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Abstract  We present a method to factorize a second order elliptic boundary value
problem in a circular domain, in a system of uncoupled first order initial
value problems. We use a space invariant embedding technique along
the radius of the circle, in both an increasing and a decreasing way.
This technique is inspired in the temporal invariant embedding used by
J.-L. Lions for the control of parabolic systems. The singularity at the

origin for the initial value problems is studied.
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Introduction

The technique of invariant embedding was first introduced by Bellman
([2]) and was formally used by Angel and Bellman ([1]) in the resolution
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of Poisson’s problem defined over a rectangle. J.L. Lions ([5]) gave a jus-
tification for this invariant embedding in the computation of the optimal
feedback in the framework of Optimal Control of evolution equations of
parabolic type. Henry and Ramos ([3]) presented a justification for the
invariant embedding of Poisson’s problem in a cylindrical domain. The
problem is embedded in a family of similar problems defined on sub-
cylinders limited by a moving boundary. They obtained a factorization
in two uncoupled problems of parabolic type, in opposite directions. In
this paper, we want to generalize this method to other types of geome-
tries and, in particular, to the case where the family of surfaces which
limits the sub-domains, starts on the outside boundary of the domain
and shrinks to a point. We present here the simple situation where Q
(resp €2,) is a disk of R? with radius a (resp s) and centered on the
origin and where the sub-domains defined by the invariant embedding
are both the annuli Q\ Qy, s € (0,a) ([4]) and the family of disks €,

€ (0,a). This factorization can be viewed as an infinite dimensional
extension of the block Gauss factorization for linear systems.

1. Motivation

Given f € L?(0,1), yo,y1 € R, ¢ € R™, p € R\ {0}, let y be the
solution of the following boundary value problem:

~p dmz +qy = f, z €]0,1]

d
Z(0) =10
y(1) =un
Cons1der1ng the operator A = —p —7 + g, the natural way to factorize

it, is by searching «, 8 such that A% —p(dx + B(z ))(—4- - a(x)).
Then, for each ¢ € C?((0,1)) we have

2

d d d
Ap=-pTE +pta- 9 45 (e +as) ¢

dp
dz

£ = _;l_y + By, we find £(0) = —yg and the following system of uncoupled
T

Thus, we must have o = 3 and + 42 = % If we set 5(0) = 0 and

equations:
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2 _ 94 -
§-§+B —gc, B(0)=0
-(E+/B§: 51 5(0) = —Y%o

d
ﬁ -—ﬁy: -£, y(l) =

We point out that the equation in 5 is a Riccati equation.

2. Formulation of the Problem and a
Regularization Result

We consider the Dirichlet problem for the Poisson equation defined
over Q.

(P) —Au=f, in Q; ulr, = up,

where 'y denotes the circle of radius s and center at the origin, f € L%(Q)
and ug € HY3(T,). We assume the additional regularity around the
origin f € C%*(Q), O being a neighborhood of the origin. Introducing
polar coordinates, 4(p, 0) = u(z1, o) satisfies

10 ot 1 82,& .

 _lo(ay_ 18 _ ..o o

(P) Pap (pap> p2 “"802 f, m] ,a[x
alr,= @0; @ 27 — periodic with respect to 8,

where Z =]0, 2n[. However, by doing this, we introduce a singularity at
the origin. Furthermore the analogous of the computation done in [3}
would need to know u(0) which is not a data of the problem.

In order to avoid this difficulty we start by defining the following
intermediate problem:

=Aue = f, in Q\ Qg uelp, = wo
(Pe) Jue

5 dI' = 0; ug|r,is constant
r, on

where Q. is a circular domain of radius 0 < £ < a and concentric with
Q. It’s easy to see that this problem is well posed.

ue, 2\ Qe
Ue = Ue|r,, n e’

where u s the solution of problem (P;) converges to u, solution of prob-
lem (P), in HY(Q).

