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Abstract
This study presents aero-thermo-elastic Instability of two-dimensional Non-linear Curved Panels. Aero-thermo-elasticity 
plays an important role in the design and optimization of supersonic aircrafts. Furthermore, the transient and nonlinear 
effects of the thermal and aerodynamic environment encompassing a curved surface cannot be ignored. Accordingly, 
a homogenous curved plate with a high length-to-width ratio and simply-supported boundary conditions is assumed. 
The effect of large deflection is included in the equations through von Kármán non-linear strain–displacement relations. 
The thermal load is assumed to be a steady-state temperature non-uniform distribution. Structural properties such as 
modulus of elasticity and thermal expansion coefficient are assumed to be temperature-dependent. The novelty is 
incorporating first- and third-order piston theory for the non-linear curved panel flutter analysis under the effects of in-
plane and thermal loads. Hamilton’s principle is used and partial differential equations are derived. The semi-analytical 
weighted residual method for the nonlinear curved panel is utilized. The fourth- and fifth-order Runge–Kutta iterative 
method are deployed to obtain the non-linear aero-thermo-mechanical deflections. Non-linear frequency analysis of 
cambered panel with the combined effects of aerodynamics, thermal and in-plane loads is investigated for the first time. 
The increase in panel curvature leads to a complicated behavior in the non-linear structural frequency variations. With 
increasing in-plane compressive load, complicated oscillating behavior is observed. More critical instability boundary for 
cambered panel is detected through the use of third-order piston theory. In addition, with an increase in panel curvature 
from 0 to 3, the panel displacement increases and for higher camber ratio, it decreases.

Keywords Panel flutter · In-plane load · Thermal effects · First-order piston theory · Third-order piston theory · 2D panel · 
Time domain

List of symbols
h  Panel thickness
H  Curvature height
H/h  Curvature changes
w0  Out-of-plane displacement
a  Plate width
�  Tension or compression force coefficient
D  Plate stiffness
E  Elastic modulus
�  Poisson’s ratio

Rx  Radii of curvature
ΔPa  Aerodynamic pressure
Pd  Unsteady aerodynamic force
Ps  Initial static aerodynamic force
c∞  Speed of sound
U∞  Free-stream steady velocity
P∞  Atmospheric pressure
�∞  Air density
�  Isentropic gas constant
M  Mach number
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q∞  Dynamic pressure
�r�  Comparison functions
Uj , Ui  Velocity vectors
K   Non-dimensional frequencies
U  Virtual strain energy
V  Virtual work
K  Virtual kinetic energy
↔

�  Stress tensor
↔

�  Strain tensor
�⃗  External distributed force vector
�⃗  Displacement vector
�⃗,t  Velocity vector
Nx  In-plane axial force resultant
Mx  Bending moments resultant
�e , ��  Modulus of elasticity and thermal expansion
ΔT   Rise in plate temperature
T  Free stream temperature
Tref   Reference temperature
∗

T   Maximum in-plane temperature
eT  Thermal variation coefficients for E
�T  Thermal variation coefficients for �
�  Thermal expansion coefficient
Cr  In-plane load coefficient
Rx  Magnitude of in-plane load
�0  First frequency
�̄�  Non-dimensional frequency

1 Introduction

Non-linear structural vibration with the effect of elasticity, 
inertial and aerodynamic interaction is a topic of aeroe-
lasticity science. Panel dynamics is introduced with both 
dynamic flutter and static divergence due to in-plane 
compressive load. As a non-linear, non-conservative phe-
nomenon, panel flutter displays a wide range of behaviors 
from the state of static stability to chaotic instability. The 
effect of heat gradient or predefined load caused by inap-
propriate attachment in joints leads to compressive load 
in panel boundaries. The effect of curvature or deforma-
tion in the flutter boundary and aeroelastic instability is of 
crucial importance. In the present paper, a new approach 
to consider different loads on panels is investigated. For a 
two-dimensional (2D) curved panel, the value of oscillation 
amplitude during flutter is nearly equal to the curvature 
magnitude. Due to the existence of curvature, aerodynamic 
loading affects the flutter boundaries. In comparison with 
theoretical results, the experimental results of curved panel 
flutter have demonstrated a suitable consistency.

The non-linear flat panel flutter has been investigated 
by the effect of different environmental loads in the follow-
ing articles. Using linear structural theory, Jordan [1] inves-
tigated the movement of unstable panels in the critical 

dynamic pressure. Dowell [2] studied the theoretical and 
experimental panel flutter in Mach numbers ranging from 
1 to 5. Dogondgi [3], through the use of linear aerodynam-
ics and linear isotropic panel theory, performed a compre-
hensive analytical investigation on the panel flutter at high 
supersonic velocities. Kuo [4] used perturbation and har-
monic balance theories for the analysis of non-linear panel 
flutter system. Dowell [5] studied and extended non-linear 
panel flutter. Dorci [6] performed an aeroelastic analysis 
including thermal and aerodynamic effects to design the 
re-entry launch vehicle (as an elastic system). He studied 
the capability of producing deformation, thermomechani-
cal stresses and changes in structural properties which 
lead to unstable aeroelastic behavior. Guo and Mei [7] 
investigated the use of aeroelastic modes in non-linear 
panel flutter analysis in view of thermal effects. Culler [8] 
investigated the combination of fluid-heat-structure for 
non-linear aero-thermo-elastic analysis in supersonic flow. 
Perez [9] used the non-linear reduced order method for 
thermo-elastodynamic response analysis of isotropic pan-
els and FG materials. Visbal [10] studied the interaction 
between the horizontal shock and a flexible panel.

