yw(x)  = . 

1 
nega t ive  r e a l  va lued function p on X which a s s i gns  to each  genet ic  s t r u c t u r e  x i t s  f r equency  

of o c c u r r a n e e  p in the populat ion p. An e n v i r o n m e n t  i s  a nonnegat ive  r e a l  va lued  function 
x 

u on X which a s s igns  to each  genet ic  s t r u c t u r e  x i t s  f i tness  u(x) in the e n v i r o n m e n t  u. 
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A genet ic  ope ra to r  w(x,y) d e t e r m i n e s  for  each  populat ion p in an e n v i r o n m e n t  u the 

p robab le  cans t i tuency  of the next  populat ion p ' ,  the p robab le  f requency  of o c c u r r a n c e  of y 

in p'  be ing  py' = E u(X)PxW(X,Y}" 
X 

3. D e s c r i p t o r s  and Stabi l i ty  

A d e s c r i p t o r  on a se t  X of genet ic  s t r u c t u r e s  i s  a nonnegat ive  r e a l  va lued funct ion 

d{x, y) of two v a r i a b l e s  on X such tha t  

1. d(x,x) = 0  for  x in X ;  

2. d(x,y) = d (y ,~  for  x , y  in X ; 

3. d (x ,y )+d(y ,z )>_  d(x,z) for  x , y , z  in X. 

If d(x, y) i s  sma l l ,  x r e s e m b l e s  y wi th  r e s p e c t  to d. If  d(x, y) = 0, x and y a r e  i n d i s -  

t inguishable  with r e s p e c t  to d. Note tha t  i f  d(x, y) = 0, then d(x, z) = d(y, z) for  a l l  z. 

Le t t ing  d(x, y) be a d e s c r i p t o r  on X, we obtain an  equiva lence  r e l a t i on  d(x, y) = 0 on X. 

The equiva lence  c l a s s  { y e X I d ( x , y )  = 0 }  of x i s  denoted x and c o n s i s t s  of a l l  genet ic  

s t r u c t u r e s  ind i s t ingu i shab le  f rom x with r e s p e c t  to d. The se t  { x l x e X  } of x is  denoted 

by X / d  or  by .K. One s e e s  ea s i ly  tha t  the d e s c r i p t o r s  d on X a r e  the funct ions  on X of the 

fo rm d(x, y) = m (f(x), f(y)) where  f is  a function f rom X into a m e t r i c  space  wi th  m e t r i c  m. 

d t . . . . .  d m a r e  r e a i  v a l u e d  func t ions  on X,  then dIx, (di(x -di(Y   2 d e f i n e s  
/ 

If 
1 

such a d e s c r i p t o r  d which is  denoted d = (d 1 . . . . .  rim). If  S i s  a f inite se t  of r e a l  va lued 
0 1 

funct ions d 1 . . . . .  d m on X, we le t  d~ denote the d e s c r i p t o r  (d . . . . . .  d ). If d and d a r e  
. l m 
I 

d e s c r i p t o r s  on X such tha t  d0(x, y) >_ d (x, y) for  a l l  x, y, which we ind ica te  by wr i t ing  

d O >_ d 1, then d 1 may  be r e g a r d e d  as  a d e s c r i p t o r  on the se t  X 1 = X / d  0 = :~ of equiva lence  

c l a s s e s  of X wi th  r e s p e c t  to d O , le t t ing d l (x ,y)  = d l (x ,y)  for  x , y  in X. tf  d O ,d  1 . . . .  , d m  

a r e  d e s c r i p t o r s  wi th  d O >_ d 1 >_ . .  . >_ d m, we m ay  t h e r e f o r e  r e g a r d  d i as  a d e s c r i p t o r  on X i 

for  0 < _ i < m  where  X 0 = X ,  X 1 = X 0 / d  0 , . . . , X  m = X m - 1 / d  m-1 .  If S O ,S 1 . . . .  . S m a r e  

f ini te  s e t s  of r e a l  va lued funct ions on X and S O > S 1 _> . . .  _> Sm, then  ds0 >_ ds1 >_ . . .  >_ d s , 
m 

ds. = for  i = 0, 1 . . . . .  m.  so tha t  we may  r e  gard  ~ as  a d e s c r i p t o r  on X i x i - 1 / d S i _ l  

