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The not ions of K - i t e r a t i o n  grammars  and of h y p e r - A F L %  are  in t roduced in 

[57~ and [103~. The nota t ion f o l l ows  that of [103~. 

Theorem 

E T O - -  O , , o  ' ° -   TO-- h y p e r - A F L .  

Sketch of a proof 
It is obv ious  f rom the de f i n i t i on  of. an i t e ra t i on  grammar that 

E T O L  g ETOh(~e)r -c E T O L i t e r .  

To  p rove  E T O L i t e r  g E T O L  ~ let G = (VN~ VTJ S~ U) be an E T O L - i t e r a t i o n  

9rammar w i th  U =  t ~ 1 , . . .  , ~n }  , where  each ~ i s a n  E T O L - s u b s t i t u t i o n .  

Assume that ~ j (a  i) = L ( G i , j )  , where  Gi ,  j = (V~  J , V T U VN,  T i ,  j ,  S i ,  j )  a re  

synch ron i zed  v e r s i o n s  of E T O L - s y s t e m s  and the a lphabets  VI~ j a re  p a i r w i s e  d i s -  

jo in t .  

We define a new E T O L - s y s t e m :  G' = ( V 6 ,  V ¥ ,  X ' ,  ~ ), where 

, / i , j  { ~ i , j t  = V~ = {$}  U ( --N U ) U ~ T  U ~ N U  V T U ~N where  $ and a l l  S . a re  
i~j l~J 

new symbols.  

~ X  = {'~ I a E V x } and ~ X  = { a I a E V X }  f o r  X = N and X = T are  

sets of new symbols.  

I f  X is a s t r i ng  of symbols X = b t , . . b k ~  then ~ =  B 1 , . . B  k and 

= ~ l ' ' ' ~ m  " The  axiom of G 1 is def ined as ~ in exac t l y  the same way.  

F i n a l l y  T ~ cons is t s  of the tables:  

a i + Si~ j f o r  each i and each j 

to: 

A ~ $ f o r  any o ther  symbol A.  

F o r  1 --< j <  n there  is the table:  
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S i ,  j ; S i ,  j e S i , . j  f o r  each  i 

4 a ; e 4 a f o r  each  a E V N U  V T 

A -* $ f o r  any  o t h e r  s y m b o l  A .  

F o r  1 --- j < -  n and | ~ i_< I V  N U  V T I  

I , j  

t h e r e  is the  se t  o f  t a b l e s :  

w h i c h  c o n s i s t s  o f  a l l  t a b l e s  f r o m  T.  

w h e r e  the  t a b l e  w i t h  the  t e r m i n a l  p r o d u c t i o n s  (G i ,  j is  s y n c h r o n i z e d }  is  

c h a n g e d  to  p r o d u c e  b a r r e d  t e r m i n a l s  i n s t e a d .  In a l l  t h e s e  t a b l e s  we  add the  

productions: 

~e a 

m 

-~ S k ,  j 

A - ' S  

f o r  each  a E V N U  V T 

f o r  each  k 

f o r  a n y  o t h e r  n e w  s y m b o l .  

F i n a l l y  t h e r e  is the  t a b l e  w i t h  the  t e r m i n a l  p r o d u c t i o n s :  
¢ =  

a -* a f o r  each  a E V T 

A 4 $ f o r  a n y  o t h e r  s y m b o l  A .  

T h e  c l a i m  is  n o w  t ha t  L ( G )  = L (G~) .  

T h e  r e a s o n  f o r  t h i s  is  that  r e w r i t i n g  a d o u b l e -  b a r r e d  w o r d  v i a  t 0 ' s  p r o d u c t i o n s  

a i  -~ S i , j  i s  t he  same  as  c h o o s i n g  the s u b s t i t u t i o n  __ ~ to  be u s e d .  T h e  s u b s t i t u t i o n  

is  t hen  p e r f o r m e d  v i a  the  t a b l e s  t j  and  ~ ' k , j  ~ and w h e n  the s u b s t i t u t i o n  is p e r -  

f o r m e d ,  the  w o r d  i s  a g a i n  d o u b l e - b a r r e d .  We can  c h o o s e  a n e w  s u b s t i t u t i o n  and  so  

f o r t h  u n t i l  w e  f i n a l l y  use  the t e r m i n a l  t a b l e  to  r e a c h  a t e r m i n a l  w o r d .  I f  the t a b l e s  to 

be u s e d  in  the Il ine o f  d e r i v a t i o n  a r e  no t  c h o s e n  a c c o r d i n g  to  t h i s  s c h e m e ,  a S - s y m -  

bo l  i s  i n t r o d u c e d  in  the  s t r i n g ,  and  f r o m  t h i s  i t  i s  i m p o s s i b l e  to  r e a c h  a t e r m i n a l  

w o r d .  