Research in the field of curved panel flutter is also 
abundant. Fung [11] studied the static stability of a 2D 
curved panel for supersonic flutter phenomenon. Yates 
and Zeydel [12] studied the curved panel flutter using 
a linear analysis. Anderson [13] obtained experimental 
results for a supersonic curved panel. Steerman et al. [14] 
carried out experiments on cylindrical shell flutter. Bolo-
tin [15] provided the equations of curved panel without 
any quantitative results. Houbolt [16] investigated certain 
aero-thermo-elastic problems related to aircraft struc-
ture at high velocities. Schaeffer et al. [17] analyzed the 
flat plate flutter under the effect of non-linear distributed 
heat loading. Dowell [18] studied the non-linear curved 
panel flutter using non-linear von Kármán relations and 
quasi-steady aerodynamic loading. Dowell and Venters 
[19] compared theoretical and experimental non-linear 
flutter of loaded plates. Yang [20] investigated buckled 
plate flutter through the use of finite element method 
(FEM). Xue et al. [21] studied the non-linear supersonic 
panel flutter using FEM with different temperature distri-
butions. Bein et al. [22] analyzed the hypersonic curved 
panel flutter in view of the effect of aerodynamic heating. 
Zhou [23] employed FEM for the frequency domain mod-
eling of non-linear flutter in composite plates. Libresco 
[24, 25] studied the vibration of geometrically-imperfect 
flat plate under thermal and mechanical loading as well as 
system frequency verses force in imperfect curved panels. 
Gee [26] investigated the non-linear panel flutter in combi-
nation with heat effect. Libresco [27] studied the linear and 
non-linear high temperature supersonic panel flutter. Yong 
and Shen [28] investigated the effect of geometric defect 



Vol.:(0123456789)

SN Applied Sciences (2020) 2:1705 | https://doi.org/10.1007/s42452-020-03411-9 Research Article

for FG plate. Abbas et al. [29] studied the parametric super-
sonic/hypersonic flutter and aero-thermo-elastic behavior 
of curved panels. Yang et al. [30] studied the flutter analysis 
of a hypersonic simply-supported curved panel using a 
two-way combination of aeroelasticity and aero-thermal 
effects. The non-linear geometric effect was taken into 
account based on the von Kármán model.

Ghoman and Azzouz [31] developed a FEM frequency 
domain procedure to predict the pre-flutter behavior and 
the flutter onset of curved panels simultaneously subject 
to aerodynamic and thermal load. Flutter coalescence fre-
quencies and damping rates of the flutter of curved panel 
were investigated for 3D curved panels under increasing 
non-dimensional dynamic pressure and uniform tempera-
ture gradient load. The results of their study defined that 
the pre-flutter panel behavior and the flutter onset are 
altered when temperature loads are included. Shahverdi 
and Khalafi [32] presented a numerical analysis for the 
aero-thermo-elastic behavior of functionally-graded (FG) 
curved panels in hypersonic aerodynamic. To incorporate 
the applied aerodynamic pressure, the third-order piston 
theory was used. The generalized differential quadrature 
(GDQ) solution was implemented so as to discretize and 
solve the equations. They demonstrated the accuracy of 
the GDQ method for analyzing the aero-thermo-elastic 
behavior of FG curved panels. Recently, Amirzadegan 
and Dowell [33] studied the flutter and post-flutter LCO 
of elastic shells in a supersonic regime. They showed that 
the effects of streamwise and spanwise curvature are dif-
ferent, with the former lower the stability and the latter 
increase the stability.

In this study, we present the non-linear vibrational 
frequency analysis of curved panel under the effects of 
in-plane compressive and tensile loads is carried out for 
first time in time domain. Another novelty is incorporat-
ing first- and third-order piston theory for the non-linear 
curved panel flutter analysis under the effects of in-
plane and thermal loads. The effect of large deflection is 
included through von Kármán non-linear strain–displace-
ment relations. Also, the effect of in-plane mechanical and 
thermal loads due to fluid flow viscosity over the panel is 
considered by assuming a temperature-dependent mate-
rial. Additionally, boundary conditions are taken as simply-
supported. The results are provided in two parts; in the 
first part, the non-linear frequency analysis of the curved 
panel structure along with the change in panel curvature 
and in-plane load effect is presented, and in the second 
part, non-linear aero-thermo-elastic analysis of the curved 
panel and panel behavior under the effect of different 
loads are investigated.

The present article includes introduction, equa-
tions, results, discussion, conclusion, nomenclature and 
references.

The introduction part includes a description of the 
research on flat plate flutter, curved plate flutter, panel flut-
ter with the effect of thermal loads, experimental results of 
flutter, numerical methods of solving the panel flutter phe-
nomenon, study of the effect of boundary conditions, etc.

The equations section includes a description of the 
theory and solution method. The results section includes 
graphs of vibration and aeroelastic analysis and verifica-
tion with finite element method and with the use of other 
related articles. The discussion section explains the prob-
lem and the purpose and innovation and compares it with 
related articles and gives an overview of the results and 
their correctness.

