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Abstract A class of quasilinear variational data assimilation problems on the iden-
tification of the the initial-value functions is considered for the models
governed by evolution equations. The optimality system is reduced to
the equation for the control function. The properties of the control
equation are studied and the solvability theorems are proved for lin-
ear and quasilinear data assimilation optimality systems. The iterative
algorithms for solving the problem are formulated and justified.
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1. Statement of Data Assimilation Problem

Let H and X be real separable Hilbert spaces such that X is imbedded
into H continuously and densely, H*, X* are the spaces adjoint to H,
X, respectively. We assume that H = H*, (-,),0,18) = ()
| -1l = (,)Y2. Let us consider also the spaces YO = Lo(0,T; H),
Y =Ly(0,T; X),Y* = Ly(0,T; X*) of abstract functions ¢(t) with the
values in H, X, X*, respectively, and the space

d
W = {p € Ly(0,T; X) : d—f € L,(0,T; X*)}

with the norm

dy

el = (155 o + Il s0m, 32
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Let a(t; ¢, ) be a bilinear form defined for any ¢ € [0,7T], ¢,¢ € X
and satisfied the inequalities:

la(t; 0, 9)| < crllellx ldllx , e = const >0, (1.1)
allelk <alt;e,9), c2=const>0, Vte[0,T], Vo, p€X.
(1.2)
By A(t) € L(Y,Y™) we denote the operator generated by this form:
(A, ) =alt;o,9) Vo ypeX. (1.3)
Consider the following quasilinear evolution problem:
{ 9 ¢ AWyp+F(9) = 1(t), te(0,T) L4)
v(0) = u,

where f € Y*, u € H, 7 € [~79,7] is a parameter, 79 € R", F(p) is
a nonlinear Frechet differentiable operator, F' : Y — Y*. Introduce a
functional of u € H of the form:

o 1 ,\
S) = Sl — &I + 51Be - 1, (1.5

where a = const > 0, Z is a Hilbert space (observational space) with
the scalar product (-,-)z and the norm | - ||z = (-,-)12/2, B:Y—>1Z
is a linear bounded operator, $° € H, § € Z. The functions °, { are
generally determined by a priory observational data. The coefficient «
is a regularization parameter [1].

Consider the following data assimilation problem: for given f € Y™,

pe Z, findue H, p € W such that

9+ Ao +7F(p) = f, t€(0,T)

o(0) = u (16)
S(u) = fLmeiII}.S'(ﬂ).

The problems of the form (1.6) were studied by L.S.Pontryagin [7], J.-
L.Lions [5], [2]and many others (see Refs.)

The necessary optimality condition [5]reduces the problem (1.6) to
the system for finding the functions ¢, ¢* € W, u € H, of the form:

SHAWe +TF(9) = £, 1€ (OT) @0 =u  (L7)
A @ (P = CF - Ko, te (0,T); 9'(T) =0,
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o(u = 3°) — ¢"(0) =0, (1.9)
where (F'(¢))* : Y — Y* is the operator adjoint to the Frechet derivative
of F at the point ¢ € W, A*(t) : Y — Y* is adjoint to A(t), K : Y —
Y* C:Z — Y™ are linear bounded operators, K = CB, C is defined
by the equality (C6,v) = (8, By)z V6 € Z, €Y, and equations (1.7),
(1.8) are considered in the space Y*.

2. Linear Data Assimilation Problem

Consider the problem (1.7)-(1.9) for 7 = 0. The solutions of problems
(1.7), (1.8) for 7 = 0 may by represented [6]as

0 =Gou+Gf, v =G6"(Cp-Ky), (2.1)

where Go: H - W, G1:Y* - W, GgT) :Y* - W are linear bounded
operators. Eliminating ¢, ¢* from (1.7)-(1.9) for 7 = 0, we come to the
equation for the control wu:

Lu = P, (2.2)

where the operator L : H — H and the right-hand side P are defined
by

L=aE+TG\"KGy, P=0ad’+TG"ce-TG " KGf, (2.3)

E is the identity operator, 7 : W — H is the trace operator: Tpp =
@lt=0. B

Consider the operator L for & = 0 and denote it by L. Let Gy : H —
W be the operator from (2.1), where the element Gou is defined as the
solution of (1.7) for 7 =0, f = 0. The following statement holds.

LEMMA 1 The operator L : H — H is continuous, self-adjoint, and
positive semi-definite:

(Lv,v)g >0 Vv € H.

