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Abstract
Gas foil bearings (GFBs) are often employed in turbomachinery, particularly in high-speed turbochargers and turboex-
panders. These bearings operate at very high speed and under very low clearance. On account of very low clearance, 
velocity slip can be observed at the gas–solid-interface. This paper investigates the effect of slip on various performance 
characteristics of the GFB. A model is put forth to predict the pressure and film thickness of a Gas Foil Journal Bearing 
(GFJB) used in helium-liquefaction turboexpander operating at 240 krpm. The present model addresses the slip at the 
gas-foil interface. Modified Reynolds equation, assuming first-order slip, is used along with the structural equation, which 
illustrates the compliant property of the foil. A numerical model is developed by finite difference approximation and 
solved by an iterative method. Various performance parameters are assessed for the no-slip and slip flow phenomenon 
in GFJB. The results are compared and a considerable difference is seen between the two models. The conventional 
Reynolds equation overestimates the load by approximately 8% at 240 krpm. The load-carrying capacity at different 
values of Knudsen number is also shown.
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List of symbols
C  Radial clearance (m)
D  Kinetic diameter of the gas molecule (m)
E  Young’s modulus of the material of bump foil (N/

m2)
GFB  Gas foil bearing
GFJB  Gas foil journal bearing
h  Fluid film thickness (m)
hb  Height of bump (m)
kb  Boltzmann constant  (m2kg/s2K)
Kn  Knudsen number
L  Length of the bearing (m)
p  Pressure (N/m2)
p0  Ambient pressure (N/m2)
R  Radius of the shaft (rotor) (m)
Rb  Radius of bump (m)
S  Pitch of the bump foil (m)

tb  Thickness of foil (m)
T   Temperature (K)
U  Tangential velocity of the journal (m/s)
uSlip  Slip velocity at solid–gas interface (m/s)
�  Compressibility or bearing number
�  Compliant number
�  Eccentricity ratio
�  Mean free path of gas molecules (m)
�  Dynamic viscosity (N s/m2)
�0  Dynamic viscosity of Helium gas at ambient tem-

perature (N-s/m2)
�  Poisson’s ratio of material of bump foil
�  Density of Helium gas (kg/m3)
�  Tangential momentum accommodation 

coefficient
�  Angular velocity (rad/s)
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1 Introduction

Turbomachines, especially turboexpanders, have surged 
to pre-eminence over the past few decades [1, 2]. Recent 
developments in turbomachinery have made high-speed 
machines, such as cryogenic turboexpanders, compact 
and capable of high-speed operation ranging from 10 
krpm to over 200 krpm. Bearings play a pivotal role in such 
mechanical systems. Being a precision machine and oper-
ating at high speed without contamination, the selection 
of the bearing for turboexpander narrows down to gas 
bearings.

Gas bearing came into the picture when NASA put 
forth the concept of “frictionless bearing” or air bearing. 
The main drawback of gas bearing was its low stiffness 
and damping, thus limiting its use for small load-carrying 
applications. However, the evolving design of the gas foil 
bearings (GFBs) has improved the dynamic characteris-
tics of the gas bearings, enhancing its scope of applica-
tion. The GFBs are capable of operating at a speed over 
500 krpm [3, 4]. Gas foil journal bearings (GFJBs) and gas 
foil thrust bearings (GFTBs) are used to bear radial loads 
and axial loads, respectively, developed in the rotor of the 
turboexpander.