2  Formulation

An infinitely-long cambered panel of width a, thickness 
h, maximum rise height H, and constant-radius cylindrical 
shell with curvature Rx is considered as in Fig. 1. The inves-
tigations in this paper mainly focus on the performances 
of 2D panels under fully aero-thermal-elastic interaction, 
which can be applied to the analysis and design of super-
sonic and hypersonic aircrafts. The effect of in-plane load 
Rx and aerodynamic heating T is also estimated.

The equations are derived taking into account the effect 
of aerodynamic heating with the use of virtual work. The 
virtual strain energy, virtual work done by applied forces 
and virtual kinetic energy are denoted by �U, �V  and �K  
respectively [34].

(1)0 = ∫
T

0

(�U + �V − �K )dt

(2)�U = ∫V

↔

� ∶ �
↔

� dV

𝛿V = ∫𝛺0

�⃗.𝛿�⃗ dxdy

Fig. 1  Geometric model of 2D plate under the effect of external 
loads
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In the above equations, ↔� , ↔� , �⃗ , �⃗ and �⃗,t are denoted as  
stress tensor, strain tensor, external distributed force vector, 
displacement vector, and velocity vector, respectively, and 
�0 is defined as the mid plane. With the use of classic panel 
strain–displacement, Euler–Lagrange equations are defined. 
It is assumed that the structural equations are reduce from 
two dimensions to one dimension for infinite panel length. 
The structural bending equation is defined as [29, 30]

where w0(x, t) is the plate’s out of plane displacement, Nx 
is the in-plane axial force resultant, Mx is the bending and 
thermal moments resultant, ΔPa is the aerodynamic pres-
sure, and the final term of Eq. 3 is the panel transverse 
inertia and Rx is the radii of curvature. The x direction is 
along U∞ and t is time domain solution.

Additionally, Mx ≡ Dw0,xx  and D = Eh3
/
12(1 − �2) 

where D is the panel stiffness, E is the elastic modulus, � 
is the Poisson’s ratio and w0,xx is the mid-plane curvature 
variation. The panel strain is defined via the non-linear von 
Kármán relation as �x = u0,x + 1∕2

(
w0,x

)2
+ w0∕R1 [34].

The stress is generated on the panel boundaries due to 
the existence of supports. The axial stress, Nx , is the total 
in-plane load in the x direction [30].

where Nm
x

 is the mechanical tensile or compressive load, Ng
x  

stems from curvature and non-linear terms, and NT
x

 is the 
in-plane thermal load, and are defined by

where � is the tensile or compressive force coefficient 
per unit area on panel boundaries. ΔT  is the rise in panel 

𝛿K = ∫V

𝜌�⃗,t .𝛿�⃗,t dV

(3)Mx,xx − Nx

(
w0,xx −

1

R
−
x

)
+ ΔPa + �mhw0,tt = 0

(4)Nx = Nm
x
+ Ng

x
+ NT

x

(5)Nm
x
=

ah

(1 − �2)

1

∫ a

0
E(x)−1dx

�

(6)

Ng
x
=

h

(1 − �2)

1

∫ a

0
E(x)−1dx

(
1

2 �
a

0

(
w0,x

)2
dx +

1

R
−
x
�

a

0

w0 dx

)

(7)

NT
x
= −

1

(1 − �2)

1

∫ a

0
E(x)−1dx

⎛⎜⎜⎝
(1 + �)�

a

0

�(x)�
h
∕2

−
h
∕2

ΔTdzdx

⎞⎟⎟⎠

temperature with respect to the stress free state (ref-
erence temperature Tref  ). In fact, a linear temperature 
distribution across the panel thickness is assumed as 
ΔT (x, z) = T − Tref = T0(x) + zT1(x) [26, 29].

At high speeds, the panel temperature rises to high val-
ues and reaches several hundreds of Celsius degrees. This 
leads to a reduction in flutter boundary and an increase in 
the LCO amplitude of the panel at the same dynamic pres-
sure. The thermal effect is included in the panel equations 
for subtle panel flutter modeling.

The temperature distribution for high velocity flights 
is assumed to be in the steady state, and temperature 
variation along the thickness is disregarded. Hence, 
ΔT (x) = T0(x) and, as a result, the in-plane thermal 
moment is neglected. The panel temperature is described 
by T0(x) =

∗

T sin (�(x∕a)) where 
∗

T  is the maximum in-plane 
temperature when x = a/2. Simply-supported boundary 
conditions are defined as w0(x, t) = 0 and w0,xx(x, t) = 0 
[35].

Material properties including elastic modulus E and 
thermal expansion coefficient � are assumed to be tem-
perature-dependent as in [29]

where eT and �T are the thermal variation coefficients for 
E and �. Thermoelastic coefficients of the material depend 
on the position and temperature. Therefore E = E(x, T ) and 
� = �(x, T ).