THEOREM 1 When ¢ — 0, 4., defined as 4, = {

We can write problem (P;) in polar coordinates restricting problem
(P) over le,a[xZ and joining the boundary conditions d.|r, constant,

O,
do = 0.
r. 9p
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3. Factorization by Invariant Embedding

We embed problem (P;) in a family of similar problems (P ;) defined
on the annulus 2\ Qy, s €le, | and satisfying an additional Neumann
boundary condition in I'g; in terms of polar coordinates we find

18 [ Od 1 8%,
——— =)= = f,1i xZ
A pdp (p 5P> 7o = in Js,al
(Ps,n) § @slr,= @, @s 27 — periodic with respect to 6
Oy
Op e ™
Since %IFS is well determined through the conditions “aflp constant”
01 N N
and “ 31;: df = 07, it’s clear that (P;) belongs to the family (P; )
Te
for s = ¢.

Defining H;’ p(Z) as the space of periodic functions v of 8, verifying
v € L*(Z) and %%% € L*(T), we take h € H;,/IE(I)’, where H;fﬁ(I) =
[H, p(T), L*(T)]1/2-

For every s € [g,a), h € H;{;(I)’ we define P(s)h = Vs, » Where s
is the solution of

(10 [ Ovs 1 0%, _
= - = z
pOp (p 8p> p* 062 0. in s, alx
§ T = 0 (1)
gpill“s = h
L Vs 27 — periodic with respect to 0

and 7(s) = ﬂs'rs’ where 3, is the solution of

(10 [ 9B 16%8:, ;.
o) = = T
pOp (p 6p) p* 962 JyinJs,alx
S‘ @ = UO 2
o, ?
dp Ts
| Bs 27 — periodic with respect to 0
By linearity of (P; ) we have
ﬂs‘l“s = P(S)h + T‘(S), (3)

where P(s) is the Neumann to Dirichlet map for the annulus 2\ Q.
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Let X = {0|0 € L}(0,a; H, (7)) N 5% € L2(0,a; L*(Z))}, where L2
stands for the space of functions of p square integrable with the weight
p. After passing to the limit, when ¢ — 0, the factorization of problem

~

(P) is synthesized by the following theorem

THEOREM 2 The solution @ of (P) is the unique solution of the following
system of uncoupled, first order in p, initial value problems

1. for every h,h in L*(T), the self-adjoint operator P, P < 0,
PeL*(0,a; L(LAT),H} p(T)) N LIHZTY, H)2(T))
NL(H, p(T), L*(T))),
satisfies the Riccati equation

oP - 10 0 .- 1 - -
—h,h == e - = =
(Bp ) >+ (,02 (%Ph, 80Ph> <ph, Ph) (h,h)  (4)
in D'(0,a), with the initial condition P{a) = 0;
2. for every h in L%(T), r € X satisfies the equation

or 10r 0 7
(5) = (70 wm) - (57) ?

in D'(0,a), with the initial condition r(a) = Uy,

3. for every h in H;,P(I)’, @ € X satisfies the equation

9 A
- (%’Ph> O @ @y = P @m0

in D'(0,a), with the initial condition 4(0) = limr(p) in L*(T)

p—0
which is constant.

P, r and 0 thus defined are unique. Equations (4) and (5) are well
posed for p decreasing from a to 0 and (6) is well posed for p increasing
from 0 to a.

The formal analogy between this result and the LU Gauss factoriza-
tion of a matrix should be emphasized. The Riccati equation (4) for
P is the analogous of the block LU factorization of a block tridiagonal
matrix, and the initial value problems (5) and (6) are the analogous of
the lower and upper block triangular systems. This factorization inher-
its the well known property of the Gauss factorization for multiple right
hand sides: if (P) has to be solved for different f and wug, (4) is to be
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solved only once, then the initial value problems (5) and (6) are solved
for each value of the data. Furthermore, if one considers a finite dif-
ference discretization of (P) in polar coordinates, for example, one can
show that the Gauss factorization of the obtained linear system can be
obtained by one particular discretization of (4), (5), (6). But other pos-
sible discretizations exist with their own interest. Also this equivalent
formulation of problem (P) furnishes the Neumann to Dirichlet operator
P(s) for the annulus 2\ 2, which is of interest for various kinds of prob-
lems as domain decomposition or the definition of transparent boundary
conditions.