In 1994, Heshmat et al. effectuated ground-breaking 
enhancement in the design of foil bearings by performing 
a dynamic analysis, and achieved a load-carrying capacity 
of 6.735 bar at a rotational speed of 59.7 krpm [5]. In 1983, 
Walowit studied the hydrodynamic behavior of gas foil 
bearing, where they used the Newton–Raphson method to 
solve the non-linear Reynolds equation [6]. In 1993, Peng 
and Carpino [7] used finite difference method (FDM) to cal-
culate the stiffness and damping coefficients for a compli-
ant bearing and extended the model to include the effects 
of friction on damping characteristics [8]. In 2000, Della-
corte and Valco derived an empirical formula to assess the 
load-carrying capacity [9]. Several experimental and theo-
retical investigations show that the foil gas bearing is more 
stable in comparison to the rigid gas bearing [5, 9]. In 2004, 
Peng and Khonsari put forth a model to predict the elasto-
hydrodynamic behavior of the GFB [10]. A series of inves-
tigations have been done to predict bearing performance 
due to variation in parameters like the clearance, journal 
speed, compliance, etc. and reported in the literature [5, 
10, 11]. Rubio and San Andrés, in 2006, studied individual 
bump stiffness for its dependence on the bump structure 
and material, Coulomb friction, clearance and preload [12]. 
Lee et al. carried out a numerical and experimental inves-
tigation to assess the static and dynamic characteristics 
of the GFB by integrating the bending effect of top foil 
and the interaction between bump foil and top foil [13]. 
Owing to the substantial reliance of dynamic properties on 

the design and elastic properties of the bump foil [14], dif-
ferent configurations of foil, other than the conventional 
corrugated bump foil, have been proposed in the state-of-
the-art to meliorate the load-carrying capacity and stabil-
ity of GFBs [15–18]. In Tkacz et al. numerically analyzed 
the dynamics of a GFJB, considering the relative motion 
and friction between the stationary elements of the sleeve 
[19]. Posterior to the numerical investigation, climacteric 
experimental works were carried out by Hou et al. [20], Li 
et al. [21] and Kayo and Liebich [22]. Hou et al. [20] car-
ried out experimental analysis to study the behavior of 
GFB by replaced the aerostatic bearing with Generation I 
bump type GFB in a commercial cryogenic turboexpander. 
Li et al. [21] studied the effect of changing environmen-
tal pressure and rotor speed on the performance of the 
GFB. A significant increase in the load-carrying capacity of 
the GFB was observed at enhanced environmental pres-
sure, which amplified exponentially with speed. Kayo and 
Liebich [22] experimentally reported linear static stiffness 
for GFB under low clearance while the dynamic stiffness 
increases with an increase in the load frequency.

Whilst many models for GFBs show decent consistency 
with the experimental data, the accuracy of the results can 
be enhanced, making the models more robust and ver-
satile, by encompassing the behavior of the fluid under 
low and ultra-low clearance operations [23]. Generally, 
in the hydrodynamic analysis of gas bearings, the fluid is 
assumed to behave as a continuum. In some cases, the 
thickness of the fluid film is comparative to the mean free 
path of the gas; as such, the classic continuum assump-
tion is not justified. In order to account for the microscopic 
discontinuities and predict the performance of the bear-
ing accurately, the classic continuum model is modified. 
These modifications are expressed as velocity slip at the 
walls. Burgdorfer [24] pioneered the study of the behav-
ior of fluid film under low and ultra-low clearance opera-
tions. A modified Reynolds equation was proposed, which 
included the slip flow condition at the solid–gas interface. 
An experimental investigation was carried out by Hsia and 
Domoto [25] to study the impact of molecular rarefaction 
encompassed the appraising of slider bearings in distinct 
gaseous media of varying mean free paths.

The present paper examines the impact of slip flow on 
the various operational characteristics of the GFJB. The 
flow analysis under the assorted ranges of Knudsen num-
ber is discussed. The continuum model is revamped by 
introducing first-order velocity slip at the solid–gas inter-
face. The theoretical model is proposed by modifying the 
Reynolds equation, encompassing the slip flow boundary 
conditions. The FDM discretization concomitant with an 
iterative method is employed to compute the pressure and 
film thickness developed in the bearing. The influence of 
slip flow on various performance parameters is discussed. 
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In addition to this, the results are compared with no-slip 
condition to assess the significance of slip flow in the anal-
ysis of very low clearance GFJBs.