2.1  Aerodynamic loading

Fluid–structure interaction is modeled based on the non-
linear piston theory. ΔPa is the distributed pressure on the 
panel due to aerodynamic flow over the panel according 
to ΔPa = Pd(x, t) + Ps(x) where Pd(x, t) is the effect of 
unsteady aerodynamic force and Ps(x) is the initial static 
aerodynamic force. Assuming an isentropic pressure on 
the panel and using the piston theory based on the down-
wash velocity Vz in one dimension, one can write [29, 36]

where c∞ is the sound speed and � is the isentropic gas 
constant. Based on a third-order expansion of Eq. 9, the 
third-order piston theory is derived as

(8)
E = E0 + E1T0 = E0(1 + eTT0) , eT = E1∕E0

< 0

𝛼 = 𝛼0 + 𝛼1T0 = 𝛼0(1 + 𝛼T T0) , 𝛼T = 𝛼1∕𝛼0
> 0

(9)Pd(x, t) = P∞

(
1 +

� − 1

2
.
Vz

c∞

)2�∕� − 1

(10)Pd(x, t) = P∞

(
1 + �

M

�1

(
�1

Vz

c∞

)
+

[
� (� + 1)

4

]
M

�1

(
�1

Vz

c
∞

) 2

+
� (� + 1)

12

M

�1

(
�1

Vz

c
∞

)3
)
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where �1 = M
�√

M2 − 1 , and c2
∞
= �P∞∕�∞ in which P∞,

�∞ and U∞ are the atmospheric pressure, air density and 
free-stream steady velocity, respectively. Also,� = 1.4.

In order to define the aerodynamic pressure on the panel, 
the downwash velocity ( Vz ) due to fluid flow over the panel is 
defined based on the panel vertical deflection as in [18, 29]

where ŵ0,x is the effect of initial imperfection or cur-
vamethod for aeroelasti ture on the panel. The piston theory 
is a conventional c analysis of a system in supersonic and 
hypersonic flows. The fluid flow only exists above the panel 
while the flow velocity below the panel is zero. For the Mach 
number M, the dynamic pressure q∞ , and constants �1 and �2 , 
the following relations are taken into account: M = U∞∕c∞ , 
q∞ = �∞U

2
∞

/
2 , �1 =

√
M2 − 1 , �2 = M2 − 2

/
M2 − 1 . For 

high Mach numbers, �1 = M and �2 = 1.

2.2  Non‑linear aero‑thermo‑elastic equations 
of panel

Non-dimensional system variables are defined according to

where Cr is the in-plane load coefficient and Rx is the magnitude 
of in-plane load. Using the non-dimensional quantities and sub-
stituting them in the above equations, the final non-linear aero-
thermo-elastic equation of the 2D panel is obtained as

(11)Vz =
(
𝛽2w0,t + U∞(w0,x + ŵ0,x)

)

(12)

W =
w

a
, Ŵ =

ŵ

h
, 𝜉 =

x

a
, t̄ = t𝛺0 , 𝛺0 =

�
𝜋

a

�2

�
D0

𝜌mh
, �̄� = 𝛺0

a

c∞
, h̄ =

h

a
,

ĥ =
h

R
−
x

, P̄s(x) = Ps(x)
a4

D0h
, Tcr =

D0

Eha2𝛼0
, �̄� =

𝜌m
𝜌∞

, H ≈
a2

8R
−
x

, 𝜏 =
T

Tcr
,

T̄ = 𝜏 sin(𝜋𝜉) , 𝜇 =
𝜌∞a

𝜌mh
, 𝛽 =

√
M2 − 1 , 𝜆 =

2qa3

𝛽D0

, Rx =
E0ha

2𝜂

D0(1 − 𝜈2)
= Cr𝜋

2

(13)

(
1 + 𝛿eeT Tcr 𝜏 sin(𝜋𝜉)

)
W,𝜉𝜉𝜉𝜉 −

(
1

/(
∫

1

0

d𝜉

1 + 𝛿eeT Tcr
∗
𝜏 sin(𝜋𝜉)

))

×
12

h̄2

(
𝜂 +

1

2 ∫
1

0

(
W,𝜉

)2
d𝜉 +

ĥ

h̄ ∫
1

0

Wd𝜉

)(
W,𝜉𝜉 −

ĥ

h̄

)

−

(
1

/(
∫

1

0

d𝜉

1 + 𝛿eeT Tcr 𝜏 sin(𝜋𝜉)

))(
1

1 − 𝜈 ∫
1

0

(
1 + 𝛿𝛼𝛼T Tcr 𝜏 sin(𝜋𝜉)

)
𝜏 sin(𝜋𝜉)d𝜉

)

×

(
W,𝜉𝜉 −

ĥ

h̄

)
+ 𝜋4

W,t̄ t̄ +
M2𝜋4

h̄�̄��̄�2𝛽1
𝜂1

(
Ca1

(
𝛽2

�̄�

M
W,t̄ +W,𝜉 + h̄Ŵ,𝜉

)

+ Ca3

1 + 𝛾

4
𝜂1M

(
𝛽2

�̄�

M
W,t̄ +W,𝜉 + h̄Ŵ,𝜉

)2

+ Ca3

1 + 𝛾

12
𝜂2
1
M

2

×

(
𝛽2

�̄�

M
W,t̄ +W,𝜉 + h̄Ŵ,𝜉

)3
)

= P̄
s

The effect of curvature is defined using [18]

T h e  a b o v e  e q u a t i o n  i s  t r a n s f o r m e d  i n t o 
Ŵ = −(ĥ

/
2h̄2)𝜉(𝜉 − 1).