4. Sketch of the Proof of Theorem 2
From (3), the solution 4. of (755) in polar coordinates, satisfies the

relation 4. (p) = P(p) aug +7(p),VYp € [e,a]. From this last equality,

taking the derivative, in a formal way, with respect to p and considering

: 2 1 92
%7—;-’— arbitrary, we obtain aaI; -P 12 C%QP P =Tand -Pf-P—; 2 292 +
g% = 0, and considering the boundary condition on Iy in (P, ), we obtain

P(a) =0 and r(a) = Gp.
From the two equations above, and respective initial conditions, we

!
can obtain P and r. Let M and N be defined by M = {v € ( 1/2(1)) |

2
/0 vdf =0} and N = M+ = {v € H;,/}E(I)iv is constant}. They are

invariant by P. One has L?(Z) = (M N L?(Z)) ® N and let ITy; and [y
be the projection, for the L?(Z) metrics, on each subspace respectively.
The following theorem provides the initial condition for @, on I';.

THEOREM 3 Given r(e) € L*(Z), there exists a unique solution .(c) €

N and %ﬁpi(e) € M for the equation i.(c) = P(E)aazfo8 (€) +r(e). In

particular, . (c) = Iyr(e).

We use the Galerkin method as in [5], [3], and adequate properties on
the operator P and function r. In finite dimension, we can prove the
existence of a global solution of the decoupled system. Then we can
justify the preceding formal calculation and we obtain, after passing to
the limit when the dimension tends to infinity, the following result:
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THEOREM 4 For every h,h in L?(T), the operator P belongs to
L®® (5 a; L’(Hl/Q(Z) H;,/;(I))) and satisfies the following equation

apP 19 0 1 - _
—h _ — =
(a h) (p2 = Ph, aePh) <ph,Ph) (h,R),  (7)
in D'(e,a), with P(a) = 0. The function r belongs to X|g\q,, satisfies
r(a) = Gig and for every h in L*(I), satisfies in D'(c,a) the following

equation
or 1or 0 A
<5;,h> + < 55" éth,> - (f,Ph). (8)
Since P and r do not depend on ¢ and thanks to the estimates on P(p)

and 7(p), we can take ¢ arbitrarily small and consequently consider the
previous equalities defined on D’(0,a). Let ||.||, denote the norm in

L (H;,/IE(I) uY 2(1)) The following theorem gives the behavior of

P and r around the origin which provides the regularity claimed in

Theorem 2:

THEOREM 5 For P satisfying (7) and P(a) = 0, we have lirr(l) PP, =
p—

1. Furthermore h}»% |P(p) — p(Po 0Iln)l, = 0, where P is the nega-
p

- . 9?
tive self-adjoint operator satisfying ——PooéﬁP00 = 1.

The solution r of (8) and r(a) = Gg, has a limit r(0) constant with
respect to 0 : li_r:% lr(p) = r(0)llr2(z) = O.
p

It should be also remarked that, measured with the fixed norm
W2y, 2(z)), P(p) goes to 0 as p goes to 0. Concerning the equa-
tion on 4, we have

THEOREM 6 For every h in H, p(Z)', 4. satisfies in D'(e,a) the follow-
ing equation

o,
‘(ap P h) (e By oyt ooy = P i oy ()

with the initial condition 4.(c) = Hyr(e).

Using Theorem 1 we obtain the convergence in X of 4. to 4 satisfy-
ing (6). Furthermore, thanks to the local regularity assumption on f
near the origin which implies that v € C%%(Q), one can prove that
;i_g(l) fie (¢) = 0(0) (the proof for the uniqueness of the solution of (6) uses

the determination of 4(0)).
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5. Factorization by Invariant Embedding: Dual
Case

Another factorization could be obtained by using an invariant embed-
ding defined by the family of disks Q. Here the main difficulty is to
define the initial conditions for P and r at the origin.