2  Theory

Gas foil journal bearing comprises a bearing case lined 
with a pair of corrugated foil and a flat top foil. The cor-
rugated bump foil tailors the stiffness and damping of the 
bearing while supporting the top foil. The top foil conceals 
the corrugated foil and is fastened to the bearing casing 
at one edge. The fluid film is formed between the rotating 
journal and the top foil. The pressure is generated, which 
carries the load of the rotating journal. The hydrodynamic 
pressure also results in deflection of the top foil due to the 
compliance of the corrugated foil. The configuration of the 
GFJB is shown in Fig. 1.

During the operation of the journal bearing, a fluid film 
is developed between the two tribo-surfaces. This thin 
film acts as the lubricant and imparts the requisite pres-
sure to carry the load. In gas foil bearings, the thickness 
of the lubricating gas is minimal and reaches the order 
of few microns. The effects of the rarefaction at the wall 
have to be considered for modeling the comportment of 
the gas-bearing.

The Knudsen number for the bearing is given as

where λ is the mean free path of the gas and hmin repre-
sents the minimum film thickness [26]. The Knudsen num-
ber is vital in the selection of the boundary conditions in 
various fluid flows. Figure 2 depicts various flow regimes 

Kn =
�

hmin

Fig. 1  Schematic top sectional 
view of GFJB
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for the corresponding ranges of Knudsen number. Kinetic 
theory of gases gives the mean free path of the gas as [27].

where kb is the Boltzmann constant, and d is the kinetic 
diameter of the molecule. The minimum film thickness, 
obtained by the Reynolds equation, and mean free path 
are used to compute the Knudsen number.

For Knudsen number lying between  10−3 to  10−1, the 
flow is continuous, and Navier–Stokes equations hold 
good. However, the no-slip condition is no longer applica-
ble, and the velocity slip must be taken into consideration 
near the wall [28].

� =
kbT√
2�d2p

The magnitude of slip velocity is given by the first-order 
slip model or Maxwell’s slip model for Kn < 0.1. The veloc-
ity of slip, neglecting higher-order terms, is given as [24] 

where σ is the tangential momentum accommodation 
coefficient (TMAC) or reflection coefficient. For helium, 
the TMAC, σ = 0.93 for 0.029 < Kn < 0.47 [29] (Fig. 3).

The incorporation of the velocity of slip and formulation 
of modified Reynolds equation is detailed in “Appendix 1”. 
Figure 4 shows the coordinate system used in the present 
analysis. The modified Reynolds equation obtained for 
compressible fluid is written as

uslip =
2 − �

�
�
�u

��

||||wall

Fig. 3  Schematic diagram 
of slip flow at the solid–gas 
boundary
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in the analysis
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Dimensionless form of Eq. (1) is:

where � is the bearing number, and

2.1  Boundary conditions

The bearing is subjected to ambient pressure on both 
ends and is symmetric along mid-plane along the bearing 
length. Hence, the non- dimensional pressure boundary 
conditions for the Reynolds equation are given as

In GFJB, the gas film thickness (h̄) depending on two 
parameters, the eccentricity of the journal and other 
deals with compliance property of foil. The normalized 
film thickness is:

where α is the non-dimensional compliance number given 
as [6] (Fig. 5).
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The pressure and film thickness are calculated by coupling 
the Modified Reynolds equation and the structural equa-
tion for the film thickness. The calculated pressure is used 
to calculate the load-carrying capacity by [30] 

where Wx , Wz and W  represent non- dimensional loads 
along the line of centers, perpendicular to line of cent-
ers and the net dimensionless load-carrying capacity, 
respectively, W = Wp0RL is the load capacity in (N). � is 
the attitude angle, defined as the angle between the line 
of centers and the line of action of the load.