2.3  Galerkin method

Galerkin method is implemented to solve the integro-dif-
ferential equation (Eq. 13) so as to evaluate the structural 
response and the curvature impact on flutter boundary 
with thermoelastic properties. Moreover, simply-sup-
ported boundary conditions ( W = W,�� = 0, � = 0, 1 ) are 
considered. The mode shape functions are defined such 
that the boundary conditions are satisfied:

Obviously, the approximate solution is not equal to the 
exact solution, and residual terms will remain. Multiplying 

the residual term or error by the proposed base function for 
the system mode shapes �r(�) = sin(r��), r = 1, 2,… , n , 
integrating along the span and setting the result to zero, 

(14)
ŵ

H
=

[
1 −

(
x − a∕2

)2
(a∕2

)2
]

(15)
W(𝜉, t̄) =

n∑
i=1

ai(t̄)𝜙i(𝜉)

𝜙i(𝜉) = sin(𝜆i𝜉) , 𝜆i = i𝜋
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a series of ordinary differential equations are derived 
according to the number of expanded terms.

3  Numerical results

The equations derived in the previous section can be 
solved via numerical methods. To this aim, the fourth- and 
fifth-order Runge–Kutta model are used. A non-dimen-
sional time range of up to 1000 is considered.

The results are presented in two sections. The first sec-
tion concerns the non-linear frequency analysis of the 
panel structure with panel curvature changes and in-plane 
load effect. Non-linear aeroelastic analysis of the curved 
panel and its behavior under different loads are discussed 
in the second section. The number of extended modes 
is taken as 4, 6, and 8 which are then compared to each 
other and the correctness of results is evaluated through 
the increase of mode numbers. The six-mode solution is 
found to be a good choice.

The initial condition (IC) values for the non-linear panel 
vibration are assumed as 0.1, 0.01 and 0.001 such that with 
an increase in initial condition, the non-linear terms are 
excited even more. The analysis is performed for the alu-
minum panel with the conditions shown in Table 1.

3.1  Non‑linear frequency analysis of curved panel 
in time domain

As the panel curvature changes from a flat state to a 
curved one, the pertinent structural frequency is plotted 
and compared for the linear and non-linear structure. Fig-
ure 2 shows the non-dimensional frequencies of the first 
and third mode with respect to camber ratio. The non-
dimensional non-linear frequencies with the small initial 
condition 0.0001 are the same as those of linear frequen-
cies. It becomes clear that with increasing camber ratio, 
the first- and third-order non-linear frequencies rise, which 
is similar to what happened for linear frequencies.

Figure 3a shows the non-linear panel oscillation with 
the camber ratio of 5 and IC = 0.01. With increasing panel 
camber ratio, the oscillation amplitude and asymme-
try with respect to the equilibrium condition (around 0) 
increase. Non-linear frequency analysis of the curved panel 
structure under the effect of initial excitation of 0.01 is 

performed in the time domain (Fig. 3b). Frequency values 
are indicated by 1.16, 2.3 and 3.63 Hz.

Figure 4a shows the first mode frequency of the non-
dimensional non-linear curved panel with respect to 
camber ratio for different initial conditions. As the value 
of initial condition increases up to 0.01, the structural non-
linear terms are highlighted. With an increase in initial con-
dition from 0.0001 to 0.002, the frequency is reduced with 
increasing camber ratio. In contrast, as the initial condi-
tion increases to 0.01, the frequency variation with respect 
to H∕h displays a more monotonous behavior. Figure 4b 
shows that the third mode frequency is the same for initial 
conditions from 0.0001 to 0.002 and which increases with 
H∕h . However, as the initial condition increases to 0.01, 
the frequency suddenly rises while with increasing H∕h , 
the frequency variation trend is reversed. This observation 
shows that the nonlinear analysis is highly dependent on 
initial conditions.

Figure 5a shows the non-linear frequency variation with 
respect to in-plane load effect. According to the results, 
with decreasing in-plane load coefficient from 5 to 2.5, the 
first mode frequency with IC = 0.0001 and 0.001 continu-
ously decreases, while with decreasing Cr from 2.5 to − 10, 
the frequency increases. For IC = 0.003, with decreasing Cr 
from 5 to − 4, the frequency continuously decreases and 
then increases. In addition, with an increase of in-plane 
load after buckling (i.e. Cr = −4 ), the effect of non-linear 
terms increases and the non-linear frequency rises to 12. 
With increasing initial condition to 0.01, the variation of 
Cr from 5 to − 10 leads to a continuous reduction in fre-
quency. Thus, the effect of initial condition on the non-
linear frequency variation and behavior with respect to 
in-plane load is emphasized.

Table 1  Plate properties

ρm= 2700 kg/m3 α0 = 5.762e − 6 1/k α = 1
v = 033 αr= 6.074e − 4 1/k h = 0.01
Eo= 70 Gpa eT = −6.941e− 4 1/k C_ = 340 m/s
Ea= 1.183 Eo= 82.86Gpa ρ∞ = 1.225 kg/m3 γ = 1.4
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Fig. 2  Non-dimensional linear frequencies of curved plate for the 
first and second modes and IC = 0.0001
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As the in-plane load coefficient decreases from 5 to 
− 10, the first three mode frequencies are continuously 
decreased for H∕h = 1 and IC = 0.01 . The results reveal that 
the effect of increasing the initial condition depends on 
the curvature ratio which brings about different behaviors. 
Hence, the curved panel is sensitive to the amount of in-
plane load and excitation condition.