If the operator BGo : H — Z 1s invertible, the operator L is positive:
(Lv,v)g >0 Vv € H,v#0.

Proof. Let p € H and ¢ = G p. Then
Ip=TG"Ke.

The first assertion of Lemma 1 was proved in [12]. The positive definite-
ness or semi-definiteness of L follow from the equalities:

(Lp,p)r = (MG\D K Gy p, )i = (K, 0) = (Bo, Bp)z = | BGopli%.
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The lemma, is proved.
From Lemma 1, we get

LEMMA 2 If the operator BGo : H — Z is invertible, then the range
R(L) of the operator L is dense in H, and the equation Lu = P 1is
solvable uniquely and densely in H.

Remark 1. In case of "complete observation”, when Z = Y°, B =F
(the identity operator), we have C = E, K = FE, and the operator L is
positive.

Introduce the following additional restriction on the operator A(t):
Hypothesis (A): For any p € Y° the solution ©* of the adjoint
problem
dy*
dt
satisfies the inequality ||¢*(0)|lx < ¢||p|lyo, ¢ = const > 0.
Remark 2. The hypothesis (A) is satisfied for a wide class of opera-
tors A(t), among them — the second-order elliptic operators in uniformly
parabolic problems [4], [12].

+ A*(t)e* =p, t € (0,T); *(T)=0

LEMMA 3 Let X be compactly imbedded into H, the hypothesis (A) be
satisfied, and the operator K : Y% = YO be bounded. Then the operator
L: H — H is compact.

Proof. Let us prove that L maps a bounded set of H into a compact
set. Consider u € H such that |jullg < co, o = const > 0. Let

¢ = Gou, ¢* = G(lT)Ktp, then Lu = ¢*(0). Since

lellw < et llulle HSO*”W <ec ||[Kolly+, c1,60=const>0,
and by the hypothesis (A),

o™ (O)llx < cllKellyo, ¢ = const >0,
then, due to the boundedness of K : Y% = Y0, we get

I Zullx < esllullr < eseo,

where c3 = const > 0. However, X is compactely imbedded into H,
hence the set M = {Lu: ||ullg < co} is compact in H, i.e. the operator
L: H — H is compact.

LEMMA 4 The spectrum o(L) of the operator L satisfies
0<o(L) <v*|BI? (2.5)
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with the constant v from the inequality ||¢|ly < v ||ul|g, where u € H,
and ¢ = Gou is the solution of the problem %“f +A(t)p =0, t €
0,7); ¢(0) =u.

Proof. To estimate the spectrum of the self-adjoint operator L con-
sider (Lu,u) for u € H. Let ¢ = Gou, ¢* = G’gT)go, then
(Lu,u)m = (¢*(0),w)m = (K¢, ) = | Byl
<AIBIP llelly < V2B lulld.
Hence,

- L
o(I)< sup v
u€H, u#0 (U, U)

—~

<v?|BJ.

This ends the proof.
For case of complete observation, from Lemmas 1-3 we have the fol-
lowing

LEMMA 5 Let Z = Y?, B = E (the identity operator), X be compactly
imbedded into H and the hypothesis (A) be satisfied. Then the operator
L=1': H — H exists, being unbounded; zero is the point of the continu-
ous spectrum of the operator L; the equation Lu = P is solvable in H if
and only if

x
ZM};Q(Pa U’k)%{ < 00,
k=1

where uy, is the orthonormal system of the eigenfunctions of the compact
operator L, corresponding to the eigenvalues piy.

The spectrum bounds of the operator L are very important for justi-
fication and optimization of iterative algorithms for solving the original
data assimilation problem. Some estimates for the spectrum bounds
may be derived using Lemma 4. If K = E, for the spectrum o(L) of the
operator L defined by (2.2) the following estimates hold [11]:

m < o(L) < M, (2.7)

where

R P [ ria(n)d
et max\7T)aT - min\7 }&T
m=a+/e 0 dt, M=a+/e 0 dt,

0 0

and Amin, Amax are the lower and upper bounds, respectively, of the spec-
trum of the operator A + A*.
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If K =F,and A(t) = A: H — H is a linear closed operator indepen-
dent of time, being unbounded self-adjoint positive definite operator in
H with the compact inverse, then the eigenvalues py of the operator L
are defined by the formula [11]:

1 — e—QAkT

HE = T’

where Ay are the eigenvalues of the operator A. In this case the estimates
(2.7) are exact, because in (2.7) Amin = 2A1, Amax = 00, and m, M are
given in the explicit form:

1 — 6—2)\1T
=qa, M= S 2.8
m=a o+ N (2.8)
where Ay is the least eigenvalue of the operator A.