3  Numerical methodology

The modified Reynolds equation is a non-linear differential 
equation for pressure and is solved by a numerical itera-
tive method. The structural equation is coupled with the 
modified Reynolds equation to calculate pressure and film 
thickness. The modified Reynolds equation is rearranged 
and yields
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Finite difference methodology is used to convert the dif-
ferential Eq. (6) to a difference equation by second-order 
central difference approximation. “Appendix 2” illustrates 
the discretized form of the aforementioned equation.

The domain is divided into 100 divisions along the cir-
cumferential direction and 30 divisions along the axial 
direction. The pressure variation across the film thickness 
is insubstantial. The solution begins by initializing the pres-
sure at all nodes as ambient pressure and calculating the 
film thickness for that pressure. The RHS of equation (ix) 
is evaluated and then solved for new value of pressure. 
The iterative method is applied at all the nodes and pres-
sure updated. The iteration stops when the convergence 
criterion is satisfied. Convergence is attained when the 
difference between successive iterations falls below the 
desired tolerance. The simplified procedure for the analysis 
is shown in the flow chart in Fig. 6.

For the present model, the pressure convergence is 
achieved when the relative error is under 0.00001%. The 
film thickness and eccentricity ratio are updated based on 
the updated pressure. The deflection of the foil does not 
vary in the axial direction, z. The average pressure along 
the z-direction is considered to calculate the deflection 
due to compliance.

The film thickness is updated based on the successive 
overrelaxation (SOR) scheme. The eccentricity ratio is 
adjusted based on the maximum change in the film thick-
ness, as shown below:

It is clear from Eq. (7) that the eccentricity ratio for the GFJB 
can be higher than unity resulting from the compliance of 
the foil. The updated film thickness and eccentricity ratio 
are again used to calculate pressure. The convergence cri-
terion for the film thickness is based on the percentage 
error between two successive iterations. The solution is 
converged when the relative error is less than 0.0001%.

h̄j = 1 + (𝜀 cos 𝜃)j + 𝛼
(
mean(p̄i) − 1

)
j

(7)
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Fig. 6  Flow chart for the Solution Procedure

Table 1  Data for the bearing

Parameter Value

Radius of the shaft (R) 8 mm
Length of bearing (L) 16 mm
Radial clearance (C) 25 μm
Bump foil thickness  (tb) 0.1 mm
Pitch of bump (s) 4.2 mm
Half bump length (l) 1.32 mm
Young’s modulus (E) 200 GPa
Poisson’s ratio (v) 0.29
Speed of the shaft (N) 240 krpm
Eccentricity ratio ( �) 0.8
Height of the bump  (hb) 0.6 mm
Radius of the bump  (Rb) 1.75 mm

Table 2  Data for the Lubricant (He)

Parameter Value

Viscosity ( �
0
) 18.7e−6 Pa s

Density ( �) 0.178 kg/m3

Kinetic diameter of atom/molecule (d) 260 pm
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4  Results and discussion

The bearing parameters of the GFJB are given in Table 1, 
and the properties of the lubricant are shown in Table 2.

4.1  Validation and grid independence

Figure 7 shows the comparison of the load-carrying capac-
ities of the present model and Peng and Khonsari [10]. It 
can be observed that the load predicted through the pre-
sent model is in close correspondence with the data from 
the open literature. The deviation between the two curves 
is due to the assumption of some missing parameters that 
were not explicitly mentioned in the literature [10]. The 
grid size is optimized by carrying out a grid independence 
test, as depicted in Fig. 8. A grid size of 100 divisions along 
the circumferential direction is considered as the differ-
ence between the successive grid sizes is less than 0.05%. 
Thus, the present analysis is carried out by considering 100 
divisions and 30 divisions along the circumferential and 
axial direction, respectively.