3.2  Non‑linear aero‑thermo‑elastic analysis 
of curved panel

In this section, the non-linear curved panel aeroelastic 
behavior with the effect of thermal and in-plane load 
being considered is investigated in time domain.
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Figure 6a shows the LCO of the curved panel ( H∕h = 1 ) 
considering the effect of in-plane load. With a decrease 
in Cr from 1.2 to 0, the LCO changes from one-period to 
two-period motion and the increase in LCO bound can be 
distinguished. As the effect of compressive load increases, 
the panel behavior transforms from LCO into chaotic 
motion (Fig. 6b). One observes that the motion bound 
increases with the change of in-plane load from tension 
to compression.

In Fig. 7 a, the oscillation of the plane with curves 0 
and 1, are drawn, respectively. For both models, the panel 
behavior is LCO. But the shape of the LCO has changed 
with the curvature of the panel. Figure 7 b and c show 

the chaotic behavior of the panel with curves 2 and 3, 
respectively. As the curvature of the panel increases, the 
amplitude of the oscillations increases. As the shell curva-
ture increases to 4 and 5, the amplitude of the oscillations 
increases, but the behavior of the structure is converted 
into a fixed constant LCO band.

Figures 8a and 8b show the harmonic LCO and chaotic 
motion of curved panel ( H∕h = 1 ) for the tensile and com-
pressive load, respectively.

Figure 9a shows the non-linear flutter frequency ( Kf  ) of 
curved panel versus in-plane load at constant non-dimen-
sional dynamic pressure ( � = 275 ). As Cr decreases from 1.2 
to − 7.5, the flutter frequency decreases. However, with a 

a variation of ic from 0.0001 to 0.01 b first three mode frequencies
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decrease in Cr from 1.2 to − 2, Kf  decreases rapidly and LCO 
transforms into chaotic motion, with more decrease in Cr , 
Kf  decreases slightly decreases again. Figure 9b shows the 
flutter dynamic pressure ( �f  ) versus Cr for a camber ratio 
of 1. As Cr decreases from 1.2 to − 7.5, �f  decreases rapidly. 
According to these analyses, it appears that the flutter fre-
quency and flutter dynamic pressure of panel significantly 
vary in accordance to the in-plane load.

Figure 10a, b show the LCO of flat (H/h = 0) and curved 
panels ( H∕h = 1 ) for the thermal load coefficients � = 5

,�e = 1, �� = 1 through the use of first-order piston theory 
(PTA1) and third-order piston theory (PTA3), respectively. 
The panel behavior is LCO in both figures. In Fig. 10a, with 
increasing thermal load on the flat panel, the LCO motion 
change from a simple single-period to a double-period 
motion and the LCO boundary is extended. Similar results 
are obtained for the curved panel with H∕h = 1 . The 
LCO motion of PTA1 is similar to that of PTA3 in Fig. 10b. 

With increasing thermal load, the LCO motion grows and 
becomes complicated. The same behavior is shown with 
the use of PTA1 and PTA3, although the LCO domain 
slightly shrinks.

Figure 11a shows the panel flutter dynamic pressure 
versus panel camber ratio obtained using PTA1 and PTA3. 
With increasing panel curvature, �f  is reduced. With the use 
of PTA1, �f  decreases from 350 (flat panel) to 80 (curved 
panel with the camber ratio of 5). This clearly empha-
sizes that PTA3 reduces the flutter dynamic pressure. This 
reduction is more highlighted for the flat panel at higher 
dynamic pressures. With increasing panel camber ratio, �f  
decreases, and the dynamic pressure difference between 
PTA1 and PTA3 decreases and vanishes.

Figure 11b shows the negative and positive oscillation 
amplitudes of the curved panel versus panel curvature 
with the use of PTA1 and PTA3. With increasing panel cur-
vature from 0 to 3, the positive and negative amplitude 
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of oscillation increase, then decrease up to the camber 
ratio of 5 for the positive amplitude and reach a negative 
value. The LCO bound has the highest value for the camber 
ratio of 3. PTA3 shows a constant LCO bound for camber 
ratios in the range 2–5 and the equilibrium point of LCO 
increases as the camber ratio grows. The LCO bound is esti-
mated to be higher for lower camber ratios based on PTA3 
while being larger for higher camber ratios using PTA1.

Figure 12a shows the panel flutter dynamic pressure 
versus panel camber ratio found using PTA1 and PTA3. 
Simulations are conducted for � = 5 , �e = 1, �� = 1 in this 
case. With increasing panel camber ratio to 1 for PTA1, �f  

is reduced from 300 (flat panel) to 180, then increase to 
230 for a camber ratio of 1.5. As the camber ratio increases 
from 1.5 to 5, �f  decreases to 70. This clearly shows that 
PTA3 reduces the flutter dynamic pressure although the 
trend of flutter dynamic pressure variation is the same. 
One concludes that the thermal load decreases �f  with 
respect to camber ratio.