Final ly ,  we need  the concept  of s tabi l i ty ,  which ind ica tes  r e c u r r a n c e  of a c h a r a c t e r i s t i c  

in s u c c e s s i v e  gene ra t i ons .  F ix ing  a d e s c r i p t o r  d on X and s m a l l  pos i t ive  n u m b e r s  5 and  e,  

we say  that  a genet ic  s t r u c t u r e  x is  s tab le  with  r e s p e c t  to d if  E w(x, y)/  ~_~ w(x, y) 
d(x, y) >_6 y 

< E, tha t  i s ,  i f  the r a t i o  of the n u m b e r  of p robab le  progeny of x not  r e s e m b l i n g  x wi th  

r e s p e c t  to d to the n u m b e r  of al l  p robable  progeny of x is  smal l .  
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4. The Evolu t ionary  P r o c e s s  

We now d e s c r i b e  the evolu t ionary  p r o c e s s  of the p r e s e n t  model ,  which p roceeds  at  

one level ,  then p a s s e s  to a nex t  and so on. We begin with an 8- tple  (X ,w ,  u, S, 5, c, n, p(0)) 

where  X i s  a se t  of genet ic  s t r u c t u r e s ,  w i s  a genet ic  o p e r a t o r  on X, u i s  an  e n v i r o n m e n t  

for  X, S is  a f inite se t  of r e a l  va lued  funct ions on X, 5 and c a r e  sma l l  pos i t ive  r ea l  

n u m b e r s ,  n is  a posi t ive  n u m b e r  and p(0) is an in i t ia l  population.  Within the p r e s e n t  level ,  

the in i t ia l  population g ives  r i s e  to succes s ive  populat ions p(t) (t = 1, 2 . . . . .  i) as  specif ied 

by the p robaba l i s t i c a l t y  appl ied genet ic  ope ra to r .  The genet ic  s t r u c t u r e s  in the populat ions 

p(t) a r e  examined  for  f i t ne s s  and for  s tab i l i ty  with  r e s p e c t  to the d e s c r i p t o r s  d T where  T 

r a n g e s  over  all  subse t s  of S which a r e  obtained f r o m  S by r e m o v a l  of a s ingle  e l emen t  of 

S. As  soon as  n s tab le  genet ic  s t r u c t u r e s  a r e  found, tha t  T for  which f i t nes s  of the s tab le  

genet ic  s t r u c t u r e s  is  m ax i m a l  is  chosen .  At th i s  point,  a t r a n s f e r  is  made to the next  level  

of the p r o c e s s  by passage  to the next  d- tp te  (x, w, u, S, 5, ~, n, p(0)) .  The se t  X is  taken to 

be X / d  T. The se t  S of funct ions  on X is  the se t  of funct ions  on X induced by the funct ions 

ia  T. The va lues  5, c , n  can  be taken as  before  or  modif ied  in a c c o r d a n c e  with the r a t e  of 

convergence .  Fo r  each x in X, w(x,y) is taken to be w(x,y) = 1=. 1T ~ w(x,y) and u(x) 
x y - 

X C X  

y c y  

i s  t aken  to be u(x) = l '~ ~ u(x), where  Ix l ,  ly l  a r e  the n u m b e r  of e l e m e n t s  of x , y  
X E X  

r e spec t i ve ly .  Final ly ,  the in i t ia l  populat ion p(0) of the new level  is  defined in t e r m s  of the 

population p(i) a t  the end of the p reced ing  level ,  the defini t ion being p(0)y~, = ~ _  p(i) x. 
X E X  

A drawback  to the p r e s e n t  model  is  the s y s t e m a t i c  s e a r c h  th rough  a l l  of the  T. An 

improved  model  might  be found by r e g a r d i n g  the d e s c r i p t o r s  d T with T any subse t  of S as  

genet ic  s t r u c t u r e s  and producing a su i tab le  genet ic  ope ra to r  and e n v i r o n m e n t  so tha t  these  

d e s c r i p t o r s  could quickly evolve  into d e s c r i p t o r s  which a r e  ef fec t ive  in loca t ing  highly f i t  and 

s tab le  genet ic  s t r u c t u r e s  in the o r ig ina l  s y s t em .  
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