We embed problem (P,) in a family of similar problems (P, ) de-
fined on the annulus Q;\ Q., s €]e, a] and satisfying an additional Robin
boundary condition in I';. We find the following problem in polar coor-

dinates:
10 A, 1 8%4, A
2 p2E Y - = f. i A
pop <p 3p> p? 96* Iy in Je slx
. Ue|p, constant, @, 27 — periodic with respect to 6
Pen) < o
(Per) 9\ 46=0
09 Op
O, _h
L 3p |rs+au5\r =h, a>0
. £ 2 Otie .
It is clear that (P) is exactly (P ) for s = a and h = —|p, +adig, and

dp
so we use the same notation 4, for the solution of ('ﬁs) and the family of
solutions of (ﬁg,h). This should not make confusion with the solutions
of (Ps4) in the previous section. For every s € (¢,a] and h € H;’/IE(I)’
we define P(s)h = | , where J; is the solution of

( 16<875> 1875

“pop\"op ) T 7P 00

&% constant, ¥, 2w — periodic with respect to 6

/ a”fm d6 =0

=0, in Je, s[xZ

%
—(§§_‘Fs +a7€lrs = h’

\

and 7¢(s) = B€|p , where Be is the solution of

/ ~
19 ( 898\ 1% . .
-5 <p 8p> ol s = f, in e, s[xZ

Bal constant ﬁE 2w — periodic with respect to 6

< 27r
/ O\ 49— g
s
)

’Fs +a/85lrs - 0
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By linearity Of (ﬁé‘,h) we have
. ~ Ol 5
’U/€|FS = PE(S) a ]FS + auflr‘s + TE(S)7VS S [67 a]_ (10)

The following theorem gives another factorization of problem (P) :

THEOREM 7 The solution @ of (P) is the unique solution of the following
system of uncoupled, first order in p, initial value problem:

1. for every h,h in L%(T), the self-adjoint operator P, P>0,

Per®(0,q L(LAI),H:p(D)NLHNAT), BR(TD)
NL(H) p(T ) LQ(I)))

satisfies the Riccati equation

(%i;h h) Gh,ﬁf}) + %a (Ph, PR) +20 (Ph,h)

105 9 5N _ (B B — (i
+ <—2—~675Ph, 5—9—Ph) (Ph, Ph) = (n,)

(11)

in D'(0,a), with the initial condition P(0) = éHN;
2. for every h in L?(T), 7 € X satisfies the equation
<%a7‘,f~’h> + ( 12 g; algPh) (f, ]3h> + (g—;,h) 12)
+a(F h) = (f, Ph)
in D'(0,a), with the initial condition 7(0) = 0;
3. for every h in H;’P(I)’, & € X satisfies the equation

ot LA N
—_ (5; + au, Ph> + <U, h>H;’P(I),H;1P(I)’

=" Ry @1 2y

(13)

in D'(0,a), with the initial condition G(a) = do.

Equations (11) and (12) are well posed for p increasing from Q to a and

(13) is well posed for p decreasing from a to 0. P, 7 and @ thus defined
are unique.
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6. Sketch of the Proof of Theorem 7
From (10), the solution 4. of (P;) satisfies

N ~ 0. . .
te(p) = P:(p) ( aup Ir, + auglrp> + 7e(p), Vp € [e,a].

Taking the derivative in a formal way with respect to p and considering
Ol

—— + «a{, arbitrary, we obtain the following system

dp

P
OP. P 1 -« 1 - 0% - . .
ap“: ——pi-i-;an——§P66—93P5+2aP€—(aP5)2=I

- 1. 1 - 0%F - or

~Pf + - Prafe - P, g~ P+ 8%5 +af. =0
. = (0u
Us = L% 3 + atg | + 1

\ P

!
We have i, (a) = 1p. Further, considering the sets M ={v € (HTI)/IE (I)) |

2r
/ vdd =0}, N=Mt={ve Hrl/lg(l)[v is constant} and the opera-
O ’

tors Iz, [y as previously, one has B:M— M, P.: N - N and from
(10) we obtain

HMQE(E) = ﬁg(e) <HM 88’&6 (8) + OlHMﬂg(é')) -+ HMF&-(E)
” ’ (14
= 0=P.()Ily (;jj (€)+ TLas7e (€) = s B (€) =0, Mpsfie(e) =0
N Olig . .
Mnte(e) = P.(e) (HN o (e) + aHNuE(€)> + M y7e(e) o)

o (e) =P (o) (e) +Tnfe(e) = Ty Pu () = g Ty (e) =0
d

From (14) and (15) we obtain 7.(e) = Hp7:(g) + ln7e(e) = 0. In the
. ~ ~ 1
same way, since P;(e)h = P.(e)lIprh + FPe(e)IlInh = —a—HNh we obtain