Figure 12b shows the negative and positive oscillation 
amplitude of the curved panel versus the panel curvature 
for � = 5,�e = 1, �� = 1 with the use of PTA1 and PTA3. 
With increasing panel curvature from 0 to 1, the positive 
and negative amplitude of oscillation decrease, and with 

a- tension load, 1.2rC b- compression load, 1.2rC
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increasing panel curvature from 1 to 3, these amplitudes 
decrease up to the camber ratio of 5 for the positive ampli-
tude and reach a negative value. The LCO bound is maxi-
mum for the camber ratio of 3. The LCO amplitudes based 
on PTA1 and PTA3 are slightly different.

Figure 13a shows the panel flutter dynamic pressure 
versus panel camber ratio found using PTA1 and PTA3. 
Simulations for this case are conducted for the in-plane 
load effect ( Cr = −2.43 ). With increasing panel camber 
ratio up to 1, �f  of PTA1 increases from 160 to 230, and with 
increasing panel camber ratio from 1 to 5, �f  decreases to 
70. It is evident that, with the use of PTA3 instead of PTA1, 
the flutter dynamic pressure decreases. On the contrary, 

with increasing panel camber ratio from 0 to 5, the differ-
ence between PTA1 and PTA3 diminishes. By considering 
the effect of mechanical in-plane load as in Fig. 13a, the 
variation of flutter dynamic pressure with respect to panel 
camber ratio changes beside Figs. 11a and 12a with and 
without thermal effects.

Figure 13b shows the negative and positive oscillation 
amplitude of the curved panel versus panel curvature for 
Cr = −2.43 using PTA1 and PTA3. With increasing panel 
curvature from 0 to 3, the positive and negative ampli-
tude of oscillation increase, then decrease up to the cam-
ber ratio of 5 for the positive amplitude and reach a nega-
tive value. The LCO bound is maximum for the camber 

b -a -

Fig. 10  Limit cycle oscillation of curved and flat plates in view of thermal effects

b -a -

Fig. 11  Comparison of plate flutter dynamic pressure and oscillation amplitude versus curvature for PTA1 and PTA3
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ratio of 3. The LCO amplitudes of PTA1 and PTA3 are also 
slightly different. As noticed, negative amplitude of oscil-
lation increases linearly from the camber ratio of 0 to 3. It 
is clear that the dynamic displacement amplitude of panel 
is affected by thermal and in-plane loads.

Figure 14 highlights the influence of temperature in 
conjunction with thermal degradation of the thermo-
mechanical properties of panel material on the flutter 
dynamic pressure. With increasing panel curvature, the 
temperature dependency of structural properties leads 
to a reduction in the instability of dynamic pressure. For a 

camber ratio of 2, the maximum difference between �f  of 
thermal-dependent and thermal-independent materials 
is shown.

3.3  Verification

The analysis of nonlinear vibrations of the structure 
using general FEM code is performed in this section and 
compared with the semi-analysis Gallerkin method. Two 
kinds of transient analysis and free vibration analysis are 
assumed for numerical solution of FEM.

b -a -

Fig. 12  Comparison of plate flutter dynamic pressure and oscillation amplitude versus curvature for PTA1 and PTA3 by considering the ther-
mal effect � = 5 and ( �e = 1,�� = 1)

b -a -

Fig. 13  Comparison of plate flutter dynamic pressure and oscillation amplitude versus curvature for PTA1 and PTA3 by considering the 
effect of in-plane load Cr = −2.43
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Figure 15 a, b show the comparative behavior of non-
linear curved panel oscillations, with curves 1 and 4, 
respectively, using the nonlinear FEM and the Gallerkin 
semi-analytical method. Figure 15a shows the regular 
oscillating behavior of the panel for curvature 1, which 
shows a very good correlation between analytical and 
numerical results. In Fig. 15b, the oscillation of the panel is 
examined with a curvature of 4, which shows a very good 
correlation between the chaotic vibrational behaviors in 
both methods.

Figure 16a compares the changes in the first and third 
linear frequencies of the curved panel with two numerical 
and semi-analytical method as FEM and Gallerkin, which 
are very close to different curves. Numerical analysis in 
this section is done in two part, the structural linear modal 

analysis and the transient dynamic analysis for small ini-
tial stimulation. Both analysis lead to the same answer. In 
Fig. 16b, the first and second nonlinear frequencies of the 
curved panel are compared, in terms of curvature, by the 
FEM and Gallerkin method. The first frequency is matched 
very good and the second one is slightly different. In gen-
eral, in nonlinear analysis with large structural excitation, 
the frequencies have shown low changes in terms of cur-
vature change.

The present study compares the activities of Dowell, 
Abbas, Anderson and Epureanu. This comparison is given 
below.

The curved panel displacement amplitude versus non-
dimensional flutter dynamic pressure for different curva-
tures is plotted in Fig. 17a. With an increase in dynamic 
pressure and panel camber ratio, the displacement ampli-
tude increases. The non-dimensional displacement is 
defined as W = w∕h . The results are compatible with the 
Dowell’s solution [18].

The curved panel flutter Mach number versus ther-
mal load effects for temperature-dependent properties 
( �� = 1, �e = 1 ) and temperature independent properties 
( �� = 0, �e = 0 ) is compared with the solution of Abbas 
[29] in Fig. 17b. With increasing thermal load coefficient, 
the system flutter Mach number decreases and reaches 3 
for � = 10 from 6.6 for � = 0.