4.2  Pressure distribution

In this section, the effect of slip flow on the mid-plane 
pressure profile for variation in the bearing parameters 
is discussed. Figures 9, 10 and 11 shows the mid-plane 

pressure profile for variation of rotor speed, clearance and 
eccentricity ratio of the bearing. The pressure developed 
in the bearing is lower when slip is taken into account. 
The difference between the corresponding pressure pro-
files of slip and no-slip flow is more prominent with an 
increment in speed and eccentricity ratio. This trend is also 
observed when the clearance between the two surfaces 
decreases. The normalized peak pressure at the midplane 
at 50 krpm for bearing considering no-slip flow and slip 
flow is calculated as 2.11 and 2.016, respectively. For the 
journal speed of 240 krpm, the normalized peak pressure 
for bearing considering no-slip flow is 4.211 and 3.977 
under slip flow. The no-slip assumption overestimates the 
peak hydrodynamic pressure by 5.56% at 240 krpm. As the 
velocity gradient increases, the velocity of slip increases, 
which in turn decreases the wedging action of the lubri-
cant, thus, lowering the pressure generation. At low 
speeds (< 50 krpm), this difference is not prominent and 
can be neglected. However, at higher operational speeds 
and low film thickness, the effects of slip are noteworthy 
and have to considered to model the bearing accurately.

4.3  Load‑carrying capacity

Load-carrying capacity is the maximum load the bear-
ing can support while maintaining a fluid film between 
the journal and the top foil. The load-carrying capacity 

Fig. 7  Validation of present 
model with Peng and Khonsari 
[10]
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of the foil bearing is higher than the rigid bearing, as is 
noted from Fig. 12, because of the improved stiffness of 
the GFB. For the foil bearing, the pressure is distributed 

over a larger area compared to the rigid bearing, which is 
responsible for its increased load-carrying capacity [10]. 
For the operating speed of 240 krpm, the load-carrying 

Fig. 8  Grid independence test
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Fig. 10  Variation of pressure 
at mid-plane with change in 
Radial Clearance

Fig. 11  Mid-plane pressure 
profile for no-slip and slip flow 
for various eccentricity ratios
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Fig. 12  Load-carrying capacity 
for no-slip and slip flow at dif-
ferent rotor speeds

Fig. 13  Load-carrying capacity 
for no-slip and slip flow with 
change in Radial Clearance
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capacity attained by the foil bearing is 88.497 N compared 
to 73.995 N for that of the rigid bearing. The difference in 
the load-carrying capacity of the GFB and rigid bearing is 
more prominent as the rotor speed increases.

Figures 12, 13 and 14 shows the variance of load-carry-
ing capacity with rotor speed, clearance, and the eccen-
tricity ratio, respectively. A comparison is drawn between 
the load-carrying capacity of the compliant bearing, with 
and without considering the slip flow at the fluid–solid 
interface in the bearing. It is seen that the no-slip model 
tends to overestimate the load-carrying capacity of the 
bearing. The onset of slip near the interface results in lower 
the flow rate of gas (Helium) between the journal and the 
top foil. This attributes to the decrease in the wedging 
action and thus lower load-carrying capacity. Note that 
for monoatomic gas, such as helium, taking account of the 
slip velocities at the fluid–solid interface would produce 
more relatable results to the experimental analysis [25].

This can be attributed to the fact that the slip flow 
model is based on the ideal gas assumption. The effect 
of slip is magnified as the distance between the journal 
and the top foil decreases, as can be seen in Figs. 13 and 
14. As the gap between the journal and the foil decrease, 
the load-carrying capacity does increase, but there is an 
increase in the slip velocity as well. Thus, the dissimilitude 
between the no-slip and the slip model increases as the 
two tribo-surfaces come nearer. The same phenomenon 

is observed as the journal speed increases, as depicted in 
Fig. 12.

The load-carrying capacity achieved at 50 krpm for no-
slip flow and slip flow is 25.59 N and 22.99 N, respectively, 
while at 240 krpm, the corresponding values are 88.497 N 
and 81.233 N. This can be attributed to the increase in the 
velocity gradient and hence increase in slip velocity.

