
NEW ATTACKS ON D0L EQUIVALENCE 

PROBLEM 

E Q U I V A L E N C E  O F  L - S Y S T E M S  

Mogens N i e l s e n  

D e p a r t m e n t  of  C o m p u t e r  S c i e n c e  

U n i v e r s i t y  of  A a r h u s  

A a r h u s ,  Denmark  

T h i s  pape r  s u m m a r i z e s  some r e s u l t s  concerning d e c i d a b i l i t y  of v a r i o u s  k inds  

of equ i va lence  p r o b l e m s  fo r  c l a s s e s  of E - s y s t e m s  - p r i m a r i l y  D O E - s y s t e m s .  The 

r e a d e r  is assumed to be f a m i l i a r  w i th  some s tanda rd  d e f i n i t i o n s  and no ta t i ons  f r o m  

the t heo ry  of L - s y s t e m s .  

F o r  any f i n i t e  a lphabe t ,  ~ = {0" !~ 0 " 2 , - . . ,  0"~} , le t  ft~ denote  the mapping 

that assoc ia tes  w i th  each w o r d  f r om ~ *  i ts  c o r r e s p o n d i n g  P a r i k h - v e c t o r ,  i . e . ,  f o r  

e v e r y  w o r d  × E T:* ,  f t , ( x )  is the v e c t o r ,  in wh ich  the i l th  component  is the number  

of o c c u r r e n c e s  of 0"~ in x. 

F o r  any c l a s s  of d e t e r m i n i s t i c  L - s y s t e m s ,  you may c o n s i d e r  equ i va lence  w i th  

r e s p e c t  to 

WL(WS) 
P L  (PS)  

: the set  (sequence)  of w o r d s  gene ra ted  

: the set  (sequence)  of P a r i k h - v e c t o r s  assoc ia ted  w i th  the 

w o r d s  gene ra ted  

N L ( N S )  : the set  (sequence)  of lengths of the w o r d s  genera ted  

Note  that W E - ,  P L - ~  and N L - e q u i v a l e n c e  a r e  a lso  w e l l - d e f i n e d  f o r  n o n d e t e r m i n i s t i c  

L - s y s t e m s .  
The d e c i d a b i l i t y  of the c o r r e s p o n d i n g  s i x  equ i va lence  p r o b l e m s  fo r  D O E - s y s -  

tems is c o n s i d e r e d  in [ 7 0 ] .  The f o l l o w i n g  r e s u l t  is p roved  ( l ~ l  denotes the c a r d i n a l -  

i ty  of •):" 

T h e o r e m  I 

F o r  any two D O L - s y s t e m s  o v e r  some a lphabe t  ~,  gene ra t i ng  sequences of 

w o r d s  {w~.} and {v~.} r e s p e c t i v e l y :  

1 ) V  i,  0 - < i :  

i f f  

Z) V i ,  0<_ i -  < I)31: ~z;(w~ ) ~rz;(vi ) 

A d i r e c t  consequence of T h e o r e m  1 is 

T h e o r e m  2 

P S - e q u i v a l e n c e  is dec i dab le  f o r  D O E - s y s t e m s .  

F u r t h e r m o r e ,  the f o l l o w i n g  two theo rems  a r e  p roved  in [ '70] :  
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T h e o r e m  3 

P L - e q u i v a l e n c e  is d e c i d a b l e  f o r  D O L - s y s t e m s ,  

T h e o r e m  4 

W L - e q u i v a l e n c e  is d e c i d a b l e  f o r  D O L - s y s t e m s  

c i d a b l e  f o r  DOI._-systems.  

[ f f  W S - e q u i v a l e n c e  is d e -  

These  theorems leave open one of the main open ques t ions  in the t heo ry  of  L - sys tems~  

namely  the d e c i d a b i l i t y  of W L -  and W S - e q u i v a l e n c e  f o r  D O L - s y s t e m s o  I t  is known 

that these equ i va lence  p r o b l e m s  a r e  d e c i d a b l e  f o r  some subc lasses  of D O L ,  e. g, 

([41 ] ) :  

T h e o r e m  5 

W L - e q u i v a l e n c e  is d e c i d a b l e  f o r  any c lass  of  una ry  L - s y s t e m s  (sys tems o v e r  

a o n e - l e t t e r  a lphabe t ) .  

The  f o l l o w i n g  r e s u l t  is f a i r l y  easy to p r o v e  (a s t r o n g e r  v e r s i o n  of the theorem has 

been p r o v e d  by P.  Johansen) :  

T h e o r e m  6 

W S - e q u i v a l e n c e  is dec i dab le  f o r  l o c a l l y  ca tena t i ve  ( [95~)  D O L - s y s t e m s .  

F u r t h e r m o r e :  G. R o z e n b e r 9  has p roved :  

T h e o r e m  ',7 

W S - e q u i v a l e n c e  is dec i dab le  f o r  D O L - s y s t e m s  w i th  po l ynomia l  g r o w t h  ( [ ' 75 ] ) .  

On the o t h e r  hand~ W L -  and W S - e q u i v a l e n c e  a r e  a l so  known to be undec idab le  f o r  

some c l asses  of systems~ that inc lude  O O L .  The  f o l l o w i n g  two theo rems  a r e  p roved  

in [ 8 0 ] ,  [ 8 4 ] ,  and [ 9 9 ] :  

T h e o r e m  8 

W L - e q u i v a l e n c e  is undec idab le  f o r  P O L - s y s t e m s ,  

T h e o r e m  9 

W L - e q u i v a t e n c e  is undec idab le  f o r  P D T O L - s y s t e m s .  