T h e r e f o r e  E T O L  = E T O L ( ~ t  ) r  = E T O L i t e r  , and  s i n c e  i t  i s  w e l l - k n o w n  tha t  

E T O L  is  a f u l l  A F t ,  w e  c o n c l u d e  tha t  E T O L  is  a h y p e r - A F L .  



256 

C o r o l l a r y  1 

I f  K i s  a f a m i l y  o f  l a n g u a g e s  such  tha~: F g K _c E T O L  then  K i t e r  = E T O L .  

Proof 

E T O L  : F i t e r  g K i t e r  _c E T O L i t e r  = E T O L .  

T h u s  w e  h a v e  f o r  i n s t a n c e  p r o v e d  t ha t :  

ETOL = Flier : Riter : CFite r = EOLiter = ETOLiter . 

S i n c e  each  h y p e r - A F L  is a f u l l  A F L  and s i n c e  E T O L  = R 

C o r o l l a r y  9. 

E T O L  is the s m a l l e s t  h y p e r - A F L .  

i t e r  ~ w e  c o n c l u d e :  

In [ .56]  i t  is s t a t e d  tha t  the  f a m i l y  R ( | )  L i t e r  is  e x a c t l y  the  f a m i l y  o f  l a n g u a g e s  a c c e p t e d  

by  p r e - s e t - p u s h d o w n  au toma ta~  and w e  a r e  n o w  a b l e  to  p r o v e :  

C o r o l l a r y  3 

R ( ' )  -- E T O L  iter ~ Riter 

Proof 

By definition ~(I) and we know that Riter = ETOL. Furthermore~ r~iter c_ Rite r 

hyper-AFLls are easily seen to be closed under substitution; in order to prove the 

- - (1 )  i s  no t  c l o s e d  u n d e r  s u b s t i t u t i o n :  c o r o l t a r y ~  i t  s u f f i c e s  to  p r o v e  tha t  N i t e r  
2 n 2 m 

Let L I = {a I n~ 0} and L2--lab I m-> 0}, then obviously 

L I~ L 2 E  O L  c E O L  = F  ( I )  c R ( I )  
- iter - iter " 

D e f i n e  the  s u b s t i t u t i o n  T b y  J-(a) -- L 2. T h e n  J - ( L  1) is  the  se t  o f  a l l  w o r d s  

ab  2nz ab  2he . . .  ab  2nk ~ w h e r e  each  n i >- 0 and t h e r e  e x i s t s  I >- 0 such  tha t  k = 21 . 

D e f i n e  the  f i n i t e  s u b s t i t u t i o n  t b y  t (a)  = {a  I and  t (b)  = {~., b} t hen  the p r o o f  in  

[ 3 5 ]  o f  the  n o n - c l o s u r e  o f  E O L  u n d e r  i n v e r s e  h o m o m o r p h i s m  s h o w s  tha t  

t ( # ( L  1))  ~ E O L  = F  (1) . I t  is  f u r t h e r m o r e  w e l l - k n o w n  tha t  E O L  is  c l o s e d  u n d e r  
i t e r  

f i n i t e  s u b s t i t u t i o n ~  t h e r e f o r e  ~-(L 1) ~ F ( I )  i t e r  " B u t  s i n c e  i n f i n i t e  r e g u l a r  se t s  f u l f i l  

a pumping ,emma, obvious that { Rli r and the coro, ,ary proved. 
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F i n a l l y  we  m e n t i o n  tha t  we  h a v e  p r o v e d  the e x i s t e n c e  o f  f u l l  A F L I s  K and 

K such tha t :  

K (1 )  ~ = ~'(1 ) = ~ ' i t e r  
i t e r  K i t e r  i t e r  

and K ~, K i t e r  but  ( K i t e r ) i t e r  = K i t e r  name ly  K = R  and ~" = E T O L ,  