4.4  Film thickness and eccentricity ratio

A fluid film is formed between the journal and the top foil 
due to the relative motion, which drags the fluid through 
the converging region resulting in the generation of 
hydrodynamic pressure. The fluid film thickness varies with 
the design parameters and the compliance of the foil, as 
seen in Fig. 16. It is essential to note in Fig. 15 that the mini-
mum film thickness remains unchanged with the change 
in the speed. In Figs. 15 and 16, it is intriguing to observe 
that the film thickness remains unaffected by the phenom-
enon of slip. However, as explained above, the eccentric-
ity ratio changes in the complaint bearing and is greater 
than unity. In case of bearing operating at 240 krpm, the 
minimum film thickness for both slip and no-slip model 
converges to 5 μm.

However, the operating eccentricity ratio converges 
to 1.68 and 1.609, respectively, for the no-slip model and 
slip flow model. The eccentricity ratio is lesser for the slip 
model due to less hydrodynamic pressure generation.

Fig. 14  Load-carrying capacity 
for no-slip and slip flow at dif-
ferent Eccentricity Ratios
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Fig. 15  Mid-plane film thick-
ness for no-slip and slip flow 
for various rotor speeds

Fig. 16  Mid-plane fluid film 
thickness for no-slip and slip 
flow at different eccentricity 
ratios
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In the case of GFJBs, the foil deflects under the effect 
of the hydrodynamic pressure increasing the film thick-
ness. The journal under load moves towards the foil, main-
taining the minimum film thickness, which increases the 
eccentricity ratio.

This phenomenon results in deforming the foil into a 
dumbbell curve shape around the region of minimum film 
thickness. Thus, the convergent region is extended over 
a more significant angular extent around the circumfer-
ence of the journal. As a result, the journal is subjected to 
more uniform pressure is around its circumference. This 
is one of the factors in foil bearings that improve opera-
tional stability at high operating speeds [5]. As discussed 
above, the eccentricity ratio of the bearing is lower under 
slip flow. This tends to decrease this “lobbing effect” of the 
foil around the journal. This can be reflected as a minor 
decrease in the stability of the bearing.

4.5  Attitude angle

The attitude angle is a significant parameter for assessing 
the stability of the bearing. Generally, a smaller attitude 
angle for a bearing implies better stability. Figures 17 and 
18 shows the attitude angle of the rigid bearing is higher 
compared to the foil bearing. Note that a smaller attitude 
angle for foil bearing signifies that the journal will remain 
in a steady position and have fewer fluctuations. Thus, the 
foil bearing has improved stability over the rigid bearing. 

It is interesting to observe that slip flow does not influ-
ence the stability of the bearing to a significant extent. 
The foil bearing still has a significantly small attitude 
angle as compared to the rigid bearing even when slip 
is taken into account. In Figs. 17 and 19, it can be seen 
that the difference between the attitude angle of the foil 
and rigid bearing remains almost constant as the speed 
and the eccentricity increases. It should be noted that the 
journal moves in parabolic static equilibrium states while 
the attitude angle decreases linearly with an increase in 
the eccentricity ratio [31]. The combined effect of the low 
attitude angle and extended convergent region of the 
film at high speed enhances the dynamic stability, which 
is essential from the whirl instability standpoint.