For the nonlinear flat panel with the effect of the in-
plane load ( Cr = −2.8 ), the present study has been com-
pared with the Epureanu research [37]. The limited cycle 
diagram is shown in Fig. 18a. The results are fully consist-
ent in both try.

Experimental study of three-dimensional panel flut-
ter with fixed boundary conditions has been performed 
by Andersen. For the two-dimensional curved plane, the 

Fig. 14  Comparison between the effect of material temperature-
dependency ( �e , �� ) in the flutter dynamic pressure �f

b -a -

Fig. 15  Comparison of the scope of curved panel oscillation with different curves by FEM and Gallerkin method
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present study is compared with the research of Dowell 
[18] and Anderson [13]. In Fig.  18b, the trend of non-
dimensional dynamic pressure changes for the panel with 
constant boundary conditions for the experimental and 
analytical model is the same in terms of quality as increas-
ing the curvature of the panel, but differs slightly in value 
due to differences in laboratory and 3D modeling of the 
experimental model.

4  Discussion

The main topic of discussion in this paper includes the 
analysis of the nonlinear flutter and post-flutter behavior 
of the homogeneous metal shell or curved plate with the 
assumption of nonlinear aerodynamic and nonlinear struc-
ture model. The point to consider in terms of our approach 

b -a -

Fig. 16  Comparison of changes in the linear and nonlinear frequencies of the curved panel in terms of curvature change

b -a -

Fig. 17  (a) Curved plate displacement amplitude versus dynamic pressure � , (b) flutter Mach number Mf  versus plate surface heat effects �
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in this paper is to analyze the nonlinear behavior of the 
structure in terms of frequency behavior. In fact, relative 
awareness of the nonlinear behavior of the structure is 
obtained, and then the aerodynamic effect is applied to 
the plate and the flutter behavior is investigated.

The innovation of the article includes the analysis of 
nonlinear flutter of curved plate with the effect of thermal 
and mechanical loads in combination with the assumption 
of aerodynamics of the  3rd order piston theory. A compre-
hensive review of the above combination has not yet been 
made.

In the latest paper presented by Amirzadegan et al. [38], 
flutter study was performed with a pre-stress effect for 
the isotropic plate. In another paper by Joe et al. [39], the 
panel flutter was examined focusing on thickness changes, 
boundary conditions, and the ratio of length to width. In 
another study by Koo et al. [40], panel flutter examined 
with the effect of heat to determine the hopf-bifurcation. 
In another paper, Muc et al. [41], Examined the optimiza-
tion of plate and shell structure under the influence of the 
flutter phenomenon.

As it turns out, the present study, from another perspec-
tive, has a complete analysis of the parameters affecting 
the plane flutter.

With the use of Gallerkin method, the results are com-
parable and validated with previous works. From the per-
spective of thermal load, the curvature effect of the plate, 
the effect of mechanical load and the frequency of non-
linear structure, comparison has been made.

The results of the panel flutter are well developed 
and the curvature effect on the flutter behavior can be 

improved in the small curvature and in the large curve 
reducing the flutter boundary.

5  Conclusion

The supersonic flutter behavior of 2D curved panels was 
described using Galerkin method. Structural non-lineari-
ties were considered according to the developed formula-
tion. Numerical investigation of the aero-thermo-elastic 
system including curvature ratio, in-plane load, thermal 
load distribution on panel as a function of length, thick-
ness ratio, temperature dependency of material proper-
ties, first- and third-order piston theory as well as structural 
analysis based on frequency approach were discussed.

The following conclusions can be drawn from this study:
With an increase in panel curvature, the first- and third-

order linear structural frequencies increase, although the 
nonlinear frequencies is fairly constant. For the panel with 
the camber ratio of 1, as the in-plane compressive load 
increases in the range −10 < Cr < 5 , the frequency of non-
linear structure decreases in linear behavior and increases 
depending on the non-linear effects. For curved panel with 
the change − 1.2 < Cr< 1.2 from tension to compression, the 
LCO changes from periodic to chaotic motion. With an 
increase in panel camber ratio from 0 to 5, LCO appears for 
0 < H∕h < 1 , after which the chaotic motion is noticed for 
1.5 < H∕h < 3 and the LCO bound is seen for the camber 
ratios of 4 and 5. Thus, the aeroelastic coupling behavior 
on the cambered panel is sensitive to panel camber ratio. 
With increasing panel curvature to 1.5, the flutter Mach 
number of non-linear structure increases; whereas for the 

a - b -

Fig. 18  The LCO with compression load effect on nonlinear panel and dynamic pressure versus curvature ratio in supersonic flow regime
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curvature of 1.5 to 5, the flutter Mach number decreases. 
The flutter Mach number with aerodynamic theory of PTA3 
decreases compared with that of PTA1.

With an increase in panel curvature from 0 to 3, the 
panel dynamic displacement increases to the maximum 
point, while for larger values, the dynamic displacement 
decreases or remains the same. With the use of PTA3, the 
panel dynamic displacement slightly decreases. With 
increase in-plane and thermal load on panel, the flutter 
frequency and flutter dynamic pressure decrease continu-
ously. Run time is really different between PTA1 and PTA3. 
Because of more nonlinear term in PTA3, the run time 
increase progressively.

For future precise work, more detail and accurate flow 
regime must be replaced instead of PTA theory. Also, 3D 
panel should be used with experimental data comparison.
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