F u r t h e r m o r e ,  us ing an idea suggested by P.  V i t a n y i  ( o r i g i n a l l y  to p r o v e  undec ida -  

b i l i t y  of N S - e q u i v a l e n c e )  you can p rove :  
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T h e o r e m  ! 0 

A l l  s i x  e q u i v a l e n c e  p r o b l e m s  c o n s i d e r e d  in th is  p a p e r  a r e  u n d e c i d a b l e  f o r  

Dt L - s y s t e m s .  

I t  seems l i k e l y ,  howeve r~  that  W S -  and t h e r e b y  W E - e q u i v a l e n c e  is d e c i d a b l e  f o r  

D O E - s y s t e m s .  T h e  f o l l o w i n g  two r e s u l t s  wh ich  a r e  somewha t  r e l a t e d  to the p r o b l e m s  

are proved in [70]: 

T h e o r e m  11 

T h e r e  e x i s t s  an a l g o r i t h m  that  w i l l  p r o d u c e  f o r  any r e d u c e d  ( [ 7 0 ] )  D O E -  

sys tem o v e r  a n a l p h a b e t  ~,  a l l  ( f i n i t e l y  many)  sys tems  o v e r  ~ w h i c h  a r e  P L -  

( P S - )  e q u i v a l e n t  to the g i v e n  sys tem.  

T h e o r e m  1 2 

L e t  S 1 and S 2 be two  W S - e q u i v a l e n t  D O E - s y s t e m s  o v e r  an a l phabe t  ~ 

f o r  wh ich  the f i r s t  I]C] g e n e r a t e d  P a r [ k h - v e c t o r s  a r e  l i n e a r l y  i ndependen t ,  then 

~_ -- s ~ .  
(No te  that  the p r o p e r t y  " r e d u c e d  u is d e c i d a b l e  f o r  O L - s y s t e m s ,  but  not  f o r  l L - s y s -  

terns ([33])). 

The  f o l l o w i n g  c o n j e c t u r e  is sugges ted :  

Con  i e c t u r e  

T h e r e  e x i s t s  a c o m p u t a b l e  f u n c t i o n  f,  mapp ing  i n t e g e r s  to i n t e g e r s ,  such 

that  f o r  any  two  D O L - s y s t e m s  o v e r  some a l p h a b e t  ]~, g e n e r a t i n g  sequences  of w o r d s  

lw~}  and { v i } :  

1 ) ~  z i, 0 - -  < i: w i = v i 

i f f  

2) v i, 0 - -  i -< f( lz; I ): wi = v~ 

T h i s  c o n j e c t u r e  i m p l i e s ,  of c o u r s e ,  the d e c i d a b i l i t y  of  W S - e q u i v a l e n c e  f o r  D O L -  

sys tems .  No te  the s i m i l a r i t y  b e t w e e n  the c o n j e c t u r e  and T h e o r e m  1 ~ wh i ch  s t a t es  

that  f o r  sequences  of P a r i k h - v e c t o r s  g e n e r a t e d ,  the c o n j e c t u r e  is t r u e  w i t h  f as 

the i d e n t i t y - f u n c t i o n .  T h a t  th i s  is  no t  the case  f o r  sequences  of  WOrdS genera ted~  

is seen f r o m  the f o l l o w i n g  examp le .  

Examp I e 

C o n s i d e r  the two D O L - s y s t e m s ~  S 1 and Ss ,  o v e r  the a l p h a b e t  

: s=  { a i , b ~  I l ~ i < - n t .  



a x i o m  

p r o d u c t i o n s  
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sl -% 

az bz a I bz 

a I -~ a2 a I -~ a 2 

b I --~ b~ b 1 e b a 

an-i -~ an an -I ~ an 

bn -1 "~ bn bn -I -~ b~. 

a~ 4 a z b 1 b 1 a n 4 a~ b 1 b 1 a z a z b 1 b z 

b~ 4 a z a I b I b I a I b n 4 a I 

I t  is  e a s y  to v e r i f y  t ha t  the s e q u e n c e s  o f  w o r d s  g e n e r a t e d  by  t h e s e  two  s y s t e m s  c o i n -  

c i d e  u n t i l  the 3 n l t h  g e n e r a t e d  w o r d  and  no l o n g e r .  T h i s  i m p l i e s  tha t  i f  the a b o v e  

c o n j e c t u r e  is  t r u e ,  t h e n  f ( i ) >  ] 1 . i f o r  e v e r y  in teger "  i .  

F i n a l l y ,  c o n c e r n i n g  l e n g t h - e q u i v a l e n c e  o f  D O L - s y s t e m s  [ 7 5 ] :  

T h e o r e m  1 3 

N S - e q u i v a l e n c e  is  d e c i d a b l e  f o r  D O L - s y s t e m s .  

D e c i d a b i l i t y  o f  N L - e q u i v a l e n c e  is  s t i l l  an  o p e n  q u e s t i o n  f o r  D O L - s y s t e m s .  In [70] 
the f o l l o w i n g  t h e o r e m  w a s  p r o v e d .  

T h e o r e m  1 4 

N L - e q u i v a l e n c e  is  d e c i d a b l e  f op  P D O L - s y s t e m s .  

B u t  the p r o o f  o f  T h e o r e m  1 4 b u i l d s  e s s e n t i a l l y  on the p r o p a g a t i n g  p r o p e r t y  o f  t he  

s y s t e m s ,  and f u r t h e r m o r e ,  J. K a r h u m a k i  h a s  s h o w n  tha t  t h e r e  e x i s t s  a D O L - s y s t e m  

f o r  w h i c h  the  r a n g e  o f  i t s  g r o w t h - f u n c t i o n  is  no t  the  r a n g e  o f  the g r o w t h - f u n c t i o n  o f  

a n y  P D O L - s y s  tern. 