4.6  Knudsen number

Knudsen number is an important dimensionless num-
ber which is directly related to the magnitude of the slip 
velocity. Figure 20 shows the load-carrying capacity of the 
rigid bearing and the GFB varying with Knudsen number. 
Both bearings are assumed to have the same dimensions 
and operate under the same conditions. The load-carry-
ing capacity of both rigid and foil bearing decreases as 
the Knudsen number increases. As the Knudsen number 
increases from Kn = 0 to Kn = 0.05 for the GFJB, the load-car-
rying capacity at 240 krpm decreases by 17.61 N (19.6%) 
and 10.99 N (20.92%) at 120 krpm. The phenomenon of 

Fig. 17  Attitude angle at vari-
ous rotor speeds
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Fig. 18  Attitude angle at differ-
ent values of radial clearance

Fig. 19  Variation of attitude 
angle with eccentricity ratio
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slip is critical for ultra-low clearance and/or high-temper-
ature operation bearings where high values of Knudsen 
number are encountered. Table  3 shows the Knudsen 
number for various gases at NTP at different film thick-
nesses. The effect of slip is more pronounced with helium 
as lubricant followed by nitrogen and argon, which can be 
directly attributed to the values of Knudsen number at the 
same operating conditions.

5  Conclusion

Slip flow is a prominent phenomenon in gas bearings 
operating under low and ultra-low clearances. In this 
paper, a modified aerodynamic model of a GFJB is pro-
posed to assess the influence of slip flow over various 
performance parameters of the bearing. The model 

encompasses first-order velocity slip at the solid–gas inter-
face, compliance of the foil, and compressibility of the gas.

The numerical analysis reveals a decline in the gener-
ated hydrodynamic pressure and load-carrying capacity 
on the onset of slip. The conventional Reynolds equa-
tion overestimates the peak hydrodynamic pressure and 
load-carrying capacity by 5.56% and 8.21%, respectively. 
The operating eccentricity ratio decreases at the outset 
of slip flow while an identical minimum film thickness is 
maintained under no-slip and slip flow conditions. A triv-
ial ascend in the attitude angle is observed for slip flow, 
indicating a frivolous decline in the stability of the bear-
ing. Thus, for Kn > 0.01, a substantial influence of slip flow 
on the load-carrying capacity of the GFB is realized and 
hence, must be considered during the analysis and mod-
eling. The study also shows the effect of slip is enhanced 
at high speed and by decreasing the gap between the 
journal and the top foil.

Fig. 20  Load-carrying capacity 
at various values of Knudsen 
number

Table 3  Knudsen number for 
various lubricating gases at 
NTP

Lubricating gas Knudsen number

At hmin = 50 μm At hmin = 25 μm At hmin = 10 μm At hmin = 5 μm

Helium 0.002294 0.004587 0.011468 0.022936
Nitrogen 0.001871 0.003742 0.009355 0.01871
Air 0.00136 0.00272 0.0068 0.0136
Argon 0.00126 0.00252 0.0063 0.0126
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It should be noted that the present model is valid for 
Kn < 0.1. For values of Kn > 0.1, the higher-order slip terms 
can be no longer neglected and it is vital to take cog-
nizance of the second-order slip or 1.5-order slip at the 
boundary.
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Appendix 1

Modified Reynolds equation formulation

Considering a control volume of the fluid in the lubricating 
film, the momentum balance obtained by Navier–Stokes 
equation yields

On account of the slip, the modified boundary condi-
tions for the Navier–Stokes equation are

where � =
2−�

�
�

Thus, the velocities u and w in x and z-direction, respec-
tively, are given as

(8)
�p

�x
= �

�2u

�y2
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�p

�z
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�2w

�y2

(9)
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The continuity equation for compressible fluid, given as

is combined with velocities from Eq. (10) to yield

Equation (12) represents the Modified Reynolds equa-
tion for slip flow at the solid–fluid interface.

For ideal gas, � =
p

R0T
 , where R0 is the characteristic gas 

constant. For isothermal condition, equation (12) can be 
written as,

Equation (13) is the isothermal Modified Reynolds equa-
tion for compressible fluid.

Appendix 2

Discretization methodology

Using central-difference scheme of discretization along θ 
and z-direction and rearranging the terms, LHS and RHS 
of Eq. 6 can be written as

and

(11)
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Equating Eqs. (14) and (15) and rearranging the terms, we 
get

where,
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