From Lemma 1 it follows that for o > 0 the operator L : H — H is
positive definite (i.e. coercive). Then, using the well-known results on
solvability of linear optimal control problems [5|we come to the solvabil-
ity theorem for the linear problem (1.7)—(1.9):

THEOREM 6 Let f € Y*, 3° ¢ H,p € Z. Then for a > 0 the problem
(1.7)-(1.9) for 7 = 0 has a unique solution o € W, o € W, ug € H,
and the following estimate holds:

leollw +llesllw +lluoller < coll@°lla+ICBlly-+11£llv+), co = const(> (>)
2.9

3. Solvability of Nonlinear Problem
Let cg be the constant from (2.9). The following theorem holds:

THEOREM 7 Let f € Y*, §° € H; § € Z and for some R > 0 the
mequalities

[F'E)llysy+ < ki, 1F'(E) = F'(n)llyoy- < kallé —nlly (3.2)

are satisfied for any &,m € B(ypo,R) = {p € Y : lo — wollw < R}, where
k; = ki(po, R) = const > 0. Then for |7| < 79, with

v+ +klloglw)] ™ (3.3)

ro=1/eolks + k(R o+ llgbllw) + = (1 F(po)]

the problem (1.2)-(1.4) has a unique solution (p,¢*,u) € W x W x H.

Proof. Consider the problem for the remainders ¢ = ¢ — g, @* =
©* — ¢, & = u— ug, where (g, ¢y, uo) is the solution to the problem
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(1.7)—(1.9) for 7 = 0. The problem for @, 3*, & reads:

dg
A AWF TR+ 5) =0, 1€ 0.1); #(0)=d  (3.4)
d ~ % / * ~ ~
-+ AT OF +T(F (90 + §))" (05 + 8°) = ~K, ¢ € (0,T);
¢*(T) =0, (3.5)
at — ¢*(0) = 0. (3.6)
Consider the following iterative process:
~(n+1)
dgodt + A" + 7F(™ + 00) =0, t € (0,T);
¢(n+1)(0) — a(n'f'].)’ (3.7)
d~*(n+1) * *(n+1) 1(5(n) ~(n+1)
~ e AP £ 7 (PG + o)) () +3) = ~ K,
g N(T) =0, (38)
ol — gt (0) =0 (3.9)
for |6 lw +|¢*@ |l < R. Since (for a fixed n) P+, FHn+l) Fn+1)
is the solution of the linear problem, then, in view of (3.1), it is easily

seen that

16" D + 18"Vl + 15D < R l(16™ w + 167 [w) + fo,

where

k= colky + ka(R+ [loglw)), fo = colm|(1F (wo)lly+ + killogllw)-

By successive use of the last inequality, we get
16w+ 12"l + 181 < (k)™ (16w + 15O llw)+

Il Gl 1 - (kl7)D"

1— le' fO < (kIT')nR_‘_ 1— k‘]’f‘f

fo<R (3.10)
f |7| < 7o. Then, consider the problem for ¢(**+1) — ) Zx(n+1) _
@) a1 — ("), This leads to the estimate:

~(n+1) _

It M + 1§ = 6"y + a0 — @My <

< leI(H@(”) =" Vlw + g7 — g =Dy),
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which implies
™ 53, ™ 5 e @™ 5§ as n— oo, for 7| < T,

where @, $*, 4 is the solution to the problem (3.4)-(3.6), and the con-
vergence rate estimate holds:

(k|T])"
1 — k7|

167 = Bllw + 16" — &¥llw + 18" ~ @l < c (3.11)
with ¢ = const > 0. It is easily seen that for |7| < 79 this solution is
unique and satisfies the condition ||@||w + [|¢*|lw + ||l@/lg < R. Thus,
under the hypotheses of Theorem, there exists a unique solution of the
problem (1.7)—(1.9). Theorem is proved.

If the operator F(y) is analytic, then the functions (¢, ¢*,u) are rep-
resented as the series in the powers of 7:

o0 o0 o0
p=pot+Y Tei, O =ei+Y Tel, u=uet ) T,
=1 1=1 i=1

convergent for |7| < 7y in W, W, H, respectively, where ¢;, ¢}, u; may be
found by the small parameter method [8].