- 1
P,._— (6) = EHN

Using again the Galerkin method, we can justify these formal calcu-
lations through the adequate proprieties on P, and .. After passing

to the limit when the dimension tends to infinity, we find the following
result, by the same reasoning as in section 4:
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THEOREM 8 1. For every h,h in L*(I), the operator P, belongs to
L <6 a; £(H1/2( ), H;,/IE(Z))) and satisfies the following equa-

tion
op. - 1. =~ - 189~ 8-
<ap hh| - (;h,Pah)+< 5 5g el 5 )

+%a (Pgh, 1557z> + 2c (Peh, B) -a? (Paha Peﬁ) = (h" h) )

1

~ 1
in D'(e,a), considering P.(e) = ~Iy.
a

2. The function 7 belongs to X|Qs\ﬂe, satisfies () = 0, and for every
h in L%(Z) verifies, in D'(e,a), the following equation

1. - 1 97, - o,
(;arE,P€h> +< S aeP h) (rs,P€h> + (a—p,h)
ta(fo,h) = (f, Pgh) :

3. For every h in H;}p(I)’, e satisfies the following equation

0t LB N
- ( a; + QUg, Pgh> + <'UJ5, h>H;,P(I)7H;,P(I),

= <F5, h>H;‘P(Z),H;’P(I)/
in D'(e,a), with 4.(a) = Gp.

Using Theorem 1 we obtain the convergence in X of 4. to 4 satisfying
(13). Now, since P. and 7. depend on ¢ and considering (p) = P(p)h+
7(p) we use the following consequence of Theorem 1:

COROLLARY 9 For all p € [0,a], 7.(p) — 7(p) strongly in pr( ),
when € = 0. Also, for all p € [0,4] and for a fized h, P.(p)h — P(p)h,
strongly in H;’/IE(I) and weakly in Hs’/g(I), when € — 0.

Therefore, passing to the limit when ¢ — 0 we find P and 7 satisfying
(11) and (12), respectively.
Using again the appropriate conditions of regularity around the origin

(that is, f € C»%(f)), we can define the value of 4(0) (as a constant), and

consequently we have @(0) € N. Also, since g—z = g—z cos(f) + g% sin(6)
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an;i we have assumed enough regularity around the origin, we have
T 8 2T
81;(0) dé = / ¢y cos(f) + cosin(f)dd = 0, from which we con-
0 0
au . ~ ou
clude that ——(0) € M. Therefore, from 4. = P(s) —]r +ad, |+
8p Ts s Is
7(s), Vs € [0, a] we obtain

~

T15r4(0) = P(0) (HMZ—Z(O) + aHMa(o)> + II37(0)

. oi 3 (16)
= 0=P(0)Iy 8p(O) + II3,7(0) = Ip P(0)=0, 7(0)=0,

ot

Iy @(0) = P(0) (HN P

(0) + aHml(O)) + [Ty 7(0)
(17)

= 4(0)=aP(0)a(0) + [Iy7(0) = NIy P(0)= é[, Iy 7#(0) =0.

From (16) and (17) we obtain 7(0) = II3;#(0) + IIx7(0) = 0. In the
same way, since P(0)h = P(0)Ipsh + P(O)Ixh = %HNh we obtain
PO) = 111y
7. Final Remarks

We believe that this method is much more general than presented here
and that it can be extended to higher dimensions, to other operators than
the Laplacian and more general domains. For example for star shaped
domains the embedding can be done by homothety, taking the angle §
and the homothety factor as independent variables. Then the singularity
at the origin is treated in the same way.
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