4. Iterative Algorithms

To solve (1.7)-(1.9) one may use the successive approximation method
(3.7)-(3.9). Each step of this method involves a linear data assimilation
problem of the form (1.7)-(1.9) for 7 = 0. To solve it we consider a class
of iterative algorithms:

de* k_ L ki ok
dt + A(t)(p - fa tE (OaT)a (P (O) =u 4 (41)
d‘P*k * k o~ k *k
- T4 )™ =CP - K¢®, t€(0,T); ¢(T)=0, (42)

uF T = uF — gy Bila(uf - 8°) — 0| o) + Bea Ok (uf — 7Y, (4.3)

where By, C : H — H are some operators, and ag+1, Ok+1 the iterative
parameters.
Let v = v?||B||?> with v defined in (2.5). We introduce the following
notations:
Topt = 2(2a + 7)_1a 0= (2& + 7)’7~17 (44)

e =2Q2a+ v —yeoswpm)h, k=1,2,...,s, (4.5)
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Uyl = ?
—1_Ty(0)
l Tr11(6) k>0
0, k=0
/Bk-l-l = T, (0) (46)
T:+i(9)’ k>0,
0, k=20
e = (4.7)
pellE*IE/NIEF I, k>0,
D1 =« +(K77k)77k)/“£k“%1_ek, k:071a"'7 (48)

where wy = (2i — 1)/2s, T} is the k-th degree Chebyshev polynomial of
the first kind, &% = a(uf — @) — ¢*¥(0), and 7* is the solution of the

k
problem Y + Ank =0, t € (0,T); n*(0) = £*.

THEOREM 8 (I) If agy1 =7, By = E, fxe1=0,0< 7 < 2/(ax + ),
then the iterative process (4.1)—(4.3) is convergent. For T = T,y defined
by (4.4) the following convergence rate estimates are valid:

e — o llw < c1gr, lle* — *Fllw < cogr, lu—u®g < cagr, (4.9)

where g, = 1/6%,0 is given by (4.4), and the constants c1, ¢, c3,cq4 do not
depend on the number of iterations and on the functions o, ", ©*, ©**,
u,uf k> 0.

(IT) If By = E, Px+1 = 0, and agy, = 7, where the parameters Ty
are defined by (4.5) and repeated cyclically with the period s, then the
error in the iterative process (4.1)—(4.3) is suppressed after each cycle of
the length s. After k = ls iterations the error estimates (4.9) are valid
with g, = (T5(9))".

(IIT) If By = Cx = E and oy41, Brs+1 are defined by (4.6), then the
error in the algorithm (4.1)-(4.3) is suppressed for each k > 1, and the
estimates (4.9) hold for g, = (Ty(9))~1.

(V) If By = Cx = E and agq1 = 1/pe+1, Beg1 = ex/pry1, where
ek, Pk+1 are defined by (4.7), (4.8), then the iterative process (4.1)—(4.3)
is convergent, and the convergence rate estimates (4.9) are valid with
gk = (Tx(0)) 7"
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Proof.

The iterative process (4.1)-(4.3) is equivalent to the following iterative
algorithm [12]:

W= — op ) By(Luf ~ P) + fraa Cr(ef — oY) (4.10)
for solving the control equation Lu = P, where L and P are defined in
(2.2).

According to Lemma 4, the bounds of the spectrum of the control
operator L are given by

Lu,u)

def inf (Lua u)

m = > q, M sup (

< a+v?||B|?
uCH, u#0 (u7 u) ueH, u#0 (ua u)
(4.11)
Thus, for a > 0 for solving the equation Lu = P we may use the
well-known iterative algorithms with optimal choice of parameters. The
theory of these methods is well developed [9]. Taking into account the
explicit form of the bounds for m and M from (4.11) and applying for
the equation Lu = P the simple iterative method, the Chebyshev accel-
eration methods (s-cyclic and two-step ones), and the conjugate gradient
method in the form (4.10), we arrive at the conclusions of Theorem, us-
ing the well-known convergence results [9]for these methods. Theorem
is proved.
In case ay = 1/a, By = E, B = 0, the iterative algorithm (4.1)-(4.3)
coincides with the Krylov-Chernousko method [3].
The numerical analysis of the above-formulated iterative algorithms
has been done in [10]for the data assimilation problem with a linear
parabolic state equation.
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